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Abstract

This paper is concerned with the regularization of linear ill-posed problems by a com-
bination of data smoothing and fractional filter methods. For the data smoothing, a
wavelet shrinkage denoising is applied to the noisy data with known error level §. For the
reconstruction, an approximation to the solution of the operator equation is computed
from the data estimate by fractional filter methods. These fractional methods are based
on the classical Tikhonov and Landweber method but avoid at least partially the well-
known drawback of oversmoothing. Convergence rates as well as numerical examples are
presented.

1 Introduction

In this paper, we aim at solving the linear operator equation
Kf=yg

from noisy data ¢° with known error level. We assume that K is a compact operator defined
between Hilbert spaces X and Y. Due to compactness, the generalized inverse of K is
unbounded and cannot be applied directly to ¢° with ||¢° — g|ly <. A well-known approach
to deal with such ill-posed problems is given by so-called regularization methods, see the
textbooks [1, 2].

We start from regularization methods which can be interpreted as filtered versions of the
generalized inverse, e.g. the Tikhonov method with Lo-penalty or the iterative Landweber
method. In doing so, we have a twofold aim: on the one hand we want to explain and prevent
the well-known effect of oversmoothing when applying the classical Tikhonov or Landweber
method. This is achieved by a modification of the related filter functions. This modification
allows to control the amount of damping and leads to fractional filter methods. On the other
hand we want to combine these fractional filter methods with a data adapted pre-smoothing.
The second aim belongs to the theory of two-step methods by which we understand the
composition Ro S of a data smoothing operator S and a reconstruction operator R. The use
of data smoothing for the problem of calculating unbounded operators has been examined
e.g. in [3]. More recently the problem of denoising (regularization of the unit operator) has
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been studied in [4, 5, 6, 7, 8]. In [3, 4, 5, 6] the smoothing step yields an estimate which is
in the range of the operator to be inverted/calculated. In [8] and also in the article at hand
the smoothing step yields an estimate in any space in between the space containing the noisy
data and the range of the operator to be inverted.
It is well-known that the Tikhonov and Landweber regularization methods oversmooth the
solution, i.e., sharp or fine features of the reconstructed function are lost which is extremely
troublesome in some medical applications, see [9, 10]. It seems that the effect of oversmoothing
occurs whenever the adjoint operator K* : Y — X is part of the reconstruction rule. This
is the case for the classical Tikhonov and Landweber method, see (1) and (2). As a simple
example we consider an operator defined in Sobolev scales. It is a well-known fact that
for the Sobolev embedding operator j : H® — Ly which smoothes with step size s, the
adjoint operator j* smoothes with step size 2s, that means j* : Ly — H?* see e.g. [6].
Hence, whenever the adjoint embedding operator is used, there is an additional amount of
smoothing. Let us now consider an operator which is continuously invertible between Sobolev
scales of stepsize t, i.e., K : Ly «» H® but is compact as operator K : Ly — H" with r < t.
The compact mapping K : Ly — H” can be written as K = jK where only the Sobolev
embedding operator j : H® — H" introduces the ill-posedness. But as for K = jK the
adjoint of the embedding operator is a part of K* = K*j*, this leads to an oversmoothing
for K*. Both Tikhonov and Landweber regularization yield a regularized solution f.e; which
belongs to rg (K*) (the range of K*). The Tikhonov method defines a regularized solution
fS with parameter a by

(K*K +al)fo = K*g°. (1)

Equation (1) can be solved for £ and rewritten as fo = K*(KK* + al)"'¢° € rg (K*).
The iterative Landweber method defines a regularized solution ffn by

m—1

fo =8> (I-BE*K)YK*g. (2)

J=0

Rewriting equation (2) as f,,, = Z;”:_Ol (I-BK*K)YK*g® = Z;”:_Ol K*(I-BKK*) g0 it follows
that also the Landweber method results in a regularized solution in rg (K*).

In order to introduce fractional filter methods we remind the reader of filter-based regulariza-
tion operators

Rog = Z Fa(an)agl(g,funmn. (3)

with a suitable real-valued filter function F,, and the singular system (o,;uy, vy,), of a linear
compact operator K. Conditions on the filter function, see (4) and (5), assure that the
operator R, defines an (order-optimal) regularization method.

We modify the filter functions of the Tikhonov and the Landweber method in order to control
the amount of damping and to avoid oversmoothing. This is done by applying an exponent
v € [0,1] to the filter function F, which results in the fractional filter function and the
corresponding fractional filter methods F,, see Definition 2.1. We study the fractional version
of both the Tikhonov and the Landweber method and show that the filter function F,/ assures
order optimality of the induced method as long as v > 1/2, see Propositions 3.2 and 3.5. In
order to use fractional methods with parameter v < 1/2, we use wavelet shrinkage as data-
adapted pre-smoothing and prove order optimality of this two-step method.



One popular method of regularizing an inverse problem where the true solution is known to
be a smooth function with a few jump discontinuities is to use a total variation (TV) penalty.
The total variation regularization was introduced in image processing in [11] and successfully
applied to inverse problems where ‘blocky’ reconstructions are desired [12, 13, 14].

Since the total variation functional is not differentiable, its numerical implementation presents
a few challenges, see e.g. [15]. The approach considered here completely stays within the
Hilbert space framework and avoids the non-differentiability problems encountered by TV
methods.

Another approach to recover solutions which have discontinuities or are spatially inhomo-
geneous is to use suitable bases for the reconstruction. E.g. wavelet bases provide a good
localization in time and space and are thus suitable for the reconstructions of functions with
spatially inhomogeneous smoothness properties. Since Besov spaces and wavelet bases are
closely related via norm equivalences this can be realized by using a Besov penalty term in
Tikhonov regularization. In [16] the regularization of a linear operator with penalty | - |55
was considered. The minimization of the related functional requires the solution of a system of
coupled nonlinear equations which is rather hard to tackle. In [16] the original functional was
replaced by a sequence of so-called Surrogate functionals that are much easier to minimize.
The approach considered here only needs the computation of fractional powers of operators
(or matrices once the problem is discretized) which can be done and is done by a simple series
expansion.

The paper is organized as follows. In Section 2 we give a brief overview on standard theory
for filter-based regularization methods and define the fraction methods. In Section 3 we
prove that the fractional Tikhonov and the fractional Landweber method with parameter
~v > 1/2 are order optimal. In Section 4 we consider the combination of wavelet shrinkage
and fractional methods with v < 1/2 and prove the order optimality of this method. In
Section 5 we present some numerical results for the fractional and the combined methods.

2 Filter methods — standard and fractional

In this section we give a brief overview of standard filter-based regularization methods, see
the textbooks [1, 2] for details. We introduce the concept of fractional filter methods and
present an example to illustrate the effect of regularization methods based on fractional filter
functions.

