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Abstract. We examine nonstationary inverse problems in which the time evolution of the unknown
quantity is modelled by a stochastic partial differential equation. We consider the problem as a
state estimation problem. The time discrete state evolution equation is exact since the solution
is given by an analytic semigroup. For the practical reasons the space discretization of the time
discrete state estimation system must be performed. However, space discretization causes an error
and inverse problems are known to be very intolerant to both measurement errors and errors in
models. In this paper we analyse the discretization error so that the statistics of the discretization
error can be taken into account in the estimation. We are interested in the related filtering problem.
A suitable filtering method is presented. We also verify the method using numerical simulation.

1 Introduction

We are interested in the values of a quantity X in a domain along time. We are not able
to perform direct measurements of X but a quantity Y can be observed at direct time
instants. The interdependence between X and Y is assumed to be known and there is a
measurement noise in the measured values of Y . The time evolution of X is presented by
a known model with a source term representing possible modelling errors. The aim is to
estimate the values of X based on the observed values of Y .

Nonstationary inverse problems are often treated as a state estimation problems, i.e., the
quantity of interest Xk and the measurements Yk at the measurement instants tk are
assumed to satisfy the evolution and observation equations

Xk+1 = fk+1(Xk,Wk+1), k = 0, 1, . . . ,
Yk = gk(Xk, Sk), k = 1, 2, . . .

(1)

where fk and gk are known mappings and Wk and Sk are noise processes. Model (1) is
called a state estimation system or a state-space model. We want to calculate an estimator
for Xk based on observed values of Y1, . . . , Yk for all k ∈ N.

In many applications the exact modelling of a physical phenomenon may lead to a case
in which the state of the system is an element in an infinite-dimensional space. For
example, in several physical phenomena the state of a system is presented as a function
which satisfies a partial differential equation, e.g., the thermal equation or the convection–
diffusion equation. However, to treat the state estimation problem numerically, we need
to represent the state by means of finitely many degrees of freedom and approximate the
exact model with a finite-dimensional model, i.e., discretize the state estimation system
(1). Discretization usually causes discrepancy between the solution given by the finite-
dimensional model and the exact solution. Since inverse problems are often ill-posed,
and hence solutions may be sensitive to errors, discretization errors may have a dramatic
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effect on the quality of the solution. To overcome this problem we can make the finite-
dimensional model more accurate, i.e., increase the discretization level. However, that will
also increase computational burden and memory consumption.

Approximation and modelling errors in stationary inverse problems have been researched
in [5, 6]. In these references approximation and modelling errors are examined using
statistical analysis. In addition, a method which takes an approximation error into account
and allows a lower discretization level without weakening the quality of the solution to
an estimation problem is introduced. The method is based on Bayesian inversion theory.
The method has been applied to several applications, for example, image reconstruction
[5], electrical impedance tomography [5] and optical tomography [2].

Discretization error in nonstationary inverse problems has been studied in [12, 13, 4]. In
paper [4] discretization errors are approximated by the discrepancy between two different
finite-dimensional models. In references [12, 13] the distribution of approximation errors
are determined by using an infinite-dimensional model. This has such an advantage that
the tenability of the distributions of discretization errors do not depend on any of our
choices related to discretization. In addition, the use of an infinite-dimensional model
gives us a straightforward way to determine the distributions of the initial state and the
state noise. In finite-dimensional models the choice of the initial state and the state noise is
usually someway based on discretization or a mesh. Therefore if the discretization level is
changed, the statistical properties of the initial sate and the state noise are not necessarily
reserved properly. This cannot occur when the distributions of the initial state and the
state noise are determined based on an infinite-dimensional model and are discretized
properly.

In this paper we carry out a further research of the study in [12, 13]. We examine the
presented method using a numerical example. In addition, the estimation problem is
solved using the filtering method presented in [4] which is more usable from the practical
point of view than the method presented in [13].

For simplicity, the discussion in [12, 13] and here have been restricted to linear nonsta-
tionary inverse problems in which the time evolution of the state of system is modelled
by a (stochastic) parabolic partial differential equation under certain assumptions. The
temporal discretization of the continuous infinite-dimensional state estimation system is
exact since the solution to the evolution equation is given by an analytic semigroup. Hence
the space discretization is only analysed.

This paper is divided into the following sections. In section 2 we represent an infinite-
dimensional state estimation system and its discretization. In section 3 we give a brief
description of the estimation algorithm used in this paper. The one-dimensional model
case with the numerical implementation is introduced in section 4. Discussion is given in
section 5.

2 Discretized state estimation system

In this section we summarize results concerning the discretization of the linear state es-
timation system presented in paper [13]. We concentrate on the case where the state
estimation equation is given by a second order stochastic partial differential equation.

Let D ⊂ Rd be a domain that corresponds to the object of interest. We denote by
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X = X(t, x), x ∈ D, the unknown distribution of the physical quantity we are interested
in at time t ≥ 0. We assume that X(t, ·) belong to L2(D) for every t ≥ 0.

Assumption 1. Let D be either Rd or an open subset of Rd with uniformly C2-smooth
boundary ∂D. Let aij, bi and c be bounded uniformly continuous functions from D̄ to R
and βi and γ be bounded uniformly continuously differentiable functions from D̄ to R for
all i, j = 1, . . . , d. We assume that the matrix [aij(x)]di,j=1 is symmetric for all x ∈ D̄ and

d∑

i,j=1

aij(x)ξiξj ≥ δ|ξ|2

for all x ∈ D̄ and ξ ∈ Rd with some δ > 0. If D is a proper subset of Rd, we suppose that

inf
x∈∂D

∣∣∣∣∣
d∑

i=1

βi(x)ni(x)

∣∣∣∣∣ > 0

where n(x) = (n1(x), . . . , nd(x)) is the exterior unit normal vector to ∂D at a point x ∈
∂D.

Let assumption 1 be fulfilled. We define an elliptic second order differential operator A by

A : D(A) ⊂ L2(D) → L2(D), f 7→
d∑

i,j=1

aij∂i∂jf +
d∑

i=1

bi∂if + cf

where

D(A) =

{
f ∈ H2(D) :

(
d∑

i=1

βi∂if + γf

)
∂D

= 0

}
.

We would like to model the time evolution of the quantity X by the parabolic PDE

d
dt

X(t, x) = AX(t, x) (2)

for all t > 0 and x ∈ D. Since we cannot be sure that equation (2) is the correct
evolution model for X, we suppose that instead of being a deterministic function X is a
stochastic process {X(t)}t≥0 with values in L2(D). The stochastic nature of X allows us
to incorporate modelling uncertainties into the time evolution model.

