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Abstract. Moreau-Yosida based approximation techniques for optimabn-

trol of variational inequalities are investigated. Propeies of the path gener-
ated by solutions to the regularized equations are analyze@€ombined with

a semi-smooth Newton method for the regularized problemsdke lead to an
e cient numerical technique.
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1 Introduction, problem statement, regular-
ization
Here we continue our investigations from [9] concerning tlogptimal control of

stationary variational inequalities. The speci ¢ problemunder investigation
is given by

g min - J(y;u) = g(y) + j (u)
(P) 3 over u 2 L2() under the variational inequality constraint
aly; y) (uy); y2K; foral 2K;
wherea:H3}() HJ() ! Ris a bilinear form satisfying
(1.1) 1kvkﬁé a(v;v); and a(v;w) 2kvky skwky 1
with0 < -, and
(1.2) K=fv2Hs(): v g

where 2 H() with 0 on the boundary of . Throughout it will
be convenient to alternatively use the operator represerttan of the bilinear
form, i.e.

a(Vi; Vo) = hAvy; Vi for vi;ve 2 H3() -

Here h; i stands for the duality pairing betweenH () and H3(). Itis
well known that under the conditions to be speci ed below thevariational
inequality in (P) can equivalently be expressed as

(1.3) Ay+ =u, y ; 0, h;y i =0;



where 2 H 1 and Ois shortforh;vi Oforallv2 H}() ; with v
0. In this way (P) is an optimization problem subject to a comfmentary
condition constraint. If 2 L?(), then the complementarity condition in
(1.3) can equivalently be expressed as

(1.4) =max(0; +cly ));

for any c > 0.

In [9] we investigated rst order necessary and second ordsu cient
optimality conditions for (P). In particular, under the standing assumptions,
which are speci ed at the end of this section, we have:

First order necessary condition
Let (y ;u ) be a locally optimal pair for the optimal control problem (P.
Further let 2 L2?() be the Lagrange multiplier associated to the lower
level problem, which is the variational inequality in (P). Then there exist
uniquely determined adjoint statesp 2 H3() \ L* () and 2H () \
(L ()) such that in addition to (1.3) we have

(1.5) Ap+ +g{y)=0 and p Owherey = ;
(1.6) p =0ae.on ; andh ;pi O
(1.7) h ' (y Yi=0forall ' 2 CY)suchthat ' j =0;
(1.8)

h ;i 0 forall 2 HZ() with Oonfy = gandh ; i=0;
(1.9) jQu) p =0:

Moreover, we have the following sign condition for on the biactive set
B=f =0;y= g

(1.10) h ; i 0 forall 2 HZ() ; with OonB; =0on nB:

First order conditions for optimal control of variational inequalities have
a longstanding history. We refer to [1, 2, 4, 7] in this respecDue to the
appearance of multipliers, which are only measures, and ags@sequence of
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the complementarity conditions (1.3), (1.7), (1.8), theseonditions are not
well-suited for numerical realisation.

To overcome this di culty we introduce a regularization of the original
problem. It will render the second Lagrange multiplier to be a pointwise
a.e. well-de ned function rather than a measure. Moreoveregularization
has the e ect that the complementarity conditions in the rst order necessary
conditions are replaced by nonlinear equations.

The regularized problems that will be utilized are given by

8
3 min J(y;u) = g(y) + j(u)
(Pe) 5 over u 2 L2() subject to
Ay +maxe( +cy )=y

where 0, 2 L' (), is given, and max. is a C2-approximation of
x I max(0; x), where the precise assumptions imposed on maxre speci ed
below. For properly chosen the solutionsy. to (P.) are feasible, i.e.y

If g andj are Cl-regular, then the rst order optimality system for (P.) is
given by

(1.11a) Ayc+maxe +cye ) = Ug
(1.11b) Ap+cmax +cye ) pet+ gy =0;
(1.11c) j O(Uc) pc = 0:

In [8] and [9] existence of solutionsyg;uc) 2 H3()  L?()  Hg() to
(1.11) was established and subsequential convergencedbd  to a solution
(y ;u ) of the unregularized problem was argued. For the same sujsence
we have

¢! and o*  inH ) ;p*p inHY) ;
where! and* denote strong and weak convergence respectively, and

c=maxe( +cye )i c=cmax)( +clye )):

The focus of the present paper is the behavior of the solutiao (P.) and
(1.11) as a function ofc. We denote by

V(c) = J(Ye; Uc);
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the value function, which is the value of the objective funabnal along local
solutions (yc; uc) of (Pc). Further ¢! (yc;Uc;pc), for ¢ 2 (0;1 ), is referred
to as the path associated with (1.11). Due to the fact that () is not convex
the solutions to (P;) are not unique and hence special care and additional
assumptions are needed to make the concept of a path asscsiato (1.11)
precise.

Concerning the choice of we refer to =0 as the infeasible casesince
the iterates will in general not satisfyy, . On the other hand, if is
su ciently large, we have that y. is feasible i.e. y. , foreachc c A
precise statement is given in Proposition 1.2 below.

Our interest in properties of the value function and the pathbesides its
own inherent value, lies in the use for numerical realisats. For moderate
values ofc, while being yet distant to the 'true’ solution, one solves @roblem
with smooth approximations to and . As cis increased the regularity of

progressively decreases. Once the existence of the pathstklished, the
value function can be evaluated along this path and its propies can be used
advantageously to devise rules for updating the parameter given current
information on (yc; Uc; Pe)-

The notion of path is well-established for interior point méods for nite
dimensional optimization problems, we refer e.g. to [15] drthe references
given there. Much fewer investigations were carried out fgrath-following in
the context of interior point methods in function spaces. Weefer, however,
to the investigations in [14] and [11] which are carried oubf optimal control
problems with control and state constraints for nite dimersional dynamical
systems and for optimal control with constraints on the stag for stationary
di usion systems, respectively. A detailed regularity anlysis of the central
path for interior point methods for bilaterally control-constrained optimal
control problems for elliptic equations is given in [13].

Path following for Moreau-Yosida type regularization as irffP) involving
max, was rst analyzed in [6] for solving obstacle problems by redarized
semi-smooth Newton methods. This technique was also used[12] for the
solution of contact problems in linear elasticity. Centrafor the use of a path
evaluated along the minimal value function is the fact thattican be approx-
imated quite accurately by a low-parametric curve, the moddunction. The
model function serves an important guideline for the updatetrategy of the
regularisation parameter.

Let us briey outline the contents of this paper. Sections 2 ad 3 are
devoted to deriving assumptions which guarantee continygitand Lipschitz
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continuity of the path. These assumptions are small modi d@gons of sec-
ond order su cient optimality conditions for the regularized problems (R).
The results can be used to introduce directional di erentibility of the path.
In Section 4 qualitative properties of the value-function e developed. In
particular this concerns the asymptotic behavior ofV(c) asc! 1 and
monotonicity and concavity/convexity properties of V. It will be shown
that, inspite of the fact that the constraint is not convex, the value function
is 'almost’ monotonically increasing and concave in the iehsible case and
that it is monotonically decreasing forc su ciently large and 'almost’ convex
in the feasible case. The concluding section contains nurioad experiments
and demonstrates the use of the value function.

Standing assumptions
Throughout the paper we rely on the following regularity assmptions.

(A.i) The domain R", n 2 f 2; 3g is bounded and either convex and
polygonal or of the classC*!.

(A.ii) The operator A is an elliptic di erential operator de ned by

xXo xXo
A= 2 g (x)@—@;y(x) .