2.1 Standard regularization results

By a regularization or regularization method for Kt (the generalized inverse of K) we under-
stand any family of operators
{Ra}a>0yRa Y — X

with the following properties. There exists a mapping o : Ry X Y — Ry such that for all
g€ D(KT) and all ¢° € Y with |lg — ¢°|| < ¢ it is

. 5 +
soim Ra@gng’ = Klg -

Filter-based regularization methods are defined by (3). The Tikhonov method can be written



in the form (3) with filter function
2
o
F, = .
(o) o2+«
The same is true for the Landweber method with filter function

Fp(o)=1-(1- %)™

where 0 < 8 < W For the Landweber method with index m € N the regularization

parameter is a ~ 1/m.

The quality of a regularization method is judged by the error asymptotics of || Ktg — Rag’||x-
Convergence rates are achieved under the assumption that the exact solution fT fulfills a
smoothness condition of the form

fT e rg((K*K)”/Q) with HfT”V — (ZU;2V‘<fT,Un>’2)1/2 <.

A regularization method is called order optimal if there is a constant ¢ such that
1 5 _v_ _1
157 = Rag’llx < 677 -7

Both the Tikhonov and the Landweber method are of optimal order.
Whether a filter-based method is a regularization method at all can be checked by the following
conditions, (4a)-(4c).

sup |Fu(on)oy, | = e(a) < oo, (4a)
n
lim0 F,(o,) =1 pointwise in oy, (4b)
o—
|Fa(0n)| <c Va,oy. (40)
The order optimality is assured if there are constants § > 0 and ¢, ¢, such that
sup |Fa(o)o™ | < ca™P, (5a)
0<o<o
sup |(1— Fo(0))o” | < ¢,-aP”. (5b)
0<o<o1

2.2 Fractional regularization methods

In this section we define the fractional filter function and the fractional filter operator. We
further introduce a variant of condition (5a) necessary for dealing with the fractional methods.
Then we illustrate the effect of regularization methods based on fractional filter functions by
a simple signal processing example.

Definition 2.1. Let v € [0,1] and F, : Ry — R denote a filter function. Then
Fo(z) = (Fa(x))” (6)

is called fractional filter function with parameter ~y.
For a given filter function F, and vy € [0,1] the mapping Ra 1Y — X with

Ra,’yg = Z FQ(%)UEl(gaUan (7)
on>0

s called fractional filter operator with parameter ~y.



In the following we assume that Fj, is the classical Tikhonov or Landweber filter (with
a ~ 1/m). Accordingly, for v = 1 the operator R, - is the classical Tikhonov or Landweber
regularization operator, whereas for v = 0 the operator R, - is the generalized inverse. In this
sense, R, interpolates between these operators. The implementation of fractional methods
involves the evaluation of terms like (ol + K*K)7. There are already some methods developed
using powers of operators, see [17]. However, these methods start from the standard Tikhonov
method and then more smoothing is applied.

In Section 3 we prove that as long as v varies within (1/2, 1], the fractional Tikhonov as well
as the fractional Landweber filter define order optimal regularization methods. The main
work has to be done in order to show that condition (5a) is fulfilled where the (fractional)
filter function is weighted against c~'. So the question whether a fractional filter can be order
optimal is mainly the question whether Fy is able to control the growths of o} as n — oo.
To answer this question we introduce a variant of condition (5a): Let p € [0,1] and v € [0, 1],
we will check which pairs (v, u) fulfill

sup |F(0)o *| < ca™Pr . (5a’)
0<o<o1

For po = 1 this coincides with the standard condition (5a). In Section 3 we will show that (5a)
(and thus also (5a’) with p = 1) is fulfilled as long as v > 1/2.

For u < 1 the fractional filter function F,(-) is weighted against o~# and we will show in
Section 3 that condition (5a’) is fulfilled for every pair (v, x) with v > p/2. So for pu < 1 it
is no longer necessary that + is greater than 1/2 and thus more values of v are admissible.
To motivate the modification of the singular values from o ! in condition (5a) to o," in
condition (5a’), we anticipate the basic idea of Section 4, which is the combination of data
smoothing and regularization. First we apply a data smoothing operator Sy : Y — Y to gain
a better estimate § = Syg® of the exact data from the noisy data ¢°. Second we apply a
regularization operator to g to construct an approximation to the solution of K f = g. For
the data smoothing or data estimation operator many choices are possible. In Section 4 we
will concentrate on wavelet shrinkage. For the moment we think of a data smoothing operator
as an operator S : Y — Y which corrects the smoothness properties of the noisy data ¢°,
meaning that the image space Y of S should be closer to the range of K than the space
Y of the noisy data. A measure of this closeness depends on the problem setting. For an
operator K which smoothes with respect to Sobolev spaces, i.e., K : H* — H*' and noisy
data ¢° € Ly = HO the space Y could be any Sobolev space H™ with 0 < 7 < ¢. This kind
of pre-smoothing of the data also renders the degree of ill-posedness of the problem, since
we face the problem of solving K f = ¢ from the smoother estimate § instead of ¢°. In the
modified condition (5a’) this is reflected by the fact that the filter function Fy (o) is weighted
against o~ with p € [0,1]. This condition includes the special cases that no pre-smoothing
at all is done (u = 1) and that the pre-smoothing results in an element of rg (K), (u = 0).
In the last case no regularization is necessary any more and the generalized inverse can be
applied directly. For these special cases we also refer to [4] and also to [3] where a smoothing
family is used for the stable evaluation of unbounded operators.

The Sobolev embedding operator

We would like to illustrate the effect of regularization methods based on fractional filter func-
tions by a very simple signal processing example. Let us assume that we want to reconstruct



a function in H® from its noisy measurements in Lo. A possible way of doing that is to
consider the embedding operator js : H® — Lo. It is well known that the operator is compact
in case of a bounded region €2, and thus the inversion of j; from noisy data is ill-posed. A way
to compute a stable approximation to the solution in H® is to use Tikhonov regularization,
where the approximation of a solution of j;x = z is computed by solving

(jids +al)z = jia® .

In our example we will consider a periodic setting, i.e. Q = [0,27) and

x(t) = Z:L'keikt ,
where zj denote the Fourier coefficients of x. We can form Sobolev spaces H® by
(@,y)s = Y (L+ Kz ,

and get Ly = H°. For the operator j; we have the following decomposition, e.g. [6]:

Lemma 2.2. Let vy = €, u, = (1 + k?)7/2¢* and o}, = (1 + k?)7%/2. Then {02, uz}
forms the eigensystem of j*j and {ok,up,vx} is the singular system of js.

The effect of the fractional Tikhonov filter is given in the following

Proposition 2.3. For data 20 € Lo, the approzimation to the solution of jox = x according
to the fractional Tikhonov method with parameter ~ belongs to H?S7.

