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Abstract. In this paper, we develop functional a posteriori error estimates for
DG approximations of elliptic boundary-value problems. These estimates are
based on a certain projection of DG approximations to the respective energy
space and functional a posteriori estimates for conforming approximations (see
[30, 31]). On these grounds we derive two-sided guaranteed and computable
bounds for the errors in ”broken” energy norms. A series of numerical examples
presented confirm the efficiency of the estimates.

1. Introduction

A posteriori error estimates are intended to (a) give a correct presentation of
the overall value of the approximation error and (b) provide a correct indication
of the distribution of local errors that can be further used in a mesh adaptation
process. A posteriori estimates for conforming approximations of various boundary
value problems were in the focus of numerous researches (see, e.g., [1, 6, 7, 9, 15,
17, 27, 28, 38] and the references therein). Typically, the estimates used for finite
element approximations were either presented as certain weighted combinations
of the element residuals and inter-element jumps (see e.g. [6, 1, 38]) or as the
difference between an approximate solution and its post-processed image. The
latter method is often motivated by the so called superconvergence phenomenon
(see, e.g., [25, 39, 40]).

Though, discontinuous Galerkin methods were initially proposed in 70s-80s (see,
e.g., [2, 4, 5] and the references in [3]), they started receiving serious attention much
later, and hence, the methods of their a posteriori error control are relatively less
investigated. Concerning a posteriori estimates for DG approximations of elliptic
type equations we refer to [10, 13, 24], where a residual type estimate for the energy
norm of the error was suggested. In [16] a posteriori estimates in L2 norm were
derived for the so called ”local DG method” applied to an elliptic boundary value
problem. Our aproach is close to the method of equlibrated residuals discussed in
[1] and recenttly perfected and applied to more general problems in [11]. A pos-
teriori error estimates for DG approximations were also obtained for other classes
of problems. In particular, in [19, 21, 22, 37] time-dependent (transport) equations
were considered and in [26] a posteriori error estimates for DG approximations of
integral equations were obtained.
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In this paper, we derive two-sided a posteriori error bounds for DG approxima-
tions of an elliptic type problem and investigate their efficiency. Our analysis is
based upon the so called functional a posteriori error estimates (see [30, 31, 32, 33,
34] and the book [29]). These estimates are derived on purely functional grounds
by the analysis of the respective differential problem. Therefore, they are valid for
any conforming approximation and contain no mesh-dependent constants. More-
over, functional error estimates provide guaranteed and computable upper and lower
bounds for any conforming approximation of the exact solution. We exploit these
properties in our analysis.

The proposed method for a posteriori error control consists of two steps: (1)
a post-processing procedure that maps the DG approximation of the solution to
the “energy space” of the problem under considerations, and (2) application of the
functional a posteriori estimates to the post-processed solution. The latter requires
computing a “free” vector-field (flux) y.

For the implementation of both of these steps we propose a number of com-
putational procedures that vary from very cheap (that produce relatively coarse
estimates) to more expensive (that practically guarantee effectivity index close to
one). The averaging procedures described in Subsections 5.1.1, 5.2.1, and 5.2.2 are
simple and cheap. However, if one needs a sharp bound for the error then the
procedures suggested in Subsections 5.1.2, and 5.2.3 should be used. Note that
the procedures with sharp bound are more expensive, the cost could be compa-
rable with the cost of solving the DG problem itself (see a comparison in Table
9). Nevertheless, all of these procedures provide guaranteed upper bound for the
approximation error, which, to the best of our knowledge, lacks from other existing
techniques for DG approximations.

Essential part of our paper is Section 6 where we test the proposed procedures
for computing a posteriori error bounds on a number of one- and two-dimensional
model problems. Our computations, with efectivity indexes below 2 (in the simplest
cases it is close to 1), indicate that the proposed methodology is very effective and
reliable.

The organisation of this paper is as follows. In Section 2, we present the DG
discretization of linear elliptic problems and recall some known results. In Section
3, we briefly discuss functional a posteriori error estimates and their applications
to the error estimation of conforming approximations. Functional a posteriori error
estimates for DG approximations are derived in Section 4. This is followed by
the discussion of various methods to compute the ”free” functions arising in the
estimates, which is the subject of Section 5. Numerical examples are presented in
Section 6.

2. DG discretization of elliptic problems

Consider a second order elliptic problem on a bounded Lipschitz domain Ω � Rd,
d � 1, 2, 3:

�∇ � pA pxq∇uq �f pxq in Ω,(2.1a)

upxq �u0 on ΓD,(2.1b)

A∇u � n �gN on ΓN .(2.1c)

Here n denotes the exterior unit normal vector to BΩ � Γ and � denotes the scalar
product of vectors. The boundary is assumed to be decomposed into two disjoint
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parts ΓD and ΓN . For the DG formulation below we shall need the existence of the
traces of u and A∇u�n on the interfaces in Ω, and thus, the solution u is assumed to
have the required regularity. It is assumed that A is a symmetric positive definite
matrix such that

c1 |ξ|2 ¤ Aξ � ξ ¤ c2 |ξ|2 @ξ P Rd(2.2)

and it has a positive inverse A�1. In this case, the norms

||z||2a � apz, zq:�
»
Ω

Az � zdx,

||z||2ā � āpz, zq:�
»
Ω

A�1z � zdx

are equivalent to the L2 norm }z}. The respective generalized solution u satisfies
the relation »

Ω

A∇u �∇wdx �
»
Ω

fwdx, @w P V0,(2.3)

where
V0 � V0pThq � tv P H1pΩq : v � 0 on ΓDu.