@
i =1 @x 3 (x) @y(x) + ao(X)y(x)

j=1
with functions a; 2 C%() ; &; @—@;aj-;ao 2 L () satisfying the con-
ditions a; (x) = a; (x) and

X

a;(X)i; oj* aeon foral 2R

i;j =1

with some o > 0. Additionally, we require ag(X) 1 O with
su ciently large such that the bilinear form a( ; ) induced by A ful lls
the coercivity condition (1.1).

(A.ii) The obstacle 2 HY() \ L () fullls Oon and A 2 L1 ().
The functions g;j satisfy:

(A.iv) g:L2%() ! Ristwice continuously Fechet-di erentiable and bounded
from below,



(Av) j : L%2() ! R is twice continuously Fechet-di erentiable, bounded
from below, radially unbounded, and

Up *u inL2() ; and j(uy) ! j(u) implies u,! uin L?() :

The Assumptions (A.iv) and (A.v) are satis ed for instance br the quadratic
cost functional

1
J(y;u) = éky yok?Z, + Ekukﬁz

with > 0andyg 2 L?().

Let us introduce the adjoint operatorA to A by
|
X @ X0 '

@x

j=1 i=1

(A p)(x) = aj (X)@@XP(X) + g (X)p(x)  + a(x)p(x):

Due to the assumptions on the coe cients, the equationfy = f andA p= g
admit solutions in H?2() for right-hand sides f;g 2 L?().

Assumptions on the smooth approximation of max

We assume that the function max admits the following properties:

(B.i) max; : (c;x) 7! max(x), (c;x) 2 (0;+1 ) R, is twice continuously
di erentiable with respect to (c; x),

(B.ii) max¢(x) = max(0;x) for all x with jxj 1=2c.

We will denote the derivatives with respect tax by max?; max% whereas the
derivatives with respect toc are denoted by@@cmaxc.

In addition we assume that there is a constanM > 0 such that the
following inequalities are satis ed for allx; x°

(B.iii) 0 maxd(x) 1,
(B.v) 0 max{x) Mc,
(B.v) jmax{x) maxtx9i Mcix xS,
(B.v) 2max(x) %,

(Bvi) 2max(x) M
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(Buii) & max(x) 4.

Note, that the function

max(0; X if jxj &
(112) mox) = MO T o
5 X+ 5% % X if jxj < o

satis es the requirements above. In fact, the derivativesfan. with respect
to ¢ > 0 andx with jxj < 1=2c, together with their maximum overx 2 R are
given by the following expressions.

m(x)=2c® x+ 151 X kmek, 1 gy = 1;
2c c
mA(x) =6¢® x+ 2_10 2_10 X kmek 1 gy = gc;
2 2
@@Eng(x)=602x X + ic %: X @@Eng . = Eé_:_% %;
Om= s x 1o 9 m. e 2

Moreover the second derivative ah%w.r.t. x is globally Lipschitz continuous:
imtx) mtx%i  ecix  x§:

We also have

@ @
(1.13) @énc(x) 0; @mc(x) 0:
Di erent kind of smooth approximations of max(0, ) were used by Hin-
termaller and Kopacka [5].
Throughout the paper we denote byy ; u ) a strict local optimal solution
of the original problem (P).



1.1 Preliminary results for the regularized problem

Let us brie y recall known results for the regularized stateequation
(1.14) Ay + max ( + c(y ) = u;

with 2 L' () and c > 0. Due to the monotonicity of max, it admits for
every right-hand sideu 2 H () a unique solution y. 2 H3(). In case the
dependence oy, on u is relevant we writey.(u). Furthermore we de ne

ci=maxe( +cy. )):

Proposition 1.1. (a) Let a family of controls f ucges o With uc *u in L?() ,
forc!1 , be given. Then the solutiong.(uc) converge strongly irH3}() to
the solutiony of the variational inequality. Moreover, . converges strongly
in H () to . If the solutionsy, are feasible, i.e.y. , theny:.! vyin
L1 () .

(b) Let a sequence of controléu,, g with uc *u in L?() , for ¢! c, be
given. Then the solutiong/,, (U, ) converge strongly inH3() to the solution
yc of (1.14).

Proof. The proof follows along the lines of similar proofs in [5, 7.9 O

In [9], we proved the following result regarding feasibilt of states asso-
ciated with locally optimal controls of (P).

Proposition 1.2.  If kjqu)k.: K (kukg1 () 1) for a constantK in-
dependent ofu 2 L* () , then for any ¢ there exists . > 0 such that every
locally optimal controluc to (P.) satis es Kucky 1 (y cforallc c. Then,
if

max(0; A + )

we have thaty, is feasible i.e. y. , foreachc c

Let us remark that the condition onj is ful lled for the choice j (u) = 5kukfz.

2 Continuity of the path

For the discussion of path-following algorithms we have tawdy local prop-
erties of the 'path’ (yc; uc), i.e. we need to considec! (yc;uc). Due to lack
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of uniqueness of the optimal solutions to (F) the discussion is based on local
solutions.

Let (y ;u ) be a strict local optimal solution of the original problem P).
Thus there exists > 0 such that (y ;u ) satis es:

Jy;u)<J(y(u;u) 8usBu : ku uk.:

In the previous work [9] we already showed the existence of anfily of
local minimizers {y.; uc) convergingto y ;u )forc!1 . More precisely let
(Ye; Uc) be de ned as global solutions of the auxiliary problems

8 .
3 min J(y;u)= g(y)+ j(u)
(Po) 5 overu2 L2()with ku wukc: ; subjectto

Ay + max, + c(y ) = u:

Clearly, the problem (P,) admits global solutions. Moreover, as proven
in [9], we have the following convergence result.

Theorem 2.1. Let (yc Uc); ¢ > O; be a family of global solutions ofP.).
Then there existsCy > 0 such that for allc > Cy, (y¢; uUc) are local solutions
of (P.). Moreover forc!1 we have

us! u inL?); yo! y inH) :

That is, continuity of the path at 'in nity' is established a nd for c su -
ciently large (y.; uc) are local solutions of (R) satisfyingku u k.- < . For
the discussion of path-following algorithms we need to anale the behavior
ofc! (ysueg) forc< 1 as well

In this section su cient conditions will be given which guarantee that the
global solutions ; uc) of (P,) satisfy:

(i) the value function ¢ 7! J(yc; uc) is continuous forc > 0,
(ii) the path ¢ 7! u. is continuous forc su ciently large.
We rst establish continuity of the value function J(yc; uc).

Theorem 2.2. Let fy.; ucg; ¢ > 0; be a family of global solutions ofP.).
Then the mappingc 7! J(yc; Uc) is continuous for allc > 0.



Proof. Let us take a sequence, ! ¢y with associated global minimizers of
(P.) denoted by uk = U, and yx = Y.

Due to the construction of (P.), the sequence uyg is bounded inL?2().
Thus after extracting a subsequence if necessany, * winL?()and uc! t
in H 1(). Convergence yx ! Y (&) in HZ() follows from Proposition 1.1
(b).

Since {/;ux) are global solutions of the auxiliary problems (P), we
have J(yi; Uk) I (Yo (Ug); Uge), Which gives limsupd (yi; Ux) I (Yo Uco)s
by (A.iv) of the standing assumptions and Proposition 1.1 (b

Moreover as ¥c,; Ug,) is a global solution of (R, ), we haveJ (yc,; Uc,)

J (Yoo (Uk); Ux). Hence,

I (Yeo; Ugp)  liminf J (ye, (i) ui) = liminf g(ye, (U)) + j (Uk)
= g(y) +liminf j(u)) = liminf  g(ye, (u)) + j (uk) = liminf J(yi; u):
This implies that J(Yc,; Ue,) = lim i1 I (Yk; Uk)- O

The remainder of this section is denoted to proving contintyi of ¢ 7!
uc.. We shall rely on a second-order condition imposed at the lalcsolution

(y ;u).