Proof. Using the definition of the fractional methods, we have

§ 2 : 02 ! - é

k 1
X = g T,V )Uk
a < ]% > k < 9 >

(1+k2)—s0-1/2) 2\—s/2 ik-
N e A R
k

Thus, the Fourier coefficients of z% are given by

AN .0 R
( “)k RE SRR a)“’<x k)
and the H! -norm is given by
1+ k%)%
)z = SRy LERT e
B (1+ k)52 +a)
S D HE) T v
k
The series is bounded for any z° € Ly as long as t < 2s holds. O



In particular, for v = 1 (standard Tikhonov) we have xg € H?3 i.e., the regularized solution
is much smoother than the true solution. This reflects the typical oversmoothing behaviour
of the classical Tikhonov method. For v = 1/2 both functions have the same smoothness
properties, which is desirable in many applications. E.g., assume that the solution is in a
Sobolev space H® that still contains functions with jumps, but functions in H?® are continuous.
Then a reconstruction with a fractional method will still allow jumps in the reconstruction,
whereas classical methods will always reconstruct continuous approximations. A numerical
example for this is given in Section 5.

On the other hand, it can be seen from Proposition 2.3 that the fractional Tikhonov method
with v < 1/2 cannot be a regularization method at all, as it constructs approximations which
has less smoothness than the solution, and thus they cannot converge in the H®-norm for
6 — 0.

In Section 4 we deal with the parameter range v < 1/2. As mentioned above, the fractional
Tikhonov method with v < 1/2 cannot be a regularization method on its own. But together
with a pre-smoothing of the data it can work as a proper reconstruction method. With
this combination it is possible to do the necessary amount of regularization (but no more
than this) and to weigh the influence on the data and the reconstruction part. As we will
use noise adapted smoothing methods, also information about the noise structure enters the
solution scheme for the ill-posed problem. And consequently, we stay as close to the problem
as possible. The numerical performance of this combined method is demonstrated by an
example computation in Section 5.

Proposition 2.3 is generalized to

Proposition 2.4. For data z° € Lo, let a:g be the approximation to the solution of jsx = x
defined by

az‘; = Z Fa(ak)a,;1<x5,vk>uk ,
k

where F, is any filter function defined on the spectrum of the operator js. If

sup |07 F,(0)] < ¢ = c(a,t, ) (8)
0<o<o1

then 22, belongs to HY.

Proof. From Lemma 2.2 we know uj, = o,e’* for the singular system of js. It is

20, =Y Folon)op (@ vihup = > Falop)(a, vp)e™ .

k k

Thus, the Fourier coefficients of zJ, are given by (29,) p = Fo (o) (@0, vp). Tt is

—2t/s
12502 = S+ B FHo) (2%, v = Y o F (on) e oi) 2
k k
/ ? 1
< sup |o"YSF, (o ) 20, up)|? .
(0@71\ ()] §k3\< )|

With (8) it follows
lzolle < e(at, )]’ lly < oo



For the following corollary we anticipate two results of the next section.

Corollary 2.5. For data 2° € Lo, let xgw be the approximation to the solution of jsx = x by
either the fractional Tikhonov or the fractional Landweber method (for the iterative Landweber
method the regularization parameter is a ~ 1/m). Then, wgw belongs to H' as long ast < 2s7.

Proof. With p = t/s condition (8) of Proposition 2.4 reads as

sup o HFl(0) < ca, v, ) -
0<o<o1
According to Lemma 3.1 and Lemma 3.4 the fractional Tikhonov as well as the fractional
Landweber method fulfill this condition as long as v > u/2. O

We want to remark that this result differs slightly from Proposition 2.3. The approximation
is only in H' for ¢t < 2s7y but not for ¢t = 2sy. This is due to the fact that the modified filter
condition (5a’) used in the last proof still allows a rate for the corresponding regularization
method whereas the proof of Proposition 2.3 only requires that the supremum exists.

3 Order optimality of fractional filter methods

This section presents two of the main results of the paper. In Propositions 3.2 and 3.5 we prove
that the fractional Tikhonov and the fractional Landweber methods are order optimal for all
parameters v in (1/2,1]. The proofs are by straightforward calculation and are presented
separately for the fractional Tikhonov and the fractional Landweber method.

3.1 The fractional Tikhonov method

Lemma 3.1. Let v € [0,1], p € [0,1] and FJ be the fractional Tikhonov filter. For ~ > /2
1t 1s
sup |F7(0)o "] < ey 02
0<o<o1

and the fractional Tikhonov filter fulfills (5a’) with § =1/2.

Proof. We define
o2 2y
(10(0-7'77 ,U,) = U_2MF012FY(O-) = 0-_2M <O’2 + Oé> :

The statement follows by maximizing ¢ with respect to o. It is

¢ (0) = [(2y — p)(0® + @) — 20°7] - h(0)

with a function h # 0. Hence we get as condition for critical points 02 = a(2y — u)/p .
Existence is assured by 2v > pu. For 2y > p the function ¢ is continuous. Since ¢ >

0, »(0) = 0 and lim,_o ¢(0) = 0 we get the maximum point o, (v, 1) = Var/ (27 — u)/p.

Inserting o, in ¢ yields the maximum

p(o) < plox) =ate,,

2y— 2
(2 Y= u\?
Cyn = “\ 51

7 2y

depending on v and u. O

with the constant




The order optimality of the fractional Tikhonov method with parameter v € (1/2,1] is given
in the following

Proposition 3.2. Let K : X — Y be a compact operator with singular system (o, Un, Un)n>0-
Let the exact solution f1 of Kf = g fulfill ||ft]|, < p . Then for v € (1/2,1] the fractional
Tikhonov method with the parameter choice

5\ 120+
a=kK <—> , k>0 constant
p

is order optimal for all 0 < v < v* = 2.

Proof. The filter function F, of the fractional Tikhonov method fulfills conditions (4b)
and (4c) with constant ¢ = 1. Setting y = 1 in Lemma 3.1 we get

sup |FY(0)o™ Y < ca™1/?
0<o<o1

which is (5a) with 5 = 1/2. Hence also (4a) is fulfilled.
It remains to show that the filter F}] fulfills condition (5b). For o > 0 we have 0 < F,(0) =
—2°_ <1 and thus FJ(c) > F,(0) for v > 0. Hence

o’+a
(1= F2(0))0”" < (1= Fa(0))0”
and (5b) follows from the optimality of the classical Tikhonov filter with v* = 2. O

Figure 1 (left) shows o~ 1FJ (o) for different values of v: For v > 1/2 a maximum exists for
o # 0, for v = 1/2 the term stays bounded and for v < 1/2 the influence of 0! is too strong
to be controlled by Fy (o).

3.2 The fractional Landweber method

In this section we deal with the fractional Landweber filter,
Fl(o) = (1= (1= Buwo>)™),

where the index “LW” is introduced to avoid confusion with the parameter 3 of the filter
condition (5a). We start with an auxiliary result.

Lemma 3.3. Let >0 and m € Ny. For vy > u/2 the function
¢(r) =771~ (1 - )"

is continuous in [0,00). For v > /2 and m > 2 the function ¢ restricted to [0,v/2] has a
mazximum and is bounded by

o(1) < mh. 9)
For m =1 it is (1) < ¢p(v/2) = 22774,

The proof is straightforward, but long and technical; see the appendix.



