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ON THE REGULARIZATION OF OPTIMIZATION PROBLEMS
WITH INEQUALITY CONSTRAINTS
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Abstract. In this article we study the regularization of optimization problems by Tikhonov
regularization. The optimization problems are subject to pointwise inequality constraints in L?((2).
We derive a-priori regularization error estimates if the regularization parameter as well as the noise
level tend to zero. We rely on an assumption that is a combination of a source condition and
of a structural assumption on the active sets. Moreover, we introduce a strategy to choose the
regularization parameter in dependence of the noise level. We prove convergence of this parameter
choice rule with optimal order.

Key words. source condition, discrepancy principle, non-smooth optimization, convex con-
straints, sparsity, regularization error estimates

AMS subject classifications. 49K20, 49N45, 65K10

1. Introduction. In this article we consider optimization problems that can
be interpreted as optimal control problems or as inverse problems. We study the
regularization of the minimization problem:

1
Minimize §||Su —2|%

such that wu, <u a.e. on €,

and u < up a.e. on .

Here, @ C R™, n > 1, is a bounded, measurable set, Y a Hilbert space, z € Y a
given function. The operator S : L()) — Y is linear and continuous. The inequality
constraints are prescribed on measurable subsets ,,€, C Q. The functions u,, up :
O — RU{—o00,+o0} are given with u; € L>®(8;), i € {a,b}.

This simple model problem allows for two distinct interpretations. Viewed as an
optimal control problem, the unknown u is the control, the inequality constraints are
pointwise inequality constraints, the function z is the desired state. From the inverse
problem point of view, the unknown u represents for example coefficients that have to
be reconstructed from the (possible noisy) measurement z, the inequality constraints
reflect a-priori information and restrict the solution space.

Although both interpretations sound very differently, the underlying problem is ill-
posed, no matter which point of view one prefers. Ill-posedness may arise due to non-
existence of unique solutions: If z is not in the range of S and inequality constraints
are not prescribed on the whole domain 2, i.e., Q, # Q or ©; # €, then a solution is
not guaranteed to exist. Uniqueness of solutions can be proven only under additional
assumptions, e.g. injectivity of S. If solutions exist, they may be unstable with respect
to perturbations, which is critical if only error-prone measurements zs =~ z of the
exact data z are available. In addition, every discretization of the original problem
introduces perturbations.

In order to overcome these difficulties, regularization methods were developed and
investigated during the last decades. We will focus here on Tikhonov regularization
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with some positive regularization parameter o > 0. The regularized problem is given
by:

o 1 2 | @ 2
Minimize iHSU*ZaHerEHU”L%Q)

such that v, <wu a.e. on Q,

and u < uyp a.e. on Q.

Here, z5 with ||z — zs5]| < ¢ is the perturbed state to the noise level 6 > 0. For
given o > 0 this problem has a unique solution, which is stable with respect to
perturbations. The additional Tikhonov regularization term can be interpreted in the
context of optimal control as control costs.

Once a regularized problem is solved, one is interested in the convergence for (o, d) \,
0. Additionally, one wants to find conditions that guarantee (or explain) convergence
rates with respect to o and §. These questions are studied in the literature about
inverse problems. Convergence results were developed for linear and nonlinear inverse
problems, see e.g. [3]. One of the most famous sufficient conditions is the so-called
source condition, which assumes that the solution of the original problem is in the
range of the dual operator S*.

A comprehensive study of inverse problems subject to convex constraints can be found
in [3, Section 5.4]. There convergence of the regularization scheme given a source
condition is proven. As mentioned in [8], a source condition is unlikely to hold in an
optimal control setting if z is not attainable, i.e., there is no feasible u such that z =
Su. Then the optimal control ug might be bang-bang, i.e. it is a linear combination of
characteristic functions, hence ug is in general discontinuous with ug ¢ H*(Q). This
contradicts a fulfillment of the source condition as in many examples the range of &*
contains H1(2) or C(Q). In [8] a regularity assumption on the active sets is used as a
suitable substitution of the source condition. The active set is the subset of €2, where
the inequality constraints for ug are active. Such a condition is also employed in [2, 4].
In [2] this condition was used to prove a-priori error estimates for the discretization
error in the controls. In [4] the regularity condition was used to prove stability of
bang-bang controls for problems in a non-autonomous ODE setting. However, the
regularity assumption implies that the control constraints are active everywhere, i.e.,
ug € {uq,up} a.e. on . In particular, situations are not covered, where the control
constraints are inactive on a large part of € or if only one-sided constraints are given.
In this paper, we will combine both approaches: we will use a source condition on
the part of the domain, where the inequality constraints are inactive, and we will
use a structural assumption on the active sets, see Section 3. Then we prove a-priori
convergence rates if (¢, d) tends to zero, see Theorem 3.14. These rates allow for an
a-priori choice of the regularization parameter « in dependence of 9.

However such an a-priori choice is not possible in practice, as it requires exact know-
ledge about the unknown solution ug in terms of parameters appearing in the struc-
tural assumption on the active sets. Here, one is interested to find a rule to determine
« without any a-priori information on the unknown solution ug. In the inverse prob-
lem context an important parameter choice rule is the so-called Morozov discrepancy
principle [6]. There, « is determined as the parameter that brings the residual in the
equation Su — 2z below a certain threshold. In Section 4, we extend this principle to
account for the presence of control constraints and the non-attainability of the exact
data z. Then we prove that the resulting regularization scheme gives under suitable
assumptions the same convergence rate with respect to ¢ as the best a-priori choice,
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see Theorem 4.7.
Simultaneously, we will study the regularization of the following minimization prob-
lem: given § > 0,

o 1
Minimize iHSu—ZH%/‘f'ﬁHUHLl(Q)

subject to the inequality constraints. Here it is worth noting that the presence of the
L'-term does not make the problem well-posed. Indeed, the remarks about existence
and stability of solutions above are still valid.

This is in contrast to the analysis of problems in sequence spaces. There one has
I' — [2, and the regularization by [!'-norms is even stronger than the one by [2-
norms. Moreover, since I! = (cp)* it is possible to prove the existence of solutions of
optimization problems in {! by means of the weak-star topology. This is not the case
for L'(Q): this space has no pre-dual, hence the notion of weak-star convergence does
not make sense, and optimization problems may not have solutions in L!(£).

In contrast to the existing literature on inverse problems, we do not assume that
Sug = z holds, which corresponds to an optimal functional value of zero of problem
(P). Instead we develop convergence results for S(ug — uq,6). These are equivalent
to estimates of Su,,s — z in the case Sup = z.

The paper is organized as follows. In Section 2 we formulate the problem under con-
sideration and derive some basic properties. Section 3 is devoted to the derivation of
error estimates with respect to @ and §. There we use a combination of a (power-type)
source condition and a structural assumption on the active set, see Assumption 3.2.
Finally, in Section 4, we describe a parameter choice rule to determine the parameter
«. We prove convergence rates for this method.

2. Problem setting and preliminary results. Let us recall the optimization
problem that we want to regularize:

o 1
Minimize iHSu—ZH%/—Fﬁ“UHLl(Q)

such that wu, <u a.e. on (P)

and u < uy a.e. on Q.

