Utility Maximization
Under Bounded Expected Loss*

Abdelali Gabih I Joérn Sass ¥ Ralf Wunderlich?

We consider the optimal selection of portfolios for utility maximizing investors
under joint budget and shortfall risk constraints. The shortfall risk is mea-
sured in terms of the expected loss. Depending on the parameters of the risk
constraint we show existence of an optimal solution and uniqueness of the cor-
responding Lagrange multipliers. Using Malliavin calculus we also provide the
optimal trading strategy.
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1 Introduction

In this paper we investigate for a finite time horizon the optimal selection of portfo-
lios for utility maximizing investors under a shortfall risk constraint. Without risk
constraint it is known that the distribution of the optimal terminal wealth is quite
skew and causes losses with a high probability. That is not very attractive e.g. from
the viewpoint of a pension fund manager. A strict corrective would be to put simply
a lower bound on the terminal wealth (portfolio insurer). Better performance can
be expected when allowing for some freedom, putting only a bound on the expected
losses. However, if using a value at risk (VaR) based criterion, i.e. requiring that
the loss which is exceeded with a given probability remains below a certain level, it
can happen that the losses may be larger than for the unconstrained optimization
problem, since the magnitude of the losses below the threshold plays no role for the
risk measure. So one also wants to take the magnitude of the losses into account, e.g.
by averaging the possible losses leading to an expected shortfall constraint. And in
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fact, see e.g. [2], the distribution of the resulting optimal terminal wealth has more
desirable properties.

We consider a complete financial market consisting of a money market and n risky
assets. P and P denote the physical and the unique equivalent martingale or risk
neutral measures, respectively. For the exact definitions see Section 2.

The shortfall risk is measured in terms of the expected loss. Comparing the portfolio
value Xt at terminal time 7" > 0 with some given benchmark or shortfall level ¢ > 0
a shortfall occurs in the random event { X7 < ¢}. We measure this risk by averaging
the loss (X — ¢)~ w.r.t. some probability measure @) equivalent to P, e.g. Q = P or
Q = P. The non-negative number Eq[(X — ¢)7] is called expected loss.

Let us fix a utility function U : [0,00) — R U {—o0}, initial capital xy > 0, shortfall
level ¢ > 0, a bound ¢ > 0 for the expected loss, and a probability measure @)
equivalent to P for averaging the loss. Then the static optimization problem with
risk constraint reads as

max E[U(X7)] subject to (1)
E[rXr] < xo (budget constraint), (2)
Eglv(Xr—q)7] < e (risk constraint), (3)

where F, E and Eq denote expectation with respect to P, P and Q, respectively, Or
is the discount factor corresponding to the money market, and v a discount factor for
the risk constraint, e.g. v = (. For given initial capital zy > 0 any terminal wealth
Xr has to satisfy the budget constraint (2) in order to be attainable by a trading
strategy.

If we drop the risk constraint (3), the problem is known as the so-called Merton
problem while the limiting case € = 0 corresponds to the risk constraint X > gq.
This case is known as the so-called portfolio insurer problem, cf. [11, 12, 16]. Both
problems are considered in more detail in Section 3. If € > 0 and the risk constraint
is binding, there are two typical choices for ). First Q = P: If we choose v = (7 the
expected loss corresponds to the price of a derivative to hedge against the shortfall.
So we may call this choice present expected loss (PEL), since by paying € now, one can
hedge against the risk to fall short of ¢q. This criterion was called limited expected
loss in [2] and analyzed thoroughly in comparison to a value at risk (VaR) based
risk measure showing that the law of the optimal terminal wealth for PEL is more
attractive than it is for VaR, the latter allowing for large losses. Another choice
would be @) = P, termed as future expected loss (FEL), since it corresponds to the
(discounted) amount we have to pay at T' to cover the loss. In addition any other
measure () equivalent to P might be used in (3).

The special feature of this paper is the detailed investigation of conditions for the
existence and uniqueness of optimal solutions. Here we extend the findings of our
papers [7, 8, 9] and of Basak et al. [2, 3] which concentrate on the construction of
optimal solutions to the static problem by combining methods from martingale and
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convex duality theory. For more motivation concerning expected loss we refer to [2].
Assuming that an optimal solution exists they state in Proposition 4 the optimal
wealth for ) = P and compare with the VaR based optimization. Also see [16] for
a recent account of the portfolio insurer problem and [15] for a stochastic control
approach to optimal consumption with HARA utility and modifications of the VaR
and expected shortfall risk measures.

The present paper has been inspired by the paper of Gundel and Weber [13] who
investigate the problem for a risk constraint containing a risk measure out of a family
of convex risk measures which they call utility-based shortfall risk, in detail: For
a loss function ¢ : R — [0, 00] (increasing, non-constant), the functional p(X) =
inf{m € R : Eg[yl(—X —m)] < ¢} defines a convex risk measure on a suitable
class of payoffs, i.e. it is monotone, translation invariant and convex. But it is not
positively homogeneous hence not coherent, cf. [1], and [6] for a motivation and a
concise overview of risk measures. In (3) we use the loss function ¢(z) = (—z—¢q)~ =
(x + q)* and p might be defined on the class of positive random variables. In [13] a
loss function is used which is strictly convex on (—g,00). So the piecewise linear loss
function considered in our paper can be embedded as a limiting case only. But then
the conditions for the existence of optimal solutions imposed in [13] are in some cases
violated. So our paper extends the findings of [13] to the case of expected loss which
covers the important examples PEL and FEL.

The problem of existence and uniqueness of optimal solutions is also considered in
Gandy [10] who considers two particular cases of the family of expected loss risk
measures used in our paper, namely the cases PEL and FEL. Contrary to [10] we allow
for stochastic coefficients and give a more explicit answer to the question of uniqueness
of the Lagrange multipliers associated to the maximization problem. We proceed by
an analysis of the budget and risk equation which we use to derive properties of the
Lagrange multipliers. These properties allow us to show uniqueness and they are
extremely helpful when setting up a numerical scheme to find the optimal Lagrange
multipliers. While we provide the optimal trading strategies in Section 7 we shall
defer their thorough (numerical) analysis to a future publication.

We proceed as follows: In Section 2 we introduce the market model and state the
problem. In preparation for our main results we investigate in Section 3 the existence
of the so called Lagrange multipliers solving the budget equations for both Merton’s
problem and for the portfolio insurer problem; and in Section 4 we determine the
minimal shortfall risk which we use to find the set of all admissible terminal positions
for our static optimization problem. In Section 5 we then deal with the portfolio
optimization problem under the additional risk constraint. Here we derive in Theorem
9 the form of the optimal terminal wealth depending on the bound of the shortfall
risk. In case that the risk constraint is binding the solution can be described by two
Lagrange multipliers associate with the constraints (2) and (3). The proof of their
existence and uniqueness, which may be viewed as one of the main results of this
paper, is given in Section 6: We look at the budget and risk equations as functions of
the Lagrange multipliers and derive in Section 6.1 the properties we need. In Section
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6.2 we solve the budget equation if the first Lagrange multiplier is given, and the main
result in Section 6.3 provides the solution of the joint budget and risk constraints.
While we give the proofs of the key theorems in the corresponding sections, the
proofs of many of the auxiliary results are deferred to the appendix. All proofs are
self contained. For deriving the properties of the budget and risk equations we partly
need very elementary arguments. But these properties are also valuable when setting
up a numerical scheme to find the multipliers and hence the optimal terminal wealth,
cf. Remark 17. In Section 7 we derive the corresponding optimal strategies comparing
martingale representation for the wealth and Clark’s formula under P.

2 A class of shortfall constraints

In this section we formulate the market model and specify the optimization problem.
We shall consider a market with terminal trading time 7" > 0, consisting of one
money market with interest rates r, > 0, ¢ € [0,T], and n stocks. The return process
(R¢)iejo,r) of the stock prices is given by

t t
Rt:/ ,usds—i—/ o, dWs, Ro=0,
0 0

where W' = (W})sejo,r) is an n-dimensional standard Brownian motion on a suitable
filtered probability space (Q, Fr, F = (Fi)iwco,1], P), where the filtration F satisfies
the usual conditions. The n-dimensional drift process (fi)icpo,r), the interest rates,
and the n x n-dimensional volatility process (at)te[oj] are progressively measurable.
For the latter o, is non-singular for all ¢ € [0, T]. The processes satisfy

T
/0 (lraell + llrll + o 12) dt < oo, (1)
where ||oy|| = (szzl(az’j)Q)lﬁ, as well as
T
/ o7 (s — L) |2 dt < oo, (5)
0

all inequalities understood to hold almost surely. The stock prices S = (S¢)cjo,r) are
defined by dS; = SjdR: with constant S§ > 0, and thus evolve according to

S} = SjdR} = Sjppdt+ S} o dW!, i=1,....n,

J=1

and we can identify investment in the money market with investment in a riskless

asset SO,
¢
S? :exp{/ rsds}, t € [0,7T).
0

By 8, =1/8?, t € [0, T], we shall denote the corresponding discount factor.
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The market price of risk is defined as
’1925:0';10,615—7}1”), te [O,T]

Due to (5) we can introduce the density process (Z;)icpo,17,

t 1 t
Zy=expi — | OLdW,— = [ ||0|]ds ¢,
s 2
0 0

which is a local martingale. We shall always make the
Assumption 1 (Z;)e)o,r) is a martingale.