Lemma 3.4. Lety € [0,1], u € [0,1] and E}), be the fractional Landweber filter. For vy > 1/2
1t 18
sup | F(o)o ™| < Bfgym!!?
0<o<o

and the fractional Landweber filter fulfills condition (5a’) with = 1/2.
Proof. We define

P07, 1) = 0T FE (@) = a1 = (1= frawo )"

and
P(r) =721 - (1 -7
With 72 := Brwo? it is (o) = Buw@(r). Since Brw < ”13”2 = 2 we maximize ¢ on the
91
interval [0,1/2]. For v > 11/2 Lemma 3.3 yields
o(1) < mh.
With the factor ffy, this results in SUPg<g<oy P(T, 75 1) < Blymh . O

The order optimality of the fractional Landweber method with parameter v € (1/2,1] is given
in the following

Proposition 3.5. Let all conditions of Proposition 3.2 be satisfied. Then for 0 < Grw < ﬁg‘

and for v € (1/2,1] the fractional Landweber method is a regularization method. It is order
optimal for all v > 0 if the iteration is stopped for

B ]/2 (V+1) 2ﬁLW —I//(l/+1) p 2/(I/+1)
v Gw) @) T

where |x| denotes the largest integer smaller than or equal to x.

Proof. For o € (0,01] the restriction 0 < frw < ﬁ yields —1 < 1 — Brwo? < 1 and
conditions (4b) and (4c) follow immediately. Inserting p = 1 in Lemma 3.4 yields

_ 1/2
sup | F(0)o "] < Brigm/? .

O0<o<o1
Since for the iterative Landweber method the regularization parameter is o = 1/m this is
condition (5a) with 8 = 1/2. From this also (4a) follows. For condition (5b) we have to
estimate

sup |(1—[1— (1= Buwo®)™")o”"|.
0<o<o1
With 2 = 1 — frwo? it is |1 — [1 — (1 = Bawo?)™]7| = [1 — (1 —2™)7]. Since 0 < frw < = it
1
follows that |z| < 1. Since for m >0,y € [0,1] and =1 <z < 1itis |1 — (1 —a™)7| < |z|™,
the filter error of the reduced Landweber method is bounded by the filter error of the classical
Landweber method,

sup |(1—[1— (1= Bwo)"|M)e” | < sup [(1 - Buwo®)™||o”" .
0<o<o1 0<o<o1

Hence condition (5b) follows from the optimality of the classical Landweber filter for all
v>0. O

10



Figure 1 (right) shows o~ 1Fy (o) for different values of v: For v > 1/2 a maximum exists for
o # 0, for v = 1/2 the term stays bounded and for v < 1/2 the influence of 0~ is too strong
to be controlled by Fy ().
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Figure 1: Fy(0)o~" for different values of ; Tikhonov filter (left) and Landweber filter (right).

4 Data smoothing

In this section we consider two-step methods consisting of a data-smoothing step and a re-
construction step, see [5, 8, 7] for some recent work on two-step methods. Given an ill-posed
problem K : X — Y and noisy data ¢° € Y, we start with a smoothing operator Sy : Y — Y
to get a better estimate § € Y of the noise-free data. This data estimate is then used as the
input for a reconstruction operator Ry : ¥ — X. The second operator does not need to be
a regularization operator by itself, e.g., we will use fractional filter methods with parameter
v <1/2.

We summarize the concept of two-step methods as follows

smoothing by Sy , reconstruction by R

Y Y X .

The space Y can be any space between the data space Y and the range of the operator,
rg (K) C Y C Y. This is different from other works, in [3, 4, 5, 6] data smoothing steps have
been used which map into the range of the operator.

In order to illustrate the effect of pre-smoothing the data on fractional filter methods we
return to the example of the Sobolev embedding operator .

4.1 The Sobolev embedding operator

For the Sobolev embedding operator, js : H® — Lo, we consider a data-smoothing operator
Sy with
Sy:Lo— H" with 0<n<s.

The operator Sy is applied to the noisy data z° € Ly and gives a data estimate x‘;\ =95 A(az‘s )
in H". This data estimate is used as input for a reconstruction method R which we choose

11



to be a fractional ﬁlte~r method R, .. Hence, in the general context of two-step methods we
fix the spaces Y and Y to be Lo and H" with 0 < n < s and get

smoothing by S reconstruction by Ra ~ X

Lo H"

For the space X we choose the Sobolev space X = H! with n < t < s. We are now able
to extend the result of Proposition 2.4 to two-step methods S\R,, with fractional filter
reconstruction operator.

Proposition 4.1. For data 2% € Ly and a data estimate :17‘/5\ € HT with 0 <n < s let :L'i’%)\

be the minimizer of the Tikhonov or the Landweber method with fractional filter FJ(-) and
operator js. Then az‘;’%)\ belongs to H' for every pair (v,n) with

n>t—2vys or v > (t—m)/2s . (10)
Proof. The Fourier coefficients of
2y x = RaySa(2°) = Rl

are given by

(800), = Fa(on) (e} oe) -

Since :17‘/5\ is in H" we know

12315 = > (1 + K@ o) [P =Y o722, o) P < oo

k k
Hence, for the H'-norm we get

2
s 2 Z —2t s
‘|$a,’y,)\||t = Oy /e (xa;y,)\)k‘
k

—2t —2n/s 2
= YR )}, v 2oy o
k

2
< ( sup U—qu<g>) P ()

0<o<o1

with ¢ = (¢t —n)/s. From Lemma 3.1 and Lemma 3.4 we know that the supremum exists as
long as v > p/2. O

We want to make a few remarks on the proof. The supremum in (11) is in the form of
condition (5a’). The exponent u depends on 1 and takes into account a (possible) pre-
smoothing of the data: the problem of computing a regularization from the smoothed data
estimate is less ill-posed since the reconstruction does not have to deal with ¢~! but only with
o " with p € [0,1]. For the special case n = 0 (no pre-smoothing), Proposition 4.1 reduces
to Proposition 2.4 and condition (10) becomes t < 2s7.

For n # 0, condition (10) allows to weight the two steps of smoothing and reconstruction: let
us consider the case that the exact solution x is of smoothness s, hence, x € H® and that
the smoothing operator maps into the space H" with n = s/2. We further assume that the
reconstructed solution :L'i’%)\ should be as smooth as the exact z, i.e., ximA € H! with t = s.
Then, condition (10) reads as

t—mn

2s

v > =(s—s/2)/2s=1/4 .
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4.2 Convergence rates for two-step methods with fractional filter functions

In this section we present convergence rates for the combination of wavelet shrinkage as data
smoothing operation and fractional filter methods as reconstruction operation for general
linear operator equations. We aim at a combination of shrinkage and reconstruction that
stays as close to the problem as possible. I.e., we neither want to apply too much shrinkage
nor oversmooth the solution by using too much of the regularizing filter.