We assume that S : L2(Q2) — Y is linear and continuous. In many applications
this operator S is compact. Furthermore, we assume that the Hilbert space adjoint
operator §* maps into L*°(Q), i.e., S* € L(Y, L*°(2)). The parameter ( is a non-
negative number.

The set of feasible functions u is given by

Upa :={u € L*(Q) : uy <uon Qy, u<uyon Q)

with u; € L (€;), i € {a,b}, and u, <0 and 0 < u; a.e. on , and Qp, respectively.
For convenience we use sometimes u,(z) = —oo if z € Q, and up(z) = coif & € Q. In
an inverse problem context U,y represents given a-priori informations, whereas from
an optimal control point of view, U,yq contains the admissible controls. We remark,
that the assumption u, < 0 < uy is not a restriction. If, e.g., u, > 0 on a subset
Q1 C Q, we can decompose the L'-norm as |lullp1(q) = [JullL:@\0.) + le u. Hence,
on ©; the L'-norm in U,y is in fact a linear functional, and thus the problem can be
handled in an analogous way.



We will denote by Py, the L2-projection onto the feasible set U,q. This projection
acts pointwise on functions v € L?(2) and can be written as

(Py,,(v))(z) = min (max (v(x), ua(z)), ub(x)) .

In the optimization problem (P), the function z € Y corresponds to an exact mea-
surement, i.e., it is obtained without measurement errors. In many applications only
perturbed measurements zs € Y are available for some error or noise level § > 0 with
|z = zslly <4.
In order to derive estimates w.r.t. the regularization parameter o« > 0 and noise level
0 > 0, we define a family of optimization problems
. 1 2 @ 2
Minimize J, 5(u) := §H8u —zslly + 3 lull72 + Bllull L
such that wu, <u a.e. on €, (Pas)

and u < wuyp a.e. on .

We will use the conventions zy := z and Jo(u) := Ja,0(u). In the sequel, we use the
following notation for the solutions, states and adjoint states for the problems (P s)
and (Pq.0):

Uo = argmin, . Jao(u), Yo = SlUq, Pa = 8"(20 — Ya)s

Ua,s5 = argminueUQd Ja,&(u)v Ya,5 ‘= Sua,&a Pa,s ‘= S*(Z(; - ya,(s)'

In particular, we denote by wug a solution of the original problem (P) if it exists. The
solution set of (P) is denoted with Uy. We will call the functions y and p states and
adjoint states in accordance with the denotation in the optimal control literature.
Throughout the paper, ¢ denotes a generic constant, which may change from line to
line, but which does not depend on relevant quantities like «, d.

REMARK 2.1. All considerations can be transferred one-to-one to the case that
(Q,%, 1) is a given measure space with () < +oo. Then one has to use LP(Q) =
LP(Q; ) with norm ||ullLe == ([, [ul? dp)*/?, 1 < p < co. This would allow to in-
clude boundary control problems and identification of initial values in time-dependent
problems.

2.1. Existence and optimality conditions. Let us first recall the results on
existence of solutions of minimizers.
THEOREM 2.2. Let a,d > 0 be given. Assume further that a > 0 or Q, = Q = Q
holds. Then the problem (Pq.s) has a minimizer wuq,s.
If in addition a > 0 holds or the operator S is injective then this solution is uniquely
determined.
Please observe, that in the case a = 0 one has to assume €, = ;, = € to ensure
existence of solutions of (P) regardless of the value of 5. Otherwise, minimizers will
not exist in general. To obtain existence of minimizers in this case, one has to use a
measure space setting, see [1].
If a solution of the minimization problem exists, then it can be characterized by
first-order necessary optimality conditions.
THEOREM 2.3 ([8, Lemma 2.2]). Let o,0 > 0 and let uq,s be a solution of J, 5.
Then, there exists a subgradient Ao s € O||ua,s]|11(q), such that with the adjoint state
Pa,s = S* (25 — Ya,6) the variational inequality

(O[ Ua,5 — Pa,s + 6)\a,57 U — ua,5) >0 Yu € Uad7 (21)
4



is satisfied.

Since problem (P) is a convex optimization problem, the first order necessary opti-
mality condition is also sufficient for optimality.

Standard arguments (see [7, Section 2.8]) lead to a pointwise a.e. interpretation of the
variational inequality:

(@ Uas(2) —Pas () +BAays (), u—tas(x) >0 VueR: ug(z) <u < uy(x), (2.2)

which in turn implies the following relation between 1, s and p, s in the case a > 0:

Ug () if pos(z) < aug(x) —
3(Pas(@) +8)  if aug(r) — B < pasle )S—ﬁ
Ua,5(2) =<0 if |pa,s(x)| < B a.e.on . (2.3)
Lpas(@)—B) if B< pas(x) < auy(z)+ 8
up(x) if aup(x) + 4 < pa,s(x)

In the case a = 0, (2.2) is equivalent to

= ug(x) if pos(z) <=0
€ [ua(x),0] if pos(z) =—p
uo,5(x) ¢ =0 if [pos(x)] < B  a.e on Q. (2.4)
€ [0,up(z)] if pos(xz)=p
= up(x) if B < po,s(x)

This implies that up(x) is uniquely determined by po(z) on the set, where |po(z)| # 5
holds. Moreover, we conclude the bound |pgs| < B on the parts of Q where no
inequality constraints are prescribed:

LEMMA 2.4. Let ug s be a solution of Jos with associated adjoint state pos. Then it
holds

pos(x) > =B ae onQ\Qq,
pos(x) <+B  a.e. on Q\ Q.

In particular, we have |pos(z)| < 8 a.e. on Q\ (Qq U Q).
Proof. Take x € Q\ Q,. The pointwise variational inequality (2.2) imply

(—pos(x) + B Aos(x), u—ups(z)) >0 YueR: u<u(z).

Since u := ugs — 1 < up — 1 < wy, this implies —pg s(x) + B Ao,5(z) < 0. Hence
po,s(x) > B Xo,s(x) > —fF almost everywhere on z € Q\ Q,. On Q\ Q, the inequality
po,s(z) < 4 follows analogously. O

2.2. Structure of the solution set in case a = 0. The aim of this section
is to derive some basic properties of the solution set for the original problem (P).
In general it is possible that there exists no solution, a unique solution or multiple
solutions. For the remainder of this section we assume that the solution set Uj is not
empty.
Albeit Uy is not necessarily single-valued, one can prove that the optimal state and
the L'-norm of the optimal control is uniquely determined.
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LEMMA 2.5. The set
{y €Y : Jug € Uy with y = Suyp}
is single-valued. If B > 0 the set
{t e R: Jug € Uy with t = |luo||r1}

is single-valued, too.

Proof. Let ug, @y € Uy be given. Since u — [|Su — z;]|2, and u +— Sllul|z: are
convex, both must be linear on the line segment [ug, @g]. This implies Sug = Sty and
[lwollzr = ||tol|zr in case 8> 0. 0O

As a consequence, there exists a unique solution if S is injective. However, even if S
is not injective, the solution with minimal L?(Q)-norm is unique.

LEMMA 2.6. There exists a unique solution in Uy with minimal L?-norm.

Proof. Tt is easy to see that the set Up is convex, non-empty, and closed in L?(f2).
Due to the strict convexity of the L?(2)-norm, the problem

min uf| .2
has a unique solution. O

Later we shall see that if the sequence u, converges, it converges to the solution of
(P) with minimal L?(Q)-norm.

