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Abstract. In this paper we consider a coupled system made of the Stokes and Darcy
equations, and we propose some iteration-by-subdomain methods based on Robin con-
ditions on the interface. We prove the convergence of these algorithms, and for suitable
finite element approximations we show that the rate of convergence is independent of
the mesh size h. A special attention is paid to the optimization of the performance
of the methods when both the kinematic viscosity v of the fluid and the hydraulic
conductivity tensor K of the porous medium are very small.

1 Introduction and problem setting

Let Q C R? (d = 2,3) be a bounded domain, decomposed in two non intersecting
subdomains 2 and §, separated by an interface I, i.e., Q = Q;UQ,, Q;NQ, =
0 and QrNQ, =T.

We are interested in the case in which I is a surface separating an upper domain
Qy filled by a fluid, from a lower domain £2, formed by a porous medium. We
assume that the fluid contained in Q¢ has an upper fixed surface (i.e., we do not
consider the free surface fluid case) and can filtrate through the porous medium
beneath.

The motion of the fluid in £y is modeled by the Stokes equations:

-V - T(U.f,pf) = f, V- ur = 0 in Qf y (1)

where T(uy,ps) = 2vD(uy) — pyl is the stress tensor, and D(uy) = 1(Vuy +
V7Tuy) is the deformation tensor; as usual, V and V- denote the gradient oper-
ator and the divergence operator, respectively, with respect to the space coor-
dinates. The parameter v > 0 is the kinematic viscosity of the fluid, while uy
and py denote the fluid velocity and pressure, respectively. We suppose v to be
constant in the whole domain £2y.

In the lower domain 2, we define the piezometric head ¢ = z + p,/(pg), where
z is the elevation from a reference level, p, the pressure of the fluid in Q,, p > 0



the density of the fluid (assumed to be constant in the whole domain Q) and
g > 0 the gravity acceleration.
The flow in €2, is modeled by the equations:

K
up:—ngo, V-u,=0 in Q,, (2)

where u,, is the fluid velocity, n > 0 is the volumetric porosity. The tensor
K is the hydraulic conductivity K = diag (Ki,...,K4), and we suppose that
K; € L*(Q,) and infq, K; > 0,4 = 1,...,d. In the following we shall denote
K= K/n=diag(K;/n) (i=1,...,d). The first equation in (2) is Darcy’s law.
For the sake of simplicity, we adopt homogenous boundary conditions. We
impose the no-slip condition uy = 0 on I'y = 9Q; \ T for the Stokes problem
(1), while, for the Darcy problem (2), we set the piezometric head ¢ = 0 on
the lateral surface I'p, and we require a slip condition on Fg: u, -n, = 0 on
Iy, where 09, = T UT, UT), (see Fig. 1). The vectors n, and n; denote
the unit outward normal vectors to the surfaces 02, and €y, respectively; in
particular, we have ny = —n, on I'. In the following we shall indicate n = ny for
simplicity of notation. We also assume that the boundary 92 and the interface
T" are piecewise smooth manifolds.

Other boundary conditions (see, e.g., [8, 9], [13] and [10, 11]) could also be
considered, and all the results in this paper would remain true without essential
changes in the proofs.
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Figure 1: Schematic representation of a 2D vertical section of the computational
domain.

We supplement the Stokes and Darcy problems with the following matching
conditions on I" (see [12]):

u,-n = uy-n, (3)

—e7; - (T(ug,ps) -n) = vuy-1j, j=1,...,d—1, 4)
—n-(T(uf,ps)-m) = gor, (5)

where 7; (j =1,...,d—1) are linear independent unit tangential vectors to the

interface I', and € represents the characteristic length of the pores of the porous
medium.



Conditions (3)-(5) impose the continuity of the normal velocity on I', as well as
that of the normal component of the normal stress, but they allow the pressure
to be discontinuous across the interface.

This problem has been studied in several works. In [6, 8, 9] the mathematical
and numerical analysis of the coupled problem was carried out, in the case in
which the Darcy equation is replaced by a scalar elliptic problem for the sole
piezometric head ¢. The analysis of the coupled problem in its original form
(1)-(2) has been considered in [13] and [10], and the recent works [18] and [11]
address the analysis and preconditioning of mortar discretizations of the Stokes-
Darcy problem.

A domain decomposition method of Dirichlet-Neumann type based on the choice
of the fluid normal velocity across I" as interface variable was proposed and ana-
lyzed in [8, 9]. A similar approach, using the trace of ¢ on I" as interface variable,
has been studied in [6]. After proving that this method is equivalent to a pre-
conditioned Richardson algorithm for the Steklov-Poincaré interface equation
associated to the Stokes-Darcy problem, it was proved that the convergence
rate of the algorithm is independent of the mesh parameter h, for suitable con-
forming finite element approximations of the coupled problem. An extension to
the time-dependent case has been presented in [7].

The previous results indicate that, in the steady case, preconditioners of Dirichlet-
Neumann type may be sensitive to the variation of the viscosity v and of the
entries of the hydraulic conductivity K, downgrading the convergence rate of
the algorithm.

In this work we extend some preliminary results contained in [6], by presenting
improved domain decomposition methods based on Robin interface conditions.
The aim is twofold: first, to propose an algorithm whose rate of convergence does
not deteriorate as v and the entries of K become smaller and smaller; secondly,
devise an algorithm that is more “symmetric” with respect to the treatment
of either Q¢ and €2, namely, being based on solvers that treat simultaneously
(i.e., in parallel) the two subdomains.

After having presented in Sect. 2 the weak formulation of the coupled problem,
in Sect. 3 we introduce two methods, based on a multiplicative and on an ad-
ditive paradigm, respectively. Then, in Sect. 4 the convergence analysis of the
algoritms is developed. Finally, some numerical results are presented in Sect. 5.
The first algorithm has optimal convergence properties with respect to v and
K. On the other hand, the second algorithm, which indeed for small values of
v and K does not outperform the Dirichlet-Neumann scheme, is interesting for
its parallel nature. Moreover, its convergence analysis is rather simple, and is
based on the fact that the so-called Robin-to-Dirichlet and Robin-to-Neumann
maps are symmetric and positive, uniformly with respect to the mesh size h.
These important properties seem to be yet overlooked in the literature, and
could reveal very useful also in different contexts.