We start with a brief sketch of wavelet shrinkage, for a comprehensive treatment of wavelet
analysis we refer the reader to [18, 19, 20, 21], for approximation results and details on wavelet
shrinkage we refer to [22, 23, 24, 25, 26]. The basic idea of wavelet shrinkage is as follows:
a (noisy) signal ¢° is transformed into a series expansion with respect to an (orthogonal)
wavelet basis. Then the wavelet coefficients are filtered and from these filtered coefficients
an approximation § to ¢’ (and hopefully to the exact g) is obtained by the inverse wavelet
transform. Filtering in the wavelet domain can be done in many different ways. A linear
filtering is done by cutting off the wavelet expansion which is equivalent to a projection on
some wavelet subspace V. A nonlinear filtering is done by thresholding the coefficients: The
overall assumption is that a signal has some structure (e.g. smooth parts, patterns in varying
sizes, etc.) whereas noise, especially white noise, has no structure at all. In computing the
wavelet representation of the signal, its structure is recognized and coded as few but very large
wavelet coefficients whereas the noise just remains noise and is coded as many but very small
coefficients. Thus, by keeping the large coefficients and throwing away the small ones, there
is a good chance to keep the signal and to eliminate the noise; this procedure is called hard
shrinkage. Continuing this idea by subtracting also a small amount of the large coefficients
(they also carry noise), directly leads to soft shrinkage.

The combination of wavelet shrinkage and fractional filter methods generalizes [8, Theo-
rem 4.5]. The class of admissible problems used in [8] and also in here is characterized as
follows. We consider a linear compact operator K : Lo — Lo with smoothing property ¢ > 0
with respect to Sobolev and Besov spaces, i.e., K : H™ — H™ ! and K : By, — B;I‘f ¢ for all
7 > 0. Given a solution f € H*N B,,, an approximation from noisy data ¢° = g+ 5dW with
dW a white noise process, is constructed by a two-step method: first, a smoothing operator
S\ given by nonlinear wavelet shrinkage and the linear projection operator P; on a wavelet
subspace with an orthonormal wavelet basis in H" is applied. Second, a reconstruction op-
erator R, is applied. Then for properly chosen parameters (threshold A, projection level j,
regularization parameter «) the following quasi-optimal convergence rate is achieved [8, (4.6)]

E(|RaSxP;g° — fll,) = O((5\/[Tog o] ) =+5ra ) . (12)

This result is valid for every order-optimal regularization method, hence also for the fractional
Tikhonov as well as the fractional Landweber method with parameter v > 1/2. For the
smoothness 7 of the wavelet basis no other condition than 1 > 0 is needed. This corresponds
to the fact that every order-optimal regularization method can achieve the convergence result
on its own without the use of a data pre-smoothing. We know from [8] that the use of
wavelet shrinkage results in a smaller regularization parameter o and hence the reconstruction
operator can stay closer to the original operator. In this paper we reduce the amount of
regularization in the reconstruction part even further to fractional methods R, , with v < 1/2.
We will show that, keeping the convergence rate (12) fixed, the use of data presmoothing is
reflected in the parameter +v: the smoother the wavelet basis is, i.e. the closer n is to t and
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the data estimate to the range of the operator K, the smaller is the necessary fraction of the
reconstruction filter, i.e. the closer is v to 0.
The following two lemmata are auxiliary results on the reconstruction operator R, .

Lemma 4.2. Let K : Ly — Lo be a linear compact operator with smoothing property t > 0
and let Ry be a fractional filter operator with parameter 3 as in (5a’). For v > (t —n)/2t,
we have

n—t
||Ra,'y||%1n—>L2 N o

Proof. Using the translation of Sobolev smoothness and source condition as given in [8,
Lemma 5.1] yields § € H" < § € Y, = rg (K*K)"/?) with v = n/t. For R, : H" — Ly it is

IRarlir—r, = sup Y 0,2 F2(0)[{h,vn) L] 00 oy, 21/t
Il =1 =

sup sup oy, “TVIED (0) > 0,2 (b, vp) 1,
Al gn=10>0 >0

IA

~||h|lFn=1

< supo, *TMIEN (o)
>0

With p:=1—n/t and v > p/2 = (t —n)/2t the assertion follows from Lemma 3.1 for the
fractional Tikhonov method and from Lemma 3.4 for the fractional Landweber method. O

Lemma 4.3. Let K : Ly — Lo be a linear compact operator with smoothing property t > 0
and let Ry~ be a fractional filter operator with parameter 3 as in (5b). Let s <'t, f € H®
and g = K f. The reconstruction error of R, is then given by

HRa,'yg - f||2L2 < a268/t .

Proof. Using the translation of Sobolev smoothness and source condition as given in [8,
Lemma 5.1] yields f € H® < f € rg (K*K)¥/?) with v = s/t. Hence,

1Rag = flIZ, = D (Fd(0n) = V2| va)Poy, >/ onsl!

On

< sup |[F (o) = 1Pa2| £ 3
>0

< a2ﬁs/t )

The last line follows from Proposition 3.2 and Proposition 3.5 where it is shown that the
fractional Tikhonov as well as the fractional Landweber filter fulfill condition (5b). O

The following theorem extends the rate (12) to fractional methods R, with v < 1/2,

Theorem 4.4. Let K : Lo(Q2) — L2(Q2) be a linear compact operator with smoothing property
of order t > 0 with respect to any Besov space B;p(]Rd) and any Sobolev space HT(RY). Let
s>0 with s+t >1/2, s <t and let n with 0 < n <t be given. We assume that f belongs to

) d
HS(Rd) N BIst(Rd) U}Zth % = % . 2277;% + 2nid.

i) Let o € H" define an orthonormal wavelet basis of Ly(R?) of smoothness n < t such
that the degree m of polynomial reproduction in V; satisfies m +1 > t. Let P; be the
La-projection on Vj.
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ii) Let Sy denote wavelet shrinkage with hard thresholding. For a given error level § the
threshold X is chosen as A = Cd4/|logd|.

i) Let R, denote the fractional Tikhonov (or Landweber) operator with parameter v €
(0,1], and with parameter 3 as in (5a), (5b).

If the projection level j fulfills 277 < (5+/]1og o))/ 1+/2) | the pair of parameters (v,n) fulfills

t—mn

T (13)

>
and the regularization parameter is chosen according to

a (5\/|log5|)%28+22tt+d form<t (14)
a ~ (6¢/|logd])? for n=1t,

then the following estimate holds for fgvkj :

4s
E(”fg»y)\j - f”%Q) = O((6+/|log §]) 2s+2t+d).
For the proof we will use results given in [8], especially [8, Theorem 4.5].

Proof. In order to estimate the error E(||Ra~S\Pig® — f ||%2) we split it into three parts,
one each for the shrinkage error, the projection error and the error due to the reconstruction
operator,

E(|RaqyS2Pig” = fIIZ,)
S E(|[Rany (536" = Pig*)1,) + | Rary (Pig = 917, + | Rang — fII7,
= | Ras 31—z, (E(IS\g" = Pig®I3,) + IPig — g3, ) + 1Rang = F13,

We want to remark that the proof differs from the one of [8, Theorem 4.5] only in the operator
R, . So from Lemma 4.2 we know

n—t
HRa,’yH%{"—wg N a®

for any pair (v,7n) with condition (13). Exactly as in [8] we get for the first two terms

4(s+t—mn)
d

. n—t
1Raolzn—r, (B(ISxg” = Pig’lI,) + |1Pig — gli,) S ®"T (§y/]log 8]) 272
For the third term we use Lemma 4.3 and get
HRam/g - f”%z S a2ﬁs/t .