Assumption 1. (i) There is > 0 such that

j%u )(h;h)  khk?, forall h2 L2() :

(i) We assume that

(2.1) oty )N(z:2)+ jRu )(h;h) > ©:
holds for all(z;h; )2 H}() L%*) H () ,h8o0, satisfying
(2.2) jAu)h+ gly )z =0;
and
Az+ = h;
2:3) h:zi O
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For a more detailed discussion of second-order conditionge refer to our
previous work [9]. Note that (2.2)-(2.3) are rst order necssary conditions
for (y ;u).

As it will turn out, this condition alone is not su cient for ¢ ontinuity
of the path. The reason is that we approximate a non-smooth tipization
problem by a smooth one and thus one cannot expect convergeraf second
derivatives. To overcome this di culty we make the following assumption.

Assumption 2. There is a radius ; 2 (0; ) and a constantC; > 0 such
that for all c > C,; and u. with ku. u ki 2 < 4, the solutions(y.; p.) of the
state and adjoint equationg1.11a) (1.11b) satisfy

p. Oonfmax{ +c(y. )) > Og:

Remark 2.3. Note that p. 0 on all of if g{y.) 0. In fact expressing
Pc= p: p. with p. 0 we have from (1.11b)

(A psp) cmax( +cye )pap)=(gly)ip) O
This implies that kp, kﬁ& 0 and hencep, 0.

Theorem 2.4. Let Assumptions 1 and 2 be satis ed. Then there is a con-
stant C, 2 (0;C;] such that the problem(P.) is uniquely solvable for all
c > C,. Moreover, the pathc 7! u. is continuous from(C,; 1 ] to the strong
topology inL?2() .

Proof. Let us assume that there exists a sequence! 1  such that the prob-
lem (P, ) is not uniquely solvable for eactt. Then there are two sequences
(Y1 U;1) and (Yi;2; Uk;2) of global solutions to (R, ) with uy;; 6 Uy;>.

For any k = 1;2::: let us consider the objective functional (y, (u); u)
on the line segmentL from uy.; to ux.,. Then J admits a local maximum
bk 6 Uk:.1; Uk.2 ONn this compact setL with associated stateyg= Since the ball
fu2 L2(): ku ukg g is strictly convex, we havekty, U k.2 <
Associated tour and yx = Y, (t) there exist adjoint statespg such that the
rst-order system

Apctamax, +alnw ) Bt diw) =0;

(2.4)
(9tk)  Bx; Ui Uko) =0
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is satis ed. Since {; t; px) are the solutions of smooth optimization prob-
lems, they ful Il the following second-order necessary ophality condition:

i) hi) + gz z) + (Gemax) + e ) Pzaz) O

whereh, = m and z, are the solutions of the linearized equations
" " L

AZ + gcmax)  + Gl ) z= h

Since ux:; and uy., converge tou , we haveuz ! u in L?(). Hence by
Assumption 2 and (B.iv), we obtain thatmax? +c(w ) p Oon,
provided that k is large enough. This implies that

(2.5) i Q)i hi) + gw)(z;z) 0

for all k large enough. Now, we can argue as in [9, Theorem 3.14] to abta
contradiction to Assumption 1: The sequencéh,g is bounded inL?(), and
after extracting subsequences if necessary, we obtain theak convergence

he *h inL?() ; z*z inH) ;
= ama  talw )zt inH ()

These weak limits satisfyAz + = hin H () and h;zi 0, where the
latter relation follows from non-negativity of maX, see (B.iii). Thus the triple
(z;h; ) ful lls the conditions in (2.3). Moreover by (2.4) we havej {th)hy +
99y)z« = 0. Passing to the limit k ! 1 implies that jqu )h+ gqy )z=0
and hence (2.2) holds.

Now let us pass to the limit in inequality (2.5). By Propositon 1.1, we
obtain i ! 'y in H(), which gives

lim gz 20 = gy )(z:2):

Due to the continuity of j ®®and the lower semicontinuity ofh 7! j Qu )(h; h),
see Assumption 1(i), we obtain

im inf j Ren)(h; hi) = lim inf §%u )(h; b ] fu )(hih);
which gives with (2.5)
i%u)(h;h)+ gy )(z;2) O
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Hence, Assumption 1(ii) implies thath = 0 and z = 0. Due to Assumption
1(i) and khyk 2y =1, we obtain from (2.5)

0< i Qu ) (hi; hy) 9%y (z; z) +  u )(his he) Qo) (hie; i)

Sincezg * 0 = zin H}() and ~ux ! u in L?(), the right-hand side
vanishes fork ' 1, which yields a contradiction.

Thus, the global minimizers of (R) are uniquely determined for alic > C,
with C, large enough.

Now, let us takecy > C,, which implies that (P.) is uniquely solvable.
We will prove that ¢ 7! u. is continuous atcy. For this purpose letc, denote
an arbitrary sequence converging ta@, and setuyx := Ug, Yk = Ye (Uk).
After extracting a subsequence if necessary, we hang * uin L?() and
Yk ! ¥ = Yo (t) in HY(). As in the proof of Theorem 2.2, we obtain
J(yit) = J(Yeo: Ug,)- Since fyc,; Ug,) is the unique global minimum of (R,),
it follows &= ug,. Hence,uc *u ¢, in L?() for c! .

We obtain from the convergencey ! yand J(yx;ux) ! J(Ye; Ug,) that
j(ug) ! j(ug). Thus by the Assumptions (A.v) onj, strong convergence

Ug ! Ug in L2() follows. m

Let us remark that we proved that the pathc 7! u. is continuous at all
valuesc, for which (P,) is uniquely solvable.

Remark 2.5. Choosing large enough yields feasibility of the solutions
of the regularized state equation, see Proposition 1.2 ant& discussion in
[7, 9]. In this case we can weaken Assumption 1. As in [9] we cprove
more properties of the limit ; h; ) of the sequenceZ; hy; «), which allow
to shrink the set of test functions in Assumption 1(ii) to thase ; h; ) which
satisfy

Az+ =nh

2.3'
(2:3) h;y i=0;h;zi 0, z=0a.e.on

3 Lipschitz estimates

In the previous section, we established continuity of the pla ¢ 7! (yc; Uc).
Here we turn to Lipschitz continuity of this mapping.
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The following abbreviations will be used:

fe(y):=max. +cly ) ;
fdy) = cmax +cly ) ;
fofy) = max)® +cly ) :

Let us recall that (y.; uc) with associated adjoint statep, satisfy the optimal-
ity system

8
% Ayc+ fe(Ye) = U

(3.1) § A pct fg(YC) Pc + gO(YC) =0;
" jque)  pe=0;

At rst, we investigate local Lipschitz continuity of the regularized equa-
tion constraint of (P.). For this purpose we require the following result.

Lemma 3.1. Let | be a compact subset d0;+1 ) and Y be a bounded
subset ofL? () . Then there exists a constanK = K (I;Y ) such that for all
;21 andy;;y, 2 Y it holds

kfe, (Y1) fe(Y2)kir () +kfQ(y) fo(Y2)kir () K(jct Cojtkyr yakir(y ):
Proof. Let ¢;;¢c, 2 1 andys;y, 2 Y be given. Let us write

feo(Y1)  fo(Y2) = fei(y)  fe(Y2) + fei(Y2) e (Y2):
By (B.iii) we have kf¢ (y1) fe (Y2)kit () (supl)ky: Yok 1 (y . Using

)= oman( +oty  Nrmax oy Ny )

we can apply (B.vi) and (B.iii) to obtain

(3.2) kfc,(y2) fe,(y2)ker +supky ki ja o

M
(inf1)2 " oy

This implies the desired estimate fokf¢ (y1) fc,(y2)ki: () . The es-
timate involving f{y) can be derived analogously employing (B.iii), (B.iv),
and (B.vii). O
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Lemma 3.2. Let| be a compact subset ¢0; +1 ) andU be a bounded subset
of L2() . Then the set

fycu): c21;u 2 Ug

is bounded inH3() \ L* () , where the bound depends du but not onl .
Moreover, there exists a constanK = K (I;U) such that for allc;;c, 2 |
andu;;u, 2 U

Kyp  Yoky: + Kyr  yokii g K(jeo G + Kup  ugk 2);

wherey; = y. (u;) are solutions of the regularized state equatiof3.1)(i) for
controls u;.