2 Weak form of the coupled problem

From now on, instead of (2), we will take the following scalar formulation of the
Darcy problem:
—V - (KVyp) =0 in Q,. (6)



Accordingly, (3) becomes

—KVy-n=uy-n onl. (7)
We define the following functional spaces:
Hf:{VG (Hl(Qf))d|V:00n Ff}, Q:L2(Qf), (8)
Hy={¢ € H'(Q)| ¢ =0 on I}}, 9)
and the bilinear forms
ap(v,w) = 21// D(v) : D(w) Vv, w € (H* ()%, (10)
Q
bva) == [ aVev  we@@)h veq ()
Qy
wle )= [ VoK Vo e H'Q,) (12)
Q,

The coupling conditions (4), (5), (7) can be incorporated in the weak formulation
of the global problem as natural conditions on I'. In particular, we can write the
following weak saddle-point formulation of the coupled Stokes-Darcy problem:

Find (us,pr) € Hy x Q, ¢ € H, such that

af<uf,v>+bf<v,pf>+gap<<p,¢>+/Fg<p<v-n>—/rgw<uf~n>

d—1
+/Zz(uf-7'j)(v-7'j)= f-v Vv e Hy, ¢ € H, (13)
ri=© Qf
bf(llf,q) =0 Vq S Q (14)

Using Brezzi’s theory of saddle-point problems [2], we can guarantee that the
coupled problem (13)-(14) has a unique solution (see [6, 8] and also [13]).

In the rest of the paper, instead of (4) we shall adopt the following simplified
condition on the interface:

us-7;=0 onI (Gj=1,...,d-1), (15)
and, consequently, we will use the functional space:
Hi ={veHv-tj=0onT,j=1,...,d—1}. (16)

This simplification is acceptable from the physical viewpoint since the term in
(4) involving the normal derivative of uy is multiplied by € and the velocity itself
can be supposed at least of order O(g) in the neighborhood of T', so that the left
hand side can be approximated by zero. We point out that this simplification
does not dramatically influence the coupling of the two subproblems since (4)
is not strictly speaking a coupling condition, but only a boundary condition for
the fluid problem in €¢. In any case, all the results in the paper are still true
for the more general interface condition (4), provided H7 is replaced by Hy and

the bilinear form ayg(w,v) by ag(w,v) + [ Z‘j;ll =

Remark 2.1 In [8, 9] we considered another simplified form of (4), i.e., T; -
(T(uy,ps)-n) =0 onT. Although not completely precise from the physical point
of view, this simplified condition is perfectly acceptable from the mathematical
viewpoint for the set-up and analysis of solution methods for the coupled problem.

(w-7)(v-7j).



3 Iterative domain decomposition methods for
solving the coupled problem

In this section we propose new iterative methods to compute the solution of
the coupled problem which exploit the decoupled structure of the problem, thus
requiring at each step to solve independently the fluid and the groundwater
subproblems, i.e., using as building blocks a Stokes solver and an elliptic solver.
As we have already remarked, the numerical performances of the domain decom-
position methods of Dirichlet-Neumann type presented in [8, 9] strongly depend
on the fluid viscosity v and on the entries of the hydraulic conductivity K. More
precisely, the convergence rate of the algorithm deteriorates as v and the entries
of K decrease. The following numerical example illustrates the situation.

Example 3.1 We consider the computational domain Q@ C R?* with Qf =
(0,1) x (1,2), Q, = (0,1) x (0,1) and T' = (0,1) x {1}, and choose the pa-
rameter g = 1; moreover, we assume that the hydraulic conductivity tensor
K is a multiple of the identity tensor, namely, a scalar function. Boundary
conditions and the right hand side £ are chosen in such a way that the exact
solution of the coupled Stokes-Darcy problem is uy = (y*> — 2y + 1,2% — x)T,
pr=2v(z+y—1)+1/(3K), p = (2(1—2)(y—1)+y>/3—y*+y)/K+22v, with v
and K constant in 2y and Qy,, respectively. Table 1 reports the number of itera-
tions obtained for several choices of v and K and four different grid sizes, using
the preconditioned conjugate gradient (PCG) method on the interface equation,
with the preconditioner characterized by the Dirichlet-Neumann method. A tol-
erance of 1072 has been imposed on the relative increment. Taylor-Hood finite
elements have been used to approximate the Stokes problem, and quadratic La-
grangian elements for the Darcy equation (6).

v K h1 hz h3 h4

1 1 5 | 5 5 5
1007107t |10] 10| 8 8
1072 | 107t | 13|15 14 | 14
107211072 19|49 | 60 | 55
1074 | 1072 | 20 | 58 | 143 | 167
107% | 107* | 20 | 56 | 138 | 202

Table 1: Tterations using PCG with the Dirichlet-Neumann preconditioner with re-
spect to several values of v and K and of the grid parameter h (h1 = 0.14 and
hi = h1/2070, 0 =2,3,4).

Such small values of v and K are quite realistic for real-life physical flows. This
fact motivates our interest to set up new algorithms that are more robust to
parameter variations.

3.1 Iterative methods based on Robin interface conditions

We present two possible domain decomposition methods based on the adoption
of Robin interface conditions, i.e., proper linear combinations of the coupling
conditions (5) and (7).



3.1.1 A sequential Robin-Robin (sRR) method

We consider a sequential Robin-Robin (sRR) method which at each iteration
requires to solve a Darcy problem in €, followed by a Stokes problem in €y,
both with Robin conditions on I'. Precisely, the algorithm reads as follows.
Having assigned a trace function 7° € L?(T), and two acceleration parameters
vr > 0 and ~y, > 0, for each k > 0:

i) Find ¢**! € H, such that

Wpap(so’““,w)Jr/gcpfp“w\r =/n’“w\r VigeH,. (1)
r r

This corresponds to imposing the following interface condition (in weak,
or natural, form) for the Darcy problem:

— KV n 4 gga‘klfl =9  onl. (18)

ii) Then, find (u?”,p?“) € H} x @ such that

af(u]}‘f‘ljv) + bf(vjp]}""l) + s /F(u];-i-l -n)(v - n)

:/(W—fn’“—LjL%gsaf;l)(v-n)jL/ f-v vven;, 19
N /YP /YP Qf
br(uftl ) =0 VgeQ@.

This corresponds to imposing on the Stokes problem the following match-
ing conditions on T (still in natural form):

k+1 ﬁnk_Wf‘F% k+1

k k
n- (T(uerl’prrl) . l’l) + ’quf n= ) " 990‘1"
= —goli !t = KVH (20)
uittor; =0, j=1,...,d-1L
iii) Finally, set
7" = o (T pE) ) 4 ypuftt o
Vst g
:(W+%M@“1U+i7im%”—fﬁéLmW@U
p p

Concerning the solvability of problem (19), we note first that using the trace
theorem and the Korn inequality (see, e.g., [3], p. 416), there exist two constants
K1, ko > 0 such that

/F|uf -’ < </Qf(|uf|2 + IVuf|2)> < K2 /Qf D(uy)l* . (22)

Therefore, the bilinear form

ammw+wﬁmmen>



is continuous and coercive in Hf x Hf. Moreover, the bilinear form by (v, p)

satisfies an inf-sup condition on the space HixQ (see, e.g., [17], pp. 157-158).
Then, for every f € (L%(Qy))?, n* € L%(T) and <pﬁf1 € L*(T'), there exists a
unique solution of problem (19).