2.3. Monotonicity and continuity. A direct consequence of the optimality is
the monotonicity of the mapping a +— ||uq||z2-
LEMMA 2.7. The mapping & — ||uq| L2 is monotonically decreasing from (0,400) to
R. In addition, the mapping o — % ||ya —yall¥ + Blluall L1 is monotonically increasing
from (0,400) to R.
If the problem (P) has a solution then these mappings are monotone from [0,400) to
R, i.e.,

[wallL2 < Juoll 2

holds for all solutions uy of (P) and all o > 0.
Proof. Let a,a’ > 0 be given. Using the optimality of (ya, uar) and (Yo, us) for the
functionals J,, and J,, respectively, we have

Ja(yom uoz) < Ja(ya’aua/) and  — Ju (ya, ua) < —Juw (ya’a Uo/)-
Adding both inequalities yields
(o = a)ualz < (a = o)uarlli2,
which is equivalent to (o — )(|Jua |22 — ||uar||22) < 0. Hence, the mapping o +—

|tte ||z is monotonically decreasing from (0,4o00) to R.
Let us take ' > . Then we have using the monotonicity of a — ||ug| 2

1 o
Joz(yocaua) S Ja(ya’7ua’) = §||ya’ - de%/ +ﬁ||ua’||L1 + ?Hua’”%ﬁ
1 o
< 2 lvor — vall} + Bl 2+ sl 2
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Hence we have for o > «

1 1
3lva = yally + Bllualler < 5llvar = yally + Bllall 1

If a solution exists for a = 0, then these arguments extend to the case o = 0 with wug
being any solution (P). O

For further references, we state the following obvious consequence of the previous
result, which is boundedness of the sequence {uq}a>0 in L?(9).

COROLLARY 2.8. The set of solutions {ua}a>o0 is bounded in L*(Q) if and only if
(P) is solvable, i.e., Uy # ().

Proof. If Uy # (), the assertion follows from Lemma 2.7.

Now, let us assume that {u,}a>0 is bounded in L?(2). Due to the reflexivity of
L?(Q), there is a sequence oy, and u € L?(), such that a,, \, 0 and u,, — u in
L?(Q2) as n — oo. Since Uy,q is weakly closed, we obtain u € U,q. Let @ € Uuq be
arbitrary. We obtain

Jo(Su,u) < linn—l>i<>r<l>f Jo(Sua,,  Ua,) (since S is weakly continuous)
< hnrriior(l)f Ja,, (Sta,, , e, ) (by definition)
< Hnniio%f Ja,, (S, @) (by optimality of uq,, )
= Jo(Su, u),

which implies u € Uy, and in particular Uy # 0. O

Before we study the behavior of solutions for o — 0, let us state the following result,
which will be one key to prove convergence rates.

PROPOSITION 2.9. Let o, > 0 and 8,8’ > 0 be given. Then it holds

1Yar,6r — Yas I3 + o |uarsr — ta,sll72

< (o — @) (uar 675 Uas — Uars7) + (25 — 267, Yor,58 — Yau8) v -

If (Puys) is solvable for oo = 0 and noise levels 6,8, the estimate holds true for
a,a’ > 0.

Proof. For § = ¢’ this result can be found in [8, Lemma 3.1].

We start with the variational inequalities (2.1) for (a,d) and (o/,0"). Testing with
Uy 5 and uq 5, respectively, leads to

(0& Ue,s6 — Pa,s T ﬂ)\a,éa Ua’,§" — ua,é)

0,
(O/ U’ 5" — Pa’ s’ + B Aa’,(;’; Ua,5 — ua’,ts’) 0.

>
>
Adding both inequalities yields

—allug s — “a,6||2L2 — (o' —a) (Uas 57, Uar,6" — Ua,s)

+ ﬁ ()\a7§ - )\a’qﬁ’a Ua! 6" — ua,é) - (pocﬁ — Pa’, 8"y Ua’ 5" — ua,6> Z 0.

Due to the monotonicity of the subdifferential, we have (Ao 6 —Aa,65 Uar,6r —Ua,s) > 0.
Inserting the definition of the adjoint state, we get immediately

(pa,5 — Pa’ 5" Ua’l 5" — ua,é) = (Z5 — 25 Yol 8" — ya,é) + ||ya’,6’ - ya,5||%/7
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which implies

— (@' = @) (a5, Uar,s — Uas) — (25 — 25/ Yar,6' — Ya,5)

> o ||uar 50 — Uasll Tz + 1Yar6r — Yasll3-

|

A first consequence of this result is the local Lipschitz continuity of the map o +— uq s
from (0, +00) to L?(Q2) for fixed 4.

COROLLARY 2.10. Let us fit 6 > 0. Then the mapping o — uq,s is locally Lipschitz
continuous from (0,+00) to L?(£2).

Setting o/ = § = ¢’ = 0 in Proposition 2.9, yields

LEMMA 2.11. Let o > 0 be given. Let ug be a solution of (P). Then it holds

lyo = yall + o lluo — uallf < o (uo, uo — ua). (2.5)

3. Error estimates. In this section, we will develop the a-priori convergence
result. Let some measurement zs be given with measurement error 6 > 0, ||z — 25|y <
0, where z corresponds to exact measurement. Here, z is unknown to us, only zs is
accessible. In order to approximate a solution uy of (P), we solve the regularized
problem (P, s) for (a,d) — 0.

Throughout this section we assume that a solution ug of (P) exists. We will estimate
the error as

[ua,s = uollrz < l[ta,s = vallzz + [ua = uollL2,

i.e., we will separate the noise error and the regularization error.

3.1. Estimate of the noise error. At first, let us estimate the error |lu, —
Uq,s]|L2, arising due to the measurement error or noise level 6.
THEOREM 3.1. Let a > 0 be given. Then for the solution with noise level § > 0 we
obtain the estimates

1)
Hua - Ua,6||L2 < my and ||ya — Yo, ‘Y <.

Proof. Proposition 2.9 with §' = 0 and a = o’ gives

[Ya = yaslly + o llua = uaslzz < (25 = 2, Ya — Yas)y
<90 Hya - ya,5||Y
The assertion of the theorem follows immediately by Young’s inequality. O

3.2. Regularity assumption. Let us now state our regularity assumption,
which will us allow later to prove convergence rates for a — 0.

