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SUMMARY

In this paper, we deal with the acoustic inverse scattering problem for reconstructing cracks of possibly
different types from the far field map. The scattering problem models the diffraction of waves by thin two-
sided cylindrical screens. The cracks are characterized by their shapes, the type of boundary conditions and
the boundary coefficients (surface impedance). We give explicit formulas of the indicator function of the
probe method which can be used to reconstruct the shape of the cracks, distinguish their types of boundary
conditions, the two faces of each of them and reconstruct the possible material coefficients on them by using
the far-field map. To test the validity of these formulas, we present some numerical implementations for a
single crack, which show the efficiency of the proposed method for suitably distributed surface impedances.
The difficulties for numerically recovering the properties of the crack in the concave side as well as near the
tips are presented and some explanations are given. Copyright c© 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

To describe the diffraction of acoustic waves by thin two-side cylindrical screens, the scattering
problems are governed by the Helmholtz equation for a crack C in R2. Let C be a two dimensional
open curve of class C3 with a parametrization representation C = {x := x(s), s ∈ [a, b]}, where
x : [a, b] → R2 is locally of class C3. We set P = x(a) and Q = x(b) to be the two tips of C, and
fix the orientation of C as follows. Traveling on C from P to Q, we associate to the right-hand side
the sign +, i.e. C+, and to the left-hand side the sign −, i.e. C− and we set ν to be the unit normal
on C oriented towards C+. The different boundary conditions specified on C represent the acoustic
properties of the crack. For given incident plane waves ui(x) = eiκd·x, we consider the following
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2 J. LIU. AND . M. SINI

scattering problems for total waves u(x) = ui(x) + us(x):

( Dirichlet )





(∆ + κ2)u = 0 in R2 \ C
u = 0 on C±
limr→∞

√
r(∂us

∂r − iκus) = 0,

(1)

( Mixed )





(∆ + κ2)u = 0 in R2 \ C
u = 0 on C+

∂u
∂ν − iκσ−u = 0 on C−
limr→∞

√
r(∂us

∂r − iκus) = 0,

(2)

( Robin )





(∆ + κ2)u = 0 in R2 \ C
∂u
∂ν ± iκσ±u = 0 on C±
limr→∞

√
r(∂us

∂r − iκus) = 0,

(3)

where us(x) is the scattered wave outside of C, κ > 0 is the wave number and d is the direction of
incident plane wave ui(x). We assume that σ± are the complex-valued Hölder continuous functions
of order β ∈ (0, 1], σ± = σr

±+iσi
±, and σr

± have positive uniform lower bounds on C. These models
describe the scattering problems of the cracks with different acoustic properties.

The problems (1), (2) and (3) are well-posed in some appropriate spaces, see [2, 8, 9, 10, 13, 16]
for more details. More precisely, the well-posedness in Sobolev spaces can be found in [2], following
the variational approach as in [16], and the well-posedness in classical Hölder spaces can be found
in [8, 9, 10] where integral representations via single and angular potentials are given. Regarding
the Robin problem (3) and if the surface impedances σ± are equal, then a representation via a
combination of single and double layer potentials is proposed in [13]. These integral representations
are useful for the actual computation of the scattered fields and their corresponding far fields.

Using the asymptotic of the fundamental solution, as in [3], the scattered wave has the asymptotic
behavior

us(x, d) =
eiκr

√
r

u∞(x̂, d) + O(r−3/2), r := |x| → ∞, (4)

where the function u∞(·, d) defined on the unit circle S1 is called the far-field of the scattered wave
us corresponding to incident direction d. We introduce a constant γ2 := eiπ/4√

8πκ
and the fundamental

solution to the Helmholtz equation in R2:

Φ(x, y) :=
i

4
H

(1)
0 (κ|x− y|), x 6= y, x, y ∈ R2,

where H
(1)
0 is the Hankel function of the first kind of order zero. In this paper, we will consider the

following
Crack reconstruction problem. Given u∞(·, ·) on S1×S1 for the scattering problems (1) or (2)

or (3), reconstruct the shape of the crack C, distinguish the two faces of C and eventually reconstruct
the surface impedances σ±(x).