Assumption 2. Let x0 ∈ L2(D), Γ0 and Q be positive self-adjoint trace class operators
from L2(D) to itself with trivial null spaces, and T > 0.

When assumption 2 is valid, according to Kolmogorov’s existence theorem [15, remark
II.9.2] there exist a probability space (Ω,F ,P), a Q-Wiener process W (t), t ∈ [0, T ], in
(Ω,F ,P) with values in L2(D) and an L2(D)-valued random variable X0 in (Ω,F ,P) such
that X0 and W (t) are independent for all t ∈ (0, T ] and X0 is Gaussian with mean x0

and covariance Γ0 [14, propositions 2.18 and 4.2]. The time evolution of the process X is
modelled by the stochastic partial differential equation

dX(t) = AX(t)dt + dW (t) (3)

for every t > 0 with the initial value

X(0) = X0. (4)
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The term dW (t) is a source term representing possible modelling errors in the time evo-
lution model.

Let Y = Y (t) denote the quantity that we are able to measure for all t > 0. Since
in practical measurements only finite-dimensional elements can be observed, we suppose
that the values of Y belongs to the space RL. We assume that the dependence of Y upon
the state X is known up to an observation noise. The quantity Y is described by the
stochastic process {Y (t)}t∈(0,T ] with values in RL. The measurement process is modelled
by the equation

Y (t) = C(t)X(t) + S(t)

for all 0 < t ≤ T where {C(t)}t∈(0,T ] is a family of bounded linear operators from L2(D)
to RL and S(t), t ∈ [0, T ], is an RL-valued stochastic process. The process S represents
possible measurement errors.

According to assumption 1 the operator A generates a strongly continuous analytic semi-
group {U(t)}t≥0 [9, chapters 2–3]. Therefore there exists the weak solution to the state
evolution equation (3) with the initial value (4) [14, theorem 5.4]. We assume that the
measurements are made in time instants 0 < t1 < . . . < tn ≤ T . We use the notation
t0 := 0 and ∆k+1 := tk+1−tk for all k = 0, . . . , n−1. Furthermore, we denote Ck := C(tk),
Sk := S(tk), Xk := X(tk) and Yk := Y (tk) for all k = 1, . . . , n. Then the time discrete
state estimation system is

Xk+1 = U(∆k+1)Xk + Wk+1, k = 0, . . . , n− 1, (5)
Yk = CkXk + Sk, k = 1, . . . , n (6)

where the state noise Wk+1 is given by the formula

Wk+1 =
∫ tk+1

tk

U(tk+1 − s) dW (s).

The time discrete estimation system (5)–(6) is exact since the state evolution equation (3)
with the initial value (4) is solved by using the analytic semigroup {U(t)}t≥0.

The realizations of the process X are in the space L2(D). We want to discretize in space
the time discrete state estimation system (5)–(6). We choose a finite-dimensional subspace
of L2(D) and assume that the realizations of the process X are in that subspace. Since we
want that the projection of X to the chosen subspace is in some sense close to X, we choose
the subspace from a sequence of appropriate discretization spaces. The family {Vm}∞m=1

of finite-dimensional subspaces of L2(D) is called a sequence of appropriate discretization
spaces in L2(D) if Vm ⊂ Vm+1 for all m ∈ N and ∪Vm = L2(D). Then the projections to the
subspaces converge pointwise to the identity operator. Hence ‖Xk(ω)−PmXk(ω)‖L2(D) →
0 as m →∞ for all k = 0, . . . , n and ω ∈ Ω where Pm is the projection from L2(D) to Vm

for all m ∈ N.

Let {Vm}∞m=1 be a sequence of appropriate discretization spaces in L2(D) and {ψm
l }Nm

l=1

be an orthonormal basis of Vm for all m ∈ N. The projection of an L2(D)-valued random
variable Z to the subspace Vm can be identified with the vector containing the coordinates
in the basis {ψm

l }Nm
l=1, i.e., Zm := ((Z, ψm

1 ), (Z, ψm
2 ) . . . , (Z,ψm

Nm
))T for all m ∈ N. We view

Zm as a discretized version of the random variable Z at the discretization level m. If Z
is a Gaussian random variable, Zm is a normal RNm-valued random variable [10, theorem
A.5].
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Let the discretization level m be fixed. We denote by (·, ·) the inner product in L2(D).
By using the time discrete state evolution equation (5) we obtain

(Xm
k+1)i = (U(∆k+1)Xk + Wk+1, ψ

m
i )

= (U(∆k+1)PmXk, ψ
m
i ) + (U(∆k+1)Xk − U(∆k+1)PmXk, ψ

m
i ) + (Wk+1, ψ

m
i )

=
Nm∑

j=1

(U(∆k+1)ψm
j , ψm

i )(Xm
k )j + (εm

k+1)i + (Wm
k+1)i

for all i = 1, . . . , Nm where the stochastic process

εm
k+1 = ((Xk, (I − Pm)U∗(∆k+1)ψm

1 ), . . . , (Xk, (I − Pm)U∗(∆k+1)ψm
Nm

))T

represents the discretization error in the evolution equation and

Wm
k+1 = ((Wk+1, ψ

m
1 ), . . . , (Wk+1, ψ

m
Nm

))T

is the state noise vector for all k = 0, . . . , n−1. By the Riesz representation theorem there
exist functions ϕ

(k)
p ∈ L2(D) such that (Ckf)p = (f, ϕ

(k)
p ) for all f ∈ L2(D), k = 1, . . . , n

and p = 1, . . . , L. Thus

(Yk)p =
(
Xk, ϕ

(k)
p

)
+ (Sk)p =

(
PmXk, ϕ

(k)
p

)
+

(
Xk − PmXk, ϕ

(k)
p

)
+ (Sk)p

=
Nm∑

j=1

(
ψm

j , ϕ(k)
p

)
(Xm

k )j + (νm
k )p + (Sk)p

for all p = 1, . . . , L where the process

νm
k =

((
Xk, (I − Pm)ϕ(k)

1

)
, . . . ,

(
Xk, (I − Pm)ϕ(k)

L

))T

represents the discretization error in the observation equation for all k = 0, . . . , n− 1.

Let Am
k and Cm

k be matrices given by

(Am
k )ij := (U(∆k)ψm

j , ψm
i ) and (Cm

k )pj :=
(
ψm

j , ϕ(k)
p

)

for all i, j = 1, . . . , Nm, k = 1, . . . , n and p = 1, . . . , L. Then the state estimation system
for the finite-dimensional processes {Xm

k }n
k=0 and {Yk}n

k=1 is

Xm
k+1 = Am

k+1X
m
k + εm

k+1 + Wm
k+1, k = 0, . . . , n− 1, (7)

Yk = Cm
k Xm

k + νm
k + Sk, k = 1, . . . , n. (8)

Equations (7) and (8) form a state estimation system whose statistics conform to the time
discrete state estimation system (5)–(6).