Proof. The boundedness result can be obtained by testing the weakrfau-
lation of the state equation by the solutiony.(u) itself. Due to (A.ii) and
the monotonicity of max,, we getkyc(u)kal() (Ye(u); u), which proves the
Hg()-boundedness. The boundedness k! () follows by Stampacchia's
method.

Now, let us write

f C1 (yl) f C2 (y2) = f C1 (yl) f C2 (yl) + fzcz (yl) f C2 (y2)

1
=fo(y) fo)+ o2+ si vy ya)ds;
0

wherey; = y. (ui). Then the dierence y = y; Y, fullls the equation

Ay +dypy2)y =ur Uz (fe(y) fe(yw)

R
with d(yz;y2) = Olfcoz(}/z + s(y1  Y2))ds. Sinced(yi;Y2) is non-negative by
(B.iii), the claim follows using (A.ii) and the Lipschitz continuity result of
Lemma 3.1. 0

For the solutions of the adjoint equation in the regularizedoptimality
system, we have the following Lipschitz estimate.

Lemma 3.3. Let | be a compact subset d0;+1 ) and U be a bounded
subset ofL?() . Then there exists a constanK = K (I;U) such that for all
c;¢ 21 andug;u, 2 U

kpl pzkHl K (jCl C2j + kUl U2k|_2);
wherep; := pg (u;) are solutions of the regularized adjoint equatiofB.1)(ii)
corresponding to the statey; := yg (ui).
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Proof. Let ¢;;¢; 2 1 and ug;u; 2 U be given and sety; = yq (U), pi =
P (U;). Let us write

(33)  fA(yp fo(ya)pa= f2(y1) foy2) pt+ fo(Y2)(Pr  P2):

The dierence p := p; p» solves the equation

(3.4) Ap+fo(yap= dly)+ dlys) foly) foly2) pu

Let us show that the adjoint statesp; belong to a bounded set irtH3().
Due to Lemma 3.2 theH}()-norms of y.(u) are bounded uniformly for
c21,u2 U. Sinceg?is Lipschitz continuous by (A.iv), the L?()-norm of
gqyc(u)) is bounded uniformly forc2 1, u 2 U as well. Due to (A.ii) and the
non-negativity of f 2 by (B.iii), there is a constant M > 0 independent ofc,
such that kpc(u)ky: M kg¥yc(u))k, 2, which proves that the H*()-norms
of pc(u) are uniformly bounded forc2 I;u 2 U.

Combining the results of the previous Lemmata 3.2 and 3.1 ts&mate
the L?() norm of the right-hand side of (3.4) yields the claim. O

In the proof of the main result of this section below, we will eed the
following estimate for remainder terms in di erences of sotions of the non-
linear state equation and the solution of a linearized equiatn.

Lemma 3.4. Let| be a compact subset ¢0; +1 ) andU be a bounded subset
of L2() . Let z be the solution of the linearized equation

Az + fcoz()’cZ(Uz))Z = up Uz

Then there is a constanK = K (I;U) such that for allc;; ¢, 2 | andug; u, 2
U

kz (Yo, (U1) Yo, (U2))kn:  K(jer G + 1)
withr = o(jc; &)+ kuy uzk, 2), where the convergen e czj+kru1 2K !
forjc; Cj+ kup uxki2! 0Ois uniformon |;U.

Proof. Let ¢;;¢; 2 | and ug; u; 2 U be given and setly; =y, (u;). It holds

f C1 (yl) f C2 (y2) = f C1 (yl) f C2 (yl) + f C2 (yl) f C2 (y2)
=fo(y) fo()+ oM Y2+

16



with the remainder termr, given by
YA 1Z S

ry = foXy2+ t(yr  Y2))(y1 Yz2)?dtds:

0 0
Here, we apply (B.iv) to estimate

1
(35) krlkLZ() EM (SUp| )3ky1 y2k54() Kkyl y2k|_1 O

where K = K(I;U), where we use the fact that by Lemma 3.2, the set
fyc(u): ¢2l;u 2 Ugis bounded inL? ().

Subtracting the de ning equations fory;;y,;z, we nd that the function
vi=2z (yp1 Y2 satises

AV + £ (y)v = fo(y1) fo(yn) + ra

Applying inequality (3.2) in the proof of Lemma 3.1 to estimée f, (Y1)
fc,(y1), and using Lemma 3.2 to bound the remainder; implies the desired
conclusion. O

In order to prove Lipschitz continuity, we will need that a sucient op-
timality condition is ful lled along the path. In the previo us work [9], we
showed that this condition is a consequence of the coercivitondition As-
sumption 1 and the sign condition Assumption 2.

Lemma 3.5. Let Assumptions 1 and 2 be satis ed. Then there exists 0
and C; > 0 such that for allc > C3

(3.6) o®yo)(z:2) + [ Ru(h;h) + (Fty)pez; 7)) khk?,
forall (z;h) 2 H3()  L?() satisfying
(3.7) Az + fJyc)z = h:

Applying this su cient optimality condition, we show Lipsc hitz continu-
ity of the path.

Theorem 3.6. Let Assumptions 1 and 2 be satis ed. Then the patb 7!
(YeiUeiPe), RY (H3() VLY () L%) H() is Lipschitz continuous
on compact subsets ofC4;+1 ) with C4 = max(C;; Cs). That is, for any
compact setl  (Cy4;+1 ) there exists a constanK = K (1) > 0 such that

kuC1 uCz kL 2+ kyC;L yC2 kH 1+ kycl ch kL 1+ kpC;L pCz kH 1 K jcl C2j

forall ;2 1.
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Proof. Let us take a compact set  (C4;+1 ) and c;;¢ 2 1. Then the set
f(Yei Ue; Pe) Q21 is bounded in Hi() \ L' ()) L?*() HG() by Theorem
2.1 and Lemmata 3.2 and 3.3. Throughout the proofk denotes generic,
positive constant that depends ol and the global bounds of (yc; Uc; Pc)9c21
in (H3() \ L () L2()  H(). We denote U = Uy U, Y =

yC;L yC2; p = p01 pCZ-
At rst we substract the optimality conditions (3.1)(iii) f or ¢; and ¢, to
obtain

(3.8) (P u)=(j%ue) JAue)(u)=jRue)(u; u)+r

with ry = o(k uk?,) by the di erentiability assumptions (A.v) on j.
Testing the regularized state equations (3.1)(i) foy., andy., by p gives

PAY; pi+(fea(Ye) fo(Ye) P)=(u;p):
With arguments as in the proof of Lemma 3.4 we have
fCl(ycl) sz(ycz) = fCl(ycl) fCZ(yCl) + fcoz(ycz)(ycl yCz) t I
with krok 2> = o(k y k1), which satis es by (3.5)

kr2k|_2()

—==0 L i :
KyKy: 0 ask y ky 0 uniformly on |

Hence we can write

(3.9) (u; p)=hMy; pi+(fe,(Yo) fe(Va): P)F(Fo(Ye) Y; P)*+(r2; p):

Testing the adjoint equations (3.1)(ii) forp;, and p., with y and substracting
them yields

A P yi+(fo(Ye)Pe folYe)Peo* 0Va) oUYe,); y)=0:

Due to the assumptions (A.iv) ong we nd

(W) W) V)= ye)(Y; Yy )+ 13

with r3 = o(k y kZ,).
Similarly to the splitting in (3.3), let us write

fo(edPe, fo(Ve)Pe = (fo (V) o, (Ye))Peut fQ(Ve) PH(F o (Ver) fo, (Vo)) Pes

18



The last addend can be transformed to

(f(?z(ym) f(?z(ycz)) pcz = pczf(?zo(ycz) y T Iy

with the remainder term
Z 1

ra= folYe, +5Y)  folYe) dS YPpe:

which can be estimated due to (B.v) as
1
kr4k|_2 éMCSkykEkaQkLG:

Sincekpcky : is bounded forc 2 |, we have by the embeddingd () | L8()
kr4k|_2 Kkyk|2_|1,
with a constant K = K (I).