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
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RECONSTRUCTION OF CRACKS OF DIFFERENT TYPES. 3

REMARK 1.1
We do not know a-priori to which problem is associated the data u∞(x̂, d) on (x̂, d) ∈ S1 × S1. 2

The inverse problems for cracks detection have been studied by many authors. We refer to [1]
for some results concerning, in particular, detection of piecewise linear cracks from one or few
exterior measurements. We are interested in the detection of cracks of general shapes but using many
measurements. Precisely, we are using the far field data with the aim of reconstructing the whole
crack. There are several works devoted to the detection of cracks from many measurements. Among
others, we shall cite [2, 5, 6] and the references therein, where the authors gave reconstruction
methods to detect the shape of the cracks of Lipschitz regularity. In this paper, we shall be concerned
with reconstructing complex cracks, and not only their shapes, by giving the shapes, the type
of boundary conditions, distinguishing the two faces of the crack and computing the point-wise
values of the complex-valued surface impedances. The price to pay is to naturally assume that the
cracks have a C3-regularity (actually a C2,α-regularity is enough, with any α ∈ (0, 1]) and σ±
are Hölder continuous. With such a regularity, we provide direct formulas which link the far field
data to the unknown ingredients of the cracks. These formulas reveal some geometrical information
about the cracks as well as the surface impedance through an asymptotic expansion with respect to
the point sources used. This asymptotic behavior shows how we should be careful to what extent
these indicators can approximate the crack properties such as its shape and the possible surface
impedance, from the numerical point of view. Our numerical realizations presented in the last
section show that the property of the crack in the convex side can be reconstructed well, but the
reconstruction in the concave side of the crack is quite limited. This phenomenon can be explained
physically by the multiple reflections of the waves within the cavity, which lead to a relatively less
information about the concave side in the far field pattern. In addition a suitable surface impedance
distribution can improve the reconstruction in the concave part but also can destroy the one near
the convex part. This fact shows how difficult it is to reconstruct numerically the shape of the crack
without knowing some a-priori information. We wish also to point out that our formulas are valid
on the points of the crack away from the tips. We believe that the indicator functions near the tips
should be more singular. But such an assertion needs to be justified.

This paper is organized as follows. In section 2, we present the theoretical results related to the
asymptotic formulas, with some comments on how one can use them in practical computations. In
section 3 and section 4, we give the proof of these results. Finally we show extensive numerical
results followed by some detailed explanations in section 5. Some preliminary results of this work
have been presented in [12].

2. Statement of the results

It is well known [3] that the scattered field associated with the Herglotz incident field vg(x) :=∫
S1 eiκx·dg(d) ds(d), x ∈ R2 with g ∈ L2(S1) is given by

vs
g(x) :=

∫

S1
us(x, d)g(d) ds(d), x ∈ R2 \ C,

and its far field is v∞g (x̂) :=
∫

S1 u∞(x̂, d)g(d) ds(d), x̂ ∈ S1.

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
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4 J. LIU. AND . M. SINI

We will need the following identity ([3], [18])

u∞(x̂, d) = −γ2

∫

∂D

{
∂us(y, d)

∂n(y)
e−iκx̂·y − ∂e−iκx̂·y

∂n(y)
us(y, d)

}
ds(y), (5)

where ∂D is a closed curve containing a part of C and avoiding the tips (P,Q), and n(y) is the
outward normal direction of ∂D. In addition, we assume that the bounded domain surrounded by
∂D, i.e D, is such that C ⊂ D. In particular D contains the tips (P,Q).

Before stating the main theoretical result, one remark is in order.