We need this to introduce a new probability measure P by

P(A):E[ZTIA], Ae Fr.

So P is equivalent to P. Girsanov’s theorem guarantees that W= (Wt)te[O,T]a
N t
Wt = Wt—|—/ 19st,
0

is a Brownian motion under this risk neutral measure P.

We describe the self-financing trading of an investor by his initial capital ¢y > 0 and
by his n-dimensional trading strategy m = (m¢)tejo,7) where  is the amount of money
invested in stock 4 at time ¢. The corresponding wealth process (X[ ):cjo,r] satisfies

dX] = (th — len) rydt + WIth = (Xfrt + 7 (g — Tt]_n)) dt + WjothVt. (6)
So for the discounted wealth process we find
d(B:Xy) = @WT(M —rly)dt + 5t7TtTO'tth = 5t7rl—atdwt- (7)

Since the interest rates are positive, [3; is uniformly bounded. Hence it is enough for
(6) and (7) to be well defined that we require

T
/ (HWtT(Nt —rly,) || + H7TtTUtH2) dt < o0. (8)
0

A trading strategy satisfying this condition and X7 > 0 starting with xo > 0 will be
called admissible. By A(xy) we denote the corresponding class of trading strategies.

A utility function U : [0,00) — R U {—o0} is strictly increasing, strictly concave,
twice continuously differentiable and satisfies the Inada conditions

lim U'(x) =0 and ili% U'(z) = o0. (9)

r—00
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The inverse function of U’ is denoted by I. The function I is defined on (0, c0),
continuously differentiable and strictly decreasing with limits

lim I(z) =00 and lin%[(:c) =0. (10)

T—00

Given some initial capital 2y > 0 any terminal wealth X7 has to satisfy the so-called
budget constraint E[SrX7] = E[SrZrXE] < a0, because by (7) (X7 )0 is a P-
supermartingale. Here, E denotes the expectation w.r.t. the equivalent martingale
measure P.

As motivated in the introduction we we measure the risk by averaging for shortfall
level ¢ > 0 the loss (X — ¢)~ w.r.t. some probability measure () which is equivalent
to P. By Z9 we denote the Radon-Nikodym derivative of @ w.r.t. P. Further we
use a strictly positive, Fr-measurable factor v for discounting the loss and call the
non-negative number Eg[y(X% — q)~] = E[y Z9(XF — q)~] expected loss.

Let us fix some initial capital xq > 0, shortfall level ¢ > 0, a bound for the expected
loss € > 0, and a strictly positive, Fr-measurable discount factor v. The dynamic
optimization problem under risk constraints is

max F[U(XT)] subject to
TeA(z0) _
E[prX7] < xy (budget constraint), (11)
Egv(XF—q)7] < e (risk constraint).

The dynamic portfolio optimization problem can be splitted into two problems - the
static and the representation problem. While the static problem is concerned with
the form of the optimal terminal wealth the representation problem consists in the
computation of the optimal trading strategy.

We shall first consider the static problem and use in Sections 3 through 6 for con-
venience a shorter notation: Simply X for the Fpr-measurable terminal wealth X7,
Zy = BrZp and Zy, = vZ9. Then the static optimization problem under risk con-
straints reads as

I)I(I;.‘%(E[U(X)] subject to
~ E[ZX] < =z (budget constraint), (12)
E[Zy(X —q)7] < e (risk constraint).

As a technical assumption we impose the following conditions.
Assumption 2 For all y > 0 it holds

(A1) E[ZIyZ)] < .

(A2)  E[Z3I'(yz)]] < .
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(A3) Zy = Zy or P(\Zy = Z5) =0 for all A > 0.
Further P(Z; > 0) > 0 for all ¢ > 0.

Here and in the following all (in)equalities are understood to hold almost surely.
Throughout this paper we assume that the conditions of Assumption 2 are satisfied.
They are not very restrictive, in particular (A3) comprises the important cases PEL
and FEL.

3 The Merton and the portfolio insurer problem

If we consider the optimization problem (12) without the risk constraint, i.e.

gl{lg)O(E[U(X)] subject to  E[Z1X]| < x

we are faced with the so-called Merton problem. Its optimal solution is known to
be (see [4, 5]) XM = fy(yMZ,), where fy(z) = I(x) for z > 0 and y™ > 0 solves
E[Zy fru(yZy)] = xo. And for the solution of the latter equation it is well known that
the following theorem holds.

Theorem 3 There exists a unique solution y™ > 0 of the equation
ElZ1 fu(yZ1))] = .

If we consider the optimization problem (12) for the limiting case ¢ = 0, which
corresponds to the risk constraint X > ¢, then we are faced with the so-called portfolio
insurer (PI) problem. This problem reads as

max F[U(X)] subject to E[Z1X] <zp and X > q. (13)

X>0

For ¢E[Z;] > x¢ there are no admissible solutions. If ¢E[Z;] = xy, the only admissible
choice is X = ¢q. For qE[Z1] < zo its optimal solution is known to be (see [2])
XP = fPI(yPIZﬂ, where

fri(z) = {

and y©'T > 0 solves E[Z, fpr(yZ1)] = x¢. For the solution of the latter equation there
holds the following theorem. The proof is given in the appendix.

I(z), for =z € (0,U'(q)],

q, for x € (U'(q),00), (14)

Theorem 4 For q € (0,2¢/E[Z1]) there exists a unique solution y*'T > y™ of the
equation

ElZ: fri(yZ1)] = o,
and it holds  y™ T oo for q71 xo/E[Z)].
For qE|[Z,] = xy the solution of the portfolio insurer problem is X! = ¢. Since
fpr(c0) = lim fpr(z) = ¢ and we have from the above theorem y! 1 oo  for

q 1 2o/ E[Zy], we can set y©'! = 0o for qFE[Z;] = x¢ in order to incorporate this case
into the above representation X! = fp;(y"1Z,).
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4 Minimal shortfall risk

Dealing with the optimization problem (12) which arises from the Merton problem
by imposing an additional risk constraint, one has to take care about selecting the
bound ¢ for the shortfall risk. Choosing a value which is too small, then there is no
admissible solution of the problem, because the risk constraint cannot be satisfied.

In this section we will find the smallest value € of the shortfall risk measure to given
initial capital xg, shortfall level ¢ and measures @ and P. If ¢FE[Z;] < x( the bound
€ > 0 can be chosen arbitrarily small since X = ¢ satisfies the budget constraint
E[Z1X] < xy and yields a risk measure of zero. Hence, for ¢E[Z;] < xy we can set
the minimal shortfall risk to € = 0.

Remark 5 Note that the condition ¢E[Z;] < xy means that the payout ¢ at time T’
can be hedged with initial capital zy. For deterministic interest rates this would read
as Orq < xg, so a simple investment in the riskless asset yields the payoff. In general
under certain integrability conditions like those in Section 7 a hedging strategy can
be computed using Malliavin calculus.

In order to find the minimal shortfall risk € for ¢ E[Z;] > xo we consider the following
risk minimization problem

e := inf E[Zy(X —q)”| subject to E[Z,X] < . (15)

= X>0

First we investigate the case Z; = Z, which holds in particular if the measures P
and ) coincide and we use Or also as discount factor v for the risk constraint. The
following theorem is proven in the appendix.

Theorem 6 Let qFE[Z,] > xo and Zy = Zy. Then the minimum value of the
shortfall risk measure of problem (15) is & = qE|[Z1] — xy.

This minimum value is attained for all random variables X with

X €0,q] and FE[Z;X]=x.
Next, we consider a case which covers e.g. Q = P and v = .

Theorem 7 Let qE[Z1] > xy and P(A\Zy = Z3) =0 for all X > 0.
The unique optimal solution of problem (15) is

X = ql{)\*Z1§Z2}7

where \* solves E|[Z1X]| = xy which has a unique solution. The minimum value of
the shortfall risk measure is € = qE[Zo1{xz,52,})-
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The proof of the above theorem is given in the appendix. It is based on the following
lemma which follows from the consideration of the piecewise linear function

(21 — 22)8 + z2q, for s <gq,
g(s) =
218, for s>gq.