If the sRR method converges, in the limit we recover the solution (us,py) €
H} x Q and ¢ € Hy, of the coupled Stokes-Darcy problem. Indeed, denoting by

©* the limit of the sequence ¢* in H'(,) and by (u},p}) that of (u’},péﬁ) in
(HY(9/))? x Q, we obtain
—pKVe" -n+gpr = —n- (T(u},p;) -n)+yu;-n onT, (23)
so that, as a consequence of (20), we have
(vs +w)uj-n=—(ys +73)KVe"-n onT,

yielding, since vy + 7, # 0, u} -n = —KVe* - n on I, and also, from (23),
that n - (T(u},p}) - n) = —gepf. on I'. Thus, the two interface conditions (5)
and (7) are satisfied, and we can conclude that the limit functions ¢* € H, and
(u}, p}) € H} x @ are the solutions of the coupled Stokes-Darcy problem.

The proof of convergence will be given in Sect. 4.1.

3.1.2 A parallel Robin-Robin (pRR) method

We consider now a parallel Robin-Robin (pRR) algorithm. The idea behind
this new method resembles that for a Neumann-Neumann scheme. However,
the latter cannot be considered straightforwardly in our case, since we would
not be able to guarantee the correct regularity of the data for each subproblem,
as we shall point out more precisely in Remark 3.1.

The pRR algorithm that we propose reads as follows. Let p* € L2(T') be an
assigned trace function on I', and 1,72 be two positive parameters; then, for
k>0,

i) Find (uj™',pi*") € HF x Q such that

wmﬁaw+wwmﬁw—mémﬁﬁmw1n
z/uk(v-n)—i— f-v VveHy, (24)
r Qf
br(uf™ ) =0  VqeqQ,

and, at the same time, find ¢*** € H,, such that
k+1 1 k+1 1 k
ap(@" )+ — | g Yr=—— [ pYr VY EeH,. (25
7 Jr 7 Jr
Remark that on the interface I' we are imposing the matching conditions
n- (Tt p0) ) =yt on = pf

=~ + KV (26)

u; 7, =0, j=1,...,d—-1.



i) As a second step, find ("1, 7F1) € H7 x @ such that

0y @)+ by ) o [ (@ ()
r

= [ ¥ (v-n) VveH;, (27)
r
@ =0 VeeQ,

and find Y**! € H, such that
- I _
W@+ = [otfor = [ er veem,. ()
Y2 Jr r
where
_ 1
7 = KV n = wf (gl ) € 12(T) - (29)
’ 1

Note that on the interface I' we are now imposing the matching conditions

n- (T@" 75 n) + 736" n =55+

= g — 1KV n (30)
S =0, j=1,...,d—1.
iii) Finally, set
pH = b =g (T@M, 74 n) + gt (31)

~ ~k -~
= pF =@t =M n) gy € LA(D)

where 6 > 0 is a further acceleration parameter.

Before moving to the convergence analysis of the pRR method (24)-(31) a few
remarks are in order.

Concerning the well-posedness of problem (24), since the inf-sup condition is
satisfied (see [17], pp. 157-158), and thanks to (22), the bilinear form

af(uf,v) —m /F(uf -n)(v-n)

is coercive in H} x H} provided

7 < P (32)

As regards the consistency of the algorithm, note that if we find a fixed point
w*, from (31) we have (again denoting the limit functions by an upper *):

2@ n-0")=gxjp onl, (33)
and also, equivalently,

~x% A~k

1 2
—gXir— 0" = — —w -n onl . 34
729X|r 729X|F (34)



Therefore, if we multiply (28) by g, sum the resulting equation to (27) and use
relations (33) and (34), we obtain

as (@, V) +bp(v,7") + / GRI(v - 1) + g0y (R" )

~ % 292 o~k T
— / g(@" -n)yYr —|—/ —x|pz/1\p =0 Y(v,v) € H} x Hy.
r r 72

Taking v = &" and ¥ = ¥*, we find
A~k o~k oSk oSk 292 Sk \2
le(w , W )+gaP(X » X )+ 7o (X|F) :07
r

hence ¥* =0 in Q,, and & = 0 in Q thanks to the Korn inequality.

The interface equation (30) gives 6* = 0 on I', hence u% -n = —KVe* - n on
I'. Moreover, using (26), we obtain n - (T(u},p}) - n) = 4gg0rr on I'. Thus, the
two interface conditions (5) and (7) are fulfilled, so that the solutions (u},p}) €
H} x Q and ¢* € H), (corresponding to the fixed point p*) satisfy the coupled
Stokes-Darcy problem.

Our aim is now to prove that the map generating the sequence ¥ is a contraction
in L?(T"). We shall address this point in Sect. 4.2.

Remark 3.1 A Neumann-Neumann method corresponding to the choice of the
normal velocity uy - n as interface variable would involve the following steps.
For an assigned function \* € Hééz(l") with [ A\ = 0 (we refer to [14] for
a definition of the trace space Hééz(l")), first solve a Stokes problem in €y
with boundary conditions u’;"’l -n = M\, uéﬁ“ 175 = 0 on T, and a Darcy
problem in Q, imposing —KV**t1 .n = \* on T. Then, similarly to (29),
we have to compute G**1 = —n - (T(ul;ﬂ,p]?q) ‘n) — gga‘klfl on T'. Here,
we would have ¥t € H~Y2(T). Therefore, this reqularity of *t' would
not be enough to guarantee the solvability of the subsequent Darcy problem,

which would demand to impose g)?‘klfl = ghtl

as boundary condition on T'.
Thus, a Neumann-Neumann method does not guarantee that the reqularity of the
interface data is preserved at each iteration, and that the sequence ¥ generated
by the algorithm is in HééQ (T).

Of course one may speculate that this issue of lack of reqularity is not relevant
at the finite dimensional level, for instance for finite element approzimation.
However, the difficulty is only hidden, and we should expect that it will show up
as the mesh parameter h goes to 0.