REMARK 2.1
Let a ∈ C. The notation a ∈ C± means that the sequence {zp}, which is outside of D, tends to a
from the right (+) (or, the left (−)) side of C. If a ∈ C+, then D is chosen, as we did it to derive (5),
so that the outward normal direction of ∂D at the point a is ν(a). If a ∈ C−, then D is chosen so
that the outward normal direction of ∂D at the point a is −ν(a). 2

Assume that C ⊂⊂ Ω for some known Ω with smooth boundary. For a ∈ Ω, denote by
{zp} ⊂ Ω \ D a sequence tending to a. For any zp, set Dp

a to be a C2− regular domain such
that C ⊂ Dp

a with zq ∈ Ω \ Dp
a for every q = 1, 2, · · · , p and that the Dirichlet interior problem

on Dp
a for the Helmholtz equation is uniquely solvable. In this case, the Herglotz wave operator H

defined from L2(S1) to L2(∂Dp
a) by

H[g](x) := vg(x) =
∫

S1
eiκx·dg(d) ds(d) (6)

is injective, compact with dense range, see [3]. Now we consider the sequence of point sources
Φ(·, zp). For every p fixed, we construct two density sequences {gp

n} and {f j,p
m } in L2(S1) by the

Tikhonov regularization such that

||vgp
n
− Φ(·, zp)||L2(∂Dp

a) → 0, n →∞, (7)

||vfj,p
m
− ∂

∂xj
Φ(·, zp)||L2(∂Dp

a) → 0, m →∞. (8)

We choose ∂D, as we did it to derive (5), to contain a part of C surrounding the fixed point a,
such that {zp} ⊂ Ω \D ( for p large enough ) and C ⊂ D ⊂ Dp

a. Since both vgp
n

and Φ(·, zp) satisfy
the same Helmholtz equation in Dp

a, (7) implies that

||vgp
n
− Φ(·, zp)||

H
1
2 (∂D)

→ 0, n →∞ (9)

|| ∂

∂n
vgp

m
− ∂

∂n
Φ(·, zp)||

H− 1
2 (∂D)

→ 0, m →∞ (10)

Similarly, it follows from (8) that

||vfj,p
m
− ∂

∂xj
Φ(·, zp)||

H
1
2 (∂D)

→ 0, m →∞ (11)

|| ∂

∂n
vfj,p

m
− ∂

∂n
(

∂

∂xj
Φ(·, zp))||

H− 1
2 (∂D)

→ 0, m →∞ (12)

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
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RECONSTRUCTION OF CRACKS OF DIFFERENT TYPES. 5

Multiplying (5) by f j,p
m (d)gp

n(x̂) and integrating over S1 × S1, we have

−
∫

S1

∫

S1
u∞(−x̂, d)f j,p

m (d)gp
n(x̂) ds(x̂)ds(d)

= γ2

∫

∂D

{∫

S1

∂us(y, d)
∂n(y)

f j,p
m (d) ds(d) ·

∫

S1
eiκx̂·ygp

n(x̂) ds(x̂) −
∫

S1

∂eiκx̂·y

∂n(y)
gp

n(x̂) ds(x̂) ·
∫

S1
us(y, d)f j,p

m (d) ds(d)
}

ds(y)

= γ2

∫

∂D

{
∂vs

fj,p
m

∂n(y)
(y)vi

gp
n
(y)−

∂vi
gp

n

∂n(y)
(y)vs

fj,p
m

(y)

}
ds(y). (13)

From (11), (12) and (13), we have from the Green formula that

lim
n→∞

∫

S1

∫

S1
u∞(−x̂, d) f j,p

m (d) gp
n(x̂) ds(x̂)ds(d)

= γ2

∫

∂D

{
vs

fj,p
m

∂Φ(y, zp)
∂n(y)

−
∂vs

fj,p
m

∂n(y)
Φ(y, zp)

}
ds(y) = γ2v

s
fj,p

m
(zp), (14)

where vs
fj,p

m
(·) is the scattered wave corresponding to incident wave vi

fj,p
m

(x) = H[f j,p
m ](x).