For n < t we insert the parameter choice rule (14) for a. Assembling all three error bounds
yields

4s
E(HRa,’ySAPjgé - f”2L2) < (04/] log §|) Zst2ita

For nn = t we refer again to the proof of [8, Theorem 4.5] and remark that in this case we have
HROM’YHHt—J/z 5 L. 0
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We want to discuss condition (13) for fixed n and fixed 7 respectively.

1. Let n be fix. Then (13) is a condition on v according to

If » = 0 no shrinkage is done and the regularization operator has to deal with data in
Ls. In this case we get v > 1/2 which is the well-known condition for order-optimal
(fractional) regularization methods. If 7 increases then v decreases. The more shrinkage
is done the less regularization is necessary. For the case n =t we get v > 0. In that case
the shrinkage estimate is in the range of the operator and the generalized inverse could
be applied directly. The condition v > 0 (instead of v = 0) assures that the convergence
rate is achieved.

2. Let 7 be fix. Then (13) is a condition on 7 according to

n>t(l—2y).

Here, the same considerations as in (i) apply. For v = 0, i.e. no regularization at all, we
get n > t. Le. the smoothing operator has to assure g in rg (K) and even a little more
(n > t not n > t) in order to keep the convergence result valid. For v > 1/2 we know
that 7 must be greater than ¢(1 — 2v) which is less than 0. Hence for v > 1/2, which
means order-optimal regularization methods, no shrinkage (n = 0) has to be applied.
For v < 1/2 the filter function is no longer optimal and the shrinkage estimate has to
stand in for the order-optimality.

5 Computation of fractional methods

The use of the fractional methods is of particular interest for problems where classical methods
generally oversmooth the solutions. In this case sharp or fine features of the solution are lost
which is particularly troublesome in imaging or tomographic applications, where it is of high
priority to recover e.g. jumps or discontinuities of the solutions [9, 10]. At the end of this
section we show that this effect is reduced by the use of the combined method of wavelet
shrinkage and fractional Tikhonov reconstruction.

If the singular value decomposition of an operator is not known explicitly, the numerical
implementation of the fractional methods is not as straightforward as for the classical ones.
The next proposition presents a formulation of the fractional Tikhonov method using the
operator and its adjoint only. For an operator T' with eigensystem (A, w,), a new operator
(T can be defined via a real-valued function ¢ on the spectrum o(T") of T', see e.g. [2],

W(T)x =Y () (@, wn)wy - (15)
n
In that sense we define fractional powers of K*K and K*K + al; the numerical computation

of these operator roots is presented in the next section.

Proposition 5.1. The solution f,~ of the fractional Tikhonov method as given in Defini-
ton 2.1 can be computed according to

(K"K +al)! (K°K)' fo, = Kg. (16)
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Proof. The proof is by straightforward calculation. The fractional Tikhonov method with
parameter -y defines a regularized solution f,  as

1 0.2 v
fa,’Y Z <O’%—Za> <gavn>un

n>0

With o(K*K) = (02), and o(K*K + al) = (02 + ), the Fourier coefficient (fu -, un) of fa
given by equation (16) is
<fa,~/y un> = <(K*K)PY_1(K*K + O‘I)_’YK*ga un>
(g, K(K'K +al) 7 (K7 K)' )
= {9, (op + ) oV Kuy,)

. o2 \7
= o, L ,Up ).
n <ag+a> (g, vn)

The assertion follows with fo = >, (fa,y, Un)Un- O

For the fractional Landweber method we start from the operator representation of the stan-
dard method. Let f,, denote the regularized Landweber solution defined as

fo =Y Falon)o, g, vn)un = > (1= (1= B0%)™)a, " (g, vn)un
on>0 on>0

It is well-known, see e.g. [2], that for m > 1

m—1
fmn = Fulon)o, (g, vn)un =8> (1—BK*KYK*g . (17)
on>0 j=0

Lemma 5.2. Let K : X — Y be a linear compact operator with singular system (op;un, vp)
and let 0 < 8 < 2/||K||?>. Then the operator A,, : X — X with

mz - BK*K) (18)
7=0

has the eigensystem (F, (k)0 %, ug)k with Fp(o) =1 — (1 — o)™

Proof. From (17) we know A, K*g = > _( Fu(on)o, (g, vn)un. With K*vp = opuy, it
follows

akAmuk = A K ’Uk E F O'n vk,vn>un = F (O’k)O'k_luk
on>0

and hence A, u; = Fm(ak)cr,fuk. O
For the fractional Landweber method we have the following operator representation.

Proposition 5.3. The solution f,,, of the fractional Landweber method as given in Defini-
ton 2.1 can be computed as the solution of

m—1

(K*K)'f = BV[Z — BK*K) | K*g . (19)

Jj=0
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We remark that for v = 1 equation (19) coincides with the classical Landweber method (2)
whereas for 7 = 0 equation (19) is identical with the normal equations for K f = g.

Proof. Solving equation (19) for f and using the operator A,, from (18) it is

,_.

fi=(K'K V—lm[mz (I - BK*K) } K*g = (K*K)~1AY K*g
7=0

The operator K*K has the eigensystem (o7, uy);. Hence, for h € X it is with (15)

(KK =Y 070V b, ug)uy

Computing h := A, (K*g) yields with the help of Lemma 5.2 and (15)

A;/n(K*g) = Z(Fm(o'n)o}jz)W(K*ga un>un = Z F%(O'n)o}jzwo'n (g, Un>un

n

Hence, it is
(K*K) ' AL(K*g) = Z o AT (K g),
= Z oY ZFV 0)0 (g, V) (utn, kY
= ZUEIF%(%)@’%)%
k
With Definition 2.1 of the fractional filter operator it is

f= (KK ALK g) =Y o ' Frl(on)(g, vk)ur = fny -
k

5.1 Series expansion and numerical realization

We restrict ourselves to the fractional Tikhonov method. To compute an approximation for
the fractional powers of the operator in (16) we use the binomial series

Yy=1) o =D —2) 3

(I4+2z) =14~z + T + a0 7+ zeR, |z| <1 (20)

For the numerical realization of the fractional Tikhonov method we have to deal with dis-
cretized operators, i.e., matrices. The series expansion is valid for matrices A with ||A]| < 1.
For the matrix representation of the fractional Tikhonov method, see (16), we have to compute

(ol + K*K)Y and (K*K)'~

Since K is linear we can assume ||[K*K|| < 1. For the expansion of the first term in (16),
(ol + K*K)7, we consider two cases:
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1. For « > 1 it holds )
(el + K*K)Y=a"(I + —K*K)"
o
and the series expansion is used with argument z = K*K/a.
2. For a <1 we use
(el + K*'K)"= (I + (K'K — (1 —a)I))" .