ASSUMPTION 3.2. Let ug be a solution of (P). Let us assume that there exist a set
I CQ, a function w € Y, and positive constants k, ¢ such that it holds:
1. (source condition) I D {z € Q: |po(z)| = 8} and

xr1uo = x1 Pu,, (S w) .
8



2. (structure of active set) A =Q\ I and for alle >0
meas ({z € A: 0< |[po(z)] — B] < €e}) < ce”, (3.1)

with the convention that k := 400 if the left-hand side of (3.1) is 0 for some

e> 0.
The set I contains the set {x € Q : |po(z)| = B}, which is the set of points, where
ug(x) cannot be uniquely determined from pgy(x), compare (2.4). On this set, we
assume that ug fulfills a local source condition. The set A contains the points, where
the inequality constraints are active, since it holds by construction that |[po(x)| # 5
on A, which implies ug(z) € {uq(x),0,up(x)}, cf. (2.4) and Lemma 3.4 below.
Let us comment on the relation of Assumption 3.2 to other conditions in the literature.
The classical source condition for linear inverse problems reads up = S*w. In [3],
this was slightly adapted to inequality constrained problems. There the condition
uy = Py,, (S*w) was employed. For the choice I = Q, A = (), this condition is
a special case of Assumption 3.2, see also Corollary 3.11 below. The authors used
in [8] an approach different to source conditions. The condition investigated there
corresponds to the case I = @), A = Q, k = 1 of Assumption 3.2. This condition was
also employed in [2, 4] in a different context.
REMARK 3.3. We will show in Theorem 3.14, that if some ug € Uy (together with
po = 8*(z5 — Sug)) fulfills Assumption 3.2, the sequence of regularized solutions u,
will converge towards uy. This implies, that at most one ug € Uy can satisfy Assump-
tion 8.2. In view of Lemmata 2.6 and 2.7 this has to be the solution with the minimal
L?-norm in Uy.
Under Assumption 3.2, we will derive a boundedness result for ug on the active set
A.
LEMMA 3.4. Let Assumption 3.2 be satisfied. Then it holds |po(z)| # 0 on A and

uq(x) > —00 a.e. on {x € Q: po(z) < -5}
up(z) < 400 a.e. on {x € Q: po(x) > [}

Moreover, for almost all x € A we have ug(x) € {uq(x),0,up(x)}, hence ugla €
L>(A).

Proof. By definition of A, we have that |po(x)| # (. Hence, the characterization of
up in (2.4) gives up(z) € {uq(x),0,up(z)}. Moreover, this implies that w, is finite on
the set {x : po(z) < —fB}, i.e., u, has a representative that is bounded from below on
this set. The same argumentation applies to the set {z : po(z) > 8}, which proves
ugla € L*(A). O

REMARK 3.5. Following [2, Lemma 3.2/, one can prove that for py € C1(Q) satisfying

Vpo(z) # 0 for all x € Q with |po(z)| = B

Assumption 3.2 is fulfilled with A = Q and k = 1. Under these conditions, a-priori
discretization error estimates for the variational discretization of a distributed optimal
control for an elliptic equation were proven in [2]. This is remarkable since classical
error estimates contain negative powers of a and thus are not applicable to the case
a=0.

REMARK 3.6. Let us consider an one-dimensional example with Q@ = (0,1). First, let
the function po be given by po(x) = S+ x*, with some power s > 0. Then the measure
of the set {|po| = B} is zero, and Assumption 3.2 is fulfilled with A =Q and k = 1/s.
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Second, let the function py be defined as

0 ifx <1/2

Po(@) =6+ {(x 1/2)*  ifw>1/2

with s > 0. If s is integer then po belongs to C*(Q). In order that Assumption 3.2 can
be fulfilled, the sets I and A must be chosen such that I D (0,1/2) and A C (1/2,1).
If A= (1/2,1) is chosen then it follows that k = 1/s.

REMARK 3.7. Let us comment on situations, where the special case Kk = +0o0 in
Assumption 3.2.2 occurs. If Q0 is connected, pg is not continuous and bounded away
from zero then Assumption 3.2 is fulfilled with k = 400, e.g. Q = (=1,1), po(z) =
sign(z). If po is a continuous function but Q is not connected, then one can construct
an analogous example allowing to set k = +oo.

3.3. Estimate of the regularization error. Now let us start with the conver-
gence analysis of the regularization error u, — ug. Invoking the source condition part
of Assumption 3.2, we have
LEMMA 3.8. Let Assumption 3.2.1 (source condition) be satisfied. Then there is a
constant ¢ > 0 independent of a such that

lyo = Yall¥ + @ luo — tall72 + [P0 — PallZ~ < ca{a+meas(Aa)},
where meas(A,,) is the Lebesgue-measure of the set A, C A, where A, is given by
Ag={z € A: un(z) # uo(z)}. (3.2)
Proof. Due to the properties of the projection, we have from the source condition in
Assumption 3.2
(xr(up — S*w), u —up) >0 Yu € Uyg,
which implies
(X1u0, U0 — Ua) < (X715 W, Uy — Ua)-
Using this in inequality (2.5), we can estimate
190 = yall + e lluo — uall7: < a(uo, uo — ua)
< a{(xaS*w,up — ua) + (XAUo, U — Ua)} -
Writing Sxr(uo — ua) = S((1 — xa)(uo — Ua)) = Yo — Ya — Sxa(up — us) we find
1Yo = yall¥ + e lluo — uallz2 < @ {(S*w,x1(uo — ua)) + (xauo, uo — ua)}
= a{(w,y0 — ¥a) — (S"w, xa(uo — ua)) + (uo, xa(uo — ua))}-

On the set A, we have |pg| # 3, which by Lemma 3.4 implies that ug € L>°(A). This
enables us to estimate

lyo = yall¥ + alluo — ualliz < ca{llyo — yally + lluo — tallLr(a}
10



with a constant ¢ > 0 depending on |[w||y, [|S*w]| e (4), and [Jugl| L (4) but indepen-
dent of a. Since meas(A,) is finite, we have

lluo — uallLr(a) < meas(Aq) Y ?|uo — ta L2, (3.3)
which gives

2 ug — uallza §

o = all3 + alluo = uallfz < ca {llyo = yally +meas(4a)
Applying Young’s inequality and continuity of S* : Y +— L°>°(Q) finishes the proof for
I#¢.0
If the set I, on which the source condition should hold, is empty, we can strengthen
the result of the Lemma. This will allow us later to prove improved convergence rates
in this case.

COROLLARY 3.9. Let Assumption 3.2 be satisfied with A = Q. Then there is a
constant ¢ > 0 independent of «, such that

lyo = vall3 + ot lluo = wall7z + [Ipo — palli~ < ca meas(Aa)

with Ay as in (3.2).
Proof. Using (2.5), the boundedness of ||ug|| L~ and Young’s inequality, we obtain

lyo = yally + alluo — uallzs < a(uo, uo — ta)

< comeas(Aq) Y |lug — ual| L2

a
< ca meas(4,) + §||u0 — U7z

0

With these results we can prove a first basic estimate of the regularization error in
states and adjoints.

COROLLARY 3.10. Let Assumption 3.2.1 (source condition) be satisfied. Then there
is a constant ¢ > 0 independent of «, such that

190 — Yally + [IPo — Pallze < cal/?

Proof. The claim follows directly from Lemma 3.8, since by Corollary 2.8, the L!()-
norms of u, are uniformly bounded with respect to o > 0. O

If we assume a source condition on the whole domain €, i.e., I = €, as for example
in [3], one can prove rates as a consequence of Lemma 3.8, since A, C A = 0.
COROLLARY 3.11. Let Assumption 3.2 with I = Q be satisfied, that is, we assume
that there is w € Y, such that ug = Py,,(S*w). Then

%0 = Yally < aflwlly,

«
o — allze < 2 ol

for all a > 0.

Now we will make use of the structural assumption on the active set in Assumption 3.2.
LEMMA 3.12. Let Assumption 3.2.2 (structure of the active set) be satisfied with
k< oo and A= Q\ I having positive measure.