K�

n�
K�

n�

E

Figure 1. Two adjacent finite elements sharing a common face E
.

Let Th be a non-overlapping partition of Ω into a finite number of elements K.
For any K P Th we denote its diameter by hK and the boundary by BK. As shown
in Figure 1, let E � K̄�XK̄� be a common face of two adjacent elements K�, and
K�. Further, let h � maxKPTh

hK denotes a characteristic mesh size of the whole
partition. The set of all the internal faces is denoted by E0 and ED and EN contain
the faces of finite elements that belongs to ΓD and ΓN , respectively. Finally, E
is the set of all the faces: E � E0 Y ED Y EN . We assume that the partition is
quasi uniform, see [35]. We allow finite elements to vary in size and shape for local
mesh adaptation and the mesh is not required to be conforming, i.e. elements may
possess hanging nodes. Further, the face measure hE is a quantity defined on each
face E P E as follows

hE �
" |E|, for E P E , d � 2
|E| 12 , for E P E , d � 3

.

On the partition Th we define a broken Sobolev space:

V :� H2pThq � tv P L2pΩq : v|K P H2pKq,@K P Thu.
Note that the functions in V may not satisfy any boundary condition. By

Vh :� VhpThq � tv P L2pΩq : v|K P PrpKq,@K P Thu,
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where Pr is the set of polynomials of degree r ¥ 1, we define a finite dimensional
subspace of V. Further, for the vector-valued functions we define the following
spaces:

Q :� �
H2pThq

�d � tq P �L2pΩq�d
: q|K P �H2pKq�d

,@K P Thu,
Qh :� QhpThq � tq P

�
L2pΩq�d

: q|K P pPrpKqqd ,@K P Thu.
On V we introduce the following forms

pA∇huh,∇hvhqTh
:�

ĶPTh

»
K

A∇huh �∇hvhdx, 〈p, q〉F :�
ȨPF

»
E

p � qds,

where F is one of the sets E , E0, ED, EN or their combinations.
To deal with multivalued traces at the element faces in a DG discretization we

introduce some trace operators. We define the average (t�u) and jump (rr�ss) as
follows:
Let E be an interior face shared by elements K� and K�. Define the unit normal
vectors n� and n� on E pointing exterior to K� and K�, respectively (see Figure
1). For v P V we define v�{� :� v|BK�{� and set

tvu � 1
2
�
v� � v�

�
, rrvss � v�n� � v�n� on E P E0.

For a piece-wise smooth vector-valued function q P Q the definitions are similar
and we set

tqu � 1
2
�
q� � q�

�
, rrqss � q� � n� � q� � n� on E P E0.

On E P ED Y EN the functions v and q are uniquely defined and we only require
rrvss and tqu, which are set as

rrvss � vn, tqu � q.

Finally, on V we define the following weighted broken norm:

(2.4) ||rvhs||2 � pA∇hvh,∇hvhqTh
� αh�1

E 〈rrvhss , rrvhss〉E0YED
.

Let us now recall DG formulation for second order elliptic problems. In last
several years a large number of DG FEM were developed (see, e.g. [3, 12] and the
references therein) for elliptic boundary value problems. Below, we consider the
standard interior penalty (IP) DG method, see, e.g., [2, 3]. For the problem (2.1),
the primal IP-DG formulation can be stated as follows:
Find uh P V such that

(2.5) Apuh, vq � Lpvq, @v P V,

where the bilinear form Ap�, �q : V � V Ñ R and the linear form Lp�q : V Ñ R are
defined by the relations

Apuh, vq �pA∇huh,∇hvqTh
� αh�1

E 〈rruhss , rrvss〉E0YED

� 〈tA∇huhu , rrvss〉E0YED
� 〈rruhss , tA∇hvu〉E0YED

,(2.6a)

Lpvq �
»
Ω

fvdx� αh�1
E 〈u0, v〉ED

� 〈u0n, A∇hv〉ED
� 〈gN , v〉EN

.(2.6b)

Here α is a parameter which is to be defined to guarantee the coercivity of the
bilinear form A.



FUNCTIONAL A POSTERIORI ERROR ESTIMATES FOR DG METHOD 5

As usual, we assume that the Dirichlet boundary condition are defined by a given
function u0 P H1pΩq in the sense that the trace of u � u0 on ΓD is zero. For the
sake of simplicity, we also assume that u0 is such that the boundary condition can
be exactly satisfied by the approximations used.