Denote by Es
j (x, zp) the scattered wave corresponding to the incident wave ∂Φ(x,zp)

∂xj
, which is

well defined for every x ∈ R2 \ C. Then it follows from (10), (11), the well posedness of the direct
scattering problem and the interior estimate of boundary value problem that

Es
j (x, zp) = lim

m→∞
vs

fj,p
m

(x), x ∈ R2 \D. (15)

Finally, it follows from (14) that

lim
m→∞

lim
n→∞

∫

S1

∫

S1
u∞(−x̂, d) f j,p

m (d) gp
n(x̂) ds(x̂)ds(d) = γ2E

s
j (zp, zp). (16)

We set
Ij(zp) :=

1
γ2

lim
m→∞

lim
n→∞

∫

S1

∫

S1
u∞(−x̂, d) f j,p

m (d) gp
n(x̂) ds(x̂)ds(d). (17)

Let us mention that the construction of f j,p
m and gp

m is independent of the unknown crack. Hence
Ij(zp) is computable from our data only.

The reconstruction of the crack C as well as its eventual surface impedance is established by
analyzing the behavior of (16) by taking zp → a for the test point a. For this process, we need
the C3 smooth assumption on C. Precisely, for every point a ∈ C \ {P, Q}, there exists a rigid
transformation of coordinates under which the image of a is 0 and a function fa ∈ C3(−r, r) such
that

fa(0) =
dfa

dx
(0) = 0, D ∩B(0, r) = {(x1, x2) ∈ B(0, r);x2 < fa(x1)} (18)

in terms of the new coordinates where B(0, r) is the disc of center 0 with radius r. For the point
a ∈ C, we choose the sequence {zp}p∈N included in Ca,θ, where Ca,θ is a cone with center a, angle
θ ∈ [0, π

2 ) and axis ν(a). The answer to the inverse problem of crack detection is based on the
following theorem related to the asymptotic of the indicator functions Ij(zp).

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
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6 J. LIU. AND . M. SINI

THEOREM 2.2
Assume that C is of class C3 and σ± := σr

± + iσi
± are Hölder continuous functions with positive

lower bounds for σr
±. Then we have the following asymptotic formulas:

1. <(Ij(zp)) =




±νj(a)
4π|(zp−a)·ν(a)| ±

νj(a)
π κσi

±(a) ln(|(zp − a) · ν(a)|) + O(1), a ∈ C± \ {P, Q}
( for the impedance boundary conditions),

∓νj(a)
4π|(zp−a)·ν(a)| + O(1), a ∈ C± \ {P, Q}
( for the Dirichlet boundary conditions).

(19)

2.

=(Ij(zp)) =





∓νj(a)
π κσr

± ln(|(zp − a) · ν(a)|) + O(1), a ∈ C± \ {P,Q}
(for the impedance boundary conditions),
O(1), a ∈ C± \ {P,Q}
(for the Dirichlet boundary conditions).

(20)

2

REMARK 2.3
The needed regularity condition for C is actually C2,α, with any α ∈ (0, 1]. 2

Next, let us give some comments explaining how to use the above asymptotic formulas to extract
the information about the crack. The formulas (19) and (20) can be used in the following ways.

• Determine a sample of points on the crack and find the normal direction on these points. The
points can be given by numerically solving |< Ij(z)| = C for constant C large enough. The
normals are obtained as follows:

ν(a) = ±(t

√
1

1 + t2
,

√
1

1 + t2
), where t := lim

zp→a

<I1(zp)
<I2(zp)

.