3 Solution to the discretized filtering problem

We denote the random variables which we are able to observe by Dk := (Y T
k , Y T

k−1, . . . , Y
T
1 )T

and the measured data, i.e., a realization of Dk by dk := (yT
k , yT

k−1, . . . , y
T
1 )T for all

k = 1, . . . , n. We are interested in a real-time monitoring for the quantity X. Hence
for all k = 1, . . . , n we want to find an estimate for the state Xm

k based on the measure-
ments up to the time instant tk, i.e., based on Dk = dk. From the statistical point of view
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all available information about Xm
k provided by these measurements is contained in the

conditional distribution of Xm
k given Dk = dk denoted by µ̄k. The aim in this section is

to determine µ̄k for all k = 1, . . . , n.

The state noise Wk+1 is a Gaussian random variable for all k = 0, . . . , n− 1 [13, p. 368].
Hence the state noise vectors are normal. Furthermore, Wm

k+1 is independent of Xm
l and

εm
l+1 for all l ≤ k and k = 0, . . . , n − 1, and the state noise vectors Wm

k and Wm
l are

mutually independent for all k 6= l [13, pp. 371–372]. For the observation noise we make
the following assumption.

Assumption 3. The observation noise vectors Sk are chosen such a way that they are
normal random variables, the mean ESk is zero and Sk is independent of X0 for all k =
1, . . . , n. In addition, Sk and Sl are mutually independent for all k 6= l and Sk and Wm

l

are mutually independent for all k, l = 1, . . . , n.

Let k ∈ {1, . . . , n}. With assumption 3 the joint distribution of Xm
k and Dk is normal

[13, lemma 1]. Hence the conditional distribution of Xm
k given Dk = dk is also a normal

distribution (e.g., see [5, theorem 3.5]) and is determined by the expectation and the
covariance matrix. We could solve the expectation η̄k and the covariance matrix Σ̄k of µ̄k

from the formulae (e.g., see [5, theorem 3.5])

η̄k = EXm
k + cor(Xm

k , Dk) cov(Dk)−1(dk − EDk), (9)
Σ̄k = cov Xm

k − cor(Xm
k , Dk) cov(Dk)−1 cor(Xm

k , Dk)T . (10)

However, the dimension of the estimation problem increases over time, especially if the
number of measurements is large. Hence, instead of using equations (9) and (10), the
estimation problem is usually solved using recursive methods in which the task is reduced
to determining µ̄k+1 from µ̄k based on the state-space model and the information provided
by the measurement yk+1.

A widely used recursive method to solve filtering problems concerning finite-dimensional
state estimation systems is the Kalman filter (e.g., see [7, 1, 3]). In the Kalman filtering
method it is assumed that the noise terms are independent of the state. In our case, the
terms εm

k+1 and νm
k representing the discretation errors depend on Xm

k for all k. Hence
we cannot use the Kalman filtering method. In paper [4] a filtering method for the case
where noise terms depend on the state is introduced. We use that method to solve the
discretized filtering problem.

We calculate also the conditional distribution of Xm
k+1 given Dk = dk denoted by µ̃k+1 for

all k = 0, . . . , n − 1. The distribution µ̃k+1 is normal [13, lemma 1] and [5, theorems 3.5
and 3.6]. For shortening the notation the expectation of µ̃k+1 is marked with η̃k+1 and the
covariance matrix with Σ̃k+1. In future, for square-integrable random variables Z1 and Z2

we denote by Edk(Z1) and covdk(Z1) the conditional expectation and covariance of Z1 given
Dk = dk, respectively, and by cordk(Z1, Z2) the conditional cross-correlation of Z1 and Z2

given Dk = dk for all k = 1, . . . , n. For k = 0 we set Ed0(Z1) = EZ1, cord0(Z1) = cor(Z1)
and cord0(Z1, Z2) = cor(Z1, Z2). The solution to the discretized filtering problem is given
by the following theorem, which summarizes the results given in [4].

Theorem 4. We suppose that assumptions 1, 2 and 3 are fulfilled. The expectations and
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the covariance matrices of the conditional distributions µ̄k+1 and µ̃k+1 are given by

η̃k+1 = Am
k+1η̄k + Edk(εm

k+1), (11)

Σ̃k+1 = Am
k+1Σ̄k(Am

k+1)
T + covdk(εm

k+1) + cov(Wm
k+1)

+ Am
k+1 cordk(Xm

k , εm
k+1) + cordk(εm

k+1, X
m
k )(Am

k+1)
T , (12)

η̄k+1 = η̃k+1 + Km
k+1

(
yk+1 − Cm

k η̃k+1 − Edk(νm
k+1)

)
, (13)

Σ̄k+1 = Σ̃k+1 −Km
k+1

(
Cm

k Σ̃k+1 + cordk(νm
k+1, X

m
k+1)

)
(14)

for all k = 0, . . . , n− 1 where the matrix Km
k+1 is

Km
k+1 =

(
Σ̃k+1(Cm

k )T + cordk(Xm
k+1, ν

m
k+1)

)

×
{

Cm
k Σ̃k+1(Cm

k )T + covdk(νm
k+1) + cov(Sk+1)

+ Cm
k cordk(Xm

k+1, ν
m
k+1) + cordk(νm

k+1, X
m
k+1)(C

m
k )T

}−1
. (15)

Equations (11)–(15) can be used to solve the filtering problem recursively if the conditional
expectations, the conditional covariance matrices and the conditional cross-correlation
matrices related to εm

k+1 and νm
k are known for all k.

3.1 The distributions of the error vectors εm
k+1, νm

k and Wm
k

To be able to solve the filtering problem concerning the discretized state estimation sys-
tem (7)–(8) we need to determine the vectors Edk(εm

k+1) and Edk(νm
k+1) and the matri-

ces covdk(εm
k+1), covdk(νm

k+1), cordk(Xm
k , εm

k+1), cordk(Xm
k+1, ν

m
k+1) and cov(Wm

k+1) for all
k = 0, . . . , n − 1. Since the joint distribution of the discretization errors and the mea-
surement is normal (proved similarly as [13, lemma 1]), we could solve, for example, the
conditional distributions of εm

k+1 given Dk = dk by using similar formulae as (9)–(10) for
all k = 0, . . . , n − 1 (e.g., see [5, theorem 3.5]). However, also in that case the dimension
of the problem increases over time and that is what we wanted to avoid. Therefore we
choose an another approach.