Lemma 8 Let 21,20 >0 and g : [0,00) — R be defined by

g(s) = g(s;21,22) = 215 + 22(s — q) .
Then it holds

for inf g(s) | infimum is attained for
2 < 2o 21q s=q
2 =29 | 210 = 22q all s € [0, ¢
21 > 29 Z2q s=0

5 The constrained optimization problem

In this section we deal with the portfolio optimization problem with an additional
risk constraint given in (12). The corresponding terminal wealth is denoted by X*.
We denote by €M the expected loss that can occur in the case of Merton’s problem,
ie. eM = E[Zy(XM — q)7]. Obviously we have e > g, where ¢ is the minimal
shortfall risk obtained in the last section.

The following theorem gives the form of the optimal terminal wealth depending on
the bound of shortfall risk e. Part (iii) corresponds to [2, Proposition 4] where it
was shown under the assumption that an optimal solution exists. The different cases
are similar to those in [13, Theorem 3.3| for the strict convex loss functions, cf. the
introduction. We call the risk constraint binding, if it holds with equality for the
optimal terminal wealth.

Theorem 9
The optimal terminal wealth X* of problem (12) satisfies:

(i) If ¢ > €M, then X* = XM and if E[|JU(X*)|]] < oo, then X* is the unique
optimal solution. For e > &M the risk constraint is not binding.

(i1) If 0 < € < g, then there is no solution.
(iii) If e < e < M, then the optimal terminal wealth is given by X* = f(y;Z1,y32o)
where
I(xy), for x1 < U'(q),

flz1,22) = ¢ ¢, for U'(q) <z <U'(q) + 2,
I(xy — x9), for x1>U'(q)+ xo.
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Here, yi,y5 > 0 solve the following system of equations

ElZ\f(nZ1,y222)] = w0
E[Zy(f(1Z1,9222) —q)"] = e.

There exist unique solutions of this system of equations and if E[|U(X*)|] < oo,
then X™* s the unique optimal solution. The risk constraint is binding.

() Let e =¢. For qE[Z,] <z it holds e =0 and

e { X7 or o] <20
| g for qE|[Z1] = xo.

For qE[Z,] > xq it holds
(a) if Zy = Zy (in particular for QQ = P, v = PBr), then X* = fo(ysZ1), where

(4 Jor a<Uq)
f°(‘”)‘{ 1), for @>U'(q),

and y§ > 0 is the unique solution of E[Z1 fo(yoZ1)] = xo. If E[|U(X™)|] <
oo, then X™* is unique;

(b) if P(Z1 = Zy) = 0, then the optimal terminal wealth is equal to the risk
mainimaizing terminal wealth given in Theorem 7, i.e.

X' =X= ql{,\*21322}

where X\* is the unique solution of qE[Z11{xz,<z,}] = %o.

Proof: (i) Let ¢ > &M and let us denote by X* the optimal solution of
max E[U(X)] subject to E[Z1X] < xzpand E[Zy(X —q)7] <e.
Obviously, we have E[Zy(XM — ¢)7] = e™ < & and this implies

BU(X™)] < sup E[U(X)] = E[U(X")).

E[ZQ(X*C])_]§€7 E[le]gxo

On the other hand we have E[U(X*)] < E[U(X™M)], since one can consider the
terminal wealth X™* as an admissible solution for the Merton problem. This implies
that E[U(XM)] = E[U(X*)]. Hence X* = XM and X is known to be the unique
optimal solution of the Merton problem. Since XM yields a risk measure M, for
e > eM the risk constraint is not binding.

(ii) In this case there is no admissible solution since the risk constraint cannot be
fulfilled for any X satisfying the budget constraint E[Z; X] < xq, see Section 4.
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(iii) Assume that there are unique solutions y1,y, > 0 of the following system of
equations

E[Z\f(nZ1,y222)] = w0
ElZy(f(y1Z1,y222) —q)"] = e.

The proof of the existence and uniqueness of the solutions y;, ys is given in Section
6. First, we prove that the optimal terminal wealth is

X" = f(n1 21, y225),

and after that we prove that X* is the unique optimal solution. We use the following
lemma which is proven in the appendix.

Lemma 10 Let q, 21,20 > 0 be fized and
g(x) = g(x;21,22) = U(x) — 212 — z9(x — q)~  for xz>0.
Then x* = f(z1, z2) is the unique maximizer for g(x).

Applying the above lemma pointwise for all z; = y; 71 (w) and 25 = y2Z5(w) it follows
that & = f(y121, y2Zs) is the unique maximizer of g(&;y1 21, y225).

If y1,y2 are chosen as solutions of the system of equations given in the theorem, i.e.,
11 = yi and yo = y;, then it follows £* = X* and the budget as well as the risk
constraint are binding.

Let Y be any admissible solution satisfying the budget constraint and the risk con-
straint with € < ¢ < eM. We have

EUX")] - EUY)]

E[U(X") = E[U(Y)] = yiwo + Y120 — Y€ + yse
EU(X")] = yi E[Z1 X" — 45 B[ Z2(X™ — q)7]
~(BWO)] - 5Bl Y] - g3 B(Z2(Y - q)7])

[9(X™ 59121, y2Z2) — 9(Y5 0121, y222)] 2 0, (16)

v

S

where the first inequality follows from the budget constraint and the constraint for
the risk holding with equality for X*, while holding with inequality for Y. The last
inequality is a consequence of the above lemma. Hence we obtain that X* is optimal.
In order to prove the uniqueness of X* we assume that there exists another admissible
solution Y with Y # X* on the set D with P(D) > 0 and E[U(X*)] = E[U(Y)].
Lemma 10 implies on D the strict inequality

9(X7) = 9(X%5 121,92 22) > 9(Y3y1 21,43 %2) = g(Y).
Under the assumption E[|U(X*)|] < oo we conclude that

oo > Elg(X™)] > E[g(Y)] > —oc0.
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Hence the last inequality (16) is strict. Together with the uniqueness of y7, y43 which
we prove in Section 6 this proves the uniqueness of the optimal terminal wealth X™*.

(iv) For ¢E[Z;] < x( there is a minimal risk of € = 0 and the constrained optimization

problem (12) coincides with the portfolio insurer problem (13) whose solution is known
to be X* = X7

For ¢E[Z] > x¢ there is a minimal risk of £ > 0. To prove the case (a) we consider
the function g(x) = g(x;2) = U(x) — zzx for x € [0, ¢] and fixed z > 0. We can prove
that 2* = fy(2) is the unique maximizer of g(x) on [0, g]. To this end we extend the
domain of definition of g from [0, ¢| to [0,00). On the extended domain z; = I(z)
is the unique maximizer of g. If ¢ > x; then z* = x; is the unique maximizer of
g on [0, q]. Since the function I is strictly decreasing from g > x; = I(z) it follows
z>U'(q).

Otherwise, if ¢ < x; the strict concavity of U implies that g is strictly increasing on
[0, ¢], hence z* = ¢ is the unique maximizer of g on [0, ¢|. In this case ¢ < x1 = I(2)
implies z < U’(q).

Assume Y is any terminal wealth satisfying E[Z1Y] < zp and 0 <Y < ¢. Then it
holds

BlUX)] = EU(YV)] = E[UX)] + i (w0 - E[Z1X7))
— (B + (w0 - E[Z2Y]))
= B|UX") = 521X = (U(Y) - g5 21Y )]
= Elg(X*21) —g(Y;Z1)] = 0,

where the last inequality follows from the fact that X* = fy(Z;) is the pointwise
maximizer of g(X; Z;).

The proof of the uniqueness is analogous to the corresponding proof in (iii) and relies
on the uniqueness of the solution yy of the equation E[Z; fo(yZ;1)] = xo. This is the
assertion of the following lemma which is proven in the appendix.

Lemma 11  There exists a unique solution y5 > 0 of the equation
E[Z: fo(yoZ1)] = o.

To prove case (b) we observe that the set of admissible solutions consists of random
variables which coincide with the risk minimizing terminal wealth X, hence X is
optimal. O
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6 Properties, existence and uniqueness of the so-
lution of the budget and risk equation

In the proof of Theorem 9 (iii) we assumed that a unique solution yj,y; of the
equations

ElZ\f(nZ1,y222)] = w0
E(Zy(f(1Z1,1222) —q)"] = e.

exists, i.e. for the optimal solution we have equality in the budget as well as risk
constraint. This section is devoted to the proof of this assertion.