11



Then there exists a constant ¢ > 0, such that
meas(Aq) < ¢ (a” +[|po — pal[fe)

for all a > 0.
Proof. Let us divide A in disjoint sets depending on the values of py and p,, see also
Table 3.1 below,

Ay :={z € A: [ or — (3 lies between pg and p, }
Ay :={zx € A:py,pa < —F and p, > —f5 + au.} (3.4)

Ay = {2 € A po,pa > +B and p < 8+ aup}.

po < —f8 lpo| < B po > 3
Pa < —0B+au, Uy = Ua = Ug Ay Ay
Pa € (7ﬁ + aug, */B] A Aq Aq
Ipa| < Ay Uy = Ug =0 Ay
Pa € (8,8 + aup) Ay Ay As
Pa = B+ auy Ay Ay Uy = Ua = Up
TABLE 3.1

Partition of A, used in Proof of Lemma 3.12

Let us recall the definition of A, = {x € Q: un(z) # up(z)} as given in (2.5). Then
it follows that it holds A, = A; U A3 U As: In fact, on A\ (41 U Ay U As) we have
Uy = Ug due to the necessary optimality condition Theorem 2.3, confer Table 3.1.
Let us now derive bounds of the measures of the sets A;, A and As. Here, we
will develop upper bounds of ‘|p0| — ﬁ| to apply Assumption 3.2. On A; we find
|Ipol — B] < |po — Pal-

On A, we have that pg < —f, and hence by Lemma 3.4 we obtain u, > —oo, i.e.,
Ay C Q. Additionally, it holds au, < po + 8 < 0 on As. Hence, we can estimate on
Az

|Ipol — B] = Ipo + Bl < |po — pal + [Pa + B] < [P0 — Pal + atftial-

Analogously we get that Hpo\ -3 ‘ < |po — pa| + @ up holds on Az. Consequently, it
holds

0 < |[po| — B| < max([|uallz=(0.): 1usllL(0,)) @+ [Po — Pal < ca+ [po — pallLe

a.e. on A,. Applying Assumption 3.2 we can bound the measure of A, and obtain
meas(Aa) < ¢ (@ + [po — pallz<)". O

Let us prove the corresponding result for the special case k = +00.

COROLLARY 3.13. Let Assumption 3.2 be satisfied with k = +oo and A = Q\ I
having positive measure. Then there exists a number a, such that

meas(A,) =0

for all o < g
Proof. As in the proof of the previous Lemma we obtain

meas(Aq) < ¢(a+ ||po — pallz=)"
12



for all k" > 0. By Corollary 3.10, there exists ao, such that the term a4+ ||po — pa || L
is smaller than one for all @ € (0, a,). Since k' can be chosen arbitrarily large, this
proves that meas(A,) = 0 for all a € (0, ae). O

With these results we can prove our convergence result.

THEOREM 3.14. Let Assumption 3.2 be satisfied.

Let d be defined as

% if k <1,
d=41 if k >1 and A # Q,
il f k> 1 and A= .

Then for every ey > 0 there exists a constant ¢ > 0, such that

o — Yally < cal
1o — Pallz~ < ca®

luo — uallzz < cat=1/2

holds for all a € (0, Qmaz). If K < 00 then we have in addition
||UO _ UaHLl(A) S cad—1/2+nd/2

for all a € (0, g
If k = 0o there is a constant as, > 0, such that

Uy = Ugy a.€. on A

holds for all o € (0, aoo)-

Proof. The case I =, A = () with the convention x = ~+oo0 is proven in Corollary 3.11,
which yields the claimed estimates for d = 1.

Let us assume now that A has positive measure. By Lemma 3.8, we have

lyo = yall¥ + alluo = uallz> + llpo = pallie < ca{a +meas(Aq)}.

If on one hand k = oo, the claim follows from Corollary 3.13 and (3.3). If on the
other hand « is finite, then according to Lemma 3.12, we can bound the measure of
A, and obtain

190 = Yally + alluo — uallF2 + [Ipo — pallZe < cafa+a® +po — pallf=}-
Let us consider the case k < 2. Then by Young’s inequality
2
o~ all} + alluo — uallls + Ipo — pall}~ < e {0? +a"* 4oz}
Since

2/(2—-k) fO0<K<I1
2 if1<k<2

min{2, 1+ =k, 2/(2—k)} = {

this proves the claim for x < 2.
If kK > 2, then we find using Corollary 3.10

o — i+ llao — w22 + 170 — pal3~ < ca{a+a” +a/2},
13



which proves the claimed convergence rates of ||yo — yally, |40 — vallz2, and ||po —
PallLe. The convergence result for ||ug—uq| 11 (a) follows now from (3.3), Lemma 3.12,
and Corollary 3.13.

If A= and k > 1 hold, we have from Corollary 3.9 and Lemma 3.12

lyo = yall¥ + alluo — alf2 + lIpo — palli~ < ca meas(Aq)
<ca(a@”+|po = pallie)-

We already proved ||pg — pa |z < ca. Using this in the above inequality gives the
claim with d = 581, 0

EXAMPLE 3.15. Let us discuss Assumption 3.2 and the resulting convergence rates
for the simple settings discussed in Remark 3.6 for Q = (0,1).

If po is given by po(x) = x®, s > 0, then Assumption 3.2 is fulfilled with A = Q and
k= 1/s. Then with o given by

1 .
52 if s < 1.
0’:{25 f

2(231—1) ifs =1,

Theorem 3.1/ yields the convergence rate ||ug — uqllr2 < ca”. Here, we see that with
increasing smoothness of py the convergence rate tends to zero.
For the second example, we take the function py be defined as

0 ifx <1/2

pol@) =B+ {(x— 1/2)°  ifz>1/2

with s > 0. Let us set I = (0,1/2), A =[1/2,1). Suppose that the source condition
Assumption 3.2.1 is fulfilled. Then we can expect the convergence rates

o — oLz < ca™(3 2mn).

Again, the convergence rate degenerates with increasing smoothness of pg.

3.4. Power-type source condition. The aim of this section is to choose a
weaker source condition. We replace Assumption 3.2.1 with
ASSUMPTION 3.16. Let ug be a solution of (P). Let us assume that there exists a
function w € L*(Y), and a positive constant v € (0,1), such that

X1 o = X1 P, ((878)"%)

holds.

Let us prove an analogous result to Theorem 3.14. We will outline the main steps.
First, we use [5, Theorem 1] to turn the power-type source condition into an approx-
imate source condition. This implies the existence of K > 0, such that for all R > 0
there exists w € Y, v € L*(Q) with

[wly <R, [v]l 2 < K R¥T, xruo = x1 Pu,, (S"w +v).
Proceeding as in Lemma 3.8, we obtain

Yo —yallZ +a ||to —val22 + |P0 — PallFe < c(a2 R?+a R +a(R+c)? meas(Aq,))
14



for all R > 0. By Lemma 3.12, we conclude
2v K K
lpo = palli~ < c(a® R* + aR7T + a(R+¢)* (" + [po — palli~))-
Now we use the approach R = o7, with v < 0. This yields the rate

2v
llpo — paH%oo <ec (a2+27 + ol T 4 g1ty llpo — Pa”EOO)- (3.5)

In case k > 2, (3.5) with v = ¥51 and Corollary 3.10 implies

1t
lpo — pallpe <ca™= .