With the help of the singular value decomposition of K and the assumption ||[K*K| < 1
we know that |[K*K — (1 — a)I|| < max{l — a,||[K*K]|| — (1 — «)} < 1. Hence, we use
the series expansion (20) with z = K*K — (1 — a)I.

The second term in (16) is (K*K)'~7 which is independent of a. It is
(K*K)'"™7 = (I + (K*K —I))*™

and we would like to apply the series expansion (20) with x = K*K — I. Since ||[K*K —I|| <
max{||K*K||,1} = 1 the series expansion might be applied with argument x = K*K — I but
convergence in this case is likely to be slow. The same problem occurs for the first term when
«a < 1is very small.

For these cases we adapt an idea of [27] where the authors considered fractional powers
of matrices. As has been seen, for a matrix A the fractional power A” with v < 1 can
be computed by using A = I + B with a suitable matrix B and application of the series
expansion (20). If however, ||B|| = 1 — ¢ & 1, convergence is likely to be slow. To accelerate
convergence a weight factor k can be used. We consider A = k(I + C) with C = C(k) =
(1/k)A — I and choose k* = argminy, [|C(k)||, see [27]. If we specify the norm to be the
Frobenius (or Schur) norm the factor k can be computed explicitly according to

k= ZZa?j/aii .
v g

With this renormalization the implementation of the fractional Tikhonov method works fine
which is demonstrated by the following test computations.
5.2 Test computations

We test the proposed variations of the standard Tikhonov method with two examples. As a
first example we consider the integration operator K : L2(0,1) — Lo(0,1) with

Kf(x):= /Om f(e)de .

The integration operator smoothes one step in the scale of Sobolev spaces, i.e., K : H® — H*Tt
with ¢ = 1. Since the classical Tikhonov method recovers smooth functions very well, but fails
if the solution to the inverse problem K f = ¢ has discontinuities, we choose as test function

fT the step function
1 ifz<1)2
i) = . :
1 ifx>1/2
Hence, we have fT € L,(0,1) with the additional smoothness properties

1/2— 1—
fleaY?>=  or  fleBl=.
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A similar problem, namely the detection of irregular points by the regularization of numerical
differentiation, is studied in [28]. The results of our test computations are documented in the
following tables and figures. Computations for the fractional method are always accompanied
by computations for the classical method from the same data. Thereby we can check for which
fraction of the filter function the reconstruction still achieves the same error bound. So far,
no special treatment for the endpoints of the interval has been considered. The regularization
parameter o was chosen manually in order to achieve the best possible result.

The combination of wavelet shrinkage and the fractional Tikhonov method yields very good
results for low error levels of the data. Figure 2 demonstrates the performance of this combi-
nation with parameter v = 0.1,0.2 for 1% relative data noise. One can see that the approxi-
mation of the discontinuity is better than with the classical Tikhonov method.

0.2

0.2

== exact f == exact f
==+ Tikhonov ==+ Tikhonov
— fracTik — fracTik

20 4‘0 éO éO 100 0 20 4‘0 éO éO 100
(a) v=0.1, [[frs — fll2 = 11.48% (b) v=102, ||frs — fll2 = 13.27%

Figure 2: Reconstruction of the step function (blue, dash-dotted) from noisy data with 1%
relative error level: (black, dashed) classical Tikhonov method and (red, solid) fractional
Tikhonov method with wavelet shrinkage.

Figure 3 demonstrates the importance of the smoothing step. In the first row no shrinkage has
been applied and the fractional Tikhonov method with non-optimal parameter v = 0.1,0.2,0.3
has been used. On the one hand, one can still see that the less of the filter is used, i.e. the
smaller v is, the better is the approximation of the discontinuity. On the other hand, the
influence of the error in the smooth part of the solution is not controlled satisfactorily and
causes heavy oscillations of the solution. These oscillations are either controlled by increasing
the parameter v or by applying a smoothing step first, see also Table 1 and Figure 3.

The following tables demonstrate that the fractional Tikhonov method is order optimal for
~v > 1/2. The reconstruction errors are within the same sizes as for the standard Tikhonov
method. For v < 0.4 the reconstruction error is growing, the fractional Tikhonov method
cannot control the influence of the data error. If shrinkage is applied the combined method
reaches the optimal result for all parameter v and 5% relative data noise. However, for 10%
data noise the results for the combined method are no longer satisfactorily. Maybe a finer
tuning of the involved parameter constants is necessary.

As a second numerical example, we consider a convolution operator

(Kf)y) = /R Ky — 2)f(z) de
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0.2 0.2 0.2
== exact f == exact f == exact
== Tikhonov == Tikhonov ==+ Tikhonov
— fracTik — fracTik — fracTik

20 40 60 80 100 0 20 40 60 80 100 o 20 40 60 80 100

(a) y=0.1 (b) y=0.2 (¢)y=0.3

0.2 T T T 0.2 T T T 0.2
== exact f == exact f == exact f
==+ Tikhonov ==+ Tikhonov ==+ Tikhonov
— fracTik — fracTik — fracTik

20 40 60 80 100 o 20 40 60 80 100 o 20 40 60 80 100

(d) y=0.1 (e) y=10.2 (f) y=0.3

Figure 3: Comparison of reconstructions from noisy data with 2% data noise. Upper row:
fractional Tikhonov method with parameter v and classical Tikhonov method, both without
shrinkage. Lower row: fractional Tikhonov method with parameter v and classical Tikhonov
method, both combined with shrinkage.

with known convolution kernel k. If the operator is considered in an Lo- setting, it is easy
to see that the adjoint operator K* is defined via the kernel k(z) = k(—=x). Let us first show
that convolution operators with suitable kernel & fit into our setting.

Proposition 5.4. Let f € H*NL; and k € H'NC", 0 < s < u, t > 0, with derivative
k@t ¢ L. Then
K:HNL, — H*

1S a continuous operator.

v ] o1 02 03 04 05 06 07 08 09 1
If=f3,l Tos2 039 026 023 024 021 022 025 027 0.24
I/ —f3,.1 027 025 026 025 025 026 025 023 026 0.25

If = £ 0.25

Table 1: Reconstructions from noisy data with relative error level § = 5%. First row: frac-
tional Tikhonov method without shrinkage. Second row: fractional Tikhonov method with
shrinkage (db2-wavelet). Last row: standard Tikhonov method.
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o |01 02 03 04 05 06 07 08 09 1
I/ — 72 J0.97 056 037 031 033 031 030 028 032 026
I = 72,1047 046 033 028 028 027 025 028 031 0.32
1f = f2ll 0.29

Table 2: Reconstructions from noisy data with 10% relative noise level. First row: fractional
Tikhonov method without shrinkage. Second row: fractional Tikhonov method with shrinkage
(db2-wavelet). Last row: standard Tikhonov method.

