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Abstract. In this paper we present a numerical algorithm for the optimization
of a Tikhonov functional with `p sparsity constraints and p < 1. Recently it was
proven that the minimization of this functional provides a regularization method.
We show that the idea used to obtain these theoretical results can also be utilized
for a numerical approach. Particularly we exploit the technique of transforming
the Tikhonov functional to a more viable one. In this regard we consider
a surrogate functional approach and show that this technique can be applied
straightforward. It is proven that at least a critical point of the transformed
functional is obtained, which directly translates to the original functional. For a
special case it is shown that a gradient based algorithm can be used to reconstruct
the global minimizer of the transformed and the original functional respectively.
At the end we present a simple numerical example and provide numerical evidence
for the theoretical results and the desired sparsity promoting features of this
method.

1. Introduction

In this paper we consider a Tikhonov type regularization method for solving a
(generally nonlinear) ill-posed operator equation

F(x) = y (1)

with noisy measurements yδ with ‖yδ−y‖ ≤ δ. Throughout the paper we will assume
that F maps between sequence spaces, i.e.,

F : `p → `2 . (2)

Please note that operator equations between suitable separable function spaces such
as Lp, Sobolev and Besov spaces, i.e.

F : D(F ) ⊂ X → Y , (3)
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can be transformed to a sequence setting by using suitable basis or frames forD(F ) and
R(F ): Indeed, if we assume that we are given some preassigned frames {Φiλ}λ∈Λi,i=1,2,
(Λi countable index sets) for D(F ) ⊂ X, R(F ) ⊂ Y , with the associated frame
operators T1, T2 then the operator F := T2FT

∗
1 maps between sequence spaces.

We are particularly interested in sparse reconstructions, i.e. the reconstruction
of sequences with only few nonzero elements of the sequence. To this end, we want to
minimize the Tikhonov functional

Jα : `p → R

x 7→
∥∥F(x)− yδ

∥∥2

2
+ α ‖x‖pp , (4)

where α > 0, p ∈ (0, 1] and
‖x‖pp =

∑
k

|xk|p , (5)

is the (quasi-) norm of `p. The main aim of our paper will be the development of an
iterative algorithm for the minimization of (4), which is due to the non-convexity of
the quasi-norm and the nonlinearity of F a nontrivial task.

The reconstruction of the sparsest solution of an underdetermined system has
already a long history, in particular in signal processing, and more recently, in
compressive sensing. Usually the problem is formulated as

x̃ := arg min
y=Φx

‖x‖1 (6)

where y ∈ Rm is given and Φ ∈ Rm,n is an rank deficient matrix (i.e. m < n),
see [1, 2]. Please note that here the minimization of the `1 - norm is used for the
reconstruction of the sparsest solution of the equation Φx = y. Indeed, under certain
assumptions on the matrix Φ, it can be shown that, if there is a sparse solution, (6)
really recovers it [3, 4, 5, 6]. Moreover, Gribonval and Nielsen [7] showed that for
special cases the minimization of (6) also recovers `p - minimizers with 0 < p < 1.
In this sense it might seem that nothing is gained by considering `p minimization
with 0 < p < 1 instead of `1 minimization, or equivalently, using an `p penalty
with 0 < p < 1 in (4). However, we have to keep in mind that we are considering
a different setting as the above cited papers. First of all, we are working in an
infinite dimensional setting, whereas the above mentioned Φ is a finite dimensional
matrix. Additionally, properties that guarantee the above cited results as the so-called
Restricted Isometry Property, which was introduced by Candes and Tao [8, 4] or the
Null Space Property [9, 10] are not likely to hold even for linear infinite dimensional
ill-posed problems where, e.g., the eigenvalues of the operator converge to zero, not to
speak of nonlinear operators. Recently, there has also been numerical evidence from
a nonlinear parameter identification problem for chemical reaction systems that an
`1 penalty in (4) failed to reconstruct a desired sparse parameter whereas stronger `p
penalties with 0 < p < 1 achieved sparse reconstructions [11]. In the mentioned paper,
the intention of the authors was the reconstruction of reduced chemical networks
(represented by a sparse parameter) from chemical measurements. Therefore we
conclude that the use of the stronger `p penalties might be necessary in infinite
dimensional ill-posed problems if one wants a sparse reconstruction. In particular,
algorithms for the minimization of (4) are needed.

There has been an increased interest in the investigation of the Tikhonov
functional with sparsity constraints. First results were presented by Daubechies,
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Defriese and De Mol [12]. The authors were in particular interested in solving linear
operator equations. As constraint in (4) they used a Besov semi - norm, which can
be equivalently expressed by a weighted `p norm of the wavelet coefficients of the
functions with p ≥ 1. In particular the paper focuses on the analysis of a surrogate
functional approach for the minimization of (4) with p ≥ 1. It was shown that the
proposed iterative method converges towards a minimizer of the Tikhonov functional
under consideration. Additionally, the authors proposed a rule for the choice of the
regularization parameter that guarantees the convergence of the minimizer xδα of the
Tikhonov functional to the solution as the data error δ converges to zero. Subsequently,
many results on the regularization properties of the Tikhonov functional with sparsity
constraints with p ≥ 1 as well as on its minimization were published. In [13, 14]
the surrogate functional approach for the minimization of the Tikhonov functional
was generalized to nonlinear operator equations and in [15, 16] to multi-channel
data, whereas in [17, 18] a conditional gradient method and in [19] a semismooth
Newton method was proposed for the minimization. Further results on the topic
of minimization and the respective algorithms can be found in [20, 21, 22]. The
regularization properties with respect to different topologies and parameter choice
rules were considered in [14, 15, 23, 24, 25, 26]. Please note again that the above
cited results only consider the case p ≥ 1. For the case p < 1, a first regularization
result for some types of linear operators was presented in [26]. In [27] and [28] the
authors recently presented general results on the regularization properties of the
Tikhonov functional with a nonlinear operator and 0 < p < 1. Concerning the
minimization of (4) with 0 < p < 1, to our knowledge no results are available in the
infinite dimensional setting. In the finite dimensional setting, Daubechies et. al [10]
presented an iteratively re-weighted least squares method for the solution of (6) that
achieved local superlinear convergence. However, these results do not carry over to the
minimization of (4), as the assumptions made in [10] (e.g., finite dimension, null space
property) will not hold for general inverse problems. Other closely related results in
the finite dimensional case can be found in [29, 30].