By the definition of εm
k+1,

(Edk(εm
k+1))i = (Edk(Xk), (I − Pm)U∗(∆k+1)ψm

i ),

(covdk(εm
k+1))ij = (covdk(Xk)(I − Pm)U∗(∆k+1)ψm

j , (I − Pm)U∗(∆k+1)ψm
i ),

(cordk(Xm
k , εm

k+1))ij = (covdk(Xk)(I − Pm)U∗(∆k+1)ψm
j , ψm

i )

for all i, j = 1, . . . , Nm and k = 0, . . . , n− 1. Furthermore, for νm
k+1 we have

(Edk(νm
k+1))p =

(
Edk(Xk+1), (I − Pm)ϕ(k+1)

p

)
,

(covdk(νm
k+1))pq =

(
covdk(Xk+1)(I − Pm)ϕ(k+1)

q , (I − Pm)ϕ(k+1)
p

)
,

(cordk(Xm
k+1, ν

m
k+1))ip =

(
covdk(Xk+1)(I − Pm)ϕ(k+1)

p , ψm
i

)

for all i = 1, . . . , Nm, k = 0, . . . , n − 1 and p, q = 1, . . . , L. There is no straightforward
way to calculate the conditional expectations Edk(Xk) and Edk(Xk+1) and the conditional
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covariances covdk(Xk) and covdk(Xk+1) for all k = 0, . . . , n − 1. Hence we neglect the
dependence of the measurements and approximate Edk(Xk) ≈ EXk, Edk(Xk+1) ≈ EXk+1,
covdk(Xk) ≈ cov(Xk) and covdk(Xk+1) ≈ cov(Xk+1) for all k = 0, . . . , n − 1. By per-
forming the approximation the conditional expectations, the conditional covariances and
the conditional correlations of the discretization errors are replaced by the regular ones.
For example, Edk(εm

k+1) is replaced by E(εm
k+1) for all k = 0, . . . , n − 1. The error related

to the replacement of the conditional expectations, the conditional covariances and the
conditional correlations with the regular ones is not analysed in this paper.

The preceding approximations yield the following formulae (see [13] for details). The
expectations of the discretation errors are

E(εm
k+1) = [(U(tk+1)x0, ψ

m
i )]Nm

i=1 −Am
k+1 [(U(tk)x0, ψ

m
i )]Nm

i=1 (16)

and
E(νm

k+1) =
[(

U(tk+1)x0, ϕ
(k+1)
p

)]L

p=1
− Cm

k+1 [(U(tk+1)x0, ψ
m
i )]Nm

i=1 (17)

for all k = 0, . . . , n− 1. For shortening the notation we denote

(Γψ
k,l)ij := (U(tk)Γ0U

∗(tl)ψm
i , ψm

j ),

(Γψ,ϕ
k,l )ip :=

(
U(tk)Γ0U

∗(tl)ψm
i , ϕ(k)

p

)
,

(Γϕ
k,l)pq :=

(
U(tk)Γ0U

∗(tl)ϕ(l)
p , ϕ(k)

q

)
,

(Qψ
k,l(s))ij := (U(tk − s)QU∗(tl − s)ψm

i , ψm
j ),

(Qψ,ϕ
k,l (s))ip :=

(
U(tk − s)QU∗(tl − s)ψm

i , ϕ(k)
p

)
,

(Qϕ
k,l(s))pq :=

(
U(tk − s)QU∗(tl − s)ϕ(l)

p , ϕ(k)
q

)

for all i, j = 1, . . . , Nm, k, l = 0, . . . , n, p, q = 1, . . . , L and s ∈ [0, tk ∧ tl]. Then the
covariance matrices of the discretization errors are

cov(εm
k+1) = Γψ

k+1,k+1 − Γψ
k,k+1(A

m
k+1)

T −Am
k+1Γ

ψ
k+1,k + Am

k+1Γ
ψ
k,k(A

m
k+1)

T

+
∫ tk

0

[
Qψ

k+1,k+1(s)−Qψ
k,k+1(s)(A

m
k+1)

T
]

ds

−
∫ tk

0

[
Am

k+1Q
ψ
k+1,k(s)−Am

k+1Q
ψ
k,k(s)(A

m
k+1)

T
]

ds (18)

and

cov(νm
k+1) = Γϕ

k+1,k+1 − Cm
k+1Γ

ψ,ϕ
k+1,k+1 − (Cm

k+1Γ
ψ,ϕ
k+1,k+1)

T + Cm
k+1Γ

ψ
k+1,k+1(C

m
k+1)

T

+
∫ tk+1

0

[
Qϕ

k+1,k+1(s)− Cm
k+1Q

ψ,ϕ
k+1,k+1(s)

]
ds

−
∫ tk+1

0

[
Qψ,ϕ

k+1,k+1(s)
T (Cm

k+1)
T − Cm

k+1Q
ψ
k+1,k+1(s)(C

m
k+1)

T
]

ds (19)

for all k = 0, . . . , n− 1. The correlation of the process Xm
k and discretization errors are

cor(Xm
k , εm

k+1) = Γψ
k+1,k − Γψ

k,k(A
m
k+1)

T +
∫ tk

0

[
Qψ

k+1,k(s)−Qψ
k,k(s)(A

m
k+1)

T
]

ds (20)
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and

cor(Xm
k+1, ν

m
k+1) = Γψ,ϕ

k+1,k+1 − Γψ
k+1,k+1(C

m
k+1)

T

+
∫ tk+1

0

[
Qψ,ϕ

k+1,k+1(s)−Qψ
k+1,k+1(s)(C

m
k+1)

T
]

ds (21)

for all k = 0, . . . , n− 1.

With the same notation the covariance matrix of the state noise vector is (see [13] for
details)

cov(Wm
k+1) =

∫ tk+1

tk

Qψ
k+1,k+1(s) ds (22)

for all k = 0, . . . , n− 1.

4 One-dimensional model case

As an example of nonstationary inverse problems we examine a one-dimensional model for
process tomography. We are interested in the real-time monitoring of the concentration
distribution of a given substance in a fluid moving in a pipeline. We assume that the con-
centration distribution is rotationally symmetrical. Then we can use a one-dimensional
model. Since we do not want to use inexact boundary conditions in the input and out-
put end of the pipe, we suppose that the pipeline is infinitely long. The time evolution
of the concentration distribution is modelled by the stochastic convection–diffusion equa-
tion. Measurements are obtain by observing point values of the concentration distribution
through a blurring kernel and an additive noise. We view the problem as a state esti-
mation problem and use the methods of the previous section to solve the corresponding
discretized filtering problem. This problem is partly presented in doctoral thesis [12]. The
numerical implementation of the problem was not included to the dissertation.