We first study some properties of the left-hand sides of these equations and define
the budget function

F(yi,y2) = ElZ1f(y121,y225)] (17)

and the risk function

Gy, y2) = ElZ(f(n121,92722) — q)7] (18)

for (y1,42) € D C R3. For the subsequent considerations it will be sufficient to choose
the domain

D= {(y1,52) €RY : w1 € [y, 51), v2 € [0,75(v1))},
where
_ yl it qE[Z] < o,
{ oo, if qE[Zi] > xy,
{ vy, i Zy =12,

19
oo, if P(AZy=2Z5)=0forall A>0. (19)

and %ZyQ(yl) =

Here y™ and y*! denote the unique solutions of the budget equation for the Merton
and portfolio insurer problem given in Theorem 3 and 4, respectively. The restriction
Y2 <y in case of Zy = Z, ensures that f(y121,y222) = [(y1Z1—y2Z2) = 1((y1—y2) 21
for 117, > U'(q) + yaZs and Z; = Z5 is well defined.

It will be convenient to use the following notation for random events occurring in the
definition of the optimal terminal wealth. We define

A (1) :={nZ <U'(¢)},
B = B(y,y2) :=1{U'(q) <nZi <U(q) + y22>}, (20)
C = Clyny2) = {nZi > U'(q) + y222}.

Then f(y1Z1,y2Z5) can be written as

N

I(y121) on A(yr),
f(y121,y222) = q on B(ylayQ)a (21)
I(y1Z1 — y2Z2) on C(y1,92).
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6.1 Properties of the budget and risk functions

The next lemma contains some properties of the budget function F'(yq,y2). The proof
can be found in the appendix. Note that the partial derivatives of F' at the boundary
of D, i.e. for y; = yM or y, = 0, are treated as the corresponding one-sided derivatives.

Lemma 12 For the budget function F(y1,ys2) defined in (17) we have

(F'1) F(y1,y2) is continuous and continuously differentiable on D.

(F2) Fi(y1,92) == 50-F(y1,52) <0 onD.

(F3) Fy(y1,92) = 50-F(y1,52) >0 on D.

(F4) F(vao) = To and F(ylvo) < Zo fOT’ Y1 € (yMayl)

(F'5) There exists F(y1,75) = yh%l F(y1,y2) and F(y1,7,) > xo for v € (y™, 7).
The lemma below, which is proven in the appendix, gives some properties of the
risk function G(yy,y2) defined in (18) which represents the left-hand side of the risk
equation. The monotonicity of the function f(z1,xs) w.r.t. the first variable implies

that for all x; < U’(q) + x5 it holds f(z1,x2) > g while for z; > U'(q) + x5 it holds
f(x1,2z2) < q. Using these properties, the function G' can be written as

G(y1,y2) = E[Za(q — f(1121,y222)) Lo 42)]- (22)

As before, derivatives of G at the boundary of D are treated as the corresponding
one-sided derivatives.

Lemma 13  For the risk function G(y1,y2) defined in (18) and (22) there hold the
following properties.

(G1) G(y1,y2) is continuous and continuously differentiable on D.
(G2) Gi(y1,19) := aiyl(}’(yl,yQ) >0 onD.
(G3) Ga(y1,y9) := %G(yl,yQ) <0 onD.

(G4) Gy™,0) =& and G(y1,0) > ™ for y1 € (y™, 7).

6.2 Solution of the budget equation

Next we study the solution of the budget equation F'(y1,y2) = zo. The next theorem
describes properties of the set of solutions {(y1,42) € D : F(y1,y2) = xo} in particular
we study the dependence of y, on y; in this set and the asymptotic behavior of y,(y;)
if 3y, reaches the boundary values ¥ and 7, = y*! or 7, = co. The proof is provided
in appendix.
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Theorem 14

(1) For all y, € (y™,7,) there exists a unique yo = y2(y1) € (0,7,) satisfying
F(y1,y2) = xo, where F is given in (17).

(2) The function y; — ya(y1) is strictly increasing, continuous and continuously
differentiable on (y™,7,).

(3) For the limit of yo(y1) for yi | y™ it holds  y(y™) := liln}” ya(y1) = 0.
y1ly™

(4) For Zy = Zy we have the following limits:

limat for y1 — vy, of
U | Y2(y1) | v — ye(ya) fnZ1,y2(y1) Z2)
qE[Z)] <o |y |yt 0 fer(y™2,) = X"
qE[Z))| =20 | o0 | o0 0 q
qE[Z1] > zo | 0o | o0 (s fo(ygZ1)

where fpr is given in (14), fo is given in Theorem 9, (iv,a) and y§ > 0 is the
unique solution of the equation E[Zy fo(yoZ1)] = xo.

(5) If P(AZy = Z3) =0 for all A > 0 we have:

limit for y. — vy, of
U1 | y2(y1) ) Fnzy, y2(y1) 22)
qE[Z)] < mo | yFT| oo 00 feryP1zy) = xXP1
qE[Z)) =20 | o0 | o0 00 q
qE[Z1] > 2o | o0 00 AT Apz<zy =X

where \* > 0 is the unique solution of the equation (see Theorem 7)
ElZ,X] = qE[Z111z,<2:3) = 0.

Remark 15

(i) The assertions in (4) and (5) for the case ¢E[Z;] = zo can be embedded as
limiting cases into the case ¢E[Z;] > x¢ with y§ = 0 and \* = 0, respectively.

. : . .

(ii) Note that the the limits lim,, .y f(y121,y2(y1)Z2) given in (4) and (5) yield the
minimal shortfall risk e, where ¢ = 0 for ¢F[Z;] < x while for ¢E[Z;] > z the
minimal shortfall risk ¢ is given in Theorems 6 and 7.
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6.3 Solution of the budget and risk equations

After investigating the set of solutions (yi1,y2(y1)) of the budget equation now we
study the solutions of the system of the budget as well as the risk equation in the
form (yi,v3) = (y5,v2(y7)). We require ¢ € (g,e™), i.e. the bound ¢ in the risk
constraint is bounded from above by the risk measure ¢ = G(y™,0) associated to
the optimal terminal wealth of the Merton problem, and bounded from below by the
minimal risk € obtained in Section 4.

Theorem 16 Let q,z9 > 0 and € € (g,eM). Then there exist unique solutions
i € W70, w5 € (0,7:(y7)) of the system of equations

F(ylayZ) =
G(ylayZ) =

Proof:  We consider the risk function G on the set of solutions for the budget
equation studied in Theorem 14 and define the function

h(yr) = Glyr, 42(in))  for w1 € [y™, 7)),

with the function y(y;) defined in Theorem 14, (2). For y; = y* the corresponding
limit y»(y™) = 0 given in Theorem 14, (3) is used and from property (G4) it follows

h(y™) = Gy™,0) =M > ¢,

due the assumptions of this theorem. Next, we study the limit of h(y,) for y; —
7, From Theorem 14, (4) and (5) and Remark 15, it is known, that the limit
limy, 3, f(y121,y2(y1)Z2) yields the minimal shortfall risk e, where € = 0 for ¢ E[Z;] <
xo while for ¢F[Z;] > xy the minimal shortfall risk ¢ is given in Theorem 6 and 7.
Hence

h(y,) == y}ig%l h(y:) = y}ig%l G(y1,ya(y1)) = e < e.

Property (G1) and Theorem 14, (2) imply that h(y;) is continuous and continuously
differentiable on (y,7,). Below we prove, that the derivative h’ is negative and it
follows that h(y;) is strictly decreasing. This property yields that there is a unique
solution y; € (y™,7,) of the equation h(y;) = e. Finally, Theorem 14 implies that
there is a unique solution (y,v5) = (vi,v2(y7)) of the system of equations given in
the theorem.

It remains to prove h'(y;) < 0. We apply the chain rule to derive

Hiy) = %G@l,yz(yl))+8%G<y1,y2<y1>>y;<y1>
AF 1y Y2 1
- %G@l,m(yl))—%Gm,m(ym;;;ngigl;; 23
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Abbreviating the partial derivatives %F(yl,yg(yl)) by Fy and 5 G(yl,yg(yl)) by
Gy, k = 1,2, we rewrite the derivative function as

b (y1) = Gy — G2F2 7 (G1F2 G Fy)

and it suffices to prove that G Fy, — GoF) < 0.
We denote by V' = I'(y1 Z1 — y2Z2)1¢. Then we have

Gy = —E[ZoI' (17 — 2)Z11¢] = —E[Z1Z,V]
Gy = E[Zol'(niZ) — ) Z01¢] = E[Z2V]
F o= EMJ@&M@Q

VE[Z I (1 2y — s Z0)Z01¢] > E[Z2V]
Fy = —E[ZI' (2 — )21 = —E[Z17,V].