In this paper, we will present two algorithms for the minimization of (4) which are
based on the surrogate functional algorithm [12, 13, 14, 23] and the TIGRA algorithm
[31, 32]. Based on a technique presented in [28] and based on methods initially
developed in [33], the functional (4) is nonlinearly transformed by an operator Np,q to
a new Tikhonov functional, now with an `q norm as penalty and 1 < q ≤ 2. Due to the
nonlinear transformation, the new Tikhonov functional involves a nonlinear operator,
even when the original problem was linear. Provided the operator F fulfills some
properties, it is shown that the surrogate functional approach will at least reconstruct
a critical point of the transformed functional. Moreover, the minimizers of the original
and the transformed functional are connected by the transformation Np,q, and thus
we can obtain a minimizer for the original functional. For the special case q = 2 we
show that the TIGRA algorithm reconstructs a global minimizer if the solution fulfills a
smoothness condition. For the case F = I, where I denotes the identity, we show that
the smoothness condition is always fulfilled for sparse solutions, whereas for F = A
with linear A an restricted invertibility condition is needed additionally. The paper is
organized as follows: In Section 2 we recall some results from [28] and introduce the
transformation operator Np,q. Section 3 is concerned with some analytical properties
of Np,q, whereas Section 4 investigates the operator F ◦ Np,q. In Section 5 we use
the surrogate functional approach for the minimization of the transformed functional,
and in Section 6 we introduce the TIGRA method for the reconstruction of a global
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minimizer. Finally we present in Section 7 numerical results for the reconstruction of
a function from its convolution data that confirm our analytical results.

Whenever it is appropriate, we omit the subscripts for norms, sequences, dual
pairings and so on. If not denoted otherwise we consider the particular notions in
terms of Hilbert space `2 and the respective topology. Furthermore we would like to
mention that the subscript k shall indicate the individual components of an element
of the sequence x = {xk}k∈N. Likewise the subscripts l and n shall only be used
for sequences of this elements or iterates in terms of the considered algorithms, e.g.
xn = {xn,k}k∈N.

2. A transformation of the Tikhonov functional

In [28] it was shown that (4) provides a regularization method under classic
assumptions on the operator. The key idea was to transform the Tikhonov type
functional by means of a superposition operator into a standard formulation. Below
we give a brief summary on some results presented in [28] and consequently show
additional properties of the transformation operator.

Definition 2.1. We denote by ηp,q the function given by

ηp,q : R → R

r 7→ sign(r) |r|
q
p , (7)

for 0 < p ≤ 1 and 1 ≤ q ≤ 2.

Definition 2.2. We denote by Np,q the superposition operator given by

Np,q : x 7→ {ηp,q(xk)}k∈N , (8)

where x ∈ `q, 0 < p ≤ 1 and 1 ≤ q ≤ 2.

Proposition 2.3. For all 0 < p ≤ 1, 1 ≤ q ≤ 2, x ∈ `q and Np,q as in definition 2.2
holds Np,q(x) ∈ `p, and the operator Np,q : `q → `p is bounded, continuous and
bijective.

Using the concatenation operator:

G : `q → `2

x 7→ F ◦ Np,q(x) . (9)

one obtains the following two equivalent minimization problems.

Problem 1. Let yδ be an approximation of the right hand side of (1) with
∥∥y − yδ∥∥ ≤

δ and α > 0. Let 0 < p ≤ 1. Minimize∥∥F(xs)− yδ
∥∥2

2
+ α ‖xs‖pp , (10)

subject to xs ∈ `p.
Problem 2. Let yδ be an approximation of the right hand side of (1) with

∥∥y − yδ∥∥ ≤
δ and α > 0. Determine xs = Np,q(x), 0 < p ≤ 1, 1 ≤ q ≤ 2, where x minimizes∥∥G(x)− yδ

∥∥2

2
+ α ‖x‖qq , (11)

subject to x ∈ `q.
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Proposition 2.4. Problem 1 and problem 2 are equivalent.

[28] provides classical results on existence of minimizers, stability and convergence
for the particular Tikhonov approach considered here. These results are obtained via
the observation of weak (sequential) continuity of the transformation operator.

3. Properties of the operator Np,q

Let us start with an analysis of the operator Np,q.The following proposition was given
in [28]. We restate the proof as we directly use it for the following proposition.

Proposition 3.1. The operator Np,q : `q → `q is weakly (sequentially) continuous for
0 < p ≤ 1 and 1 < q ≤ 2, i.e.,

xn
`q
⇀ x =⇒ Np,q(xn)

`q
⇀ Np,q(x) . (12)

Proof. We set r = q/p+ 1 and observe r ≥ 2. A sequence in `q is weakly convergent
if and only if the coefficients converge and the sequence is norm bounded. Thus we
conclude from the weak convergence of xn that ‖xn‖q ≤ C and xn,k → xk. As r ≥ q,
we have a continuous embedding of `r into `q, i.e.,

‖xn‖r ≤ ‖xn‖q ≤ C ,

which shows that also
xn

`r⇀ x

holds. The operator (Np,q(x))k = sgn(xk)|xk|r−1 is the derivative of the function

f(x) = r−1 · ‖x‖rr ,

or, in other words, Np,q(x) is the duality mapping on `r with respect to the weight
function

ϕ(t) = tr−1

(for more details on duality mappings we refer to [34]). Now it is a well known result
that every duality mapping on `r is weakly (sequentially) continuous, see, e.g. [34],
Prop. 4.14. Thus we obtain

xn
`r⇀ x =⇒ Np,q(xn) `r⇀ Np,q(x) .

Again, as Np,q(xn) is weakly convergent, we have {Np,q(xn)}k → {Np,q(x)}k. For for
p ≤ 1, q ≥ 1 holds q ≤ q2/p and thus we have ‖x‖q2/p ≤ ‖x‖q. It follows

‖Np,q(xn)‖qq =
∑
k

|xn,k|q
2/p = ‖xn‖q

2/p
q2/p ≤ ‖xn‖

q2/p
q ≤ Cq

2/p ,

i.e., Np,q(xn) is also uniformly bounded with respect to `q and thus also weakly
convergent.