Let x0 ∈ L2(R), Γ0 and Q be positive self-adjoint trace class operators from L2(R) to itself
with trivial null spaces, and T > 0. There exist a probability space (Ω,F ,P), an L2(R)-
valued Q-Wiener process {W (t)}t∈[0,T ], and an L2(R)-valued Gaussian random variable X0

with mean x0 and covariance Γ0 such that X0 and W (t) are independent for all t ∈ (0, T ].
The time evolution of the concentration distribution X is modelled by the stochastic initial
value problem {

dX(t) = AX(t)dt + dW (t), t > 0,

X(0) = X0

(23)

where the operator A is defined by

A : H2(R) → L2(R), f 7→ d
dx

(
κ(x)

d
dx

f

)
− v(x)

d
dx

f. (24)

For simplicity we assume that the diffusion coefficient and the velocity of the flow do
not depend on the space variable, i.e., κ(x) = κ > 0 and v(x) = v > 0 for all x ∈ R.
Measurements are made in time instants 0 < t1 < . . . < tn ≤ T and are described by the
observation equation

Yk = CXk + Sk (25)

for all k = 1, . . . , n. The operator C : L2(R) → RL is defined by

(Cf)p =
∫ ∞

−∞
f(x)ϕp(x) dx = (f, ϕp)

9



for all p = 1, . . . , L with

ϕp(x) =
1

2wp
exp

(
−|x− xp|

wp

)
(26)

for all x ∈ R where xp ∈ R is a measurement position and 0 < wp < 1. The normal
RL-valued process {Sk}n

k=1 represents possible measurement errors.

To be able to solve numerically the filtering problem related to the state estimation system
(23) and (25) we need to define the strongly continuous analytic semigroup generated by
the operator A, the covariance operator Q of the Wiener process, the mean x0 and the
covariance operator Γ0 of the initial value, and a sequence of appropriate discretization
spaces {Vm}∞m=1 in L2(R).

4.1 Analytic semigroup

The convection–diffusion operator A defined by (24) where κ, v > 0 generates an analytic
semigroup [12, theorem 6.5]. Furthermore, the semigroup is strongly continuous. In gen-
eral, the analytic semigroup is defined by using the spectral properties of the infinitesimal
generator. However, the solution to the initial value problem

{
∂
∂tf(t, x) = κ ∂2

∂x2 f(t, x)− v ∂
∂xf(t, x), t > 0,

f(0, x) = f0(x),
(27)

where f0 ∈ L2(R), is given by the analytic semigroup generated by the convection–diffusion
operator A [11, corollary 4.1.5]. By solving the initial value problem (27) using other
techniques we are able to find the analytic semigroup generated by the convection–diffusion
operator. We use an Itô diffusion [10, definition 7.1.1] to solve the initial value problem
(27) when f0 ∈ C2

0 (R) and then generalize the form of the solution to the initial values
f0 ∈ L2(R).

Let B(t) be a one-dimensional Brownian motion for all t ≥ 0. The generator of the Itô
diffusion {

dZ(t) = −vdt +
√

2κdB(t),
Z(0) = x

is the convection–diffusion operator A and C2
0 (R) ⊂ D(A) [10, theorem 7.3.3]. Thus the

solution to the initial value problem (27) where f0 ∈ C2
0 (R) is

f(t, x) = Ex[f0(Z(t))]

for all t > 0 and x ∈ R [10, theorem 8.1.1] where Ex is the expectation with respect to the
distribution of the Itô diffusion Z assuming that Z(0) = x. But Zx(t) = x− vt+

√
2κB(t)

for all t > 0. Thus Zx(t) ∼ N (x − vt, 2κt) for all t > 0 and the probability density of
Zx(t) is

πZx(y) =
1

2
√

πκt
exp

(
−(x− y − vt)2

4κt

)

for all y ∈ R. Hence

f(t, x) = E[f0(x− vt +
√

2κB(t))] =
1

2
√

πκt

∫ ∞

−∞
f0(y)e−

(x−y−vt)2

4κt dy

for all t > 0 and x ∈ R. Let us denote

Φ(t, x) =
1

2
√

πκt
exp

(
−(x− vt)2

4κt

)

10



for all t > 0 and x ∈ R. Then the solution to the initial value problem (27) is the
convolution of the initial value f0 with the probability density Φ, i.e., f(t, x) = (Φ(t, ·) ∗
f0)(x) for all t > 0 and x ∈ R if f0 ∈ C2

0 (R). We want to generalize this result to
L2(R)-initial values.

We define the operator family {U(t)}t≥0 by
{

U(0)f = f,

(U(t)f)(x) = (Φ(t, ·) ∗ f)(x), t > 0,

for all f ∈ L2(R). Then U(t) is a bounded linear operator from L2(R)) to itself for
all t ≥ 0. Furthermore, {U(t)}t≥0 is a semigroup. Let f0 ∈ L2(R). The solution to
the initial value problem (27) is f(t, x) = U(t)f0(x) for all t ≥ 0 and x ∈ R because
f(0, x) = U(0)f0(x) = f0(x) and

(
∂

∂t
− κ

∂2

∂x2
+ v

∂

∂x

)
f(t, x) =

((
∂

∂t
− κ

∂2

∂x2
+ v

∂

∂x

)
Φ(t, ·)

)
∗ f0(x) = 0.

Hence the semigroup {U(t)}t≥0 is the strongly continuous analytic semigroup generated
by the convection–diffusion operator [11, corollary 4.1.5].

4.2 Wiener process and the initial value

Our prior knowledge of the application we are interested in is coded into the choice of the
initial value and the covariance operator of the Wiener process. In this model case our
prior assumption is that the concentration distribution is almost uniform because in some
real life applications that may be expected. Hence the mean of the initial value could be
a constant function. Since the mean of an L2(R)-valued Gaussian random variable should
belong to L2(R) [12, proposition 4.17], we have to do a cutting. Our measurements are
related to a finite numbers of points in the real line, i.e., xp, p = 1, . . . , L. Hence our
knowledge of the concentration distribution outside the so called measurement region is
slight. Therefore we may assume that the mean is a constant in the measurement region
|x| ≤ M where M is such that |xp| < M for all p = 1, . . . , L and decays exponentially
outside of it, i.e.,

x0(x) =

{
x0 if |x| ≤ M,

x0e
−(|x|−M) if |x| > M

(28)

where x0 is a positive constant.