It can be proved (see, e.g., [2, 3]) that the bilinear form A is coercive and
bounded on V equipped with the norm (2.4) provided that α ¡ 0 is sufficiently
large. Recently, a lower bound and explicit expression for α to guarantee the
coercivity was obtained in [36]. Moreover, it is well known that for f P L2pΩq the
problem (2.5) is well-posed and possesses a unique solution uh P V. Assume that
u P HspΩq, 2 ¤ s ¤ r � 1. Then, an optimal order of convergence, given by the
following estimates, can be obtained in both the norms ||r�s|| and }�}

||ru� uhs|| ¤ Chs�1 }u}HspΩq ,

}u� uh}L2pΩq ¤ Chs }u}HspΩq .

For the proof we refer to [3, 23].

3. Functional a posteriori estimates for conforming approximations

Functional type a posteriori error estimates for conforming approximations of
a wide spectrum of problems have been derived in [30, 31, 32, 34], see [29] for an
overview. In this Section, to keep this article as self content as possible, we briefly
recall some principal facts of this error estimation theory.

Let ũh P V0 � u0 be a certain conforming approximation of the exact solution u
of the problem (2.1). Then, the following estimate holds ([30]-[32]):

||∇pu� ũhq||2a ¤ p1� βqDp∇ũh, yq �
�

1� 1
β



C2

Ω,A }divy � f}2 ,(3.1)

where

Dp∇ũh, yq �
»
Ω

pA∇ũh �∇ũh �A�1y � y � 2∇ũh � yqdx

�
»
Ω

pA∇ũh � yq � p∇ũh �A�1yqdx.

In (3.1) y is a ”free” vector-valued function in HpΩ,divq, β ¡ 0, and CΩ,A is a
constant in the inequality

}v} ¤ CΩ,A||∇v||a, @v P V0.(3.2)

If Ω � Ωl, where Ωl is a square domain with the side l, then CΩ,A ¤ c2
l`
dπ

. The
constant c2 in this estimate comes from (2.2).

It is easy to see that (3.1) can also be presented in the form

||∇pu� ũhq||a ¤ ||A∇ũh � y||ā � CΩ,A }divy � f} .(3.3)

For y � A∇u the right hand side of (3.3) coincides with the left hand one. Thus,
the upper bound is sharp in the sense that for any ũh there is a sequence of yk such
that the upper bound computed with help of these functions is as close to the exact
error norm as it is desired.

Lower bound of the approximation error is given by the estimate (see, e.g., [33])

||∇pu� ũhq||2a ¥ �||∇w||2a � 2
»
Ω

A∇ũh �∇wdx� 2
»
Ω

fwdx.(3.4)
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Here w is a ”free” function in V0 which should be selected in such a way that the
value of the right hand side be maximal. For w � u� ũh we have from (2.3)

�
»
Ω

A∇ũh �∇wdx�
»
Ω

fwdx � ||∇pu� ũhq||2a.

Therefore, for w � u� ũh the right hand side of the estimate (3.4) coincides with
the left hand one. Thus, the lower bound also has no ”gap” and by a proper choice
of w we can always make this bound as sharp as it is required.

Summarizing, we say that for any conforming approximation ũh two-sided com-
putable bounds of the error can be obtained in the form

Mapw, ũhq ¤ ||∇pu� ũhq||2a ¤M`pũh, y, β, CΩ,Aq,(3.5)

where Ma and M` are the minorant and majorant defined by the right hand side
of (3.4) and (3.1), respectively. Computable bounds are obtained if we substitute
in (3.5) certain w and y defined on the basis of computed solutions or maximize
(minimize) the bounds with respect to some finite dimensional subspaces Vτ and
Yσ.

Remark 3.1. The estimate (3.3) is valid when ΓD � BΩ. In the presence of
Neumann boundary condition, it has the form

||∇pu� ũhq||a ¤ ||A∇ũh � y||ā � CΩ,A }divy � f} � CΓ,A }y � n� gN}ΓN
,(3.6)

where CΓ,A is a constant in the inequality (similar to that of (3.2))

}v}ΓN
¤ CΓ,A||∇v||a, @v P V0.(3.7)

4. Functional a posteriori estimates for DG approximations

In this Section, we derive two-sided a posteriori bounds of the approximation
errors for DG solutions. Our analysis is based upon the functional a posteriori
estimates briefly recalled in the previous Section. The derivation of estimates is
performed in two steps: (1) using a certain post-processing procedure that maps
the DG approximation to the energy space of the problem considered, and then (2)
applying the functional type a posteriori estimate to this post-processed function.