In case k < 2 we use Young’s inequality in (3.5) and obtain

2v 2(14+25)
lpo = Pallie < (@227 4!V FH faEw),

Kk (v—1)

In case k(1 +v) <2, using v = 555,

this yields
Ipo — Pallr= < cazr=,

whereas in case x (14 v) > 2, using v = ¥5%, this yields

1ty
Ipo — Pallze < ca™ .

THEOREM 3.17. Let Assumptions 3.2.2 and 3.16 be satisfied. Let d be defined as

= ife(l+v) <2
1+v)/2 ifc(l+v)>2.

Then, for all apqy > 0, there is a constant ¢ > 0, such that

o — Yally < cal

Ipo — PallLe < ca’
luo — uallrz < cad=1/?

holds for all a € (0, maz)-

We briefly comment on the case I = Q (in particular kK = 400 in Assumption 3.2.2)
and v < 1, i.e., a power-type source condition on € is satisfied. According to the
arguments given above, our technique resembles the standard rate ||jug — uqa|lpz <
ca”/?, which is known from the literature for linear-quadratic objectives.

3.5. A-priori parameter choice. We will now combine the error estimates
with respect to noise level and regularization. This will give an a-priori choice o = «(9)
with best possible convergence order.

THEOREM 3.18. Let Assumption 3.2 be satisfied.
Let us choose o := a(8) = 6%/% with d as in Theorem 3.14. Then for every dmaz > 0
there is a positive constant ¢ = ¢(dmqz) independent of §, such that

192 = wolly <cd, and |[ud —ugl|L < ¢6°
15



holds for all & € (0, 8maz) with s defined by

1 g ifk <1,
s:l—ﬁz % ifk>1and A #Q,
1 fr>1land A=Q.

A similar result can be derived for the power-type source condition Assumption 3.16
as employed in the previous section.

Let us remark that such an a-priori choice of « is barely possible in practice, as the
constants x and v appearing in Assumptions 3.2 and 3.16 are not known a-priori,
as they depend heavily on the unknown solution of the unregularized problem and
the possibly unaccessible noise-less data. Nevertheless, such an a-priori convergence
result can be used as benchmark to compare the convergence order of a-posteriori
parameter choices.

3.6. Additional results for the special case A = ). If Assumption 3.2 holds
with A = ), one can obtain additional results regarding stability of solutions. At
first, we show a superlinear growth rate of the functional Jy with respect to the
LY(Q)-norm. A related result can be found in [4, Theorem 3.4] corresponding to the
case k = 1.

THEOREM 3.19. Let us suppose that Assumption 3.2 is fulfilled with A = Q. Then
there exists a constant ¢ > 0 such that for all u € Uyqg N L°(Q) with y := Su it holds

1+

1 [ — ol 7 "
Jo(y,w) = Jo(wo, u0) = 5 lly = yoll} + e L.
= woll

Proof. Using the relation pg = 8*(z — yo) we can rewrite

Jo(y,u) = Jo(yo, uo) = %Hy = 5olly + (=po,u — o) + B (Jull 2 — lluollzr).  (3.6)
Let us define the set B by
B:={z€Q: up(x) =0}
Let Ao € O||ug||z: be given by the optimality condition (2.1). Then it holds

B(llullr = lluollLr) Z/Q\ B Ao (u—uo) + Bllu—uolL(m
B

since ug = 0 on B.
Let € > 0 be given. Let us define B, := {x € Q\ B: |po(x)| > S+ €}. Then it holds

[ @xo-m)-w)= [ Gro-p)w-uw)t [ (@0 po) (- )
O\B B. Q\(BUB.)
> ellu—uollp By — €llu —uollLr @\ (BUB))
where we used that A\g = sign(ug) on Q\ B, and (8 Xy — po) (u — ug) > 0 by (2.1).
Using Assumption 3.2 to estimate the measure of the set Q\ (BU B,) we proceed with
€llu —uollL1(m.) — €llu — uol L1\ (BUB.)

> ellu—uollr\By — 2€|lu — uollL1 o\ (BUB.))

> ellu —uollpr\By — 2€|lu — ugl| L meas(Q\ (BU B))

> €llu— uol| 1 \my — €T Hlu — uol| Lo,
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= il

where c is a constant ¢ > 1. Setting € := ¢ u— u0||21 u— u0||zolc/"i yields

1+1
flu — UOHLl(Q\B) -

/ (BXo = po) (u—ug) = ¢ (3.7)
o\B

1
[l — wol| foe

It remains to estimate [, —po (u—uo) + B]ju — uo||L1(p). Since ug = 0 on B, we have

[ =potu= o) + Bllu = wllrie = [ (5 sigatw) - o) u
B B
Defining B, := {xz € B: |py(z)| < 3 — €}, we can estimate

(8 sign(u) —po)u = [ elul = ellullLr () = €llull L s,)-
B B. €
Again the measure of B\ B, can be bounded proportionally to €, which gives with
similar arguments as above

1+1
HU_UOHLI(B)

/ —po(u —uo) + Bllu —uollLr(5) > ¢ (3.8)
B

1
[l — uol| foe
Combining (3.6), (3.7), and (3.8) gives the claim. O
As one can see in the proof, this result cannot be strengthened if one assumes that 3 is
positive. There is also a connection to sufficient optimality conditions of second-order
that take strongly active constraints into account. There, the strongly active sets are
used to obtain a certain growth of the objective with respect to the L!-norm.
Using the previous result on the growth of the functional, one can also prove a stability
result for the controls. From Theorem 3.1 we can deduce |Jo (3, u$) — Jo(yo,uo)| < ¢ §
in the case § = 0. This would give together with the previous theorem the estimate
lud — ol < cd=+1. We will however derive a slightly stronger result by a direct
proof.
THEOREM 3.20. Let control constraints be prescribed everywhere on 2, i.e. Q4 =
Qp = Q. Let us suppose that Assumption 3.2 is fulfilled with A = Q. Then there
exists a constant ¢ > 0 independent of § such that

lwo — ug||L1 <cd”,

luo — ud||z> < co%.

Proof. Let us define the following subset of €
AS={zeQ: uy #ud}.

By Theorem 3.1, we have |[po — p§fl~ < c¢d. On the set {x € Q: ||po(z)| — B| >
lpo — P3| L=} we have that py— 3 and p$ — 3 as well as po+ 3 and pJ+ 3 have the same
signs, which implies that on this set uo = u$ holds. Hence, we obtain the inclusion

Ag ={zeQ: w ;éug} C {x eN: ‘|p0(x)| —ﬁ’ <Ipo —pSHLm},
and the measure of this set can be bounded by ||po — pj||§~ due to Assumption 3.2.
This implies
luo — ugllz2 < lluo — ug| o= meas(AJ)
< ellpo — P35
< cd".
17



The estimate ||ug — u§|lp2 < |luo — ungL/j llug — ug”lL/oZ together with the fact that
ug, ug are bounded uniformly in L>°(€2) due to the control constraints yields the claim.
0

4. A parameter choice rule. An important issue in regularization methods
is the choice of the regularization parameter in dependence of the noise level or dis-
cretization. Several principles are known in the context of inverse problems, see [3],
with the Morozov discrepancy principle [6] being one of the most important ones.
There the parameter « is defined as a function of § as

a(6) == sup{a > 0: ||Sud — 2°|y < 76}

with a given constant 7 > 1. That is, the parameter is chosen such that the residuum
in the ill-posed equation Su = z is below a certain threshold that is proportional
to 0. A direct application of this principle to the regularization of our optimization
problem is not possible since the residual Sug — z is in general non-zero.
Using the inequality ||Sud — 20|y < ||S(ua — uo)|ly + J, we can replace the residual
Sud — 2% by the error in the states S(us — up): choosing o according to

&(8) =supf{a > 0: [|S(ul —up)|y < (1 —1)d}

gives &(8) < a(§). While there is no sensible upper bound available of ||Sud — 2°||y
in the context of our optimization problem, we can derive an upper bound of ||S(ud —
up)||y that can be computed explicitly without the knowledge of ug.