Proof. By the Fourier convolution theorem it follows

Ve s = / (14 wf) ()2 () ? do

R
As f € Ly we have |f(w)| < C, and from k € C*t it follows
W |- h(w) < M

Therefore, we get

o fllgpsee < CM/(1+IWI2)S+(t_“)/2|15(w)IIf(w)ldw
R

< oM / (14 Jwf2)2 [ (w)]| e / (14 w2 ()] dov
R R
= M| f e < o0

as long as s < .
O

Thus, the operator K is smoothing of order ¢ as long as s < u. By the same techniques, this
result can be extended to all s by assuming some more smoothness on f itself:

Proposition 5.5. Let f € HSNC® and k € H'NCt, 0 < s,t, with derivatives ), k® e L;.
Then

K:H 0 (C%| - |lgs) — H
1S a continuous operator.

The proof is as above, by using the estimate [w"tt| - |k(w)| < M for functions k € C*.
On the Fourier side, the inverse operator is given by

which can be always carried out if e.g. k(w) # 0 for all w.

Due to the Fourier convolution theorem, the implementation of the Tikhonov fractional filter
method is relatively simple. For the standard Tikhonov method, we see immediately that the
evaluation of the operator (a + K*K) is equivalent on the Fourier side to a multiplication

with the function kk 4+ . A similar result holds for the fractional power:
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Proposition 5.6. It is R
(al + K*K)? ~ (kk+a)7 .

Proof. To prove the assertion, we use the series
[e.e]
(L+2) = en(y)a”,
n=0
which converges for |z| < 1. Using al + K*K =1+ (K*K — (1 — ) and

N

FUK'K — (1—al)"f} = (kk — (1 — )" f

we obtain
Fllal + KK f} = S edFUKK — (1 —al)f}"
n=0
= (Z en () (B(w)k(w) — (1 — a))“) Fw)
n=0

A~

= (1+ (k@) = (1 = a))" (@)
= (@)k() + )" ()

where the series converges. As pointed out above, this can always be achieved by proper
normalization. O

With similar arguments we conclude

Proposition 5.7. It is

Fl(al + K KY (K K)7 fHw) = (M)kw) +a) " (He)bw)) T @

We define a specific kernel k by k(w) = (14 |w|?)~*. It is easily seen that k € H™ for all 7 < 2t.
We choose ¢ = 1 and by that have an operator K which smoothes (almost) two steps in the
scale of Sobolev spaces. As test function we choose the characteristic function of an interval,
f = Xa,p) With Sobolev smoothness 1/2 — . The fractional as well as the standard Tikhonov
method are realized in the Fourier domain as given by (21). The restriction to a finite interval
when computing the convolution yields an additional truncation error. Reconstructions are
done by the combination of fractional Tikhonov with parameter v = 0.3,0.4 and wavelet
shrinkage as well as, for comparison, by the standard Tikhonov method. The reconstructions
can be seen in Figure 4 whereas Table 3 provides the reconstruction errors. Wavelet shrinkage
is done with the sym4-wavelet. The regularization parameter is determined by the Morozov
discrepancy principle.

Figure 4 demonstrates that also in this example the standard Tikhonov method results in
regularized solutions which are too smooth whereas the fractional Tikhonov method in com-
bination with wavelet shrinkage yields regularized solutions which are closer to the properties
of the true solution.
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Figure 4: Reconstructions from data with different noise levels. Upper row: fractional
Tikhonov method with parameter v = 0.3 and wavelet shrinkage compared to standard
Tikhonov method. Lower row: fractional Tikhonov method with parameter v = 0.4 and
wavelet shrinkage compared to standard Tikhonov method.

§=1¢°—gl/llgl | 003 004 005  0.06
v=03 |If=f3,l/If] ]0.5339 05663 0.5877 0.6182
v=04 |If = f3 I/l 05402 05628 0.5838 0.6586
=1 £ = F2/1£]] 0.5954 0.6081 0.6626 0.7124

Table 3: Reconstruction errors corresponding to the results given in Figure 4.
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Appendix

Proof of Lemma 3.3. With the expansion (1 — %)™ = Y"1 (=1)k72%(7)") we get

p(t) =172+ <§:(—1)k_172k (7:))% .

k=1

Thus for v > /2 there is no singularity and the function ¢ is continuous. Hence the function
restricted to the interval [0, /2] has a maximum. For m = 1 we have ¢(7) = 7227=#) and ¢
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is bounded by ¢(v/2) = 2277#,

For m > 1 the proof of assertion (9) is outlined as follows. We maximize not ¢ itself but ¢
restricted to all its critical points. The description of the critical points is gained by seeking
zeros of the derivative of ¢. Differentiating ¢ with respect to 7 yields

¢'(r) = ¢(r)(=2ur " +dymr[l — (1 =) 11— 7))
=:h(r)

Hence, seeking zeros of ¢/ amounts to seeking zeros of ¢ and h. Since ¢ is nonnegative and,
e.g. (1) =1 > 0, the zeros of ¢ are no candidates for maxima of ¢. For the zeros of h we
assume without loss of generality 7 # 0 and 1 — (1 —72)™ # 0 (all 7 with 1 — (1 — 72)™ =0
and 7 = 0 are zeros of ¢). Then h(7) = 0 is equivalent to

1— 2
(1 _ T2)m — :u(2 T ) ) (22)
w(l —72) + 2ym7?
With this description of the critical points of ¢ we define deritical : We insert (22)

in ¢(1) =772#(1 — (1 — 72)™)%» and get

- (b'critical points

2ymr? > ot

2
¢critical(7_) =7 (,u(l _ 7.2) + 2’7771,’7'2

If Peritical has a maximum in [0, v/2] we have ¢ < max, /5 Peritical (7). Differentiating deitical
with respect to 7 yields

2y ]
pu(l —72) + 2ym7? '
=:f(7)
Because of @critical > 0, seeking zeros of depitical results in solving f(7) = 0 which is equivalent
to 2y — = 72(2ym — ). Thus for 2 > p critical points exist and are given by
Oy

sl

29m —p

¢/critical(7—) = 2MT_1¢Critical (7—) |:

For m > 1 we have 72 < 1 and the positive root is in the interval (0,1) C [0,+/2]. In order

to check whether 7, = + ;;n__% is a maximum of ¢¢ritical We compute the second derivative.

Applying the product rule to ¢/ .....(7) = 2u7 " Peritical (7) £(7) and inserting ¢ .. (1) =0
and f(7.) = 0 we get

29m —
p(l = 72) +2ym72)?

(bgritical (T*) = 2/“—*_1 Geritical (T* ) f/ (T* ) = —8’}’/L2 : (

With g > 0 and v > p/2 it follows @cyitical(7x) < 0. Hence we get the maximum
Iy — 2y—p
(bcritical(T*) = <72 T4 ) m%’.
ym — pu

It remains to show that

_ 2y—p
(21_&> m? < m.
2ym — p
Since v > /2 > 0 and m > 1 this is equivalent to (2y — )27 "#m?=# < (2ym — p)>7 =K.
With the monotony of the power function assertion (9) is proved. O
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