4.1. Upper bound of the approximation error. Let us obtain an upper bound
for the quantity ||ru� uhs||. Note that if ũh P H1, then the ”brocken norm” ||rũhs||
coincides with ||∇ũh||a. Therefore,

||ru� uhs|| ¤ ||∇pu� ũhq||a � ||ruh � ũhs|| @v P V0 � u0.(4.1)

Using (3.3) in (4.1) we obtain

||ru� uhs|| ¤ ||A∇ũh � y||ā � CΩ,A }divy � f} � ||ruh � ũhs|| .(4.2)

Here ũh and y are ”free” functions. Note that if ũh � u and y � A∇u then the left
and right hand sides of (4.1) coincide. Therefore, this estimate is also sharp and
has no ”gap”. However, to obtain a good upper bound of the error in the broken
norm we need to suggest a proper choice (discussed in Section 5) of ũh and y. Once
such functions have been selected, the right hand sides of (4.2) present a natural
decomposition of the overall error into three terms:

 error due to nonconformity,
 error in the duality relation for fluxes,
 error in the equilibrium equation for fluxes.
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4.2. Lower bound of the approximation error. Lower bound of the error in
the broken norm for the quantity ||ru� uhs|| is derived in a similar way. For ũh P H1

we get

||ru� uhs|| ¥ ||∇pu� ũhq||a � ||ruh � ũhs|| @ũh P V0 � u0.(4.3)

Using (3.4) in (4.3) we obtain

||ru� uhs|| ¥
�
�||∇w||2a � 2

»
Ω

A∇ũh �∇wdx� 2
»
Ω

fwdx
	 1

2 � ||ruh � ũhs|| .(4.4)

In this relation, w is a ”free” function. This estimate is also sharp since the left
hand side coincides with the right hand side for w � u� ũh and ũh � u. A proper
choice of ũh and w is discussed in Section 5.

5. Computing ”free” functions in upper and lower bounds

There are two basic ways to define the ”free” functions in a posteriori error
estimates. The first (cheap) way is to define them by a certain post-processing
of the data contained in the approximate solutions. The second way is related to
minimization (maximization) procedures intended to define the upper and lower
bounds as close to the exact error as possible.

5.1. A mapping from V to V0 � u0. Both upper and lower bounds for the DG
approximations contain an additional term ||ruh � ũhs||. It is clear that the function
ũh should be taken such that this term be minimal. Below, we present two basic
ways to compute ũh. Let Π : V Ñ Vτ � V0 � u0 be a projection operator that
maps the space of discontinuous piece-wise polynomial functions to the space of
continuous piece-wise polynomial functions (on the partitioning corresponding to
Vτ , see Figure 2). We shall consider the following projections:

Added connections
to get conforming mesh

Figure 2. A possible DG triangulation: An irregular mesh (con-
tinuous lines) completed by adding new elements (dashed line) to
make a conforming triangular mesh

(1) Projection obtained by a simple averaging of the values of uh at the vertices.
(2) The orthogonal projection of uh on the energy space constructed with re-

spect to a broken norm.
For the sake of consistency of the notations for conforming approximations we shall
denote both the projections by ũh.
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5.1.1. Projection obtained by a simple averaging. Assume that DG approximations
are constructed such that on each element Ki P Th the approximate solution uh

is a polynomial of the order r. Our goal is to construct a post-processing operator
Π : V Ñ Vτ � V0 � u0 with the following properties:

 Πuh and uh are close in L2 norm,
 Πuh is a continuous piece wise affine function that is close or equal to the

DG solution uh except possibly in small regions associated with boundary
layers, and

 if DG solution indicates the presence of boundary layers, which are approx-
imated in uh as interelement jumps, then in the respective parts Πuh has
zones with high gradients whose size is automatically defined on the basis
on the minimal energy principle.

To construct Πuh we proceed as follows. Consider a patch of elements that has
a common node N . If N is internal, then we set the value of Πuh on it as the mean
value of the respective nodal values of the neighboring simplexes (such nodes are
marked by big dots in Fig. 3. If the node belongs to the Dirichlet boundary, then
the respective value is defined by u0.

Ki

Figure 3. Post-processing of uh on Ki

On the edge Eij common for Ki and Kj we define the common value of the trace
as a polynomial of the order r that takes the given values at the boundary nodes
of the edge. Other r � 1 values are defined as mean values of uh on Ki and Kj at
r � 1 points of Eij uniformly distributed between the two end points, see squares
on Fig. 3. Now, on each simplex the boundary values are fully defined by means of
uh. To extend these values inside the simplexes we apply a certain post-processing
procedure on each simplex. First, using baricentrical coordinates, we subdivide a
simplex Ki in mi subelements, see Fig. 3. In the simplest case, such a subdivision
can be performed by similar simplexes, but in general, any other regular family of
elements can be used. At all boundary nodes the values are defined by the given
values of the trace. At all internal nodes is (small dots on Fig. 3) we set

Πuhpxisq � uhpxisq.(5.1)

Now, on Ki the function Πuhpxq is obtained by the extension of these nodal values
on each subelement as the polynomial of the order r. For example, on Fig. 3 we
show the system of local nodes for the case r � 2. Once mi is defined, the respective
function of Ki is directly computed without solving any local problems. The only
parameter that affects the form of the post-processed function is the number mi

that regulates the structure of the mesh (if the subelements are similar to Ki). If
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at the neighborhood of Ki the true solution and its approximation uh are regular
and have no big gradients, then the value of mi will probably play no essential role
in the quality of the post-processed function. However, if, e.g., one edge of Ki goes
along a boundary layer, so that u has big normal derivatives at the points of the
edge and uh has a jump, then the value of mi may be essential because it regulates
the size of the boundary layer in the post-processed function Πuh. Since the latter
is a-priori unknown, we should offer some criteria to properly choose mi. For this
purpose we suggest the following approach:

Let Πmi

Ki
defines the above described local post-processing operator on Ki. Define

m�
i such that

JKipΠm�
i

Ki
uhq ¤ JKi

pΠmi

Ki
uhq @mi � 2, 3, ...,(5.2)

where J is the local energy functional

JKipvq :�
»
Ki

pA∇v �∇v � fvq dx.(5.3)

We recall that the problem (2.3) has a variational formulation

inf
vPV0�u0

Jpvq,

where

Jpvq � 1
2
apv, vq �

»
Ω

fvdx.

Thus, the structure of the local functional used to determine m�
i is dictated by

the global energy functional. In other words, we select the size of the boundary
layer that may appear after post-processing of the DG solution and is defined
automatically with the help of the energy principle that comes from the variational
formulation of the problem considered. It is worth outlining that in the construction
of our post-processing operator Π no local boundary value problems are solved. For
each particular natural number m�

i , it is only required to find JKipΠmi

Ki
uhq, which

is the sum of integrals on subelements of Ki computed by (5.3). Since all the nodal
values are explicitly defined, this procedure is computationally inexpensive.

We have discussed the case, in which Ω is divided into a collection of simplexes.
However, the post-processing procedure discussed is easily extended to other types
of elements (e.g., quadrilateral) in 2D as well as in 3D.

This is a cheaper way of mapping onto the space V0 � u0, which may be viewed
as a certain post-processing operator. However, if more accurate results are desired
we suggest the following orthogonal projection on the broken energy space.

5.1.2. The orthogonal projection on the energy space. In this approach we set
Πuh � ũh, where

||ruh � ũhs|| � inf
uhPVτ

�����uh � uh

����� .(5.4)

In other words, this is the DG-projection defined as follows: Find ũh P Vτ such
that Apũh, vq � Apuh, vq for all v P Vτ . Here Ap�, �q is the bilinear form of the DG
method, defined in (2.6a). We outline that in (5.4) the space Vτ is not necessarily
the same as V used in the DG method and may be constructed on the mesh which
does not coincide with the mesh Th used in the DG method.
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If u is sufficiently regular and uh Ñ u, then the above terms are small. Let Iτ

be the standard interpolation operator on the mesh Tτ . Now, since

||ruh � ũhs|| ¤ ||ruh � Iτus|| ,
we observe that

||ruh � ũhs|| ¤ ||ruh � us|| � ||ru� Iτus||
� ||ruh � us|| � ||∇pu� Iτuq||a.(5.5)

Under the usual assumptions that provide qualified convergence of DG approx-
imations and the respective interpolation estimates in the conforming space we
find that the right-hand side of (5.5) is of the order hr � τ r, where r denotes the
approximating polynomial order.

It is important to note, however, that if the DG method is used to obtain in a
sense good approximation of a solution with high gradients, boundary layers, etc.
on a coarse mesh, then orthogonal projection on Th may be ineffective because
continuous approximations on such a mesh are unable to present the shape of the
true solution. In this case, it is desirable that Vτ be constructed on a much finer
mesh Tτ . However, finding the exact orthogonal projection of uh on a certain (finer)
subspace Vτ may present a task whose cost is comparable with the cost required
for finding uh on a coarse mesh Th. This could lead to extra computational expen-
ditures in the above modus operandi. Also, one encounters difficulties if hanging
nodes are present in the coarse mesh on which the DG solution is computed.

5.2. Recovering of the flux y. In practice, we have three basic ways to define a
suitable flux y. The first is to use the approximate solution computed and recover
the flux by some post–processing procedure. Minimization of the Majorant on a
certain finite dimensional subspace of H pΩ,divq gives another way. The third group
of methods is based on the attraction of DG formulations to compute the desired
flux.

5.2.1. Post-processing on the primal mesh. We can use an approximate solution
ũh to compute an approximation of the flux yh :� A∇huh P L2pΩ,Rdq and find
a vector-valued function ỹh P H pΩ, divq (which is close to yh in L2-sense) by a
certain post-processing (averaging) operator Gh : L2pΩ,Rdq Ñ HpΩ, divq. Such an
operator can be constructed in a way similar to that was used above for the function
ũh. On each edge common to two simplexes we define the normal component of
ỹh as the mean value of the two neighbor sides and further extend it inside each
element by means of auxiliary subelement subdivision. In this case, it is natural to
use Raviart-Thomas elements of the respective order and define the normal fluxes
on edges inside Ki by means of yh and on the edges of Ki from the averaged values
defined above. The size of the boundary layer and the number m�

i comes from the
respective post-processing procedure for uh. The latter procedure gives a directly
computable estimate

||ru� uhs|| ¤
�»