Throughout this section we require that control constraints are prescribed everywhere
on €, i.e., Q, = Q, = Q. In order to simplify the exposition of the results, we set the
parameter 0 = 0 in the sequel.

LEMMA 4.1. It holds

L, s
102 = wlf < |

piw@—u$43/ P (g —ul) + |12 — zsll%
{pg >0}

{prd <0}
Proof. By optimality of (yo,up) we have
0 < Jo(yhsud) — Jo(yo, uo)
= 21— =l — Sllvo — =l% + (Stuo — ) — (o 42, 25 — )y
= —(yo — 290 — ¥3) — %Hyo —yall¥ = (o — Yo 25 — YRy + (w0 — ul, P3) L2
= _%”yo - yi”%/ + (uo — Uiv pi)Lz — (25 — 2, yo — yg)y,

where we did a Taylor expansion of Jy at 2. It remains to derive an upper bound for
(ug — ul, pS)r2, in order to eliminate the unknown ug from the final estimate. We
can bound the integral by bounding uy by the control bounds in dependence of the
sign of p?:

(w—%w@mé/ ﬁwrw®+/ P, (g — ud).
{p¢,>0} {p?,<0}

Applying Young’s inequality to the term —(zs5 — z, yo — 32 )y gives the claim. O
18



This result motivates the following definition of the regularization parameter in de-
pendence of d:

1
a(d) := sup {a >0: / P (up — ud) +/ P (ug —ul) < 27252} (4.1)
{p%>0} {pé <0}

Here, the constant 7 > 0 can be chosen arbitrary. By convention, we set a(d) = 0 if
the set on the right hand side in (4.1) is empty.

The construction of «(d) is tailored to the case that wug is at the bounds everywhere
in €. This can be seen in the proof of Lemma 4.1 above, where we replaced ug by
ug and up. Hence, the results that follow rely on the fulfillment of Assumption 3.2
with A = Q). That is, we assume that ug is everywhere at the bounds. It is an open
problem, to extend these considerations to the general case I # (), A # Q.

As it will turn out later, we have «(9) > 0 under Assumption 3.2. At first let us prove
that a(0) < +oo for sufficiently small 0.

LEMMA 4.2. Let us assume that S*z # 0. Suppose further that there is a number
o >0 such that up(x) > 0 and —o > ug(z) a.e. on Q.

Then for ¢ sufficiently small, we have a(d) < +oo0.

Proof. Since @ = 0 is admissible, we have for & — oo that u’ — 0 in L%(Q), and
hence y3 — 0 in Y, and pS — S*2% in L>°(2). This implies

[ [ = [ a0
{p3>0} {p? <0} Q

Due to the assumption it holds

/ ﬁ%+/ Pg > ollpdl
{p%,>0} {p¢ <0}

Hence we have

lim phun =)+ [ (= ud) 2 oS
a0 J{ps >0} {p2 <0}
>0 (8 2] L — meas(Q)[|S*]| £(v,) 0) -
If § satisfies
* * 1/2
o3 min (ISl (ol
2meas(Q)[|S*|| £ (v, L) T

the term f{pg>0} S (up —ud) + f{pg<0} P2, (uq — ud) is larger than 37262 for large .
Consequently a(d) < +oo for these small §. O

Second, we prove «(d) > 0 under our regularity assumption. In order to get this
lower bound on a(d) we prove an upper bound of the quantity f{Pi>0} S (up —ud) +
f{Pi<0} S (ug — ul) first.

LEMMA 4.3. Let us suppose Assumption 3.2 is satisfied with A = Q and k < oo.
Then it holds

og/ ﬁwrm@+/ P (g — u2) < ca (gl — pollfm +0%)  (42)
{p,>0} {p? <0}
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with a constant ¢ > 0 independent of «, d.

Proof. The non-negativity of the integrals follows from u’ € Uy, i.e., uy < ud < uy
a.e. in Q.

By the optimality conditions for the regularized problem, cf. Theorem 2.3 and in-
equality (2.2), it holds

P (2) (u(z) — ui(x)) < aui(m)(u(m) - u‘sa(ac)) fa.a. xz € Q and for all u € Uyg.

Let us first consider the integral over the set {pg > 0}. Here, we distinguish subsets
according to the sign of py. By Assumption 3.2, we have that the set {py = 0} has
zero measure. On the set {pg > 0} we have uy = up, whereas it holds uy = u, on
{po < 0}. Hence we have

4 ) ) 4
/ Pa (ub*ua) < / AUy (uoiua)'
{p,>0,p0>0} {p?,>0,p0>0, uo#ul,}

Analogously to Lemma 3.12, we obtain

meas({uo # u3}) < c(llpg, — polli~ +a”).

This implies the estimate

/ P (up — 1) < a meas({ug # ud}) lul || oo | lud, — uoll Lo
{p3,>0,po>0}

<ca(|pd —pollf= +a®).
In addition we have with ¢ > 0

5 é 5 §
/ Pa (ub - ua) < / Uy (ub - ua)
{p%,>0, po<0} {p%,>0, po<0}

é & & 8
S/ aua(ub—ua)+/ aup (up — ug,).
{4 >0, po<—e} {p%>0, —e<po <0}

Let us estimate the measure of both integration regions. By Chebyshev’s inequality
it holds for all ¢ > 1

meas({p?, > 0, po < —€}) < meas({|pS, — po| > €}) < M.
By Assumption 3.2.2 we have
meas({—e < py < 0}) < ce€”.
With € := ||p? — p0||£q%q we obtain
o

/ P (up — )| < calpb, — poll FE7,
{p%,>0,po<0}

where the constant c is in particular independent of q. Hence we obtain for ¢ — oo

<callpl —pollf~-

/ o0 (s )
{p3,>0,po<0}
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With similar arguments we find the upper bound for the second integral in (4.2).
A close inspection of the proof yields that the constant ¢ in (4.2) depends only on
ltwallzoe, [|up || Loe, and the constant of Assumption 3.2.2 appearing in (3.1). O

Let us remark that the result of this Lemma is not true if Assumption 3.2 is fulfilled
with A # ), that is if a non-trivial subset I C () exists, where pg is zero, and ug is
not at the bounds.

With the help of the previous Lemma 4.3, we can prove that «(d) is positive.
COROLLARY 4.4. Let us suppose Assumption 3.2 is satisfied with A = and k < 0.
Then a(0) > 0.