Substituting the above expressions yields

Defining Uy = Z1v/ =V and U, = Zyv/—V, substituting the above expressions into
(24) and applying Cauchy-Schwarz inequality yields

@5-Gﬁ1<(mz@wf—mﬁwEwW]
= (Bwwl) - B3 B07) <o,

hence h'(y;) = FLQ(GIFQ — G F}) < 0 because Fy > 0.

Remark 17 Usually the solutions y; and y; of the budget and risk equation cannot
be computed explicitly because the dependence of F' and G on y; and y, can be quite
involved. Therefore iterative numerical solution procedures have to be applied. The
findings of this section ensure the existence and uniqueness of the solutions y; and y3.
Further the structure of the set D gives hints for choosing the initial guess and the
monotonicity properties derived in Lemmas 12, 13 can simplify an iterative solution
procedure considerably.

For the construction of a numerical scheme one can proceed as follows. Consider the
function h(y1) = G(y1, y2(y1)) which has been used in the proof of Theorem 16. There
it has been shown that h(y™) =M > e, h(y;) — g < e for y; — 7, and the derivative
h'(y1) which is given in (23) is strictly negative. This can be used for a Newton
iteration method for the solution of the risk equation h(y1) = G(y1,y2(y1)) = € with
the initial guess 49 = y™ for which we have yo(y*) = 0. For the Newton method the
iteration sequence y¥, yl, y?, ... is defined by o™ =yF — (h(yF) — )/ (y¥).

In each iteration step we need the value of y,(y¥) for the computation of the values
of h and its derivative h’. The value of yo(y}) can be computed from the solution
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of the budget equation I(y2) = F(y¥,y2) = x, where we can again use the Newton
iteration method. For the derivative of [ it is known from Lemma 12, (F3) that

'(y2) = a%F(be) > 0.

For simple financial market models, e.g. the classical Black Scholes model with con-
stant drift, volatility and risk-free interest rate and for logarithmic or power utility
functions one can find analytical expressions for the expectations contained in the
functions F' and G and their derivatives. Hence to given y; and y, the values of F'
and G and their derivatives can be computed exactly. This is the case in [2, 7, 8, 10].
For more sophisticated market models, e.g. in case of a hidden Markov model for the
drift as in [9, 18] the expectations involved in F' and G usually cannot be evaluated
analytically but have to be approximated e.g. by using Monte Carlo simulation.

7 Optimal trading strategies

We shall derive optimal trading strategies for the most interesting case when both
constraints are binding, i.e. we assume ¢ € (g,e™). Then by Theorem 9 (iii)

Xr = f(y121,y225),

where 7y = frZp, Zo = v Z% and yi, v, are the optimal unique parameters given by
E[Z X7] =30, E[Z2(Xr—q) | =¢.

Let us denote by F w the augmented filtration generated by W. For random variables
Y € Dy, C LP(P,F}) we introduce the Malliavin derivatives DY = (DY )seqo1]

w.r.t. W as introduced in [17]. For details and suitable chain rules we also refer to
[18]. Our aim is to compute the strategies by comparing martingale representation
and Clark’s formula in Dy ; (cf. [14]): For Y € Dy,

T gt —
Y = E[Y] + / EDY | FV]dW,.
0

Note that we use the convention that for m-dimensional Y, the matrix D,Y is n X m-
dimensional with (D;Y"); ; = DiY7, where D’ denotes the operator w.r.t. W".

We cannot apply standard chain rules directly since f is not differentiable on the set
{(z1,22) : 21 = U'(q) or 21 — 20 = U'(q)}. But similar as in Section 5.1 of [16] we
can prove a chain rule if we use the following piecewise derivatives. Having certain
applications in mind, cf. Remark 21 below, we need different conditions than [16,
Proposition 5.2] and thus include the proof. As substitute for the derivative w.r.t the
first component we use

I'(z), for z <U'(q),
fl(zlv 22) = 0, for U’(Q) <z < U’(Q) + 22, Fy = fl(ylz1,?/222)
I'(z1 — 2z3), for 23 >U'(q)+ 29,
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and for the second component:

0, for 2z <U'(q),
Ja(21, 22) = 0, for U,(Q) <z < U,(Q) + 29, Fy = fo(y1 21, y22o).
—I'(z1 — 29), for 2z >U'(q)+ 22,

Theorem 18 Suppose that the conditions on the coefficients r, u, o in Section 2
are satisfied and that

(i) F=FW,
(ii) 83" is bounded,

(iii) Br,Z1,Zs € Dlvp—fl and I'(y1721), I' (1121 —y2Z2)1c € LP(P) for somep € (1,2],

() BrXr € L*(P).
Then an optimal trading strategy is given by

T = ﬁtfl(atT)flE[(DtﬁT)XT + Z/lﬁT(DtZl)Fl + y2ﬁT(DtZ2)F2 | ft]-

Proof:
(a) We want to apply Clark’s formula to

BrXr = 5Tf(y121, yQZQ) = g(ﬁT7 121, y2Z2)7

where g(z0, 21, 22) = 20f (21, 22).
(b) We shall denote by || - ||, || - ||, and || - ||z2 the Euclidean norm, and the norms
in L? = LP(Q, P) and L2((0,T)), respectively. We can choose f™ € C1((0,00)2),
n € N, such that

0<fW<f, [P = (n— o) (25)

and (denoting the partial derivatives of f™ by f™, fm)

171, 20))] < KL+ |I'(20)] + [T'(21 = 22) Loy (21 — 22)]), i=1,2,  (26)
for some constant K, and

fi(")(zl,zQ) — fi(z1,22) (n—00) forall 21,20 >0, i=12. (27)
From conditions (ii) and (iv) follows f(y;1Z1,y22) € L?* C L C L', hence by (25)
fO(yZy,ysZy) € LP, n € N. So Lebesgue’s theorem on dominating convergence
implies

1F ™ (121, 9270) = Xrllp = 0 (n — o0). (28)



20 A. Gabih, J. Sass, R. Wunderlich

By the boundedness of 3r we also get

1B f ™ (y1 Z1, y2Z5) — BrXr|i — 0 (n — ). (29)

From the conditions in the theorem we have I'(y1Z1), I'(y171 — y2Z2)1c € LP. Thus
BrFy, prEy € LP since O is bounded. And by (26) also ﬁTfi(") (121, Yy225) € LP, s0

18r £ (1 21, 4225) = BrFill, = 0 (n—00), i=1,2. (30)

(c) Now let ¢ (29, 21, 22) = 20f™ (21, 22). Then g™ has derivatives

") (21, 20)
Vg(n)(ZleaZQ) = 20f1 )( )
Zof2 )(21,22)

We shall denote
Z = (br.ypZi, o), G =g"(2Z), VG =V4"(Z).
So by (25), (28), (30)
G™ = g(2) = BrXr (inL'), VG — (Xr,frF,frF)" (in 7). (31)

By condition (iii) we know that Z € (]D)L#)g. So we can use for G™ a chain rule
like Proposition 8.4 in [18] yielding G € D;; with DG™ = (DZ)VG™. Further
Z € (Dl,%)g implies || [DZ][z2| 2. < oo. Using Holder’s Inequality and (30) we
obtain
H”DG(H) — (DZ)(Xr, BrFy, BrF2) || 12|,
< [HIVG®™ — (Xr, BrFr, BrE) 1 IDZ) e,
< |Ive™ - (XTaﬁTFlaﬁTFZ)THHp | ||DZ||L2||#

which converges for n — oo to 0 because of (31). Therefore DG™ converges to
(DZ) (X7, BrFy, BrEy)" in |||| - ||z2]li and G™ to Bp X7 in L'. Since D is a closed
operator on Dy ; we find 87 X7 € Dy with D(8rXr) = (DZ)(X7, BrF1, BrFs)".

(d) Thus we can use Clark’s formula and by condition (iv) also the Martingale Rep-
resentation Theorem can be applied, yielding

T T
vo+ [ Girlo dW = rXe =+ [ ELDGrXe) | AT d.
0 0
Due to uniqueness we get 7 by comparison of the integrands. Using (c) we obtain

= B, (0]) T E[Di(BrXr) | ).
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With D(y1Z1) = 11D Z1, D(y2Zs) = y2DZ5 the representation in the theorem follows.
Finally the martingale representation theorem guarantees E| fOT | Bio} mi||2dt] < oc.

Thus by equivalence of P and P we also have

T T
/ |Biof m||?dt < oo and / |8} (pty — 71 1) || dt < o0,
0 0

where the second inequality follows from the first, using (5) and the Cauchy-Schwarz
Inequality. So by the boundedness of 35" also (8) holds. O

We shall now provide the strategies in more detail for the two important cases which
we discussed in the introduction. First we look at PEL, corresponding to a bound on
the hedging price for the shortfall.