Ω

pA∇ũh � ỹhq � p∇ũh �A�1ỹhqdx


 1
2

� CΩ,A }divỹh � f} � ||ruh � ũhs|| .(5.6)

This method is cheap, but the respective upper bound may be rather coarse.
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5.2.2. Post-processing on the refined mesh. Better estimates can be obtained if a
problem is solved on a sequence of refined meshes T1, T2, . . . , Tk�1, Tk � Tτ . For the
sake of simplicity we denote ui :� uhi

, where i denotes the refinement level. Now
let ũ1, ũ2, . . . , ũk be a sequence of the respective approximate solutions. Compute
yτ :� A∇huk and use an averaging operator Gk on Tk to construct a ”regularized”
flux ỹτ . Then, for uk�1 we have the estimate

||ru� uk�1s|| ¤
�»

Ω

pA∇ũk�1 � ỹτ q � p∇ũk�1 �A�1ỹτ qdx


 1
2

� CΩ,A }divỹτ � f} � ||ruh � ũk�1s|| .(5.7)

This estimate is also computationally inexpensive. Since the image of the flux
computed on a refined mesh is more accurate, this estimate is, in general, much
sharper than (5.6).

Remark 5.1. This estimate can be viewed as a quantitative form of the Runge’s
rule for DG approximations.

5.2.3. Minimization of the Majorant. If we need to have a sharp upper bound of the
approximation error on a particular mesh Th, then it is better to apply a method
different from the above described. In this method, we select a finite dimensional
subspace Y � HpΩ,divq and minimize the Majorant on Y. In other words, we use
the estimate

||ru� uhs|| ¤
�
inf
β

inf
ỹhPY

!
p1� βq

»
Ω

pA∇ũh � ỹhq � p∇ũh �A�1ỹhqdx

�p1� 1{βqC2
Ω,A }divỹh � f}2

)	 1
2 � ||ruh � ũhs|| .(5.8)

The wider Y � HpΩ, divq we take the sharper upper bound we obtain. For any β ¡
0, the right hand side of the estimate is a quadratic functional, whose minimization
can be performed by standard numerical procedures. In practice, it is convenient
to minimize the functional with respect to one of the variables β or y while keeping
the other fixed. Though minimization with respect to β requires only evaluation
of integrals, however, minimization with respect to y requires solving a system of
equations for a vector-valued function. Overall, this interleaved process requires
few steps, and hence, computationally this approach is not cheap.

5.2.4. Averaging of the flux obtained by the DG formulation. In this method, we
compute yh from the DG formulation. We know that the primal formulation of
the IP-DG method (2.5) can also be derived from a mixed formulation involving
an auxiliary variable yh � A∇huh, for details see [3]. This gives yh by solving the
following equation element-wise @q P Q»

K

yh � qdx �
»
K

A∇huh � qdx�
¸

EPBKXpΓ0YΓDq

»
rruhss � tqu ds

�
¸

EPBKXΓD

»
u0n � qds.(5.9)

We then use some averaging operator Gh to construct a ”regularized” flux ỹh. This
method can be considered as an alternative to the method presented in Section
5.2.1, however, its performance would not differ much.
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5.3. Computation of lower error bounds. Let us briefly discuss the practical
implementation of the estimate (3.4). The function w can be defined in the same
way as y in the Majorant. For example, if we use a sequence of refined meshes
T1, T2, . . . , Tk and compute the respective u1, u2, . . . , uk, then a cheap way to com-
pute lower bounds consists of setting w � ũk � ũk�1. In this case, (3.4) implies the
estimate

||ru� uk�1s|| ¥
�
�||∇w||2a � 2

»
Ω

fwdx� 2
»
Ω

A∇ũk�1 �∇wdx


 1
2

� ||ruh � ũk�1s|| .(5.10)

If a more accurate lower bound is required, then it is necessary to maximize the
minorant (the functional in the right hand side of (3.4)) on a certain subspace V0

which is bigger than V. One way to create such a subspace is to add additional
trial functions (e.g., ”bubble functions”) to V. In this case,

||ru� uhs|| ¥
�

sup
wPV0

!
�||∇w||2a � 2

»
Ω

A∇ũh �∇wdx� 2
»
Ω

fwdx
)	 1

2

� ||ruh � ũhs|| .(5.11)

Remark 5.2. Note that the estimates derived for bounds of the approximation
errors and the methods suggested to compute the ”free” functions still hold if instead
of (2.4) one chooses the discrete energy norm defined as |rvs|2 :� pA∇v,∇vqTh

.

6. Numerical results

In this Section we present numerical examples which aim to verify the theoretical
results and confirm the efficiency of the proposed technique to compute the upper-
bounds of the approximation error. For brevity reasons we consider the computa-
tion of ũh only by the orthogonal projection (Section 5.1.2) and the computation
of y only by the minimization of the majorant (Section 5.2.3).

We define the majorant for the DG solution as the right hand side of (5.8) and
denote it by MDG` . The effectivity Ieff of the majorant is then computed as

Ieff � MDG
` { ||ru� uhs|| .