The same result holds with respect to weak `2-convergence:

Proposition 3.2. The operator Np,q : `2 → `2 is weakly (sequentially) continuous
w.r.t. `2 for 0 < p ≤ 1 and 1 < q ≤ 2, i.e.,

xn
`2⇀ x =⇒ Np,q(xn) `2⇀ Np,q(x) . (13)
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Proof. First we have for x ∈ `2 with 2q/p ≥ 2

‖Np,q(x)‖22 =
∑
k

|xk|2q/p = ‖x‖2q/p2q/p ≤ ‖x‖
2q/p
2 <∞ ,

i.e. Np,q(x) ∈ `2 for x ∈ `2. Setting again r = q/p + 1, the remainder of the proof
follows the lines of the previous one, with ‖ · ‖q replaced by ‖ · ‖2.

Next, we want to investigate the Fréchet derivative of Np,q. Beforehand we need
the following Lemma:

Lemma 3.3. The map x 7→ sgn(x) |x|α , x ∈ R is Hölder continuous with exponent
α, for α ∈ (0, 1]. Moreover we have locally for α > 1 and globally for α ∈ (0, 1]:

|sgn(x) |x|α − sgn(y) |y|α| ≤ κ |x− y|β , (14)

where β = min(α, 1).

Proof. As the problem is symmetric with respect to x and y, we assume x ≥ y w.l.o.g.
Moreover we introduce the parameter γ s.t.: γ |y| = |x|. For γ ∈ [1,∞) and α ∈ (0, 1]
we have

(γα − 1) ≤ (γ − 1)α , (15)

which can be obtained by comparing the derivatives of (γα − 1) and (γ − 1)α, and
the fact that we have equality for γ = 1. Additionally we have for γ ∈ [0,∞) and
α ∈ (0, 1]

(γα + 1) ≤ 2 (γ + 1)α . (16)

As it will be crucial that the constant in inequality (16) is independent of γ, we derive
the factor two. The ratio

(γα + 1)
(γ + 1)α

,

is monotonously increasing for γ ∈ (0, 1] and monotonously decreasing for γ ∈ (1,∞),
which can be easily seen from its derivative. Hence the maximum is attained at γ = 1
and given by 21−α, which yields,

(γα + 1)
(γ + 1)α

≤ 21−α ≤ 2 .

Consequently we can conclude in the case of x · y > 0 that γ ≥ 1 and further

|sgn(x) |x|α − sgn(y) |y|α| = |γα |y|α − |y|α| = |(γα − 1)|y|α|
(15)
≤ |(γ − 1)α |y|α| = |x− y|α ,

and for x · y < 0 we have:

|sgn(x) |x|α − sgn(y) |y|α| = |γα |y|α + |y|α| = |(γα + 1)|y|α|
(16)
≤ 2 |(γ + 1)α |y|α| = 2 |x− y|α .
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Remark 3.4. Subsequently Lemma 3.3 will be used to uniformly estimate the
remainder of a Taylor series. As shown in the proof this immedeatly holds true for
α ∈ (0, 1]. In the case of the Lipschitz estimate this is valid only locally. However as
all sequences in the following Proposition 3.5 are bounded and we are only interested
in a local estimate, Lemma 3.3 can be directly applied.
Proposition 3.5. The Fréchet derivative of Np,q : `q → `q, 0 < p ≤ 1, 1 < q ≤ 2 is
given by the sequence

N ′p,q(x)h =
{
q

p
|xk|(q−p)/p · hk

}
. (17)

Proof. Let w := min
(
q
p − 1, 1

)
> 0. The derivative of the function ηp,q(t) =

|t|q/p sgn(t) is given by η′p,q(t) = q
p |t|

(q−p)/p. Let

ηp,q(t+ τ)− ηp,q(t)− η′p,q(t) τ := r(t, τ) ,

then the absolute value of r(t, τ) may be represented as follows:

|r(t, τ)| =
∣∣∣∣∫ t+τ

t

q

p

q − p
p

(t+ τ − s) |s|
q
p−2 ds

∣∣∣∣
=

∣∣∣∣∣
[
q

p
(t+ τ − s) |s|q/p−1 sgn(s)

]t+τ
t

+
∫ t+τ

t

q

p
|t|q/p−1 sgn(t) ds

∣∣∣∣∣
=
∣∣∣∣qp τ (|ξ|q/p−1 sgn(ξ)− |t|q/p−1 sgn(t)

)∣∣∣∣ (14)
≤ κ

q

p
|τ |w+1 ,

with ξ ∈ (t, t+ τ) and by using Lemma 3.3 with α = q/p− 1. Hence we may write for
‖h‖ = ‖{hk}‖ sufficiently small∥∥Np,q(x+ h)−Np,q(x)−N ′p,q(x)h

∥∥q
q

= ‖{r(xk, hk)}‖qq =
∑
k

|r(xk, hk)|q

≤
∑
k

(
κ q

p

)q
|hk|q(w+1)

≤
(
κ q

p

)q
max ({|hk|qw})

∑
k

|hk|q ,

where the estimate holds uniformly with respect to κ (see Remark 3.4). Hence
we conclude ‖{r(xk, hk)}‖q / ‖h‖q → 0 for ‖h‖q → 0 and obtain for the derivative
N ′p,q(x)h =

{
η′p,q(xk)hk

}
.

Remark 3.6. Please note that the result of Proposition 3.5 also holds in the case of
the operator Np,q : `2 → `2, as one can immediately see from the proof.
Lemma 3.7. The operator N ′p,q(x) is self-adjoint with respect to `2.

Proof. We have 〈N ′p,q(x)h, z〉 = q
p

∑
|xk|(q−p)/phkzk = 〈h,N ′p,q(x)z〉.