• Distinguish the parts where we have Dirichlet or Impedance type of boundary conditions. This
is a consequence of the following identities for a ∈ C± \ {P,Q} and any given s ∈ (0, 1):

lim
zp→a

|= Ij(zp)|
| ln(|(zp − a) · ν(a)|)|s =

{
∞, Impedance boundary,

0, Dirichlet boundary.
(21)

• In case of impedance type boundary conditions, we can reconstruct the real and the imaginary
parts surface impedance σ± using the following formulas:

σr
±(a) = lim

zp→a

π
∑2

j=1∓νj(a)= Ij(zp)
κ ln(|(zp − a) · ν(a)|) (22)

and

σi
±(a) = lim

zp→a

π
∑2

j=1±νj(a)< Ij(zp)− 1
4|(zp−a)·ν(a)|

κ ln(|(zp − a) · ν(a)|) . (23)

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
Prepared using mmaauth.cls DOI: 10.1002/mma



RECONSTRUCTION OF CRACKS OF DIFFERENT TYPES. 7

• The formula (22), rewritten as

± σr
±(a) = − lim

zp→a

π
∑2

j=1 νj(a)= Ij(zp)
κ ln(|(zp − a) · ν(a)|) , (24)

enables us to know if a ∈ C+ or a ∈ C−, i.e to distinguish between the two faces of the crack.
Indeed, since σr

±(a) > 0, then if the right-hand side of (24) is positive then a ∈ C+ and if it is
negative then a ∈ C−. We can also use the first equation of (19) as follows:

lim
zp→a

2∑

j=1

νj(a)< Ij(zp) =

{
+∞, on C+

−∞, on C−
(25)

for the impedance boundary condition and

lim
zp→a

2∑

j=1

νj(a)< Ij(zp) =

{
−∞, on C+

+∞, on C−
(26)

for the Dirichlet boundary condition.

3. Proof of Theorem 2.2

In this section, we give the proof of Theorem 2.2 for the impedance case since for the Dirichlet case
the proof is similar. We consider only the case j = 2 of Theorem 2.2. The case j = 1 can be handled
in a similar way with some appropriate changes.

We recall that for any given point a ∈ C, we distinguish two possibilities, a ∈ C+ or a ∈ C−.
If a ∈ C+, then D is chosen, as we did it to derive (5), so that the outward normal direction of
∂D at the point a is ν(a). Hence recalling (18), we firstly take the rotation R+

a and the translation
Ma such that R+

a (ν(a)) = (0, 1), R+
a (a) + Ma = 0 in the new coordinate system x̃. Under the

transformation x̃ := T+(x) := R+
a (x) + Ma(x), it follows that T+(ν(a)) = (0, 1), T+(a) = 0.

If a ∈ C−, then D is chosen so that the outward normal direction of ∂D is −ν(a). In this case, we
take the rotation R−a and the same translation Ma such that R−a (−ν(a)) = (0, 1). However, it is easy
to see that R−a = −R+

a . We set T−(x) = R−(a) + Ma(x). Hence in both cases, either a ∈ C+ or
a ∈ C−, after the corresponding transform of coordinates, a is mapped to the origin and the normal
is mapped to the vector (0, 1) which is oriented towards the exterior of D, (D ⊃ C).

Introduce the following two problems under the transformed coordinate x̃ = (x̃1, x̃2) for any
given z̃ = (z̃1, z̃2) ∈ R2

+:
{

∆w̃±σ(a) = 0, x̃ ∈ R2
+

( ∂
∂x̃2

w̃±σ(a) + iκσ(a)w̃±σ(a))(x̃, z̃)|x̃2=0 = −( ∂
∂x̃2

+ iκσ(a))∇Γ(x̃, z̃) · τ±|x̃2=0,
(27)

{
∆w̃±D = 0, x̃ ∈ R2

+,

w̃±D(x̃, z̃)|x̃2=0 = −∇Γ(x̃, z̃) · τ±|x̃2=0,
(28)

respectively, where Γ(x̃, z̃) = 1
2π ln 1

|x̃−z̃| and the subscript D in w̃±D(x̃, z̃) refers to the Dirichlet
boundary condition in (28). The vector τ± is given by τ± := R±a (0, 1) = ±(−ν1(a), ν2(a)).
Moreover, define four functions w±σ(a)(x, z) and w±D(x, z) by

w±σ(a)(x, z) := w̃±σ(a)(x̃, z̃), w±D(x, z) := w̃±D(x̃, z̃).