We need to choose an appropriate covariance operator for the initial value X0. If the
stochastic initial value problem (23) has the strong solution, the solution belongs to the
domain of the convection–diffusion operator, i.e., X(t, ω) ∈ H2(R) for almost all (t, ω) ∈
[0, T ]×Ω [12, definition 4.44]. Thus we may expect that the initial value has some sort of
smoothness properties.

We would like to have an H2(R)-valued Gaussian random variable Z such that

η :=
(

1− d2

dx2

)
Z

is the white noise process in L2(R). Then E[(f, η)(g, η)] = (f, g) for all f, g ∈ L2(R). Thus

11



for all f, g ∈ C∞
0 (R)

(f, g) = E
[((

1− d2

dx2

)
f, Z

)((
1− d2

dx2

)
g, Z

)]

=
(

Γ
(

1− d2

dx2

)
f,

(
1− d2

dx2

)
g

)

where Γ is the covariance operator of Z. We assume that Γ is a convolution operator, i.e.,
Γf = γ ∗ f for some γ ∈ L2(R). Then by the Parseval formula,

(f, g) = (2π)−1
(
γ̂(1 + ξ2)f̂ , (1 + ξ2)ĝ

)
= (2π)−1

(
γ̂(1 + ξ2)2f̂ , ĝ

)

for all f, g ∈ C∞
0 (R) where ĥ denotes the Fourier transformation of h ∈ L2(R). Hence we

have γ̂(ξ) = (1 + ξ2)−2 for all ξ ∈ R. Thus by the calculus of residues,

γ(x) =
1
2π

∫ ∞

−∞

eixξ

(1 + ξ2)2
dξ =

1
4
(1 + |x|)e−|x|

for all x ∈ R. Unfortunately, Γ defined as an integral operator having the integral kernel
γ(x − y) is not a trace class operator and hence cannot be a covariance operator of a
Gaussian random variable [14, proposition 2.15]. We have to do some sort of modification.
We define an integral operator Γ̃ with the integral kernel γ̃(x, y) = w(x)γ(x−y)w(y) where

w(x) =

{
1 if |x| < N,

e−(|x|−N) if |x| ≥ N,
(29)

with some N > 0. Then Γ̃ is a positive self-adjoint operator with a trivial kernel. The
operator Γ̃ is a composition of three operators, Γ̃ = Mwmγ̂Mw where

Mw : L2(R) → L2(R), f 7→ wf

is a multiplier and
mγ̂ : L2(R) → L2(R), f 7→ F−1(γ̂f̂)

is a Fourier multiplier. Furthermore, mγ̂ = m2
γ̂1/2 . So

Γ̃ = Mwm2
γ̂1/2Mw =

(
Mwmγ̂1/2

)(
mγ̂1/2Mw

)
= K∗K

where
Kf := mγ̂1/2Mwf = F−1

(
γ̂1/2ŵf

)
= F−1

(
γ̂1/2

)
∗ (wf)

for all f ∈ L2(R). Thus K is an integral operator with the integral kernel

k(x, y) = F−1
(
γ̂1/2

)
(x− y)w(y) =

w(y)
2π

∫ ∞

−∞

ei(x−y)ξ

1 + ξ2
dξ =

1
2
e−|x−y|w(y)

for all x, y ∈ R. Since k is square integrable in R2, the operator K is a Hilbert-Schmidt
operator [8, example I.1.3]. Hence the operator Γ̃ is nuclear [8, theorems I.1.2 and I.1.6].
Therefore Γ̃ is an appropriate covariance operator for a Gaussian random variable. Fur-
thermore, Γ̃ is a smoothing operator.

We assume that the covariance operator of the initial value is Γ0 = σ2
0Γ̃ with σ0 > 0. In

this model case we assume that our model for the flow is rather accurate. Hence we use
the same covariance operator for the Wiener process as for the initial value with a different
scaling factor, i.e., Q = σ2Γ̃ with σ > 0.
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4.3 Discretization space

We need a family {Vm}∞m=1 of finite-dimensional subspaces of L2(R) forming a sequence
of appropriate discretization spaces in L2(R). Let us choose

Vm := span
{√

mχ[ i−1
m
−m, i

m
−m], i = 1, . . . , 2m2

}

for all m ∈ N. Then Vm ⊂ Vm+1 and dimVm = 2m2 for all m ∈ N. Furthermore,
∪Vm = L2(R) [12, lemma 6.11]. Hence the family {Vm}∞m=1 is a sequence of appropriate
discretization spaces in L2(R). We denote

ψm
i :=

√
mχ[ i−1

m
−m, i

m
−m]

for all i = 1, . . . , 2m2 and m ∈ N. The family {ψm
i }2m2

i=1 is an orthonormal basis of Vm for
all m ∈ N. We define the orthogonal projections Pm : L2(R) → Vm by

Pmf =
2m2∑

i=1

(f, ψm
i )ψm

i =
m2∑

i=−m2+1

m

∫ i
m

i−1
m

f dxχ[ i−1
m

, i
m ]

for all f ∈ L2(R). The basis functions of Vm are the simplest one, constant functions with
finite supports. The choice of the discretization level m depends on how accurate and how
fast computation we want to have. The support of a function in Vm belongs to the interval
[−m,m] for all m ∈ N. Since we know that the measurements give information only from
a part of the pipe, the discretization level need not to be bigger than half of the width of
the measurement region.

4.4 Discretized filtering problem

Let the discretization level be m. Then the discretized state estimation system is

Xm
k+1 = Am

k+1X
m
k + εm

k+1 + Wm
k+1, k = 0, . . . , n− 1,

Yk = CmXm
k + νm

k + Sk, k = 1, . . . , n

where the matrix Am
k+1 is defined by

(Am
k+1)ij := (U(∆k+1)ψm

j , ψm
i )

and the matrix Cm by
(Cm)pj := (ψm

j , ϕp)

for all i, j = 1, . . . , 2m2 and p = 1, . . . , L. The observation noise vectors Sk are chosen such
a way that Sk is normal with the mean ESk = 0 and the covariance matrix cov(Sk) = σ2

SI
for all k = 1, . . . , n where σS > 0 and I ∈ RL×L is the identity matrix. In addition, Sk is
independent of X0 for all k = 1, . . . , n, Sk and Sl are mutually independent for all k 6= l,
and Sk and Wm

l are mutually independent for all k, l = 1, . . . , n.