Please note that the Fréchet derivative of the operator Np,q and its adjoint can
be understand as (infinite dimensional) diagonal matrices, that is

N ′p,q(x) = diag
(
q

p
|xk|(q−p)/p

)
,

and N ′p,q(x)h is then a matrix - vector multiplication.
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4. Properties of the concatenation operator G

The convergence of the surrogate functional approach, applied to the transformed
Tikhonov functional (11), relies mainly on some mapping properties of the operator
G = F ◦ Np,q. In the following, we will assume that the operator F is Fréchet
differentiable and F ,F ′ fulfill the following conditions:

xn ⇀ x =⇒ F(xn)→ F(x) for n→∞ (18)
xn ⇀ x =⇒ F ′(xn)∗z → F ′(x)∗z for n→∞ and all z (19)

‖F ′(x)−F ′(x′)‖ ≤ L‖x− x′‖ locally . (20)

Convergence and weak convergence in (18),(19) has to be understand with respect to
`2. The main goal of this Section is to show that the concatenation operator G is
Fréchet differentiable and that these operators also fulfill the conditions given above.
First we obtain

Proposition 4.1. Let F : `q → `2 be strongly continuous w.r.t. `q, i.e.

xn
`q
⇀ x =⇒ F(xn)

`q→ F(x). (21)

Then F(Np,q) is also strongly continuous w.r.t. `q. If F : `2 → `2 is strongly
continuous w.r.t. `2, then F(Np,q) is also strongly continuous w.r.t. `2.

Proof. If xn
`q
⇀ x, then, by Proposition 3.1, also Np,q(xn)

`q
⇀ Np,q(x), and due to the

strong continuity of F follows F(Np,q(xn)) → F(Np,q(x)). The second part of the
Propositions follows in the same way by Proposition 3.2.

By the chain rule follows immediately

Lemma 4.2. Let F : `q → `2 be Fréchet differentiable. Then

(F ◦ Np,q)′(x) = F ′(Np,q(x)) · N ′p,q(x) , (22)

where the multiplication has to be understand as a matrix product. The adjoint (with
respect to `2) of the Fréchet derivative is given by

((F ◦ Np,q)′(x))∗ = N ′p,q(x) · F ′(Np,q(x))∗ . (23)

Proof. It is

〈((F ◦ Np,q)′(x))u, z〉 = 〈F ′(Np,q(x)) · N ′p,q(x) · u, z〉
= 〈N ′p,q(x) · u,F ′(Np,q(x))∗ · z〉
= 〈u,N ′p,q(x) · F ′(Np,q(x))∗z〉 ,

as N ′p,q(x) is self adjoint.

We further need the following result:

Lemma 4.3. Let B : `q → `q be a (infinite dimensional) diagonal matrix with diagonal
elements b = {bk}. Then

‖B‖ ≤ ‖b‖q (24)
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Proof. The assertion follows by

‖B‖q = sup
‖u‖≤1

‖Bu‖q = sup
‖u‖≤1

∑
k

|bk · uk|q ≤
∑
k

|bk|q .

Hence we may identify the operator N ′p,q(xn) with its sequence and vice versa.
Now we can conclude

Proposition 4.4. Let xn ⇀ x with respect to `2, z ∈ `2 and let q and p be such that
(q − p)/p ≥ 1. Assume that

(F ′(xn))∗z → (F ′(x))∗z (25)

holds for any weakly convergent sequence. Then also

((F ◦ Np,q)′(xn))∗ z → ((F ◦ Np,q)′(x))∗ z . (26)

Proof. As xn
`2⇀ x, we have in particular xn,k → xk for fixed k. We conclude by

Proposition 3.2
Np,q(xn) `2⇀ Np,q(x). (27)

The sequence N ′p,q(xn) is given elementwise by

q

p
|xn,k|(q−p)/p →

q

p
|xk|(q−p)/p ,

and thus the coefficients of N ′p,q(xn) converge to the coefficients of N ′p,q(x). In order
to show weak convergence of the sequences, it remains to show that { qp |xn,k|

(q−p)/p}
stays uniformly bounded: We have

‖N ′p,q(xn)‖22 =
q2

p

∑(
|xn,k|(q−p)/p

)2

≤ q2

p

∑
k

|xn,k|2(q−p)/p

As (q − p)/p ≥ 1 and ‖x‖r ≤ ‖x‖q for q ≤ r we conclude with r = 2(q − p)/p ≥ 2

‖N ′p,q(xn)‖2 ≤ q2

p
‖xn‖rr ≤

q2

p
‖xn‖r2 ≤ C , (28)

as weakly convergent sequences are uniformly bounded. Thus we conclude

N ′p,q(xn) ⇀ N ′p,q(x) .

With the same arguments we get for fixed z

N ′p,q(xn)z ⇀ N ′p,q(x)z .

The convergence of this sequence holds also in the strong sense. For this, it is sufficient
to show that limn→∞ ‖N ′p,q(xn)z‖ = ‖N ′p,q(x)z‖ holds: As xn is weakly convergent,



Minimization with a non-convex sparsity constraint 10

the sequence is also uniformly bounded, i.e. ‖xn‖`2 ≤ C̃, and thus |xn,k| ≤ C̃. Setting
γk := C̃2(q−p)/pz2

k we observe |xn,k|2(q−p)/p · z2
k ≤ γk and

q2

p

∑
k

|xn,k|2(q−p)/p · z2
k ≤

q2

p

∑
k

γk = C̃2(q−p)/p q
2

p

∑
k

z2
k =

q2

p
γ‖z‖22 <∞ .

Therefore, by the dominated convergence theorem, we can interchange limes and
summation, i.e.

lim
n→∞

‖N ′p,q(xn)z‖2 = lim
n→∞

q2

p

∑
k

|xn,k|2(q−p)/p · z2
k

=
q2

p

∑
k

lim
n→∞

|xn,k|2(q−p)/p · z2
k

=
q2

p

∑
k

|xk|2(q−p)/p · z2
k =

q2

p
‖N ′p,q(x)z‖2 ,

and thus
N ′p,q(xn)z `2−→ N ′p,q(x)z . (29)

We further conclude

‖ ((F ◦ Np,q)′(xn))∗ z − ((F ◦ Np,q)′(x))∗ z‖
= ‖N ′p,q(xn)F ′(Np,q(xn))∗z −N ′p,q(x)F ′(Np,q(x))∗z‖
≤ ‖N ′p,q(xn)F ′(Np,q(xn))∗z −N ′p,q(xn)F ′(Np,q(x))∗z‖︸ ︷︷ ︸

D1

+ ‖N ′p,q(xn)F ′(Np,q(x))∗z −N ′p,q(x)F ′(Np,q(x))∗z‖︸ ︷︷ ︸
D2

.