4 Convergence analysis

In the sequel, for either an open set or a manifold D, we denote the norm in
the Sobolev space H*(D), s > —1, by || - ||s,p-
4.1 Convergence of the sRR method

We prove that the sequences ¢* and (u’;7 p’}) generated by the SRR method (17)-
(21) converge in H'(€,) and (H(Qf))? x Q, respectively. As a consequence,



the sequence 1" is convergent in the dual space H '/ 2(T") and weakly convergent
in L2(T).

The proof of convergence that we are presenting follows the guidelines of the
theory by P.-L. Lions [15] for the Robin Robin method (see also [17], Sect. 4.5).

We denote by ef = uf —uy, e pf py and eif, = ¥ — ¢ the errors at the
k-th step. Remark that, thanks to the linearity, the functions (e, e p) satisfy

problem (19) with f = 0, while eff) is a solution to (17). Moreover, we assume
that v, = 7y, and we denote by ~y their common value.

Finally, let us point out that the solutions (uy,pr) € Hf x Q and ¢ € H,, of
the coupled Stokes-Darcy problem satisfy n - (T(uys,ps) - n) € HY2(I) (as it
is equal to —g@yr on '), and Vi -n € L*(T) (as it is equal to —K~'uy - n on
'), i.e., these functions enjoy a better regularity than one might usually expect.
Therefore, the interface conditions (18) and (20) for the error functions hold in
L2(T).

Let us come to the proof of convergence. Choosing 1 = e’;“ in (17), and using
the identity

1
AB=1ia+ By - (a- By,
we have
1
gap(elt ety = / (n* = geligelin
Y Jr
1 1
= £ [0 -5 / (o —2g¢5K0)2 . (35)

Similarly, taking v = ef*1 in (19) and using (21) we have:
1
ap(e;tt eptt) = /(77 —2gel it —yei ™ - n)(vel! - m)
1
= —/ n" — 2961;—&1 - /(n — 2961;-'}1 — 2yelt! . n)?
1
- _ 2 k"rl / k+1\2 . 36
Lo =2kt = - [k (36)
Adding (35) and (36) we find
1 1
k1 k+1 k1 ghtl k+1y2 _ k2
gayle +a , €, + —/ n = —/ n .
A ek agtebtek ) o [t = o [
Summing over k from k=0 to k = N, with N > 1, we finally obtain

N

1 1
> (gaples™ ek +aglel ek ) + o [V = - )
=0 7Jr 7Jr

Thus, the series
o0
Z (gap(e’;"'l,efzﬂ) —|—af( k+1 k+1))
k=0

is convergent, and the errors ef and e tend to zero in H'(,) and (H'(€))?,
respectively. The convergence of the pressure error e’; to 0 in @ is then a well-

known consequence of the convergence of the velocity.

10



4.1.1 Interpretation of the sRR method as an alternating direction
scheme

The sRR method can be interpreted as an alternating direction scheme (see [1];
see also [6]). For technical reasons, to make precise this statement let us assume
that the a flux boundary condition T(uys,ps) - n = g is imposed on the top of
the fluid domain ¢, g being a given vector function. Moreover, we assume that
the interface I' is smooth, say, a C2-manifold with boundary.

Then, introduce the spaces

}Alf = {v e (H'(9;))¢| v = 0 on the lateral boundary of Q}
ﬁ}—Z{VEﬁHV-TjZOODF,jZL...,d—l}
ﬁ}"":{veﬁ}|v-n:0 on I'}, HSZ{I/JEHPM/J:O onTp},

and define the operator Sy as
1/2 1/2
Sy Hoy*(T) = (Hyg (D)), x = Spx =0 (T(uy,py) -m),
where (uy,py) € EI} X @ satisfies

ap(uy,v)+bp(v,py) =0  VveH (),
br(uy,q) =0 Vqe@,

with u, -n=yx on I
In a similar way, for each n € (Héé2 (I"))" define the operator S, as
1/2 1/2
Sp + (Ho (1)) — Hh*(T), 11— Sy = gyr

where ¢, € HS is the solution to

ap(‘ﬂnﬂ/)) = <7751/}\F>F v 1/} S HS )

where (-, -)p denotes the duality pairing between (Hégz ()" and Hégz (). As a
consequence, we have —KV, -n=mnon I

Since for each ¢ € Hg we have S,(=KVy - n) = gojr, the first step (19) of our
procedure corresponds to imposing on I'

— KV kT n—i—gcpf}“ = — KV n 4 S, (—KVpF ! n)
= (wl+ Sp)(_KvéﬁkH ‘m) = 77k ’
hence
—KV@* T on = (3,1 + Sp) "'k . (37)
On the other hand, the right hand side in (20) can be written as

—gpf =KV = S, (KR! n) — 4KV n
= —(y/I - S,) KVt .n
= (I = Sp) Oyl + Sp) """ (38)

11



In an analogous way, still denoting by (u?“,p];.“) the solution to (19) with
f = 0 and Hj replaced by HJ, one has S’f(u;frl ‘n) =n- (T(u’}"’l,p’;"’l) -n).
Then, the left hand side in (20) can be written as

n- (T, p") n) + ™ n = Sy n) 4y n
= (yI+8p) (" n). (39)
Using (38) and (39), the interface condition (20) becomes
uthon = (v 4+ 85) 7 L = Sp) (I + 8p) (40)

In conclusion, our iterative procedure (with homegeneous data f and g) can be
written as

= o (T, pMY) ) +ut o
= —S;(u*™.n)+4,uft .0
— (I Sputtlon
= (wl = Sp)vrl+ Sf)_l('Yf'I = Sp) (vl + Sp)_lnk . (41)

This is an alternating direction scheme, ¢ la Peaceman—Rachford (see [16]), that
has been deeply analyzed. Sufficient conditions for convergence are that v =,
and the operators Sy and S}, are bounded and strictly positive in a given Hilbert
space. These do not apply in the present situation, as the operators Sy and S,
act from a space into its dual. In fact, we can only prove that the iteration
operator is non-expansive, but not a contraction in (H(%2 ().

On the other hand, it is worthy to note that the convergence of this alternating
direction scheme can be easily proved in the discrete case, as the matrices that
correspond to the finite dimensional Steklov—Poincaré operators Sy and .S, are
in fact symmetric and positive definite.