We solve the discretized filtering problem using the filtering method given by equa-
tions (11)–(15). The expectations Edk(εm

k+1) and Edk(νm
k+1) and the matrices covdk(εm

k+1),
covdk(νm

k+1), cordk(Xm
k , εm

k+1), cordk(Xm
k+1, ν

m
k+1) and cov(Wm

k+1) are computed using for-
mulae (16)–(22) as described in section 3.1. Since we have chosen Γ0 = σ2

0Γ̃ and Q = σ2Γ̃,
for the computation of these matrices we need to calculate the inner products

(U(t)ψm
j , ψm

i ), (ψm
i , ϕp), (U(t)x0, ψ

m
i ), (U(t)x0, ϕp), (30)

(U(t)Γ̃U∗(s)ψm
i , ψm

j ), (U(t)Γ̃U∗(s)ψm
i , ϕp), (U(t)Γ̃U∗(s)ϕp, ϕq) (31)
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and the integrals
∫ r

u
(U(t− τ)Γ̃U∗(s− τ)ψm

i , ψm
j ) dτ,

∫ r

0
(U(t− τ)Γ̃U∗(s− τ)ψm

i , ϕp) dτ, (32)
∫ r

0
(U(t− τ)Γ̃U∗(s− τ)ϕp, ϕq) dτ (33)

for all i, j = 1, . . . , 2m2, p, q = 1, . . . , L and 0 ≤ u ≤ r ≤ s, t ≤ T .

The inner products on line (30) can be presented in a closed form (see [12]). The covariance
operator Γ̃ is the integral operator with the integral kernel w(x)γ(x−y)w(y) where γ̂(ξ) =
(1 + ξ2)−2 for all ξ ∈ R and w is defined by (29). We are not able to calculate the
inner product on line (31) in a closed form. Let f and g are either ψm

i or ϕp for some
i = 1, . . . , 2m2 or p = 1, . . . , L. By using the Parseval formula we notice that

(U(t)Γ̃U∗(s)f, g) = (γ ∗ (wU∗(s)f), wU∗(t)g) = (2π)−1(γ̂F(wU∗(s)f), F(wU∗(t)g))

for all t ≥ 0. The Fourier transform of γ is known. The Hilbert adjoint U∗(t) is a
convolution operator with the kernel

Φ∗(t, x) :=
1

2
√

πκt
exp

(
−(x + vt)2

4κt

)

for all t > 0 and x ∈ R [12, pp. 127–128]. Hence U∗(t)f can be calculated in a closed
form for all t > 0. The Fourier transformation of wU∗(t)f is not known but the Fourier
transformation of U∗(t)f can be calculated in a closed form for all t > 0. When N is
chosen to be large, the Fourier transformations of wU∗(t)f and U∗(t)f are approximately
equal for all t > 0. Hence we can approximate

(U(t)Γ̃U∗(s)f, g) ≈ (2π)−1(γ̂F(U∗(s)f),F(U∗(t)g)).

The inner product on left is computed numerically by using the trapezoidal rule. In
addition, the integrals on lines (32)–(33) are computed numerically.

4.5 Computation of exact solution and data

For numerical simulations we need to produce an exact solution and data corresponding
to it. The following lemma gives the joint distribution of Xm

1 , . . . , Xm
n and Y1, . . . , Yn.

Lemma 5. The joint probability distribution of Xm
1 , . . . , Xm

n and Y1, . . . , Yn is normal.
Furthermore, the mean and the cross-correlation matrix of the joint distribution can be
calculated by the following formulae. The mean of the joint distribution is given by

EXm
k = [(U(tk)x0, ψ

m
i )]Nm

i=1 , (34)

EYk = [(U(tk)x0, ϕp)]
L
p=1 (35)

and the covariance of the joint distribution is determined by the correlation matrices

cor(Xm
k , Xm

l ) = Γψ
k,l +

∫ tk∧tl

0
Qψ

k,l(s) ds, (36)

cor(Yk, Yl) = Γϕ
k,l +

∫ tk∧tl

0
Qϕ

k,l(s) ds + δk
l cov(Sk), (37)

cor(Xm
k , Yl) = Γψ,ϕ

k,l +
∫ tk∧tl

0
Qψ,ϕ

k,l (s) ds (38)

for all k, l = 1, . . . , n where δk
l is the Kronecker delta.
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Table 1: Parameter values.

Coefficient Value Related to/Description
κ 1 model (23)
v 0.5 model (23)
x0 1 the initial state, equation (28)
M 2 the initial state, equation (28)
σ0 0.1 the covariance Γ0 of the initial state
σ 0.04 the covariance Q of the Wiener process
σS 0.1 the covariance cov(Sk)
m 3 the discretation level
T 10 the overall time

Proof. The normality of the joint distribution is proved similarly as lemma 1 in [13]. The
mean and the covariance matrix are calculated in the same way as in [13, pp. 375–376].

Since we are able to compute the inner product on lines (30)–(31) and the integrals on lines
(32)–(33), expectations (34)–(35) and correlation matrices (36)–(38) can be calculated.
Hence the joint distribution of Xm

1 , . . . , Xm
n and Y1, . . . , Yn is known. Therefore we

can draw a sample from the joint distribution and get a real value and measurements
simultaneously.

4.6 Numerical results

The parameter values are specified in table 1. The number of measurements is L = 10
and the data points are

xp = −2 + 4
p− 1
L− 1

for all p = 1, . . . , L. The parameter wp in the kernel ϕp is set to be 0.25 for each p =
1, . . . , L. The time instants of the measurements are chosen to be tk = k∆ for all k =
1, . . . , n where ∆ = 2. Thus the number of the measurement instants is n = 5.

Let f and g are either ψm
i or ϕp for some i = 1, . . . , 2m2 or p = 1, . . . , L. The inner

products on line (31) are computed by the trapezoidal rule using the values of F(U∗(s)f)
at the points

ξk = −10 +
k − 1
100

for all k = 1, . . . , 2000. The integrals on lines (32)–(33) are computed using the trapezoidal
rule from the values (U(t− τk)Γ̃U∗(s− τk)f, g) where the time instants τk are

τk = u + ∆̃k

for all k = 0, . . . , (r − u)/∆̃ with ∆̃ := ∆/500.

The norms of the expectations and the square-roots of the trace of the covariance matrices
of the error terms εm

k , νm
k and Wm

k are shown in figure 1. The time average of ‖E(εm
k )‖2 +

Tr cov(εm
k ) is 0.0310 which should be compared to Tr cov(Wm

k ) = 0.0030. This shows
that the energy of the discretization error in the discretized state evolution equation is
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Figure 1: Left: The norm of the expectation of εm
k (−) and νm

k (··). Right: The square-root
of the trace of the covariance of εm

k (−), νm
k (··) and Wm

k (−·).

clearly higher than the energy of the state noise vector. However, the time average of
‖E(νm

k )‖2 + Tr cov(νm
k ) is 0.0011 and Tr cov(Sk) = 0.1000. So the measurement error

dominates in the case of the observation equation.