The two terms can be estimated as follows:

D1 ≤ ‖N ′p,q(xn)‖︸ ︷︷ ︸
(28)
≤ C

‖F ′(Np,q(xn))∗z −F ′(Np,q(x))∗z‖︸ ︷︷ ︸
(25),(27)−→ 0

and therefore D1 → 0. For D2 we get with z̃ := F ′(Np,q(x))∗z

D2 = ‖N ′p,q(xn)z̃ −N ′p,q(x)z̃‖ (29)−→ 0 ,

which concludes the proof.

In the final step of this section we will show the Lipschitz continuity of the
derivative.

Proposition 4.5. Assume that F ′(x) is (locally) Lipschitz continuous with constant
L. Then (F ◦ Np,q)′(x) is locally Lipschitz for p < 1 and 1 ≤ q ≤ 2 such that 2p < q.

Proof. The function f(t) = |t|s with s > 1 is locally Lipschitz continuous, hence we
have on a bounded interval:

|f(t)− f(t̃)| ≤ smax |t|s−1|t− t̃| . (30)
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Assume x ∈ Bρ(x0), then ‖x‖2 ≤ ‖x− x0‖2 + ‖x0‖2 ≤ ρ+ ‖x0‖2, and therefore

sup
x∈Bρ(0)

‖x‖∞ ≤ ρ+ ‖x0‖2 =: ρ̃ .

We have s := (q − p)/p ≥ 1, and therefore (30) holds. N ′p,q(x) is a diagonal matrix,
thus we obtain with Lemma 4.3 for x, x̃ ∈ Bρ(x0)

‖N ′p,q(x)−N ′p,q(x̃)‖2 =
∑
k

(
|xk|(q−p)/p − |x̃k|(q−p)/p

)2

(30)
≤
(
q − p
p

ρ̃(q−2p)/p

)2∑
k

|xk − x̃k|2

≤
(
q − p
p

ρ̃(q−2p)/p

)2

‖x− x̃‖22 .

With the same arguments we show that Np,q is Lipschitz,

‖Np,q(x)−Np,q(x̃)‖2 ≤
q

p
ρ̃(q−p)/p‖x− x̃‖ .

The assertion now follows from

‖F ′(Np,q(x))N ′p,q(x)−F ′(Np,q(x̃))N ′p,q(x̃)‖
≤ ‖ (F ′(Np,q(x))−F ′(Np,q(x̃)))N ′p,q(x)‖

+ ‖F ′(Np,q(x̃))
(
N ′p,q(x)−N ′p,q(x̃)

)
‖

≤ L‖Np,q(x)−Np,q(x̃)‖‖N ′p,q(x)‖
+ ‖F ′(N ′p,q(x̃))‖‖N ′p,q(x)−N ′p,q(x̃)‖

≤ L̃‖x− x̃‖ ,

with

L̃ = 2 max
(
L·max

x∈Bρ
‖N ′p,q(x)‖ · q

p
ρ̃(q−p)/p,

max
x∈Bρ

‖F ′(Np,q(x))‖ · q − p
p

ρ̃(q−2p)/p
)
.

Combining the results of Lemma 4.2, Proposition 4.1, 4.4 and 4.5, we get

Proposition 4.6. Assume that the operator F : `2 → `2 is Fréchet differentiable and
fulfills conditions (18)-(20). Then G = F ◦ Np,q is also Fréchet differentiable. If the
parameters 0 < p < 1 and 1 < q ≤ 2 fulfill the relation 2p < q, then

xn ⇀ x =⇒ G(xn)→ G(x) for n→∞ (31)
xn ⇀ x =⇒ G′(xn)∗z → G′(x)∗z for n→∞ and all z (32)

‖G′(x)− G′(x′)‖ ≤ L‖x− x′‖ locally (33)

holds.
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Proof. Proposition 4.1 yields (31). According to Lemma 4.2, G is differentiable. If
q > 2p then the conditions of Proposition 4.4 hold and thus (32). Morover, the
condition q > 2p is equivalent to (q−p)/p > 1, i.e., Proposition 4.5 holds and therefore
(33).

5. Minimization by surrogate functionals

In order to compute a minimizer of the Tikhonov functional (4), we can either use
algorithms that minimize (4) directly or, alternatively, we can try to minimize (10).
It turns out that the transformed functional, with an `q-norm and q > 1 as penalty,
can be minimized more effectively by the proposed or other standard algorithms. The
main drawback of the transformed functional is that, due to the transformation, we
have to deal with a nonlinear operator, even if the original operator F is linear.
A well investigated algorithm for the minimization of the Tikhonov functional with
`q penalty that works for all 1 ≤ q ≤ 2 is the minimization via surrogate functionals.
The method was introduced by Daubechies, Defrise and De Mol [12] for penalties with
q ≥ 1 and linear operator F . Later on, the method was generalized in [13, 14, 23] to
nonlinear operators G = F ◦Np,q also. The method works as follows: For given iterate
xn, we consider the surrogate functional

Jsα(x, xn) = ‖yδ − G(x)‖2 + α‖x‖qq + C‖x− xn‖22 − ‖G(x)− G(xn)‖22 (34)

and determine the new iterate as

xn+1 = arg min
x
Jsα(x, xn) . (35)

The constant C in the definition of the surrogate functional has to be chosen large
enough, for more details see [13, 23]. Now it turns out that the functional Jsα(x, xn) can
be easily minimized by means of a fixed point iteration. For fixed xn, the functional
is minimized by the limit of the fixed point iteration

xn,l+1 = Φ−1
q

(
1
C
G′(xn,l)∗

(
yδ − G(xn)

)
+ xn

)
, (36)

xn,0 = xn and xn+1 = liml→∞ xn,l. For q > 1, the map Φq is defined pointwise on the
coefficients of a sequence by

Φq(xk) = xk +
α · q
C
|xk|q−1 sgn(xk) , (37)

i.e. in order to compute the new iterate xn,l+1 we have to solve the equation

Φq
(
{xn,l+1}k

)
=
{

1
C
G′(xn,l)∗

(
yδ − G(xn)

)
+ xn

}
k

(38)

for each k ∈ N. It has been shown that the fixed point iteration converges to the unique
minimizer of the surrogate functional Jsα(x, xn), provided the constant C is chosen
large enough and the operator fulfills the requirements (18)-(20), for full details we
refer the reader to [13, 23]. Moreover, it was also shown that the outer iteration (35)
converges at least to a critical point of the Tikhonov functional