Corollary 19 IfQ = P and v = f3r (i.e. Zy = Z1) and the conditions of Theo-
rem 18 are satisfied we have

I(y2), 2 < T,
Xr = fp(Z)), where fp(z) =< q, S <z <
I((yf —yb)z), 2> 5o,

and y&' >0, y¥ > 0 are given as the unique solutions of
ElBrfp(Z1)] = z0.  EN(fp(Z1) =) ] =e.
The optimal trading strategy is given by
m = B Yo} ) ' E[X1 Difr + BrGp D Z1 | F).
where
Gp= yfll<yle)1{nylgU’(q)} + (1 =y () — yép)Zﬁl{(y{Lyg’)zlzzﬂ(q)}-

Next we look at FEL, corresponding to putting a bound on the expected shortfall.

Corollary 20 If Q = P (i.e. Zy = 7y) and the conditions of Theorem 18 are
satisfied, then it holds

I(yf 2), yi 2z <U'(q),
Xr = fr(Zy), where fr(z) =1 q, Ulq) <yiz<U'(q) +y5,
Iyf'z—ys), z>U'(q)+yi,

and yf' >0, y¥ > 0 are given as the unique solutions of

EBrfe(Z0)] = 20, ER(fr(Z1) —q)7] = e.
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The optimal trading strategy is given by

m = B (o] ) "\E[X1 DyBr + BrGp Dy Z1 | F)

where

Gr = yfll(yle)l{nylgU’(q)} +yi I'(yi Z1 — yQF’Y)]-{nyle’(q)+y5'y}'

Remark 21 The model in Section 2 and the conditions of Theorem 18 are general
enough to incorporate a model with partial information like e.g. presented in [18§]
after a suitable transformation to a model with full information. The details and the
numerical analysis of the corresponding strategies are deferred to a future publication.
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A Appendix

Proof of Theorem 4

For y € [yM, 00) we define the function g(y) = E[Z;fp;(yZ1)]. The function g(y) is
continuous and differentiable. This follows from Assumptions (A1) and (A2) and the
fact that fp; is a continuous and differentiable function of y. Moreover, g is strictly
decreasing since

[ I'(yz)z <0, yz€(0,U'(q)],
gy 717 = { 0. vz € (U'(g), o0),
hence
gy) = E[(%(zl Tr1Z)] = B| 231 (5201 <00 < 0. (A1)

For the value of g(y) at y = y™ it holds
9("") = E[Zifer(y™ Z1)] > BlZi fu(y™ Z1)] =

since fpr(x) > far(z) = I(x) where the strict inequality holds on (U’(q), 00). On the
other hand we find for y — oo

9(y) = E[Z1I(yZ:)1yz,<vny) + 4B Z1 1z s009}) — B[ Z1] < o

since iU '(q) | 0 and the expectation in the first expression converges to 0 while
ElZ\1yz,>u1qy) — ElZ11q] = E[Z,] for y — oo. Thus, g(y) is a continuous function
on [yM, 00) with g(y™) > z¢ and g(oc0) = lim, .o g(y) = qE[Z1] < zy. Hence the
equation g(y) = E[Z fp1(yZ:1)] = xo possesses a unique solution y =y > yM.
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The last assertion of the theorem is a consequence of the fact ¢ is a continuous and
bijective function from (y™, o) to (qE[Z1], x0). m

Proof of Theorem 6

For the function g(z) = (x—¢q)~ +a defined on [0, c0) it holds g(x) > ¢ with equality
on [0, ¢] and strict inequality on (g, 00). Let X be any non-negative random variable
satisfying the budget constraint, i.e. E[Z1X]| < ¢, then it holds

ElZa(X —a) ] = BIA(X —q)] = EIZ(X - q)] + EIZiX] - 2o
= E[Z19(X)] — w0
> E[Ziq] — v = qE[Z1] — 0.

Here, the last inequality holds with equality for all random variables X with values

in [0,¢|. The first inequality holds with equality if X satisfies the budget constraint
with equality. O

Proof of Theorem 7
Let X be any non-negative random variable satisfying the budget constraint. Then
we have for A > 0

ElZy(X —q)7| > FE[Z(X —q)7 ]+ ME[Z1X] = x0) (A.2)
= E[Zy(X —q)” + A2 X] — Az
[
[

S|

= Elg(X; 21, Z5)] — Axg

= PElg(X;A721, Zo) <20y + 9(X5 AZ0, Z9) 1z, 23] — Ao

> ANqE[Zi11pz<zy] + qQE[Z2102,52,3] — Axo. (A.3)
For Inequality (A.3) we have applied Lemma 8 pointwise with s = X (w), 21 = Z;(w)

and z5 = Z3(w). From that lemma it also follows that the inequality holds with
equality for

q, for Aj(w) < Zs(w),
X(w) =1 &(w)€[0,q], for AZj(w) = Zy(w),
0, for AZj(w) > Zs(w).

Using the condition that P(A\Z; = Z3) = 0 for all A > 0, the above random variable
coincides with X given in the theorem. Inequality (A.2) holds with equality if X
satisfies the budget constraint with equality. For X = X this leads to

o = E[Zli] = qE[Zl]-{)\ZngQ}] = h(/\)

Since P(AZy = Z5) = 0 for all A > 0 the function h(\) is a continuous and strictly
decreasing function on (0, co) with limits

h(0) := }\Lng] h(y) = qE[Z1] > xo, and h(oo) := lim h(y) = 0 < xo.

A—00
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Hence, there is a unique solution A* € (0,00) of the equation h(\) = E[Z,X] = zo.
Since for X we have equality in (A.2) and (A.3), X solves problem (15), i.e. X is risk
minimizing.

In order to find the minimum value € of the shortfall risk measure we use that X
satisfies the budget constraint with equality, i.e. E[Z1X] = q E[Z11{x2,<2,3] = 0.
Substituting into (A.3) we find

£ = E[Zy(X—q)"| = NqE[Z11 2 < 23|+ 0 E[Z2Lze 2,523 = A w0 = E[Za1 32,5 2,3

O

Proof of Lemma 10
Let us define for 2 > 0

g(r) = Ulx) -z
g2(r) = Uz) — (21 — 22)T — 22q.

Then g(z) can be written as

gl(l‘)v for iEZC]»
g(x) =
ga(2), for z<q,

The functions g; and gs are strictly concave and the unique maximizer are z7 = I(2)
and x5 = I(z; — 29) respectively. Since [ is strictly decreasing and zs > 0 we have
x] < x5. Moreover it holds

< g2(z) on (g,00)
< g(z) on [0,q)
9(a) = @) = 92(q),
and g(x) = min(g;(x), g2(x)). For deriving the maximizer of g we consider the fol-
lowing three cases.

g < 7 < In this case from ¢ < 27 = (%) it follows 2, < U’(q). For > ¢ and
x # x7 it holds
9(z) = g1(z) < g1(z) = g(a7})

while for x < g we have

9(x) = g2(7) < g2(q) = 9(q) < g(x7)

since go is strictly increasing for z < ¢ < x3. Hence, * = 27 = I(21) is the unique
maximizer for z; < U'(q).

x7 < q < x5 Here form o7 = I(21) < ¢ < a5 = (21 — %) it follows 2 > U'(q) >
21 — 2o or equivalently U'(q) < z1 < U’(q) + 2z2. For x < ¢ we find

g(x) = g2(x) < g2(q) = 9(q)
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since gy is strictly increasing for x < ¢ < x3. On the other hand for = > ¢ it holds

9(x) = g1(z) < g1(q) = g(q)

since ¢ is strictly decreasing for x > ¢ > x]. Hence, * = ¢ is the unique maximizer
for U'(q) < z1 < U'(q) + 2.

x7 < 3 < q: Now from x5 = I(2 — 23) < ¢ we find 2y > U'(q) + 22. For < g and
x # a3 it holds
9(x) = ga(x) < g2(3) = g(3)
and for z > ¢ we find
9(x) = 91(x) < g1(q) = g2(q) < g2(3) = g(x3)

since ¢ is strictly decreasing for x > ¢ > zi. Hence, 2* = x5 = I(2; — z) is the
unique maximizer for z; > U'(q) + 2». O

Proof of Lemma 11
For the function h(y) := E[Z; fo(yZ1)] defined on (0, 00) it holds

hy) = ElZi(qlag) + 1(yZ1)15,,)],

with the events A(y) = {yZ:(w) < U'(¢)} = {Z1(w) < ©12} and A(y) = Q\ A(y).

y
The function h(y) is continuous and differentiable on (0, 0o). For its derivative we find

W(y) = E[Z:1(0- 1aq) + [I(yzl)lez(y))] <0,

since I'(s) < 0 for s > 0. Hence, h(y) is strictly decreasing on (0, co) with the limits

h(0) := ili]% h(y) = E[Z:1(qlq +0-15)| = qE[Z1]
h(oo) = lim h(y) = E[Z1(¢le+0- 1) =0

since I(s) — 0 for s — oo, A(y) — Q for y — 0 while A(y) — @ for y — oc.
Thus, h(y) is a continuous and strictly decreasing function on (0,00) with limits
h(0) = qE[Z] > x¢ > 0 = h(o0) and there exists a unique solution of h(y) = xo.