To illustrate how the proof of convergence works, we consider a suitable modifi-
cation of the iteration scheme. Let us introduce the operators J_ : Héf T —

(HYP(M)) and J : (HYA(T)) — HY*(T) defined as follows:

1/2 1/2
(J-xs ) —1/2,00r = {f, X)T Vxe HO({ ), ne (HO({ @)
1/2 1/2
(J1m, 812000 = (M, &)1 Ve (HO({ @), ¢e Hoé (r).
(Here and in the sequel we are denoting by (-,-)1/2,00,r and (-,-)—1/2,00,r the
scalar products in H'/?(T) and (Hégz (")), respectively, and by || - [|1/2,00,r and
| - II=1/2,00,r the associated norms.)
The existence of these operators is guaranteed by the Riesz representation
theorem. Moreover, it is easily verified that [[J_x||—1/2,000 = [IXll1/2,00,r
[ 75mll1/2,00,0 = [[Ml[~1/2,00,r (so that the operator norms are ||J_ || = [[J4|| = 1),

and (J7X,77)—1/2,00,F =(x, J+77)1/2,00,F-
We consider the following iterative scheme:

M = (I = S (v 4+ 8p) T (v = Sp) (v 4 Sp) Tyt (42)

This represents a slight modification of (41) in which we have inserted the
operators J_ and J instead of the identity I, and we have taken v, = vf = 1.
The convergence of (42) is a consequence of the contraction mapping theorem
(see the Appendix).
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Remark 4.1 One could argue that the iterative scheme (42) is not relevant with
the problem at hand, since it is not equivalent to (41). Indeed, (42) converges
to our original problem with slightly modified interface conditions, which read

yJ-(uy-n)+n-(T(up,pr) -n)=—yJ-J(KVe-n)—J (gpr) onT
Iy J-(uy-n) = Jy(m- (T(us,py) -n)) =—7J4+(KVe-n)+gor onl .

The operators J— and Jy have the role of assuring that the functions on either
sides are in the same trace space.

The problem of equalization of trace spaces can be encountered in other domain
decompositions of heterogeneous problems as well. For these cases, the procedure
that we have advocated here (and the associated convergence proof) might be
useful.

4.2 Convergence of the pRR method

We turn now to the proof of convergence of the parallel method (24)-(31). Our
aim is to prove that the map p* — p**! defined through (24)-(31) is a contrac-
tion in L?(T"). As a consequence of linearity, in the whole section we can assume
without restriction that f = 0. In order to introduce a suitable representation
of this map, we define several interface operators.

Let Hg be the Robin-to-Dirichlet map for the Stokes problem,

Hs: LAT) — LAT),  p— Hep=,-n, (43)

where (u,,p,) € Hf x @ is the solution to (24) with f = 0 and the Robin
boundary datum u.
Define Hp as the Robin-to-Neumann operator for the Darcy scalar problem,

1
Hp : L*(T) — L*(T),  pu— Hpp= %(gmwru), (44)

where ¢, € H, is the solution to (25) corresponding to the Robin boundary
datum p.
Moreover, let g be the Robin-to-Neumann operator for the Stokes problem,

Ks:L*T) = L), o — Kgo=72(0c —w,-n), (45)

where (wq, Ty) € Hf X Q is the solution to (27) with the Robin boundary datum
.
Finally, p denotes the Robin-to-Dirichlet operator for the Darcy scalar prob-
lem,

Kp: L2(F) - LQ(F)a o — Kpo = 9Xo|Ts (46)

Xo € Hp, being the solution to (28) with the Robin boundary datum o.
By means of these operators, we reformulate (29) as:

k+1 — HS,u/k + HD,LLk — (HS + HD),[Lk,
and the relaxation step (31) as:

pFt = P = 0(Ksa™ ! + Kpa™t) = pF — 0(Ks + Kp)(Hs + Hp)u"
I —0(Ks+Kp)(Hs + HD)]AL

13



Proposition 4.1 The operators defined in (43)-(46) enjoy the following prop-
erties:

1. Hs and Kp are symmetric, continuous and non-negative in L*(T);

2. Hp and Kg are symmetric, continuous and coercive in L*(T).

Proof. 1. We consider first the operator Hg. For every n and p, letting u,)-n =
Hsn and u, - n = Hgpu, we have:

/F(Hsu)n = /Fuu-nn=af(un=uu)—71/(un-n)(uu-n)

T
= /uun-n=/u(Hsn)7
T T

therefore Hyg is symmetric.
Now, taking v = u, in (24) (with f = 0), thanks to (22) we have

2V/ D(w,)* = af(u#,u#):”yl/|u#~n|2+/,uu#-n
Qs r r
1/2
< ke / D) + s lellorID (W) lo.e, -
f

Therefore, for v1 < (2v)/k2, one has [[D(u,)llo0, < ks3llullor, with k3 =

55/2/(21/ — y1K2). Hence, from (22), Hg is a continuous operator.
Finally, for v1 < (2v)/k2 we have

[ otsmn=2v [ D= [ fu Pz @v-me) [ PR z0.
r Q; r Q

hence Hg is a non-negative operator.

We consider now the operator Xp. We denote by x, and x¢ the solutions to
(28) with data o and &, respectively. Thus, Kpo = gx,r and Kp§ = gxer.
Then, using (28) we have

2
/(’CDUK = /gXalFf:gap(X£7XU)+g_/Xf\FXau“
r r Y2 Jr

/FQUXQP:/FU(KD@,

which proves the symmetry of Kp.
Now, if we take in (28) the test function ¥ = y,, we find

1 1/2 1/2
ap(XmXa)"'_/gX?y\F :/UXUH“ < </ 02) (/ x§|r> ;
72 Jr r r r

consequently, since a,(Xo,Xos) > 0, we have g|[xqr|
a continuous operator.
Finally, Kp is non-negative, since

or < 72llollor, ie., Kp is

2
/(/Cpo)ff:/gxg|po=gap(xa,xg)+g—/xilpzo Vo € L*(T).
r r Y2 Jr

14



2. Consider now the operator Hp. For all ;1 and 1 we denote by ¢, and ¢,
the solutions of (25) corresponding to the data p and 7, respectively, so that
Hpu = (geur +w1)/71 and Hpn = (9@, r +1)/71. Then, proceeding as we did
for the operator Kp, we have

/F(HDM)W = %/F(unﬂLgmrn)

1

2
g
= o R /Sﬁn\rsﬁmr gap(on,ou)

1
= +—/uwmr—/ (Hpn) ,
71

thus Hp is symmetric.
Moreover, taking ¢ = ¢, in (25), the continuity of Hp easily follows from the
estimate:

g 1 1 1/2 1/2
ap(opu, @ +—/<p2 =——/u<pr§—(/u2> (/ch) ,
p( W u) 7 Jr s 7 Jr | 7 . . |l

that yields [y rllo,r < g~ lullo,r, as ap(ou, u) = 0.
Finally, let us show that Hp is a coercive operator. Recalling its definition, we
have
1 9 1
ap(Ppsop) = —— | 99ur— — | 1o =— [ (Hop) eur
7 Jr 7 Jr r

—é / (Hou) (1 Hpp — 1) = ; / (Hpnyn =2 / (How)? .