Jα(x) = ‖yδ − G(x)‖2 + α‖x‖qq , (39)

provided that the operator G fulfills the conditions (31)-(33)
Based on the results of Section 2, we can now formulate our main result:
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Theorem 5.1. Let F : `2 → `2 be a weakly (sequentially) closed operator fulfilling
the conditions (18) - (20), and choose q > 1 s.t. 2p < q, with 0 < p < 1. Then the
operator G(x) = F ◦Np,q is also Fréchet - differentiable and fulfills also the conditions
(31) - (33). The iterates xn, computed by the surrogate functional algorithm (35)
converge at least to a critical point of the functional

Jα,q(x) = ‖yδ − G(x)‖2 + α‖x‖qq . (40)

If the limit of the iteration, xδα := limn→∞ xn, is a global minimizer of (40), , then
xδs,α := Np,q(xδα) is a global minimizer of

‖yδ −F(x)‖2 + α‖x‖pp . (41)

Proof. According to Proposition 4.6, the operator G fulfills the properties necessary
for the convergence of the iterates to a critical point of the functional (40), see [23],
Proposition 4.7. If xδα is a global minimizer of (40), then, according to Proposition
2.4, xδs,α is a minimizer of (4).

One may notice, that the main result in Theorem 5.1 is stated with respect to
the transformed functional. Only in the case of a global minimizer as the limit of the
iteration the result is also interpreted in terms of the original functional. In fact this
can be slightly generalized. Assuming that the limit of the iteration is no saddle point,
i.e., we obtain a local minimizer or a stationary point where the objective function is
locally constant, we can directly translate this result to the original functional. Let
xδα be the limit of the iteration and assume there exists a neighborhood Uε(xδα) such
that:

∀x ∈ Uε(xδα) : ‖yδ − G(x)‖2 + α‖x‖qq ≥ ‖yδ − G(xδα)‖2 + α‖xδα‖qq . (42)

Let M := {xs : N−1
p,q (xs) ∈ Uε(xδα)} and xδs,α := Np,q(xδα), then we can derive that:

∀xs ∈M : ‖yδ −F(xs)‖2 + α‖xs‖pp ≥ ‖yδ −F(xδs,α)‖2 + α‖xδs,α‖pp . (43)

Since Np,q and N−1
p,q are continuous there exists a neighborhood Uεs around the

solution for the original functional xδs,α, such that Uεs(xδs,α) ⊆ M . Consequently
also stationary points and local minima of the transformed functional translate to the
original functional.

6. A global minimization strategy for the transformed Tikhonov
functional: the case q = 2

The minimization by surrogate functionals, presented in Section 5, usually guarantees
the reconstruction of a critical point of the transformed functional. If we have not
found the global minimizer of the transformed functional, then this also implies that we
have not reconstructed the global minimizer for the original functional. In general this
is not desirable. However there exists an algorithm that will - under some restrictions
- guarantee the reconstruction of a global minimizer. This algorithm works in the case
of q = 2 only, i.e., we are looking for a global minimizer of the standard Tikhonov
functional

Jα(x) = ‖yδ − G(x)‖2 + α‖x‖22 (44)
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with G(x) = F(Np,2(x)). For the minimization of the functional, we want to use the
TIGRA method [31, 32]. The main ingredient of the algorithm is a standard gradient
method for the minimization of (44), i.e., the iteration is given by

xn+1 = xn + βn
(
G′(xn)∗(yδ − G(xn))− αxn

)
. (45)

The following arguments are taken out of [32], where the reader finds all the proofs
and further details. If the operator G is twice Fréchet differentiable, its first derivative
is Lipschitz continuous, and a solution x† of G(x) = y fulfills a smoothness condition

x† = G′(x†)∗ω , (46)

then it has been shown that (44) is locally convex around a global minimizer xδα,
and the area of convexity, Kr(α)(xδα), depends in particular on the Lipschitz constant,
α and ‖w‖, for details we refer to [32], equation (3.25). Now if we know an initial
iterate x0 ∈ Kr(α)(xδα) then the scaling parameter βn can be chosen s.t. all iterates
stay within the area of convexity and xn → xδα as n → ∞. The main drawback of
this result is that the area of convexity shrinks to zero if α → 0. Thus we would
need a very good initial iterate for small α, which is not reasonable. Fortunately,
it can also be shown that the area of convexity grows to infinity if α → ∞. Based
on that observation it turns out that, if we know e.g. an estimate for ‖x† − x0‖,
we can find α0 > α large enough s.t. x0 ∈ Kr(α0)(xδα0

), where xδα0
denotes a global

minimizer of (44) with regularization parameter α0. As x0 ∈ Kr(α0)(xδα0
) we can use

the gradient method (45) to reconstruct the minimizer xδα0
. Choosing s < 1 large

enough (for quantitative estimates, see [32]) and setting αn = max{α, snα0} it has
been found that xδαn−1

∈ Kr(αn)(xδαn), and thus (45) with initial iterate xδαn−1
(or a

sufficient close element) and α replaced by αn converges to a global minimizer xδαn
of Jαn(x). After a finite number of iterations (w.r.t the regularization parameter) we
have αn∗ = α and find by the iteration (45) with initial value xδαn∗−1

the minimizer
xδα we were looking for. The final algorithm looks as follows:
Input: x0, α

Step 1: Choose 0 < s < 1, α0 > α and n∗ with αn∗ = α.
Step 2: For n = 1, · · · , n∗

• If n > 1, set x0 = xδαn−1

• Minimize Jαn(x) by the gradient method (45) and initial value x0.
End
In order to use the TIGRA algorithm, it remains to show that the operator G =
F(Np,2) is twice differentiable and that the solution x† of the equation G(x) = y
fulfills the smoothness condition (46). We will restrict our attention for now to two
important cases, namely where F is the identity (i.e. the problem of data denoising)
or a linear operator.
Proposition 6.1. The operator Np,2(x), 0 < p < 1 is twice continuous differentiable,
and therefore also the operator ANp,2(x) with continuous and linear A.