Copyright c© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 00:1–6
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8 J. LIU. AND . M. SINI

Now, we state two propositions which will be used in the proof of Theorem 2.1, while their proofs
will be given in section 4.

PROPOSITION 3.1
The asymptotic behavior of Es

2(z, z) can be stated in the two cases as follows.
Case 1. Impedance boundary condition. Let a ∈ C± \ {P, Q} , then there exist δ(a) > 0 and

C > 0 such that ∣∣∣ Es
2(z, z)− w±σ(a)(z, z)

∣∣∣ ≤ C (29)

for z ∈ B+(a, δ(a)) ∩ Ca,θ, where B+(a, δ(a)) := B(a, δ(a)) ∩ (R2 \D) and B(a, δ(a)) is the ball
of center a and radius δ(a).

Case 2. Dirichlet boundary condition. If a ∈ C+\{P, Q}, then the asymptotic behavior is obtained
by replacing w±σ(a) in (29) by w±D. 2

PROPOSITION 3.2
The functions w±σ(a)(x̃, z̃) have the following explicit forms

w̃±σ(a)(x̃, z̃) =
±ν2(a)

4π

∫

R
ei(x̃1−z̃1)ξ1e−(x̃2+z̃2)|ξ1| |ξ1|+ iκσ(a)

|ξ1| − iκσ(a)
dξ1 ∓

i
ν1(a)
4π

∫

R
ei(x̃1−z̃1)·ξ1e−(x̃2+z̃2)|ξ1| ξ1

|ξ1|
|ξ1|+ iκσ(a)
|ξ1| − iκσ(a)

dξ1, (30)

while the functions w̃±D(x̃, z̃) have the forms

w̃±D(x̃, z̃) = ∓ν2(a)
4π

∫

R
ei(x̃1−z̃1)ξ1e−(x̃2+z̃2)|ξ1|dξ1 ± i

ν1(a)
4π

∫

R
ei(x̃1−z̃1)ξ1e−(x̃2+z̃2)|ξ1| ξ1

|ξ1|dξ1.

(31)
In addition, taking x̃1 = z̃1, we have for x̃2 and z̃2 near 0 that

w̃±σ(a)(x̃, z̃) = ± ν2(a)
2π(x̃2 + z̃2)

∓ iκν2(a)σ(a)
π

ln(x̃2 + z̃2) + O(1), (32)

w̃±D(x̃, z̃) = ∓ ν2(a)
2π(x̃2 + z̃2)

+ O(1). (33)

2

Coming back to the original coordinates (x, z), we have from (32) and (33) that

w±σ(a)(z, z) = ± ν2(a)
4π|(z − a) · ν(a)| ∓

iκσ(a)ν2(a)
π

ln(|(z − a) · ν(a)|) + O(1)

and
w±D(z, z) = ∓ ν2(a)

4π(z − a) · ν(a)
+ O(1)

for z near a. Finally, the proof of Theorem 2.2 is done by directly combining Proposition 3.1 and
the above two asymptotic expansions. 2

4. Proof of the two propositions.

This section is dedicated to the proofs of Proposition 3.1 and Proposition 3.2 used in section 3.
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4.1. Proof of Proposition 3.1.

We consider the case where a ∈ C+ \ {P,Q}, i.e., zp tends to a from the positive side of C.
The case a ∈ C− can be done by replacing ν(a) by −ν(a). Indeed, if a ∈ C− then due to
the choice of D we have n = −ν near a. However, on C− we have the boundary condition
( ∂

∂ν − iκ)(Es
2(x, zp) + ∂Φ(x,zp)

∂x2
) = 0 for the total fields Es

2(x, zp) + ∂Φ(x,zp)
∂x2

. Hence we can write

( ∂
∂n + iκ)(Es

2(x, zp) + ∂Φ(x,zp)
∂x2

) = 0 near a. This means that for both a ∈ C+ and a ∈ C−, we have
the same (sign for the) boundary condition near a. The difference in the sign, in Proposition 3.1,
comes from the different rotations, R+

a for a ∈ C+ and R−a for a ∈ C−, we need to use to obtain the
asymptotic and the fact that R+

a = −R−a . The precise point of the proof where we need to make the
change is indicated in Remark 4.5, see Section 4.3.