Consequently, since a,(pu, ou) > K3 [o [Viu|? for a suitable constant k3 > 0,
P
there exists a constant g; > 0 such that

/F(HD/L)/L >q </F(HDM)2 +/Qp |V<p#|2> )

On the other hand, using the trace inequality and the Poincaré inequality,

/u2 = /(mﬁfzau—gsmr)2 < 27?/(HDM)2+292/<pi|r
I8 T T I8

Q (/FWDM)? +/Qp |Vsou|2> ,

where Q7 > 0 is a suitable constant. The coerciveness of Hp now follows.

IN

Turning now to the operator Kg, its symmetry can be proved as we did for Hg.
Moreover, taking v = w, in (27) (where w, is the solution with datum o), one
has

af(wmwo) + 72/

r

(wg~n)2:~yg/awg~n.
r

Since af(weo, we) > 0, this yields

Jraronr < fownems (o) 7 (i)

15



and this proves that the operator g is continuous.
Finally, using the definition (45) of Kg, we have

0f(wrwe) = = [ (@ P+ [owrn= [ (Kso)w,on
50 0 =25Ks0) = [ (Ksoya =5 [ (Ko

Therefore, since af(w,,w,) = 2v fo ID(wy)[?, there exists a constant ga > 0

such that
/F(ICSU)U > qo </Qf ID(w,)|? +/F(ICSU)2> .

On the other hand, by the trace and the Korn inequalities, we have

[ = [@ontayisoP <2 [oow? 427 [ (Cso)?
T T T T

< Qe (/ ID(wo)l* + /(’CSU)2>
Qs r
for a suitable constant Q3 > 0. Thus, the operator Kg is coercive. O

It follows from Proposition 4.1 that the operators H = Hg + Hp and K =
Ks + Kp are both symmetric, continuous and coercive on L*(T).

To prove the convergence of the pRR iterative scheme, we shall apply the fol-
lowing abstract result whose proof is similar to that of Theorem 4.2.5 in [17].

Theorem 4.1 Let X be a (real) Hilbert space and X' its dual. We consider
a linear invertible continuous operator Q: X — X', which can be split as Q =
Q1 + Qa, where both Q1 and Qs are linear operators. Taken Z € X', let v € X
be the unknown solution to the equation Qr = Z, and consider for its solution
the preconditioned Richardson method

" =P L ON(Z - Q2F), k>0, (47)

0 being a positive relazation parameter, and N : X' — X a suitable scaling
operator. Suppose that the following conditions are satisfied:

1. Q; (i=1,2) are continuous and coercive;
2. N is symmetric, continuous and coercive.

Then, there exists Opmaz > 0 such that for each 0 € (0,0,,42) and for any given
20 € X the sequence (47) converges in X to the solution of problem Qx = Z.

We can now prove the main result of this section.

Corollary 4.1 Under the constraint (32), the pRR iterative method (24), (25),
(27), (28), (31) converges to the solution (uf,ps) € Hf x Q, ¢ € Hy of the

coupled Stokes-Darcy problem, for any choice of the initial guess p° € L2(T),
and for suitable values of the relaxation parameter 6.

Proof. Tt follows from Theorem 4.1 whose hypotheses are satisfied thanks to
Proposition 4.1. O
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5 Finite element approximation and numerical
results

We consider a regular family of triangulations 75, of the domain QUSQ,, depend-
ing on a positive parameter A > 0, made up of triangles if d = 2, of tetrahedra in
the 3-dimensional case. We assume that the triangulations Ty, and 7, induced
on the subdomains Qy and €, are compatible on I, i.e., they share the same
edges (if d = 2) or faces (if d = 3) therein. The family of triangulations induced
on I will be denoted by Bj,.

Several choices of finite element spaces can be made to approximate the coupled

problem (13)—(14). For the sake of exposition, we will consider the following
conforming spaces (d = 2, 3):

Hyp = {vy € (th)d| v, =0o0onT;}

with L
Xsn = {vn € C°()| vpyr € Po(T) VT € Tp1}

and
Qn = {an € C°(Qp)| qnr € P1(T), VT € Ty1} ;

moreover, H7, will be an internal approximation of H 7
On the other hand, we set

Hyp = {tbn € Xpn|tn =0 on Ip}

with L
Xpn = {tbn € C°()| thnj € Po(T) VT € Tpn} .

Finally, define
Ah = {nh S LQ(F) | 77;1‘7_ S PQ(T) V1 € Bh} }

in particular, we have that v, -n € Ay, for each v, € Hyp and 4y, € Ay, for
each ¥y, € Hpp.
We will now present the discrete counterpart of the sRR and pRR algorithms.

5.1 The discrete sRR method

The finite element discretization of the coupled Stokes—Darcy problem (13)—(16)
reads:

Find (ufh,pfh) S H}-h X Qn, pn € th such that

ar(Wpn, Vi) + by (VaPrn) + 9 ap(@n, n) + / g#n(va - n)
r
— / gwh(ufh . Il) = / f. v VVh S H}-hv 1/}}1 S th (48)
r Q;
by(asn,qn) =0 Van € Qn . (49)
The sRR algorithm on the discrete problem (48)—(49) becomes: taking a trace

function 772 € Ay, and considering two acceleration parameters vy > 0 and
vp > 0, for each £ > 0,
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i) Find @yt € Hy, such that
Wpap(¢§+1,wh)+/g<p',§}1wh|r Z/n;’iwh\r Vpn € Hpn . (50)
r r
ii) Then, find (ufi",pji') € H, x Qp such that

ap(uift,vi) +bp(va, oY) + 5 /F(u’;;[l -n)(vy - n)

:/ (ﬁﬁﬁ _ MMF)(V}I ‘1) +/ f-vi, Vvi€Hp,,
r \p Tp Qy

br(uiit an) =0  VaneQy .

(51)
iii) Finally, set
Vst g
nit = () (it on) + fw Lok — V—fm'i ehn. (52
p p

For v, = vy, the convergence of this algorithm to the solution of (48)—(49) can
be proved as we did in Section 4.1 to show the convergence of (17)—(20) to the
solution of problem (13)—(16). Moreover, it is also possible to prove the con-
vergence of the alternating direction scheme (see Section 4.1.1), as the discrete
Steklov—Poincaré operators are positive definite (however, in principle the proof
of convergence cannot assure that the rate of convergence is independent of the
mesh size h).