Proof. The proof is completely analogous to the one of Proposition 3.5, when
considering 2

p ≥ 2 and r(0, h) = 2
p |h|

2
p−1. Using the Taylor expansion of the function

ηp,2(t) = |t|2/p sgn(t) for t 6= 0,

ηp,2(t+ h) = ηp,2(t) + η′p,2(t)h+ η′′p,2(t)h2 +O(|h|3)
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with continuous
η′′p,2(t) =

2(2− p)
p2

sgn(t)|t|2(1−p)/p ,

we conclude ∥∥N ′p,2(x+ h)h̄−N ′p,2(x)h̄−N ′′p,2(x)(h̄, h)
∥∥ / ‖h‖ → 0

for ‖h‖ → 0. Thus we haveN ′′p,2(x)(h̄, h) =
{
η′′p,q(xk)h̄khk

}
. The twice differentiability

of ANp,2(x) follows from the linearity of A.

Now let us turn to the source condition (46).

Proposition 6.2. Let F = I. Then x† ∈ `2 fulfills source condition (46) iff it is
sparse.

Proof. As I = I∗ in `2, we have F ′(Np,2(x†))∗ = I, and it follows from (23) that

(F(Np,2(x))′)∗ = N ′p,2(x) .

Therefore, the source condition (46) reads coefficient-wise as

2
p
|x†k|

(2−p)/pωk = x†k

or
ωk =

2
p

sgn(x†k)|x†k|
(2p−2)/p ,

for xk 6= 0, for xk = 0 we can choose wk freely. As ωk, x† ∈ `2 and 2p − 2 < 0 this
can only hold if x† has only a finite number of nonzero elements.

The case of F = A is a little bit more complicated. In particular, we need A to
fulfill the finite basis injectivity (FBI) property which was introduced by Bredies and
Lorenz [35]. Let T be a finite index set, and let #T be the number of elements in
T . We say that u ∈ `2(T ) iff uk = 0 for all k ∈ N \ T . The FBI property states that
whenever u, v ∈ `2(T ) with Au = Av it follows u = v.This is equivalent to

A|`2(T )u = 0 =⇒ u = 0 , (47)

where A|`2(T ) is the restriction of A to `2(T ). For simplicity, we will set A|`2(T ) = AT .

Proposition 6.3. Assume that x† is sparse, T = {k : x†k 6= 0}, and assume that A
admits the FBI property. If

A∗ = AT (48)

holds, then x† fulfills the source condition (46).

Proof. Let. As x† is sparse, T is finite. By xT we denote the (finite) vector that
contains only those elements of x with indices out of T . Due to the sparsity structure
of x† we observe

N ′p,2(x†) : `2 → `2(T )

and therefore also

AN ′p,2(x†) = ATN ′p,2(x†) (49)

N ′p,2(x†)A∗ = N ′p,2(x†)A∗T
(48)
= N ′p,2(x†)ATT , (50)
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where we have used the fact that N ′p,2(x†) is self adjoint.
With F = A, (46) reads as

x† = N ′p,2(x†)A∗ω = N ′p,2(x†)ATT ω . (51)

The operator N ′p,2(x†)−1 is well defined on `2(T ), and as `2(T ) = D(AT ) = R(ATT ),
we get

ATT ω = N ′p,2(x†)−1x† .

Now we have by the FBI property N (AT ) = {0}, and therefore

`2(T ) = N (AT )⊥ = R(A∗T ) = R(ATT )

As dim(`2(T )) = #T < ∞, R(ATT ) = `2(T ) and therefore the generalized inverse of
ATT exists and is bounded. We finally get

ω =
(
ATT
)†N ′p,2(x†)−1x† (52)

and
‖ω‖ ≤ ‖

(
ATT
)† ‖‖N ′p,2(x†)−1‖‖x†‖ . (53)

The condition A∗ = AT is in particular guaranteed if A is considered as
operator between the space `2. Please note that a similar result can be obtained for
twice continuous differentiable nonlinear operators F if we additionally assume that
F ′(Np,2(x†)) admits the FBI condition. Propositions 6.1-6.3 show that the TIGRA
algorithm can be applied in principle to the minimization of the transformed Tikhonov
functional for the case q = 2. Please remark that the surrogate functional approach
can also be applied to the case q < 2. This is in particular important for the numerical
realization, as we will see in the following Section.

7. Numerical Results

In this Section we will present some numerical results on the reconstruction of
L2 functions from convolution data. Considering the non-standard approach for
the minimization of the Tikhonov functional, numerical tests are indispensable for
assessing its benefits and drawbacks. Although the analytic properties of the nonlinear
transformation are well understood, the impacts of a numerical realization are
unknown. To this end we consider the simple test example of reconstructing a function
from its convolution data. We define the convolution operator A by

y(τ) = (Au)(τ) =

π∫
−π

r(τ − t)u(t) dt =: (r ∗ u)(τ) (54)

where u, r and Au are 2π-periodic functions belonging to L2((−π, π)). The operator
A is defined between function spaces. In order to obtain a numerical realization in
accordance with the present notation we have to transform this operator, see also
Section 1. For this purpose we interpret all quantities in terms of the Fourier basis
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or their Fourier coefficients respectively. A periodic function on [−π, π] can be either
expressed via the orthonormal bases formed by{

1√
2π
eikt
}
k∈Z

or
{

1√
2π
,

1√
π

cos(kt),
1√
π

sin(kt)
}
k∈N

. (55)

Naturally these representations provide also the appropriate discretization of the
(linear) operator. By means of the convolution theorem a discretization via the
exponential basis would lead to a diagonal system matrix. However, this also yields
a complex valued matrix and complex valued vectors, a setting which is not covered
by our theory. Therefore we use the trigonometrical basis from now on. This implies,
that we obtain a non-diagonal linear operator (see [24] for details on the deconvolution
problem and the operator). Hence by using the Fourier convolution theorem for
the exponential basis and transformation formulas between the exponential and
trigonometrical bases, we obtain a formulation in terms of the considered sequence
spaces.

For the numerical implementation we divided the interval [−π, π] into 212

equidistant intervals, leading to a discretization of the convolution operator as a
212 × 212 matrix. The convolution kernel r was defined by its Fourier coefficients
with

ar0 = 0
ark = (−1)k · k−2 (56)
brk = (−1)k+1 · k−2 ,

where
r(t) = ar0 +

∑
k∈N

ark cos(kt) + brk sin(kt) . (57)

In the numerical tests two convolution data sets were used based on two (sparse)
solutions with 14 and 22 non zero components (see figure 2 and figure 5). The added
noise was normally distributed and scaled with respect to the relative noise level.
In all numerical tests the regularization parameter was chosen based on the quasi
optimality principle (cf. [36, 37]). The chosen strategy provides an easy and attractive
method of estimating the regularization parameter. It may be not the optimal choice
for the considered approach, however since the exact solution was known prior to
the numerical experiments we could confirm the obtained values for regularization
parameter in each case.