These computations yield the equation

(3.10) A piyi= ((Fo(Ye) FoVePersy) (FA(Ve) PiY)
YY) FAYe)Pe, YiY) Tz (ra y):

Combining (3.8){(3.10) implies that

(3.11) j%Rue,)(u; u)+ gye,)(y; )+ (Folye,)Pe, Vi Y)
= (FQ(Ye) FLYeIPers ¥+ (Fei(Yer)  Fer(Ye): P)
+(foVe) foyu))Y;p) ri+(rzp) rz (rgy):

The pair (u; y ) is not suitable as test function in inequality (3.6), sincey
does not satisfy a linearized equation. Let us therefore mtduce the function
z as the solution of

Az + f2(Ye,)z= U

Then (z; u) can be used as test function and we have

(312)  e)(ZD+ [ Rue)(u; u)+(FolYe,)P, 22)  kuke:

We shall use

(3.13) gtye)(Y; ¥ )+ (F V)P, Vi Y ) = 9y, )(2;2) + (f A Ye,)Pe, 25 2)
+ 0y Zi Y+ )+ (FRY)P(Y  2);y + 2):
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Combining (3.11){(3.12) implies

k ukf: (FQ(Ye) FOVe)Pers ¥Y)+(Fe(Yo)  Fe(Ye): P)
+(fo(Ve) folya))y: p)

eIy zZy+2) (FoVe)Pe(y 2);y+2)
ri+(ra;p) rs (ray);

(3.14)

where it remains to estimate the right-hand side in terms ok uk, . and
jct Gy

By Lemma 3.1 we infer the existence of a constakt = K (1), such that
it holds

(Fo(Ye) folVe))Pes y) Kici ok ykys;
(3.15) fe.(Yo) fo(Yo)s P Kja ¢k pkys;
(FoVe) foVe)) Vi P)  Kijo ok ykyik pkya:

Thanks to Lemmata 3.2 and 3.3, we can estimate
kKyky:+ kyki: + kpky:  K(jao g + kukz2):
Moreover, we have by Lemma 3.4
kz yky: Kjcg ¢+ rs

with rs = o(jc; ¢ + Kuky2).

Due to compact embeddings, the setby.g.>; and f p.g.2; are compact
in L4(). Then by the assumptions on g and f., we have that the sets
fg°yc)ger and ff Ryc)pegez: are bounded inL?()  L2()and H *().

This yields

(3.16) oty ) (Y Z Yy + )+ (FAYe)Pe(Y  2); Y + 2)
K(ca )+ kukiz)(jer o + rs):

The remainder terms appearing in (3.14) satisfy
(3.17) jorit(rap) rs (ray)i=oic cj’+ kukfa):
Collecting (3.14){(3.17) gives the estimate

kuk: Kijc ©j+rg
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with rg = o(jc; G + k uk,z2), where the convergencm I Oas
jca Cj+ kuk2! 0is uniform onl andfucge, .

Then we can choose; > 0 small enough such thatrg %(jcl Cj +
k uk, 2), which yields

kuk,. Kijcg ¢ if jeg ¢+ kuk< g:

By Theorem 2.4, the pathc 7! u. is continuous froml to L?(). Since 1 is
compact, we can choose, 0 < < ;=2 small enough to ensur& uk > =
ku, ugk2< 1=2forjc; cj < , which gives

ku, ugk2=kuk: Kijcg ¢ forall csatisfyingjc; ¢ < :

Utilizing compactness ofl the Lipschitz continuity of ¢! u; for c 2 |
follows. The Lipschitz estimates for states and adjoints canow be shown
using Lemmata 3.2 and 3.3. O

As can be seen from the proof, one can prove Lipschitz contityuof the
path for all valuesc such where the claim of Lemma 3.5 holds and the path
is continuous atc.

4  Di erentiability of the path

Let us take ¢ such that the path is locally Lipschitz atc,. Then clearly a
weak limit of the di erence quotient %(uc”, uc) exist. We will be able to
prove more, i.e. Fechet di erentiability, using implicit function theorems.
To this end, consider the linearized and perturbed system

(4.1a) Ay + fly)y = u+ z;
(4.1b) Ap+ f(?(yc)p'*' fé)((yc)pcy'*' goﬁyc)y = Zp,
(4.1c) j OQUC)U p= 2z

with perturbation
z=(z5z5z)2H () L) H'O)= z

Lemma 4.1. Let Assumptions 1 and 2 be satis ed. Then for every > Cj,
C; given by Lemma 3.5, and perturbatiorz 2 Z the system 4.1 admits a
unique solution(y;; u;; p,). Moreover, the mappingz 7! (y,; u;; p;) is linear
and continuous fromZ to H()  L2() HE() .

21



Proof. The system (4.1) is the rst-order necessary optimality codition of
the constrained optimization problem:

min 2 ( Rye) peyiy) + BN+ 5 QU ) hzpyi (i)

subject to the linearized equation (4.1a). Due to Lemma 3.5is problem is
convex and admits a unique solution. The convexity propertalso implies
that each solution of the system (4.1) is a minimizer. Henceéné system is
uniquely solvable. Clearly, the mappingz 7! (y.; Uz; p,) is linear. To prove
the continuity, let us test (4.1a) by p,, (4.1b) by y,, and (4.1c) byu,. This
yields

j Ozuc)(uz; uz) + QOQYC)(yz; Yz) +( fc()((yc)pcyz; Y2) = (zZuyuz) + I“Zy; Pl + I“Zp; Yai:

The coercivity result of Lemma 3.5 together with standard esnates applied
to the elliptic equations (4.1a), (4.1b) allow to concludehe proof. O

Theorem 4.2. Let Assumptions 1 and 2 be satis ed. Then for alt > C,,
C,4 given by Theorem 3.6, the patlt 7! (yc; uc; pe) is Fechet-di erentiable
with values inH3() L2() Hs() . The derivative with respect toc,
denoted by(y.; Uc; pc) is the unique solution of the system

(4.22) A+ 0¥+ Sl = U

@
(4.2b) A po+ FAy)pe+ FRye)peye + @{:S(yc)pc + 0%yo)y: = 0;
(4.2c) juo)ue  pc=0;

Proof. At rst, note that due to the requirements speci ed in (B) the map-
ping
Ay + fe(y) U
(Viup) 7! Folyiu;p) = @A p+ fQy)p+ gly)K
jqu+p

is continuously Fechet-di erentiable from H}() L2() HE()to H ()

H () L2()foreach c. Moreover, the derivative with respectto ¢; u; p) is
continuous inc. In addition, the mapping c 7! F¢(y; u; p) is Lipschitz contin-
uous uniformly in (y; u; p) and continuously Fechet-di erentiable. In partic-
ular, the mapping (;y; p) 7! &f {y)pis continuous fromR* HG()  H3()
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toL2() } H (), due to (B.iv) and (B.vii). Due to Lemma 4.1 the equa-
tion

Flye: Ue P(Y; U ) = 2
admits for all ¢ > C,4 a unique solution that depends linearly and continuously
on z. Hence by the implicit function theorem [3, Theorem 2.1], th mapping

c 7! (Y¢; Uc pe) is Fechet di erentiable and the derivative with respect to ¢
is given as the unique solution of (4.2). O

5 Path and value-function properties

Here, we will investigate properties of the value functionwhich is de ned as
V(c) == J(Ye Uc):

Throughout this section we will assume that Assumptions 1 a&h2 are sat-
is ed. Then due to the previous sectionsy is continuous and di erentiable
from (C4;+1 ) to R. Hence, we work throughout the whole section with
valuesc > C, without explicitely mentioning.