For simplicity we assume A in (2.1) to be an identity matrix. We first consider
the following 1-D examples.

Example 6.1. Consider the Poisson problem on a unit interval

�u2 �f, in Ω � p0, 1q ,
u �0, at BΩ.

Choose f such that the analytic solution of the problem is u � x p1� xq.
Example 6.2. Consider the domain and equations of example 6.1. Now choose f
such that the analytic solution of the problem is u � x p1� xq exp p2xq.

We use linear polynomials to approximate all the desired quantities, i.e. the DG
solution uh, its projection on a conforming space ũh, and the vector-valued function
y required to compute the majorant. Various errors for these numerical examples,
which satisfy the inequality (4.1), are presented in Tables 1, and 3, respectively. The
error induced by the projection of DG solution onto conforming space is quite small
as compared to the errors between analytic solution and the DG solution or between
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Table 1. Various errors for numerical example 6.1

DOF ||rũh � uhs|| ||∇pu� ũhq||a I+II ||ru� uhs||
I II

20 1.272e-03 5.779e-02 5.906e-02 5.775e-02
40 4.519e-04 2.888e-02 2.933e-02 2.887e-02
80 1.608e-04 1.444e-02 1.460e-02 1.443e-02
160 5.748e-05 7.218e-03 7.275e-03 7.217e-03
320 2.074e-05 3.609e-03 3.629e-03 3.608e-03

Table 2. Effectivity of the majorant for numerical example 6.1

DOF β ||rũh � uhs||2 ||∇ũh � y||2ā }∇ � y � f}2 Ieff
20 0.001 1.617e-06 3.339e-03 2.690e-08 1.023
40 0.000 2.042e-07 8.341e-04 1.234e-10 1.016
80 0.000 2.586e-08 2.084e-04 5.241e-13 1.011
160 0.000 3.304e-09 5.209e-05 2.137e-15 1.008
320 0.000 4.302e-10 1.302e-05 8.526e-18 1.006

Table 3. Various errors for numerical example 6.2

DOF ||rũh � uhs|| ||∇pu� ũhq||a I+II ||ru� uhs||
I II

20 2.215e-02 4.274e-01 4.496e-01 4.268e-01
40 8.577e-03 2.155e-01 2.241e-01 2.153e-01
80 3.178e-03 1.079e-01 1.111e-01 1.079e-01
160 1.155e-03 5.397e-02 5.513e-02 5.396e-02
320 4.179e-04 2.698e-02 2.740e-02 2.698e-02

Table 4. Effectivity of the majorant for numerical example 6.2

DOF β ||rũh � uhs||2 ||∇ũh � y||2ā }∇ � y � f}2 Ieff
20 0.168 4.908e-04 1.802e-01 5.010e-02 1.213
40 0.086 7.357e-05 4.625e-02 3.374e-03 1.125
80 0.044 1.010e-05 1.163e-02 2.208e-04 1.073
160 0.022 1.335e-06 2.912e-03 1.415e-05 1.044
320 0.011 1.746e-07 7.281e-04 8.965e-07 1.027

analytic solution and the projected solution. Individual terms of the majorant, the
constant β and the effectivity index for these numerical examples, which satisfy the
inequality (4.2), are presented in Tables 2, and 4, respectively. For the example 6.1
since f is a constant function, the term }∇ � y � f}, where y is approximated using
linear polynomials (and hence, ∇ � y is a constant), is very small. This results in a
very good effectivity index. However, for the example 6.2 the function f has steep
gradients and hence, can not be accurately approximated by linear polynomials
for y. In these cases we add a bubble function for the approximation of y. The
height of these bubble functions are chosen by element-wise minimization of energy
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Figure 4. For numerical example 6.1 elementwise true error and
majorant, p � 1 and DOF � 40
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Figure 5. For numerical example 6.2 elementwise true error and
majorant, p � 1 and DOF � 40

and hence, this process is computationally inexpensive. Element-wise errors and
majorant are depicted in Figures 4, and 5, respectively.

We now present the numerical results for the following 2-D examples:
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Example 6.3. Consider the Poisson problem on a unit square

�∆u �f, in Ω � p0, 1q � p0, 1q ,
u �0, at BΩ.

Choose f such that the analytic solution of the problem is u � sin p2πxq sin p2πyq.
Example 6.4. Consider the domain and equations of example 6.3. Now choose f
such that the analytic solution of the problem is u � x p1� xq y p1� yq exp p2x� 2yq.