Proof of Lemma 12
(F1) These properties follow from Assumptions (Al) and (A2) and the fact that f
is a continuously differentiable function of ¥y, ys.

(F2) Evaluating the derivative we find

0 0
Fi(y1,y2) = 8—y1F(y1792) =F 8—3/1(21 f(y1Z1,y222))]

= E[ZiI'(yZ)1a+0-1p+ Z7 ' (1171 — y27Z2)1¢]
—D1(y1) — Do(y1,y2) <0,
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since

Di(y) :== —E[Z{I'(11Z1)14] and  Da(y1,y2) == —E[Z1I' (1121 — y222)1¢)]

are both strictly positive for (y1,y2) € D; because of I'(s) <0 .
(F3) Evaluating the derivative yields

0 0
Fy(yr,y2) = 8—y2F(y1’y2) = E[a—yQ(Zl f(ZhZhyzZz))]
= FE[Z1-0-144+2,-0-15 — 212, I'(y11 Z1 — y2Z2)1¢|
= —E[leQ [I<y121 — yQZQ)lc] > 0,

because of I'(y1 21 — y2Z2) < 0 for all (y1,y2) € D;.

(F4) For y, = 0 it holds f(y12,0) = I(y12) and F(y1,0) = E[Z11(y1Z1)]. From the
definition of y™ it follows F(y™,0) = E[Z,1(y™Z,)] = xo. (F1) and (F2) imply
F(y1,0) < F(y™,0) = xq for y; € (y™,7,] since for fixed y, = 0 the function F(y,0)
is strictly decreasing.

(F5) For the case Z; = Z5 the definition of 7, in (19) yields 7, = y;. Since

{ I(xy), for z; <U'(q),

1' — pu—
1m f($1,$2) fP[(:L‘l) q, for Ty > U,<q>7

z2lT1

and f(x1,22) < fpr(x1) it follows from Lebesgue’s Theorem on dominating conver-
gence that

F(y1,72) = lim F(yi,y2) = ylggll E[Z\f(y1Z1,y221)] = ElZ1 fri(y1 Z1)).

y21Y2

For the case P(A\Z1= Z5) = 0 for all A > 0 we have J, = co. From lim,, . f(z1,22) =
fpr(z1) and again by using Lebesgue’s Theorem on dominating convergence we find
the limit

F(y1,7,) = lim F(y,y2) = ylggo E[Z\f(y1Z1,y222)] = E|Z1 fpi(y121)].

y21Y2

For qE[Z] < z we have 7j; = yI'T and for all y; < y7 we find from I(y,2) > I(y"12)
that fpr(y12) > frr(yF?2) with strict inequality for 3,2 < U’(q) and

F(y1,7s) = E[Z1fpi(1nZ1)] > E[Z1 fp1(y,21)] = xo.

For qE[Z1] > z it holds J; = oo. Since fpr(y12) > ¢ with strict inequality for
y1z < U'(q) it follows that for all y; < 7, we have

F(y1,7) = E[Z1fpi(1121)] > qE[Z1] > .
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Proof of Lemma 13
(G1) These properties follow from Assumptions (Al) and (A2) and the fact that f
is a continuously differentiable function of y;, ys.

(G2) Using (22) and evaluating the derivative we find

Gi(y1,y2) = %G(yhyz) = E[aiyl (Zo(q — fyi Zn, y2Z2)))1C]

= —E[ZQZl [/(ylZl — yQZQ)]-C] > 0,

since I'(s) < 0 for all s.
(G3) Evaluating the derivative yields

0

Go(yr,y2) = 8—y2G(y1’y2) = E[a% (Zo(q — fyiZn, y2Z2)))1C]

= —E[ZQ(—ZQ) I/(ylZl — yQZQ)lc] < 0.

(G4) For yo = 0 it holds f(y121,0) = I(y12) and from the definition of G and
eM it follows G(y™,0) = eM. (G1) and (G2) imply G(y1,0) > G(y*,0) = &M for
y1 € (y™,7,) since for fixed y, = 0 the function G(y;,0) is strictly increasing. 0

Proof of Theorem 14

(1) From Lemma 12 it is known that for fixed y; € (y™,7;) the function F(yi,.)
is continuous and strictly increasing with F(y;,0) < xo and F(y1,7,) > xo. Hence,
there exists a unique yo = yo(y1) in (0,7,) with F(y1,y2) = zo.

(2) The assertion follows from implicit function theorem which implies that the
derivative y5(y1) is given by

0
yh(y) = CaWe) R
2 %F(yl’yﬁ Fy(y1,92)

where properties (F1), (F2) and (F3) have been used.

(3) From assertions (1) and (2) it is known that y,(y; ) is strictly increasing on (y,7,)
and bounded from below by 0. Hence there exist the limit
M) = Tim ys(yn)

y1lyM

Y2 (y

and it remains to prove that y»(y™) = 0. The continuity of F' implies

Fy™,y2(y™) = lm F(y1, y2(31)) = zo.

y1lyM

Moreover, it holds F(y*,0) = x,. Property (F3) states that %F(yl,yQ) > 0 for
y2 € (0,7,), hence we find

o = F(y™,0)=Fy™ p™) < Fly", y) for . €(0,7,)
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which yields y,(y™) = 0.

(4) For Z; = Z, it holds ys(y1) < w1 and consequently y; — y2(y;) > 0 for all
y1 € (yM,7,). For the proof of the limits of y»(y;) for y; — ¥, given in the assertion
of the theorem it is sufficient to prove the corresponding limits of the difference
y1 — y2(y1). Since yo(y1) is on (y™,7,) continuous and strictly increasing the relation
yo(y1) < y1 implies that the difference 31 — y»(y1) for y; — 7 = y*'7 either tends to
some strictly positive real number a € (0,4%7) or to 0. For y; — § = oo there are
three candidates for the limit which are 0, o € (0, 00) and +o0.

In order to find out the correct candidate for the limit we study the asymptotic
behavior of the events A, B, C' introduced in (20) which occur in the representation
(21) for f. For Z; = Zy it holds

A) = {nZi <U(0)}

By, y2(v1)) = {U'(q) <nZi <U'(q) + y2(y1) 21}
_ {U/(Q)<Zl< U'(q) }

Y1 ~ oy — ya(y1)

Cly,y2(r1)) = {nZi >U'(q) +y2(t1) 21} = {21 > &}.

Y1 — yQ(?/l)

(4.i) The case qE[Z4] < x¢: In this case we have to study the limits for y; —
7, = y'! and we consider two candidates for the limit of y; — y2(y1) which are 0
and a € (0,y"!). For these two candidates the following table gives the limits of the
events A, B, C for y; — y©! which follow from the representation of the events given
above.

limits for y; — y*’
y1 — ya(y1) 0 ‘ a € (0,y™)
A1) {y" 2 <U'(q)} = Aly™)

Bl (o)) | (5720 > U@} | {459 < 2 < 29 — B,)

Oy, valwn) o {z>22} ~c,

Assuming the second candidate a € (0,y7) is true then from representation (21) of
f and the limits of A, B, C for y; — y*! given in the above table it follows

FnZy,y2(n) Z2) — I(y"" Z1) Layery + qlp, + 1(aZy) 1¢,

From the definition of fp; given in (14), i.e. fpr(2) = 1(2) 1i<vr(g)y + 9 1{z507(q and
from B, UC, = {y1Z; > U'(q)} we find

FnZy, () Z2) —  fer(y™ Zh) + (I(Zy) — @)1, < fri(nZ1) = X7
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since on C,, it holds I(aZ;) < I(U'(q)) = ¢. For the budget function then it follows

lim F(y,y2(y1)) = lim E[Z, f(y 21, 92(y1) Z2)] < B[Z1X"] = a0

vi—y Yy1i—y

This is a contradiction to (A.5). Hence the limit is 0, i.e. y; —y2(y1) — 0 for y; — y**
and

FnZy,p2(y1) Za) — 1" 20) Vypiz<ongy + 4 1Pz sy
= fri(y" Zy) = X"