We further assume throughout this section that

j(u)= Ekukfz and =0on @:

Lemma 5.1. The value functionV is continuous and twice di erentiable
from (C4;+1 ) to R. Moreover we have

(5.1)
RN
\L(C) - @fcc(yc)’ pC
= Omae oy ) rmaxd toye N )ik s
and

(5.2) V= kuk?: + g”tye)(Ye: Ye) + (Fye)PeYs Ye)

+2(pe; @@Ef(yc)xc) +(pe; %:fc(y)):
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Proof. Due to Theorem 4.2,V is di erentiable. By application of the chain
rule to V(c), we nd

V() = (gUYe); Yo) + (] (uc); ug):

Using the sensitivity system (4.1), this relation can be trasformed to

V() = (99Ye); Yo) + (§ Auc); uo)
hApgYd  (FAYe)pe Vo) + (Pe; Uc)
h Ay, ped  (f g(yc)xc; Pe) + (Uc; Pe)

@ .
@fCC(VC)n Pc

Due to the smoothness of maxand the continuity and di erentiability of
the path, \L is continuous and di erentiable forc > C4. Thus, di erentiating
this expression with respect tcc, yields the second derivative oV :

Y0 = ( 2h0: )+ ( D18y 0+ (D1l 0y

Using (4.2a), (4.2c) and (4.2b) we obtain

@
(@leeim) = (Uil h A (felyo)ei o)
= kukf: hApgyd (f °(yc)xc'9
= kuckZz + g™ye)(vei vo) + ( f°(yc)pc,xc) + (f Ve peye: Yo):
Combining these equalities implies the desired result (5.2 O

We will now show asymptotic properties of the value functiomnd distin-
guish between two cases:

(i) infeasible case: the shift parameter is set to zero, =0,

(i) feasible case: the statesy. are assumed to be feasible, i.g. for
all c > Cy.

Let us remark that the feasibility of solutionsy, can be enforced by using a
parameter that is large enough, see Proposition 1.2.
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We de ne two family of sets that will play an important role in the analysis

53) Ne= x:j 00+ ayeld) ()i < o
54 Ac= X1 0+ () () o

On the 'strongly active' set A the approximation max, + c(y ) con-
incides with max(Q +c(y. )). On the 'strongly inactive' set n(N.[A ()
we have max + c(y ) =0. The set N, can be interpreted as an ap-
proximation of the biactive setB = fy = ; =0g. It causes most of the
di culties in the subsequent analysis.

Let us start the investigation of V with the analysis of the asymptotic
behavior of \_forc! 1

Proposition 5.2. () infeasible case:\/(c) = O(%) forc!'l ,
(ii) feasible case:\.(c) = o(3) for c!1

Proof. We have

(5.5)
@
Wo= ghax +dye ) +max( +oye  N(Ye )ipe =1+
Since @(@gnaxC is zero onA., we nd for | by (B.vi)
Z
. M . 1
_ = - |
(5.6) i 2 stpcj O 2 forc!1
To estimate Il , we rst give an estimate ofy, on the active setA.. We
have

A(Yc )+ felye) fe( )=u A fe( );
and hence by testing this equation withy and applying (A.ii)
z
(foye) fel NYe ) M(kue A max( )k
Ac

with a constant M > 0 independent ofc. Here, we used ( ) = max.( )
and the monotonicity of f. on the setN.. Moreover, on the setA. we have
max. + c(Yc ) = + (Y ), which yields

felye) feo( )=+ clyc ) = cYe )onAc:
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Using (B.ii) we obtain the estimate

M
Kyc KL2ac) p_f:;

for a modi ed constant M. Testing the adjoint equation for p, by p. itself
we obtain

a(pe; po) + o(maxg( + o(ye  ))pei Po) = (9YYe); Po);
which implies the existence oM > 0 independent ofc 1 such that
omaxy( +clye )pep) M%c L
Then we can estimate

I=(max) +clyc NYe )iPpo)
Z 1 Z

mad( +oye DR mad( +olye Nye )

N

In the feasible case slightly more can be proved. In fact,
Z

cl =(cmad( +cye NYe )pP)=c Yo )'h y

1
o

forc!1 ,where .= cmax + c(y. ) Pe, as was proved in [7]. By
(5.6), we obtain\.(c) = o(1=¢ forc!1l . O

In the statement of the following results we shall frequentluse assump-
tion (B) for max.. It will be convenient to add an index to the constantM
and let M, refer to the constant that arises in (B.iv), for example.

Proposition 5.3.  (Monotonicity of V). Assume that
(5.7) p. OonAg:
Then we have:

(i) infeasible case:\/(c) Z(Ms+ 2)jpciLzne; on (0;1 ).

26



(i) feasible case:\/.(c) %jpchl(Nc); for all c su ciently large. If max.
is de ned as in (1.12), then \.(c) O for all c su ciently large.

Proof. We use (5.5) and turn to the infeasible case rst. The propeigs of
max, imply that | %jpchl(Nc). The expression| is nonnegative onA$
and n(AZ[N (). Hencell restricted to N, only, needs our attention:

Z Z

pe maxdclye  N(Ye )

\ @ y jpd:

c

This gives the desired estimate in the infeasible case. Fdret feasible case,
assume thatc is su ciently large so that y, . Thenll 0 by (5.7) and
since maf 0. Moreoverl  %&jpjiin,y andl O if max is given as in
(1.12), see (1.13). O

Proposition 5.4. (‘Concavity' of V, infeasible case). Assume that
(5.8) pc. OonAc.andp. OonNg:

Then Mo+ Mot M
VO (@ Y+ g P

holds for allc su ciently large.

Let us remark, that for the choice max = m. by (1.13) the estimate
remains true with Mg = 0.

Proof. For ¢ > 0 we have

V(0= (B DEe)* (B ey + (P ot (v

where by the sensitivity equations (4.2b), (4.2a), and (4@ for y.; p.; Uc we
have

(@YYer ¥e) (A pe+ fRy)peye + flyope: Ye)
(@)Y Yo (FRYe)peYeiYe)  (Aye + fIYe)Yer Po)

(@yo)ye: Yo)  (Ftye)pe Yei Vo) (39: @@éc(yc);gc):

@
(Pe; @gé’(yc)yc)

27



Hence we obtain

(5.9) V(= (W ¥) —kakls  (F Yoo vo)

+2Bi Dh (e o

Since by assumptiorp. 0 onN. we have by (B.iv)

fe(ye) = M+ 11+ Ve

(5.10) T O
Using (B.vi), (B.iii) and the assumptionp. 0 onA.we nd
Z @
IV =2 p (@gmaxc(C(yc ))+maxg(e(ye Ny )
(5.11)
2Mg+1. . _
2 JBcJLi(NG)-

To estimate V' note that

(5.12) %:fc(YC):(@maxc)(c(YC ))+2(@@énax8)(c(yc NYe )

@t
+maxtelye  Nye )%
Therefore by (B.viii), (B.vii), and (B.iii)

Mg+ M7+ My

(5.13) \Y 3 JPlLi(Ne):

Combining (5.9)-(5.13) we obtain forc > C4

1 2Mg+1 . ., Mg+ Ms+ My,

V() (@ Yt =+ — 5 Rty * = JPiLi(ne)
q
and hence forc > max C,; 2Mstl
. Mg+ M7+ My, .
KO (e g | 8 [RTURY
which gives the desired estimate. O
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Remark 5.5. Proposition (5.4) implies in particular that for c su ciently
large, V(c) '2—3 where K = supfj pjL1() -1 < 1 and hence, up to an
error ofO(C%), the function c! V/(c) is concave.