For the numerical tests we have exploited the interpretation of the method in
terms of ADI iterations (Sect. 4.1.1) in order to obtain some guidelines for the
choice of the relaxation parameters, at least for the case of our interest, that
is, when v and the entries of K are very small (we recall that in this case the
convergence rate of the Dirichlet-Neumann method deteriorates).

In particular, considering (41), we are led to investigate the behaviour of the
eigenvalues, say 5} and &), of the operators Sy and S, respectively; in fact, if
we can estimate ) ‘
Tp — 5} Vr— 0
v+ 0% T+ 5
this could be taken as a rough estimate of the convergence rate of the algorithm.
Assuming that K is a constant multiple of the identity, we proved that in the
limit v — 0 and K — 0 (for a fixed mesh size h), 6 — 0 while 6 — oo
([6]). Thus, for small values of v and K the ratio (53) behaves like v, /~;. This
provides a first indication for the choice of the relaxation parameters, i.e., one
should take y¢ > =, > 0. Moreover, vy and <y, should not be taken too large
to avoid possible increases of the condition numbers of the Stokes and Darcy
stiffness matrices in (50) and (51), respectively. A reasonable trade-off is to
choose both parameters approximately equal to 107

max : , (53)
J J

For the numerical tests, we take the same setting as in Example 3.1. In Table
2 we report the number of iterations obtained using the sRR method for some
small values of v and K and for four different computational grids. A conver-
gence test based on the relative increment of the trace of the discrete normal
velocity on the interface u’}h -nr has been considered with tolerance 107°. In
all computations we have taken vy = 0.3 and 7, = 0.1.
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14 K hl h2 h3 h4
10710219 19]19]19
107 | 107% | 20 | 20 | 20 | 20
107 | 1077 | 20 | 20 | 20 | 20

Table 2: Number of iterations using the sRR method with respect to v, K and four
different grid sizes h (h1 ~ 0.14 and h; = h1/2“17 1 = 2,3,4); the acceleration

parameters are vy = 0.3 and 7y, = 0.1.

5.2 The discrete pRR method

The pRR algorithm designed on (48)-(49) reads as follows. Let uf € Ay be a
discrete trace function on I', and 71,2 > 0 two positive relaxation parameters;

then, for k > 0,
i) Find (u’;‘{l,p’;}tl) € H};, x @y such that

( k+1

Flgp 5V (Vhapfh ) 71/(“?;1 n)(vh'n)

)+
r
/ (vp - n) / f vy Vovy € Hpy,
Q; '

br(uiit qn) =0 Vg € Qn,

and find o™ € Hpy, such that

1
ap(p k+17¢h)+7/9¢h|p Ypr = ——/#;ﬂ/fmr Vb, € Hpp, .

ii) Then, find (@', 76+1) e H7, x @y such that

ar @5, Vi) + by (va, L) 1 / @ n)(vh - )
I

=72 / GFt (v, - m) Vv, € Hpy,

r
br@itan) =0 Van €Qn,
and find Yy € Hyy, such that

~ 1 AN -~
ap(XET, vn) + 7/F9X§E11/)h\r = /FUZ+11/Jh|P Yy € Hpn

where )
~k k k
Gt = f?;l n+ — " (Q‘Phrfl + k) € Ay -

#i) Finally, update u¥ as follows

~k
pitt = = 0e (T =@, m) + gxE ] € A

where 6 > 0 is an acceleration parameter.
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As for the continuous case, this iterative scheme can be reformulated in terms of
suitable interface operators on Aj. Precisely, let Hgp, and Kpy, be the discrete
Robin-to-Dirichlet maps:

Hsn : Ap — Ap, pr — Hsppn =1y, -n,
Kpn : A — Ay, on — Kphon = gXop |1 5

where (uy,,pu,) € Hfj, x Qp is the solution to (54) with £ = 0 and Robin
boundary datum gy, while x,, € Hpp is the solution of (57) with boundary
datum op on I'.

Then, consider the discrete Robin-to-Neumann operators

1
Hpn : Ap — Ap, tn — Hphptn = W—(Q%h\r + ),
1

Ksn: A — Ap, on — Ksnon = v2(on — we, -n) ,

where ¢,,, € Hpy, is the solution of (55) with boundary datum py,, and (wo, , 7o, )
is the solution of (56) with boundary datum oy.

Finally, we denote by (un,pr) € H};, x Qp, the solution of (54) with null bound-
ary conditions, so that u’;;;l n = Hgppk + 0y, - n, for all k > 0.

Then (58) becomes '

3Z+1 = HShNZ + HDhNZ +uy-n.

Problem (48)—(49) can be associated with the discrete interface problem
Find p, € Ay - (HSh + HDh),Uh = —u,-n onl. (60)

Thus the discrete pRR method can be interpreted as the following precondi-
tioned Richardson scheme to solve (60):

=k — 0(Ksp + Kpn)[Un -n+ (Hsp +Hpr)uf], k>0,  (61)
the preconditioner being
P=(Ksn+Kpn)™". (62)

The convergence of (61) is proved as done in Section 4.2 for the infinite dimen-
sional case; besides, its rate of convergence is independent of the mesh size h,
as it only depends on the continuity and coerciveness constants of the operators
Hsh, Hpn, Ksn, Kpn, which are all independent of h.

Moreover, since the operators Hgj;, and Hpy, are symmetric, we can use the PCG
method to compute the solution of (60) using the same preconditioner (62).
More generally, we consider the following (variable) preconditioner:

Py = (05 Ksn +o5Kpn) ™", (63)

where of and o0& are two suitable acceleration coefficients (possibly depending
on the iteration k).

The choice of the coefficients 71, Y2, 0¥ and o4 to accelerate convergence is not
straightforward. In our numerical experiments we have adopted two different
strategies. First, we have used the PCG method with P! = 01Kgy, + 02K pn
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with a suitable choice of the acceleration coefficients. Secondly, we have con-
sidered the preconditioner P, ! as in (63) in the framework of a Richardson
method and we have computed of and o} according to an Aitken acceleration
procedure (see, e.g., [4, 5]).

More precisely, the algorithm reads: let 79 be the residual of (60) computed
with respect to an initial datum /'L?L € Ay, and let 22 = Poflrz. Then, for £ > 0,

1. compute the local preconditioned residuals z%, = Kppr?, zgh = Ksnrk;

2. solve the linear system

O'k _
AL (7)) = ATk -

1 k k 1).

where Ay, is the two column matrix Ay = (zgh - zgg s Zbn — Zpn

This corresponds to minimize
k k— k k— k k—
(g, = ) + o1(28, — 26, 1) + 02(2By, — 2500l
over all possible values of o1 and os.