Proof. Since control constraints are given everywhere on Q, u% and hence p? are
uniformly bounded in L>°(€2). Then the right-hand side of (4.2) tends to zero for
o — 0, which implies that for sufficiently small «, this quantity is smaller than 17252,
Therefore, the supremum in (4.1) is positive. O

This proves that «(d) is well-defined and not trivial under certain conditions. Now
let us turn to the convergence analysis of the regularization scheme for § — 0. Here,
one has to ensure that the convergence «(d) — 0 is not too fast, which would result
in a non-optimal convergence order.

Let us first prove the optimal convergence order for the states and adjoints.

LEMMA 4.5. Let 6 > 0 and «(d) be given from (4.1). Then there is ¢ > 0 independent
of 0 such that

1Yas) = volly + 195y — volly < cb.

Proof. Let a:= a(6). Then by Lemma 4.1 and (4.1)
1 1
1”1/2 —yoll¥ < 57'252 + 4%
which gives [|ly% — yolly < 24/1+ 72/2 §. By Proposition 2.9 we obtain

1y = volly < I¥a = yally +Ilya = volly < (1+2y/1+172/2) 6.

]

The next step is to establish a lower bound on «(J).

LEMMA 4.6. Let § > 0 be given. Let a(d) satisfy 0 < a(d) < oo.

Let us suppose that Assumption 3.2 is satisfied with A = Q.

If k <1 and () <1 then there exists a constant ¢ independent of § such that

62

< "
() <cé

If 1 < k < oo then for each e > 0 there exists a constant ¢ = ¢(Opmaz) independent
of 0 such that if § < dpmag

Proof. Let us consider the regularized problem with regularization parameter « :=
2a(d) > a(d). Since a > «(d) it holds

1
T B AT SR A )
2 {p5,>0} {p3<0}
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By Lemma 4.3, we have
62 < ca (Ip’, - pollfm +a®).

Let us first investigate the case k < 1. Using the results of Theorems 3.1 and 3.14 on
a-priori regularization error estimates we obtain

K 1
P <ca ((5” + o=+ + a”) < 552 +c (aﬁ + o/ﬁ'l) . (4.3)
Here we used again Young’s inequality. Hence, we get

2 2 r(1—k)
52 §c<aﬂ +a“+1) =ca?~ <1+a 2= )

Since «(d) < 1 implies o < 2, the term in brackets on the right-hand side is bounded
uniformly with respect to a, and we obtain

52 r < ca,

which is equivalent to
2

o <cé"”,

o
where the constant ¢ is independent of §.
In the case k > 1 we have to replace (4.3) according to Theorem 3.14 by §% <
ca (0" + af). Let dpmax > 0 be given. Applying Young’s inequality we get with
c= C((smax)

1
2 +1 +1
1) 3725'“& +ca T,
max

2 1 d et rk+1
— = < .
0 (1 A <ca

This implies for § < dpax that % < ¢ 67T with ¢ depending on §,,,x but not on 4.
|

Let us remark that in the case a(d) > 1 the inequality % < 62 holds. That means,
we do not need an upper bound on «(d) in the subsequent convergence analysis, only
the existence of the supremum is needed, i.e., a(d) < oco.

Now, we have everything at hand to prove the main result of this section: convergence
of the regularization scheme with the same order with respect to J as given by best
a-priori parameter choice, see Section 3.5.

THEOREM 4.7. Let control constraints be given everywhere, i.e., Q, = Qp = Q.
Moreover, let us suppose Assumption 3.2 is satisfied with A = Q).

Then for every dmas > 0 there is a positive constant ¢ = ¢(0pmaz) such that

which is equivalent to

lug, = uolly < c6°
holds for all 6 € (0, §mas) with s defined by
£ if k<1
82{2 ifr<l,

L fl <k < o0
22



Proof. Let us set a := «(d). Let us first prove the claim for k < 1. We have by
Proposition 2.9

alluo —ugl|7e < @ (uo,uo —ug) + (2° — 2, yo — 42)-

Since control constraints are prescribed everywhere, we have uy € L>®°(Q2). Using
Lemma 4.5 we can then estimate

allug —ug|2: < e(allug — ugllz +6%).
Applying Lemma 4.6 gives in the case that o <1
luo = ug 72 < elluo — ug |l pr +6"). (4.4)
If « is greater than 1, then it trivially holds

2
isd?
[0

and (4.4) is valid in this case, too, with the constant ¢ depending on ,ax.
It remains to bound ||ug —uS||z: in terms of 6. To this end, let us define the following
subset of {:

B = {p}, # 0, sign(po) = sign(p),)}.

The measure of its complement can be bound using Assumption 3.2. Indeed, on Q\ B
the signs of py and p® are different, which gives |[po| < |po —pZ| on Q\ B. Hence using
Assumption 3.2 and Lemma 4.5 we obtain

meas(Q\ B) < ¢|lpo — po[f~ < c8". (4.5)
Let us investigate now the L'-norm of ug — u$ on B. For € > 0 let us define the set
B, :=Bn{|p’| > €}.

Since |po| < P3| + |po — po| < €+ |po — pd| on B\ B, we have with Assumption 3.2
and Lemma 4.5

meas(B \ Be) < c(|lpo — p |5 + €7) < (6% + €"). (4.6)

Let us recall that « satisfies the discrepancy estimate, cf. (4.1),

1
[ [ (- d) < 5
{#5,>0} {95,<0} 2

Here, the integrands in both integrals are positive functions, which allows us to restrict
the integration regions

1
/ pg (up — u‘;) + / pg (uq — ug) < =7252,
{p5,>0}NB. {pS,<0}NB. 2

Since |p%| > € on B, it holds

1
/ €|lup — ui| —|—/ e|u‘; — | < =722
{p3,>0}NB. {p3,<0}NB. 2
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Since po and pd have equal signs on B, and {p?, # 0} D B, we have

1
6/ lug — u5a| < 57'2(52,

€

which implies
1
||’LL0 — uiHLl(BE) < 57'2(526_1.
This implies together with (4.5), (4.6) that
lup — ul || < (6 + € + 6%e71).

With € := 67T we obtain for & <1 and ¢ < dpax
o — ul ||z < (6% + 075T) = ¢ (1 + 6571 )6 < ¢ 6" (4.7)
which proves with (4.4)
luo — ud |z < 6%/

which is the optimal rate. Here the constant ¢ depends on &y ax.
Let us now sketch the proof for the case x > 1. Here, we have to replace (4.4)
according to Lemma 4.6 by

luo — ud |22 < e(lluo — ud ||z +65T). (4.8)

Since we are in the situation x > 1, we have to modify estimate (4.7) to

r(

r—1) 2
CEST

T 1)67IT < c§wIT,

g — ul || 1 < (8" + 6751 = (5

where ¢ depends on d,ax. This finishes the proof. O

As mentioned in this section, it is an open problem, how these ideas can be transferred
to the the case that the control constraints are not active everywhere.

Moreover, it will be interesting to see how these results can be used to choose the
regularization parameter « in dependence of discretization parameters. In particular,
an adaptive algorithm that combines adaptive discretization schemes and adaptive
regularization parameter choices has to be developed.
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