The requirement thatp. 0 on A is dicult to check a-priori. It is
consistent with the assumption thatp, 0 onAZ[N . and fact that for the
solution of the limit problem (c= 1 ) we havep =0 on the strongly active
set, where > 0.

Proposition 5.6. ('Convexity' of V, feasible case). Assume that there exists
Cs C4such that forc Cs vy,

(5.14) Ve O onN.[A . and p. OonN.[A
and

@ _ 1 2 .
(5.15) @énaxg(x) 0; and y. 3tz 0 on Ng:

Then forc  Cs we have

Mg+ M M j j 1 (N ..
V(o) kukZ + g®yo)(Ye Vo) 803 Ty 2T CzL M) ipL g

Proof. From Lemma 5.1, eq. (5.2), we have

(5.16)
V(o) = Kuck?z + g%ye)(Ye: Yo) + (V)P Yoi Ye) + 2( pe; @@E Aye)Ye)
+(Pe; %:fc(yc)): M+ i+ Vo

Assumptions (5.14) and (5.15) imply that

IV =2 p @@éc max( + cye ) Yo
=2[(max)( +c(Ye )P Yo)
comad toye N I ¥+ Comad( + oy )P vl
2c maxt +olye  NYe P Yo .
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On N. we havey, % <. This leads together with the second
inequality in (5.15) to
Z
I+ 1V maxl +clyc )pYe(2e(ye )+ o)
(5.17) ZNe 1
maxt + oy  Pke(Cy T 2) O

Ne¢

As in (5.12), expressior’y can be written as

@ _, @
@fC(YC)_(@maXC)( toye )

+2(@@énax2)( feye  NYe Drmax® oye DY )

All these terms vanish outsideN.. On the setNg, jy. i st < holds.

2c2
Then we can estimate using (B.viii), (B.vii), (B.iv), and (5.14)C
(5.18) 7

Mg  2M7 1 +j Lt (N

v = @, : : Mg
N, pC @%: C(yC) J pCJLl(Nc) (}’_2) c 202 c

Combining (5.16)-(5.18) we obtain the desired result. O

Remark 5.7. Proposition 5.6 implies thatV (c) CK—2 for a constant inde-

pendent ofc, and hence, up to an error of ordeO(Clz) the functionc! V(c)

is convex. The requirement thaty. O is consistent with the monotone in-
creasing property oc! vy, if ischosen as in Proposition 1.2. Monotonicity
can be shown with the same arguments as feasibility. The rstondition in
(5.15) holds for max =m¢, see (1.13). The second condition in (5.15) cannot
be checked a-priori.

6 Path-following algorithm and computational
results

6.1 Model function

The goal is to compute a solution to the optimal control prol#m subject to
the variational inequality. This corresponds to setting tle path parameter to
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c=+ 1. Here, an e cient strategy to control the parameter to follov the
path is needed.

We shall use a path-following algorithm that is based on therpvious
analysis of the value function. For a given parameter, the value function
and its derivatives atc, can be obtained from the formulas in Section 5. We
will use these information to extrapolate the behavior of ta value function
with the help of a model functionM (c) V(c). Such an idea was applied
successfully to the numerical solution of the obstacle prt&m in [6].

Let us suppose that for a given parametec, approximations of V(c),
\(c), and V (c) are available. We then choosM , (c) such that M, matches
V at ¢, together with its rst and second derivatives. As prototypefor M,
we take the parametrization

Q|
c+ ag’

(6.1) M () = ag +

for real parametersa;, with the constraint az > ¢, which guarantees that
the singularity of M, is on the left of ¢,. The asymptotic behavior ofV for
the infeasible case can be recovered by choosamg< 0, while a, > 0 re ects
the asymptotics ofV for the feasible case.

Given V (¢), \L(c), and V(c), the parametersa; are computed as

8 = V() '
V()
(6.2) a= \(G)(& + ag)?
a = V(&) 3.3?'20k:

The properties ofV imply that \/(c) and V(c) have di erent signs for su -
ciently large c. Hence, the coe cient az is greater than ¢, provided that ¢
is large enough. In the computations it happened tha¥(c) and V (c) had the
same sign for smalt. Then az as given above would yield a model function
that would have singularity at somec > c¢,, which would makes it useless
to predict the trajectory of V. In this case, we sefaz := 0 and computed
a,; a; as above, which resulted in a model function that only tted he rst
derivative but did not satisfy M, (c) = V(c).

On the basis of the model functiotM , we determined the next parameter
value ¢+; such that the distance ofV(c) to V(+ 1 ) is reduced by a factor
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2 (0;1) from one step to the next. That is,c+1 IS computed as the solution
of

(6.3) Mg (€ &)= (Mg () a):

Here we usedy, to approximate V(+1 ).
The algorithm was stopped when the defect functional

(Yo Ue; o Per o) = KYe  Kizgagtih oye  ij+jh o pij+jh ¢ ye 1+ kpe Kngpa .

dropped below a certain threshold. This functional measusethe defect
in the optimality system (1.5){(1.10) of the original problem and hence
(y;u; ;p; )=0. We stopped the algorithm when (y¢;Uc; c;Pc; ¢) <
o for xed, small ..

The regularized optimality system (1.11) was solved by mearmf Newton's
method. As initial guess for this inner loop computation thesolution from
the last iteration was used. This Newton iteration was stopgd as soon as
the nonlinear residual was small enough, i.e. if

+ihf o (R, fo v DR foXyL DR, YL YR Ve T < newt

for a given tolerance peyt Was ful lled.

The overall solution algorithm is described in Algorithm 1.We refer to
this method as exact path-following, since the inner loop vgaexecuted until
convergence. This technique is close to the theoretical cierations, where
we assumed that ¥.; Uc; pc) are local solution of the regularized problem.

We also tested a modi ed algorithm in which only one iteratia of the
inner loop was performed, except for the rst iteration of tle outer loop
(k = 1) where the Newton's method was driven to convergence. lrootrast
to Algorithm 1, we will refer to this procedure as inexact pdt-following.

Remark 6.1. To obtain the model function in the manner described above
requires to solve one additional linear system to obtai¥ (¢). We also com-
pared with an approach which evaluates the parameters of tleeodel function
without the help of the sensitivity system (4.2). The paramters were deter-
mined to satisfy M, (&) = V (&), M¢, = (), and Mg, (c 1) = V(& 1).
It turned out this method led to a less accurate approximatio of V and
consequently that the path-following procedure was less ective.
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Algorithm 1 Exact Path-following
Parameters: Cy, cc, newt» 2 (0;1), k := 0, initial guess: (Y¢,; Uc,; Pey)
repeat f Path-followingg
Setk:=k+1
Setj :=0, (Yo ua;:P%) == (Yo 1iUs 13 Pg 1)
repeat fNewton's method for (R.)g
Setj =] +1
Perform Newton step for (1.11) to obtain {1, ; ul, ; pl,)
Compute ! from (6.4)
until K1k < et
Set (Ye,; Ue,; Pe,) == ( yg:k; ujck; chk)
f Model function and new step sizg
Solve the sensitivity system (4.2)
Compute V(c); V(c); V(ck) and ag; a1; a as in (6.2)
Compute ¢+; from (6.3)
Compute ¢:= (Ye;Uc; o P ¢
until <

6.2 Numerical experiments

Let us report on the numerical results for the solution of thdollowing prob-
lem: Minimize 1
J(y;u) = éky yok?Z, + 5kukﬁz
subject to the variational inequality
(ry;rvry (uv y) 82K

with K as in (1.2). As domain we choose = (Q1)>.