. k+1 k. k k. k k+1 k k+1
3. Finally, update 2z, 7' = of2k, + ok2k,  rith =0k — (Hon + Hpn)zy

and uZH = NZ + z,’j“.
For the numerical tests, we have considered the same settings as in Example
3.1. A tolerance of 1072 has been imposed on the relative increment, and a
maximal number of iterations maxit = 300 has been required.
Table 3 reports the number of iterations obtained using the PCG method for
three values of v and four different grids. It is apparent that the rate of con-
vergence deteriorates as v goes to 0. We have noticed a similar behaviour for
small values of K as well.
The Richardson-Aitken strategy gives better results, as shown in Table 4. How-
ever, the Dirichlet-Neumann algorithm still turns out to be more efficient in this
respect (see Table 1).

v K V1 Yo | o1 | o2 | hi | ha | ha | hs
1 1105 o5 1 [ 1 [11]12]11]12
1071|107t 1 1 1 (27 )28 29| 28
107211072 1 1 1 |68 |76 | 72| 64

Table 3: Number of iterations using the PCG method with the pRR preconditioner
P as in (62), with respect to v and the grid size h (h1 =~ 0.14 and h; = hy /27",
i=2,3,4).

6 Appendix

We present here the proof of the convergence of the (modified) sRR scheme (42).

Theorem 6.1 Let us assume that the interface T' is smooth, say, a C*-manifold
with boundary. Then, for each v > 0, the operator (yJ— — Sy)(yJ— + Sp)~*
is a contraction in (Héf(F))’, and the operator (vJ4 — Sp)(vJ4+ + Sp) ™! is a

contraction in Hééz (T).
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v K el Y2 grid size | iter. | |71| |52
h1 10 | 2.68 | 0.64
1 1 05 | 0.5 ha 10 | 2.67 | 0.66
hs 10 | 2.66 | 0.67
ha 10 | 2.66 | 0.68
h1 12 | 153 | 0.13
107t 1 1007 | 1 ho 11 | 1.50 | 0.13
hs 11 | 1.54 | 0.13
ha 12 | 1.50 | 0.12
h1 23 | 0.90 | 0.06
1072 1 1072 | 1 ha 23 | 095 | 0.04
hs 23 | 0.96 | 0.06
ha 23 | 0.94 | 0.06
ha 47 1 0.33 ] 0.07
1073 1 1072 | 1 ha 47 | 0.38 | 0.04
hs 50 | 0.37 | 0.03
ha 52 | 0.38 | 0.03
h1 23 | 0.90 | 0.06
107t | 107t | 107! | 10 ha 23 | 095 | 0.04
hs 23 | 0.96 | 0.06
ha 23 | 0.94 | 0.06
h1 40 | 0.25 | 0.02
1072 | 107t | 1072 | 10? ha 39 | 0.26 | 0.01
hs 40 | 0.30 | 0.01
ha 44 | 0.27 | 0.01

Table 4: Number of iterations using the Aitken-accelerated Richardson method with
the pRR preconditioner Pj as in (63); in the last two columns we indicate the mean
value of the absolute values of the parameters of and o& generated by the method.
The h; are as in Table 3.

Proof. We have:

[0 = S0 + Sy = sup LT = ENOTH S0 s oo
170 HMH—l/z,oo,r

— sup ||(7J— - Sf)XH2_1/2,oo,r
o (- + Sf)XH2_1/2,oo,r

- WEHJ—X”Q_l/z,oo,F —=29(Sx, J-X) 172,000 + [1S5x11% 1 j2. 000
20 HJ_X||271/2_’00_’F +29(S¢x, J-X)-1/2,00,0 + |‘S.fX||%1/2,oo,r

- Wzl\xl\f/z,oo,p — 21806 0r 15X 2000
x#0 7Y HXH%/Q,OO,F +29(Srx, x)r + HSfXHzl/Q,OO,F

We prove now that Sy is positive and bounded, that is there exist two positive
constants C; and Cs such that

<SfX7X>F > ClHXH%/Q,OO,F ) ||Sj'X|‘%1/2,00,F < CQHXH%/Q,OO,F . (64)
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In fact, using the Korn and the trace inequality in H(% 2 (T") we have

(Srx;x)r = (- (T(uy,py) -n),uy -mr
d—1
= (T(uy,py) n,n(uy-n)+ ZTj(uX “Tj))T

(asuy-7;,=0o0nT)

= - [T(a Suy | = 2v u, )
= [,V mep w 2/Qf|D< Ol

> ClHux| %,Qf > CQ”“MFH%/ZOO,F .

The regularity assumption on I' yields ||uy - nl|; /2,00,r < c3luyrll1/2,00,r, hence
(Spx; x)r > Ciluy 'HH%/Q,OO,F = ClHXH%/Q,OO,F .
Moreover, the regularity assumption on I' also yields
||n- (T(uxvpx) ) n)||71/2,00,1“ < C4||T(ux=px) 'anl/Z,OO,F )

therefore the trace inequality in (HééQ(I‘))’ and the a-priori estimate for the
solution of the Stokes problem give

IN

CZHT(uXapX) : nH2—1/2,OO,F

CSHT(uxapx)H(Q),Qf < OQHXH%/Q,OO,F )

HSfX||271/2.,00.,F

IN

so that both inequalities in (64) are proved.
Consequently, setting go = (Co — 2701 +~?2)/(C2 + 2701 + +?), we can easily
prove that

o FYQHX”%/Q,QO,F - 2'Y<SfXa X>F + HSfX”Q_l/z,oo,r
up

<qgp<l1.
X#0 72||X||§/2,00,r + 27<SfXa X>F + ||SfX||2_1/2,00,r

The proof that ||(vJ+ — Sp)(vJ+ +Sp) 1| < 1 can be done in a similar way. In
fact, using the trace inequality in (HééQ(I‘))’ we have

(. Spmr = —g(KVy, - n,p,r)r
= g/Q V-[%KV%]ZQ/Q Vo, - KVp,

= g/ KilKVgan KV, > 06/ |KV<;777|2
Q, Q,

Y

C3]|[KV,, - n||%1/2,00,r = CS||W||%1/2,00,F .

Moreover, by the trace inequality in Hééz(F) and the a-priori estimate for the

solution of the Laplace equation, we obtain

HSpn”%/z,oo,r = ||9<Pn|r|‘%/2,oo,r < C7||90n||%,szp < C4||77||2—1/2,00,F .

These two inequalities permit to repeat for the operator S, the same procedure
used for the operator Sy. O
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