A minimal requirement for the algorithm is its stable convergence, which we found
in all our experiments. In [28] it was shown, that (4) provides a regularization method.
Additionally a result on convergence rates was given, stating that the convergence of
the accuracy error is at least in to order of

√
δ with respect to the Hilbert space

topology, if the regularization parameter is suitably chosen a priori (cf. [38]):∥∥x∗ − xδα∥∥2
= O(

√
δ) . (58)

Using the considered approach and algorithm respectively, we could observe this
particular result on the convergence rates also in our numerical tests. Figure 1 shows
the observed rates of convergence for decreasing noise levels δ. One may notice
that the convergence slows down for very small values of δ. This behavior is well
known and is caused by a finite accuracy in the numerical implementation. Another
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Figure 1. The plot shows the numerically observed rate of convergence for two
different settings of p and q, compared to a reference line.

difficulty could be the numerical inaccuracy of the inner iterations (36), which might
cause a stagnation of the iteration. In fact the observed loss of accuracy was very
pronounced for the considered algorithm. Nevertheless this seems comprehensible
when considering the transformation operator and the fact that all vector components
are potentiated by a factor of q/p. This is also in accordance with our findings of
an increased computational effort and the necessity of a sufficiently high numerical
precision for decreasingly smaller values of p. These requirements were met by an
efficient implementation with very accurate error criteria in all internal routines or
iterations respectively. In particular high iteration numbers in the order of 105 and
error tolerances in the order of 10−12 for the relative error of the inner iteration, i.e.

‖xn,l+1 − xn,l‖ = O(10−12) , (59)

were used to ensure reliable and accurate results. Moreover we would like to point
out that we expected a strictly decreasing objective value in every iteration step and
observed this in all our numerical tests.
Example 1: We consider the reconstruction of an exact solution having 14 non zero
Fourier coefficients from convolution data with approximately two percent relative
Gaussian noise. In figure 2 the exact solution and the obtained reconstructions
are plotted. Figure 3 shows the Fourier coefficients of the true solution and the
reconstructed one in the case of q = 2 and p = 0.4. The number of non-zero
coefficients of the reconstructed solution is clearly smaller than the one of the true
solution, indicating the strong sparsity promoting effect (p = 0.4). Nevertheless the
reconstructed solution provides a reasonable fit (see figure 2).

The central goal of the presented algorithm is its sparsity promoting property.
Figure 4 shows the identification of sparse solutions for the considered deconvolution
problem in Example 1. The threshold was chosen to be 10−4 and 10−5, since a
transformation with respect to q = 2, i.e. an `2-penalty term has no shrinkage and
would lead to zero coefficients only in the limit. For a more detailed discussion of this
issue see figure 7.

The decreasing number of non-zero coefficients indicates an increased promotion
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Figure 2. Example 1: The exact solution of the deconvolution problem and the
reconstructions obtained for the four different values of p are plotted.

Figure 3. Non-zero Fourier co-
efficients of the true solution and
the corresponding reconstructed so-
lution for q = 2 and p = 0.4.

of sparse coefficient vectors for smaller values of p. This is especially worth mentioning
since already for p = 0.9 the number of non-zero coefficients was underestimated.
Further one may notice that although the number of reconstructed non zero elements
is always smaller than for the exact solution the quality of the reconstruction is still
very good. Moreover we want to emphasize that the reconstructed coefficients are
among the true ones, i.e. the support of the true solution was identified or slightly
underestimated.
Example 2: We consider the reconstruction of an exact solution with 22 non zero
Fourier coefficients from convolution data with approximately seven percent relative
Gaussian noise. Figure 5 shows the corresponding solution and reconstructions.

Figure 6 shows (analogously to figure 4) the number of non zero entries in the
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Figure 4. Example 1: The graphic
shows the number of non zero elements
(i.e. elements above the threshold of
10−4 / 10−5) in the solution for the case
of q = 2. The exact solution was designed
to have 14 non zero entries.

Figure 5. Example 2: The exact solution of the deconvolution problem and the
reconstructions obtained for the four different values of p are plotted in the case
of q = 1.6.

obtained reconstructions. Contrary to the first case were the exact solution had 14
non zero entries, the present setting leads to a reconstruction with significantly less
non zero entries compared to the exact solution with 22 non zero entries. Nevertheless
the quality of the reconstruction is again very good. However one may observe that
for Example 2 also further decreased values of p do not lead to sparser solutions, since
very sparse solutions have already been obtained with p = 0.9.

Finally we want to point out, that the choice of q = 2 (Example 1) directly affects
the algorithm. In [13] it was shown that the solution to (38) is known in advance.
Hence the computational effort is reduced significantly at the expense of numerical
artifacts in the case of q = 2. Figure 7 shows the number of (non zero) entries above
a certain threshold in the cases of q = 1.1, 1.4 and q = 2. As one expects from the
theory the choice of q ∈ (1, 2) seems to have no effect on the solution and no small
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Figure 6. Example 2: The bar chart
shows the number of non zero elements
(above the threshold of 10−4 / 10−5)
in the solutions for the case of q = 1.6
and four different values of p. The exact
solution was designed to have 22 non zero
entries.

non zero entries occur. For q = 2 structurally the same solution is obtained, however
numerous smaller entries occur due to numerical artefacts. Thus there are already 27
elements above the threshold of 10−7, 169 above 10−9 and 3055 elements above the
threshold of 10−11, compared to 11 non zero elements for all thresholds in the case of
q = 1.1 and q = 1.4.

Figure 7. The bar charts show the number of (non zero) entries above the
thresholds 10−2, 10−4, 10−7, 10−9 and 10−11, for q = 1.1, 1.4, 2 and p = 0.7.

Summarizing the results of example 1 and 2 we could confirm our analytical
findings. As the reconstructed solutions were always close to the true solution, we
might conclude that the algorithm reconstructed the global minimizer fitting the
constructed data and thus providing high quality reconstructions. Moreover the
strong sparsity promoting feature of the considered regularization functionals and
the principle idea of exploiting the transformation operator in numerical algorithms
could be confirmed.
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