The function m. given in (1.12) was chosen as smooth approximation of
max. Both choices for , the infeasible and the feasible variant were tested.
Here we report only on the infeasible case. The two approasheehave quite
similarly. The asymptotic behaviorc! 1 , for example is the same. For
xed values of c the feasible case tends to take more Newton iterations than
the infeasible one.

The underlying partial di erential equation was discretizd by nite el-
ements. We used® 1-elements for state and adjoint discretization, andP O-
elemente for the control. The computational mesh consisteaf 80 000 trian-
gles with maximal diameterh = 0:0071.
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6.2.1 Example 1

The data for our rst example are given by
Ya(X) =5x1+ X2 L (X)=4(xa(X1 1)+ Xa(x2 1))+1:5

Furthermore, we set = 0:01. With these choices, all the standing assump-
tions are satis ed.

We started the path-following algorithm with ¢g = 100, and set the pa-
rameter = 0:5. As tolerances we chose. =10 8, .« =10 8.

The path-following algorithm with exact and inexact inner slve required
32 and 38 outer loop iterations to reach the stopping critevn, while the
inner Newton loop in the exact path-following needed aboubfir iterations
in each step. We rst report on the results for exact-path fdowing. At the
end of this section we will compare the results between exaahd inexact
methods.

The numerical solutions Ycn;Peh; ch; ch) for ¢ = oy 10! are de-
picted in Figures 1 and 2. The discrete controli.., iS not plotted, since it
is the L2-projection of p.;, on the space of piecewise constant functions. As
one can see, the multipliers .., and .., only have low regularity.

Figure 1: Numerical solution:yc.h, Pch

Let us discuss Assumptions 1 and 2 for the present example. dleoer-
civity condition of Assumption 1 is satis ed with =  due to our choice of
J;j; g. This does not imply, however, that the original problem (P)s convex,
[9]. In [10] it was veri ed that the condition Yq implies that the opti-
mization problem is convex. This condition is not satis edm our example.
In [9] we argued thaty 4 is su cient for local convexity. This condition

34



Figure 2: Numerical solution: ., P ch

is satis ed for the discrete solution, i.e.y., Yg. Moreover, the discrete
adjoint state p.., as well as the multiplier ., are non-negative, as can be
seen from Figures 1 and 2. This indicates that Assumption 2 fsl lled for
this example.

As predicted by the theory, in particular by Propositions 53 and 5.4,
the value functionV is monotonically increasing and concave, see Figure 3.
The asymptotic behavior of\L and V is shown in Figure 4. We see that
V(c) c?andV(c) c 3 Thus, the convergence order is higher than
what we were able to prove in Section 5, see e.g. Propositian2, 5.4, and
5.6. This can be the focus of further research.

x10*

- s

Figure 3: Value function: \/(c), V(¢

On the basis of these numerical observations let us assumetthere are
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-V A

Figure 4: Value function: \/(c), V(c) - convergence rate

constantsN1; N, such that
(6.5) jM(©j Nic? jV(©j Npc?

Then we can show that the stepg, form a geometric sequence. Indeed, the
step &+1 IS computed as the solution of (6.3), which is by the constrtion
of the model function (6.1) equivalent to

1
(6.6) = :
az + Cc+1 ag + C

Using (6.2) to getaz and by assumption (6.5) we nd

\L(C) N1 . .
(0 1+2(1 )N—2 Cc =0 Ck:

6.7 cn=G 21 )
Here, the factor is larger than one, since\(c) and V(c) have dierent
signs for su ciently large c. This means that under assumption (6.5) the
path-following algorithm generates a sequence] that converges to in nity.

With the help of these considerations one can estimate alsbet di er-
ence between the value functiov and the model functionM. In Figure 5
the di erence betweenV (c.1) and the prediction M, (Cc+1) is shown. We
observe the asymptotic behaviojV (G+1) Mg, (Gs1)j Gy -

We now estimate the dierenceV(c1) Mg, (CG+1) under assumption
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(6.5). Using (6.1) and (6.2) we obtain

_ a
V(Gi1) Mg (Ge1)= V(G @ W
1
= V(&) V(x)+ a %+ 6 &+ G
_ a1l )
= V(Gk+1) V() + ——y
\L 2
= V(o) V(@)+2d )
V(c)
By (6.5), and (6.7) we have
V() V(@) Ni = —— =Ny
" Yo G A+ o
This gives us together with as de ned in (6.7)
\Y M j N +2(1 le 1 N +
JV(C+1) o (Ck+1)] e ( )N—2 o 11+

which con rms the numerically observed convergence rate.

——|V(c)-m(c)| (exact pf) —a—luu [ (exact p)
—v—|V(c)-m(c)| (inexact pf) - (i
"_lcrl( )-m(c)| ( pf . _ylucu |(|nexactpf)7

2

Figure 5: jV(c+1) Mg, (C+1)]s kuen U, K2 for exact/inexact path-following

To comment on the convergence dii., for c ! 1 we depict in Fig-
ure 5 the L?()-distance between ug ., and the last iterate ug, ., U, This

suggests the convergence ratei, u k.. c¢ 2
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Finally we compare the performance of exact and inexact pattollow-
ing. In Figure 5 we plotted for comparison the prediction eor V (Cc+1)
M (c+1) and the regularization erroru. As expected the inexact method is
somewhat worse in comparison to the exact method. Howevehet inexact
method needed 31 inner steps, while the exact method requité5 Newton
steps. For the examples that we tested the inexact method piaced results
compared favorably with the exact one.

6.2.2 Example 2

Here we consider an example that does not fall into the clasger Assumption
2 can be guaranteed to hold by a-posteriori inspection.
The data are the same as for Example 1, except for=0:1 and

Ya(X) =5x1+ X2 3 (X)=4(xa(X1 1)+ Xa(x2 1)) +1:5

Again Assumption 1 is satis ed due to the quadratic nature othe cost
functional. However, we cannot judge for this example whegh the resulting
reduced cost is convex or locally convex. The discrete vensiof the condi-
tion y Yq IS not satis ed anymore, nor can we guarantee a uniform sign
property of pcn or ch. In fact, the verication of Assumption 2 is much
more delicate than in the previous example. It turned out thathe discrete
adjoint state pc., is of the order of 10° on the setf max?{ +c(y.n ) > 0Og,
assuming positive and negative values.

Figure 6: Numerical solution:yc.h, Pch

We give the results for the converged values fQt.h; Peh; chs ch IN Fig-
ures 6 and 7. Again the model function approach converges footh the
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exact and inexact methods, requiring 30 outer iterations fahe exact and
31 iterations for the inexact versions to reach the stoppingriterion.

Figure 7: Numerical solution: cn, ch

—a |V(c)-m(0)] (exact pi) o IU.-U T (exact p)
—v—|V(c)-m(c)| (inexact pf) 4

---ct

(inexact pf)

lugu'|
—
10° Wt T

Figure 8: jV(c+1) Mg, (Ck+1)], kuen U, K2 for exact/inexact path-following
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