Table 5. Various errors for numerical example 6.3

DOF ||rũh � uhs|| ||∇pu� ũhq||a I+II ||ru� uhs||
I II

900 4.092e-03 6.526e-02 6.936e-02 6.537e-02
3600 7.874e-04 1.634e-02 1.712e-02 1.635e-02
14400 1.437e-04 4.085e-03 4.229e-03 4.088e-03
57600 2.575e-05 1.021e-03 1.047e-03 1.022e-03

Table 6. Effectivity of the majorant for numerical example 6.3

DOF β ||rũh � uhs||2 ||∇ũh � y||2ā }∇ � y � f}2 Ieff
900 0.226 1.674e-05 7.338e-03 7.401e-03 1.669
3600 0.190 6.200e-07 4.563e-04 3.245e-04 1.602
14400 0.181 2.066e-08 2.841e-05 1.834e-05 1.575
57600 0.179 6.633e-10 1.773e-06 1.117e-06 1.561

Table 7. Various errors for numerical example 6.4

DOF ||rũh � uhs|| ||∇pu� ũhq||a I+II ||ru� uhs||
I II

900 1.229e-03 1.989e-02 2.112e-02 1.993e-02
3600 2.356e-04 5.000e-03 5.235e-03 5.005e-03
14400 4.337e-05 1.252e-03 1.295e-03 1.252e-03
57600 7.825e-06 3.130e-04 3.208e-04 3.131e-04

Table 8. Effectivity of the majorant for numerical example 6.4

DOF β ||rũh � uhs||2 ||∇ũh � y||2ā }∇ � y � f}2 Ieff
900 0.325 1.511e-06 5.202e-04 1.088e-03 1.579
3600 0.320 5.550e-08 3.293e-05 6.654e-05 1.560
14400 0.318 1.881e-09 2.065e-06 4.133e-06 1.548
57600 0.318 6.123e-11 1.292e-07 2.579e-07 1.538



16 RAYTCHO LAZAROV, SERGEY REPIN, AND SATYENDRA TOMAR

−2 −1.8 −1.6 −1.4 −1.2 −1
−3

−2.5

−2

−1.5

−1

−0.5

log
10

(h)

lo
g 10

(⋅)

Convergence for sin(2π x)sin(2π y) with p = 2

 

 

← slope  =  2.00

slope  =  2.03 →

True error
Majorant

Figure 6. For numerical example 6.3 convergence of true error
and majorant, p � 2
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Figure 7. For numerical example 6.4 convergence of true error
and majorant, p � 2

As it is evident from 1-D examples that for problems where f has steep gradients
higher order approximations are required for y. Hence, for simplicity, instead of de-
vising bubble functions we use quadratic polynomials to approximate all the desired
quantities, i.e. the DG solution uh, its projection on a conforming space ũh, and
y. Various errors for these numerical examples, which satisfy the inequality (4.1),
are presented in Tables 5 and 7, respectively. The error induced by the projection
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Figure 8. For numerical example 6.3 elements marked for refine-
ment based on true error and majorant, p � 2 and DOF � 3600
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Figure 9. For numerical example 6.4 elements marked for refine-
ment based on true error and majorant, p � 2 and DOF � 3600

of DG solution onto conforming space is again small as compared to the errors
between analytic solution and the DG solution or between analytic solution and
the projected solution. Individual terms of the majorant, the constant β and the
effectivity index for these numerical examples, which satisfy the inequality (4.2),
are presented in Tables 6 and 8, respectively. Convergence rates of the DG approx-
imations in the broken energy norm ||r�s|| and the majorant are shown in Figures 6
and 7 for examples 6.3 and 6.4, respectively. The slopes are computed by fitting
a straight line to the given data points in a least-squares sense. Figures 8(a) and
8(b) show the elements marked for refinement (with pink color) based on true error
and the majorant, respectively, for the example 6.3. Figures 9(a) and 9(b) show
the elements marked for refinement (with pink color) based on true error and the
majorant, respectively, for the example 6.4. The refinement criteria is chosen as
follows [8, 14]:
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Let εK denote the error for the element K in the tessellation Th. The max-
refinement rule marks a subset M of Th for refinement according to the following
criteria

L PM if and only if εL ¥ Θmax
K

εK , 0 ¤ Θ ¤ 1.(6.1)

More efficient refinement criteria, known as bulk-refinement, proposed by Dörfler
[18] can also be used.

Finally, in table 9 we present the computing time for various parts of the total
optimization approach, i.e. time required for the DG solution, its projection onto
conforming space, and the majorant computation, for the example 6.3.

Table 9. Computing time (sec) for numerical example 6.3

DOF DG solution Projection Majorant
900 0.900 0.056 0.499
3600 2.469 0.223 1.947
14400 9.098 0.928 8.120
57600 41.898 4.0414 35.642
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[21] P. Houston, R. Rannacher and E. Süli, A posteriori error analysis for stabilized finite element
approximations of transport problems, Comput. Methods Appl. Mech. Engrg., 190 (2000),
1483–1508.

[22] C. Johnson and A. Szepessy, Adaptive finite element methods for conservation laws based on
a posteriori error estimates, Commun. Pure and Appl. Math., XLVIII (1995), 199–234.

[23] G. Kanschat and R. Rannacher, Local error analysis of the interior penalty discontinuous
Galerkin method for second order elliptic problems, J. Numer. Math., 10 (2002), 249–274.

[24] O.A. Karakashian and F. Pascal, A posteriori error estimates for a discontinuous Galerkin
approximation of second order elliptic problems, SIAM J. Numer. Anal. 41 (2003) 2374–2399.
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