(4.ii)) The case qE[Z;] = x¢: In this case we have to consider the limits for y; —
7, = 0o. Since ys(yy) is on (yM,00) continuous, strictly increasing with values in
(0,y1) the difference y; — y2(y1) for y; — oo either tends to some finite positive real
number « € (0,00), to 0 or to +00. The following table gives the limits of the events
A, B,C for y; — oo depending on the three possible limits of y; — y2(y1). These
limits follow immediately from the above representations of the events A, B, C' in the
proof for the case ¢FE[Z;] < xy. Moreover, the table contains the corresponding limits
of the random variables f(y1Z1,y2(y1)Z2) and of the budget function F'(yi,y2(y1)) =

E[Zyf (5121, y2(y1) Z2)].-

limits for y; — oo
y1 — y2(y1) 0 a € (0,00) 0
Alyy) @ @ @
By, y2(y1)) Q {aZy <U' ()} 2
C(y1,y2(y1)) ) {az, > U'(q)} Q
F1 2y, y2(y1) Z2) q folaZy) 0
Fyiye(y1)) | aB[Z] =20 | E[Z1fo(aZy)] 0

The limits of f follow from the representation

21,9200 22) = 1(y121) Lag) + 4 1B anw)
+((y1 — y2(y1))Z1) e pem) (A4)
the relations I(s) — 0 for s — oo and I((y1 — y2(v1))Z1) < I(U'(q)) = q on
C(y1,y2(y1)) by using the limits of the events A, B, C.
Since y5(y1) for all y; > y™ satisfies the budget equation F(y1,y2(y1)) = g it follows

y}EHOOF(yhyz(yl)) = ZXo- (A.5)
With the above relation we can exclude the second and third candidate for the limit
of y1 — ya(y1). Assuming this limit is co then it yields F(y1,y2(y1)) — 0 < g
while assuming a finite limit a € (0,00) we find F(y1,y2(y1)) — E[Z1fo(aZy)] <
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qE[Z)] = xo, since fo(z) = q1i<vrqy +1(2) Lzsvngy < g and I(z) < I(U'(q)) = ¢
for z > U’(q). Thus both assumptions lead to a contradiction to (A.5). Hence the
limit is 0, i.e. y;3 — y2(y1) — 0 for y; — oo and it holds f(y121, y2(y1)Z2) — q.

(4.iii) The case qE[Z;] > x¢: As in the above case it holds y; = oo and we first
prove y; — y2(y1) — y5. This implies y2(y1) — o0o. Again, there are three candidates
for the limit of y; —y2(y1), namely 0, a finite positive limit o and co. We can exclude 0
and oo since then according to the table given in (4.ii) the limit of the budget function
F(y1,y2(y1)) would be ¢E[Z,] > xy and 0 < xg, respectively. This is a contradiction
to (A.5).

Hence there is a finite limit « € (0, 00) and f(y1 21, y2(y1)Z2) — fo(aZ1). In order to
determine the value of « we use (A.5) which gives F(y1,y2(y1)) — E[Z1fo(aZ1)] = xo.

Hence, a coincides with the solution y; of the budget equation given in the assertion
of the theorem.

(5) For the proof of ya(y1) — oo for y; — ¥, it is sufficient to prove the limits for
y2(y1)/y1 given in the assertion. Since yo(y;) is positive and strictly increasing the
limit of yo(y1)/y1 for y; — y¥7! is either a finite and positive real number a € (0, c0)
or co. For y; — oo there is a third candidate which is 0. As in the proof of assertion
(4) we study the asymptotic behavior of the events A, B,C. While the results for
A = A(y;) remain unchanged the dependence of B and C' on y, and the assumption
P(\Zy = Zy) = 0 for all A > 0 which implies P(Z; = Z,) = 0 require a different
approach. It holds

By, y2(y1)) = {U'(q) <nZi < U'(q) + y2(y1) Z2}
- {M <7, < Ula) | yz(yl)Zg} (A.6)

h (2 U
U/
(Q) + yz(yl)Zg}.
Y1 Y1

Clyr () = {ylzl>U'<q>+y2<y1>zg}={zl>

(5.i) The case qE[Z;] < x¢: Here we have to consider the limits for y; — 7. The
following table gives the limits of the events A, B, C' depending on the two possible

limits for ya(y1)/y1.

limits for y; — y!
yﬁ“) a € (0,00) ‘ 00
A(yr) {2, <U'(q)} = A"
By, y2(n1)) | {U'(q) <y™'Z1 <U'(q) + o™ Zo} | {y"'Z, > U'(q)}
=: B,
Clyr, v2(n)) | {v™21 > U'(q) + oy Zs} =: C4 %)

Assume that there is a finite limit o € (0,00). Then from representation (21) of f
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and the limits of A, B, C for y; — y' given in the table it follows
FnZy,y2(y1) Z2) — I(y™ Z0) Lagery + q1p, + 1y 21 — ay™' Zs) 1¢,

Using the definition of fp; given in (14), i.e. fpr(2) = 1(2) Li<vr(q)} +q 1iz507(g)} and
B,UC, ={y1Z, > U'(q)} we deduce

fwiZy,yo()Za) —  fei(y"" Z1) + Uy 20 — ay™ Z5) — q)1c,
< fPI(Plzl) — XPI

since on C,, it holds I(y"'Z, —ay"™ Z,) < I(U'(q)) = q. For the budget function then
it follows
lim Fy,y2()) = lim E[Z,f(y121,92(91) Z2)] < B[Z1X"'] = .
y1—y yi—y

This is a contradiction to (A.5). Hence the limit ist oo, i.e. ), o for y; — !

1
Y1
and

FnZy,y2(y1)Zs) — Iy Z0) Lyrrzi<ongn + @ Liyrrzisuio)
— fPI(yPIZI) — XPI.

(5.ii)) The case qE[Z;] = x¢: In this case it holds §; = oo and we have to check
whether the limit of y2(y1)/y1 is 0, € (0,00) or co. The next table gives the limits
of A, B,C as well as of the random variables f(y121,y2(y1)Z2) and of the budget
function F'(y1,y2(y1)) for y; — oo.

limits for y; — oo
% 0 a € (0,00) 00
Alyy) 2 @ @
B(y1,y2(y1)) ) {Z1 < aZ>} Q
Cy1,y2(v1)) Q {Z1 > aZs} )
fnZ1, y2(y1) Z2) 0 41{z,<az5) q
F(y1,y2(v1)) 0 4E[Z11{7,<az,)] qE[Z1]

The limits for the events A, B,C follow immediately from representation (A.6) of
these events. In order to prove f(y1Z1,y2(y1)Z2) — 0 for the case ys(y1)/y1 — 0 we
use the relation (21) and deduce

FnZ1,y2(01) Z2) = 151 Z1) L a4 1B o) L (121 —=y2(11) Z2) Lo, o))
— 0-1z + qlg + 0-1=0,

since I(s) — 0 for s — oo and

nZ1 —y2(y1)Z2 = <Z1 — yz;y1>22) — 00
1
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for y; — oo. Similarly, in case of ya2(y1)/y1 — « € (0, 00) we obtain

fwnZy,yo(n)Z2) — 0-1g + qlizi<azey +  0-1liz5a2:)

= 4q 1{Z1 <aZs}s
where we use that on C(y1,y2(y1)) it holds

Yo (?Jl)
Y1

U'q) <12y —yo(y1)Z2 =y (Z1 - Zz) — 00

for y; — oco. Looking at the limits of the budget function F'(y;,y2(y1)) given in the

above table we can exclude the cases ya(y1)/y1 — 0 and a € (0, 00) since in both cases

it holds lim F(y1,y2(y1)) < qE[Z1] = xo which contradicts relation (A.5). Hence
y1—00

it holds y2(y1)/y1 — o0, consequently y2(y1) — oo and f(y1Z1,y2(y1)Z2) — q for
Yy — OQ.

(5.iii) The case qE[Z;1] > x¢: Considering the three candidates 0, € (0,00) and
oo for the limit of y2(y1)/y1 we can exclude 0 for the same reason as in the above
case qFE[Z;] = xy. Assuming the limit is oo then according to the table given in (5.ii)
for the budget function it follows F(y1,y2(v1)) — qFE[Z1] > xo which contradicts
relation (A.5). Hence there is a finite limit a@ € (0,00) and again from the table
given in (5.ii) we find f(y121,92(y1)Z2) — q1li{z,<az,}- From (A.5) then it follows
F(y1,y2(1)) — q¢E[Z11{z,<az,}] = To.

Comparing with Theorem 7 it follows that « is equal to 1/A* where A\* is the solution
of qE[Z11xz,<2,}] = 0. Moreover, the limit of f(y1 21, y2(y1)Z2) for y1 — oo is equal
to the risk minimizing random variable X = q1{y<z,<z,}- 0