We have computed three different estimates. The first estimate was calculated using
the algorithm described in section 3 and the second when the error terms εm

k and νm
k

in the discretized state estimation system (7)–(8) are set to zero (corresponds to the
conventional Kalman filter estimate). The last estimate was the conditional distribution
given by equations (9)–(10) which can be computed in this case due to the relatively low
dimension of the state Xm

k and the small number of measurements. The vectors EXm
k and

EDk and the matrices cov(Xm
k ), cov(Dk) and cor(Xm

k , Dk) for the conditional distribution
are obtained from the expectation and the covariance of the joint distribution of Xm

1 , . . . ,
Xm

n and Y1, . . . , Yn, which were already computed for the data generation (see section
4.5).

As results of the numerical computation we present the mean values of the distributions
received by the methods above. The means and the absolute errors are shown in figure 2.
The results show that the accuracy of the estimates computed using the presented method
is almost as good as the accuracy of the conditional expectation. However, the accuracy of
the conventional Kalman filter estimate is worse. It should be noted that the mean of the
conditional distribution can be treated, in the statistical point of view, as the best point
estimate for the state based on the given data, and the point estimate given by equations
(11)–(15) differs from the conditional expectation only due to the approximations made
in section 3.1.

Since the estimates given by the used estimation methods are distribution instead of just
point estimates, these methods provides us also information about the error of point es-
timates. The computed point estimates and the confidence intervals for the final state
t = 10 are shown in figure 3. The confidence intervals are the square roots of the diagonal
elements of the covariance matrices and corresponds to the standard deviation of the esti-
mation error. Figure 3 shows that the confidence intervals for the Kalman filter estimate
corresponds poorly to the actual error. However, the error estimates computed using the
presented method gives a rather good assessment of the errors.
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Figure 2: Computed point estimates (top) and absolute errors (bottom). The point esti-
mates shown are the real conditional expectation (−·), the original Kalman filter estimate
(−) and the point estimate computed using the presented method (−−). The real solution
is also shown in the figure on top (··).

17



−3 −2 −1 0 1 2 3
0

0.2

0.4

0.6

0.8

1
Exact conditional expectation

−3 −2 −1 0 1 2 3
0

0.2

0.4

0.6

0.8

1
Presented method

−3 −2 −1 0 1 2 3
0

0.2

0.4

0.6

0.8

1
Kalman filter

Figure 3: The computed point estimates for the final state t = 10 (black lines) with the
S.D. error intervals (··). A gray line corresponds to the exact solution.

5 Conclusions

This article discusses the use of continuous infinite-dimensional state-space models in the
case of linear nonstationary inverse problems related to partial differential equations. We
analyse the error caused by the discretization of the state-space model by using statistical
approach. In addition, we describe a filtering method taking into account the statistical
information about the discreation error. The method makes possible to control the discre-
tation error when solving large-scale state estimation problems in which the computational
cost is too high without significant mesh coarsening or model reduction.

The filtering method is demonstrated by a numerical example based on the one-dimensional
convection–diffusion equation. The results show that the accuracy of the point estimate
computed using the method is nearly as good as the conditional expectation computed us-
ing the infinite-dimensional model. The accuracy of the computed point estimates without
discretization error were instead significantly worse. Therefore it seems that the method
can control discretization errors without remarkable error in computed estimates.

The method is usable only in the linear Gaussian case. The assumption of Gaussianity
seemed to be natural for the linear nonstationary inverse problems in which possible mod-
elling errors in the time evolution model are described by a Wiener process. The solution
to the infinite-dimensional state evolution equation is a Gaussian process if the initial value
is assumed be Gaussian. Despite of the initial value the state noise is always a Gaussian
process. Nonetheless, in some application non-Gaussian initial values and state noises
may be reasonable. Because the Gaussianity is maintained by the linearity, for nonlinear
nonstationary inverse problems other methods need to be developed.
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A disadvantage of the method is that the closed form of an analytic semigroup is often
unknown. In general, the analytic semigroup is defined by using the spectral properties
of the infinitesimal generator. In some cases the analytic semigroup can be calculated,
similarly as in the one-dimensional model case, e.g., by using the Feynman–Kac formula
[10, section 8.2]. Possible boundary conditions in multidimensional cases may be handled
by stopping times. If the analytic semigroup is unknown, we may approximate it by a
suitable known semigroup. The effect of the approximation error is a subject of further
studies.

In solving the filtering problem using the method (11)–(15) the conditional expectations,
the conditional covariances and the conditional correlations are replaced by the regular
expectations, the regular covariances and the regular correlations. The corresponding
approximation errors is not examined in this article. In further studies the distance of the
received distribution from the exact conditional distribution should be measured using an
appropriate metric.

A more realistic example of linear nonstationary inverse problems would be the two-
dimensional process tomography problem where the time evolution is modelled by the
stochastic convection–diffusion equation and measurements are done by limited angle x-
ray tomography. The related filtering problem can be solved using the filtering method
presented in this paper.
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Finnish Academy of Science and Letters, the Finnish Graduate School of Inverse Problems
and the Austrian National Science Foundation FWF through the project SFB F1308.

References

[1] B. Anderson and J. Moore. Optimal filtering. Prentice-Hall, Inc., 1979.

[2] S. Arridge, J. Kaipio, V. Kolehmainen, M. Schweiger, E. Somersalo, T. Tarvainen,
and M. Vauhkonen. Approximation errors and model reduction with an application
in optical diffusion tomography. Inverse Problems, 22(1):175–196, 2006.

[3] P. Brockwell and R. Davis. Time Series: Theory and Methods. Springer-Verlag, 1991.

[4] J. M. Huttunen, J. P. Kaipio, and E. Somersalo. Approximation errors in nonstation-
ary inverse problems. Inverse problems and imaging, submitted, 2006.

[5] J. P. Kaipio and E. Somersalo. Statistical and Computational Inverse Problems.
Springer-Verlag, 2004.

[6] J. P. Kaipio and E. Somersalo. Statistical inverse problems: Discretization, model
reduction, and inverse crimes. J. Comput. Appl. Math. , In Press, 2006.

[7] R. E. Kalman. A New Approach to Linear Filtering and Prediction Problems. Trans-
actions of the ASME–Journal of Basic Engineering, 82(Series D):34–45, 1960.

[8] H.-H. Kuo. Gaussian Measures in Banach Spaces. Springer-Verlag, 1975.

[9] A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems.
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