In the sequel, we use the notation ν for the normal of ∂D (instead of n) since n = ν near the point
a, a ∈ C+.

Let Ẽs(x, zp) be the solution of




(∆ + κ2)Ẽs(x, zp) = 0 in R2 \D

( ∂
∂ν + iκσ(x))Ẽs(x, zp) = −(∂ν + iκσ(x)) ∂

∂x2
Φ(x, zp) on ∂D

Ẽs(·, z) satisfies the Sommerfeld radiation condition.

(34)

Note that σ has been defined just on C. We extend it to ∂D as a Hölder continuous function and
denote it again by σ.

Part one. Ẽs(x, z) is the dominant part of Es(x, z) for x, z near a.

Define H̃σ(x, z) := Ẽs(x, z) + ∂
∂x2

Φ(x, z). Then it satisfies




(∆ + κ2)H̃σ(x, z) = −∇δ(x, z) · (0, 1), in R2 \D

( ∂
∂ν + iκσ)H̃σ(x, z) = 0, on ∂D

H̃σ(·, z) satisfies the Sommerfeld radiation condition.

(35)

Similarly, we set Hσ(x, z) := Es(x, z) + ∂
∂x2

Φ(x, z). Hence W := Hσ − H̃σ satisfies
{

(∆ + κ2)W (x, z) = 0 in R2 \D

( ∂
∂ν + iκσ)W (x, z) = 0, on C ∩ ∂D.

(36)

Let B be a disc with center a and radius r > 0. The arguments in [4] show that Hσ(a) and H̃σ(a)

satisfy for x, z ∈ B \D the estimates

|Hσ(a)(x, z)|, |H̃σ(a)(x, z)| ≤ C

|x− z| and |∇xHσ(a)(x, z)|, |∇xH̃σ(a)(x, z)| ≤ C

|x− z|2 , (37)

where C is a positive constant. With these properties and (36), we see that W (·, z) satisfies the
Helmholtz equation in B \D, the impedance boundary condition ( ∂

∂ν + iκσ)W (·, z) = 0 on C ∩∂D

and ( ∂
∂ν + iκσ)W (·, z) has a bounded H−1/2(∂(B \D) \ (C ∩ ∂D))-norm on ∂(B \D) \ (C ∩ ∂D)

for z near a. We choose B small enough so that κ2 is not an eigenvalue for the impedance problem
satisfied by W (·, z) on B \ D. Note that if the surface impedance is not real then there is no
eigenvalue associated to the impedance boundary value problem. From the well posed-ness of this
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10 J. LIU. AND . M. SINI

problem in Sobolev spaces, see [16], we deduce in particular that ‖W (·, z)‖H1(B\D) is bounded
with respect to z near a.

We set G to be the Green’s function for ∆+κ2 in B \D with a homogeneous Neumann condition
on ∂(B \D). An integration by parts shows that

W (x, zp) = −
∫

∂(B\D)

G(y, x)
∂

∂ν
W (y, zp)ds(y), for x, zp ∈ B \D. (38)

Using the boundary condition in (36), we obtain

W (x, zp) = −
∫

∂(B\D)\(C\∂D)

G(y, x)
∂

∂ν
W (y, zp)ds(y) + iκ

∫

C\∂D

σ(y)G(y, x)W (y, zp)ds(y),

(39)
for x ∈ ∂(B \D), zp ∈ B \D.

From the point-wise estimate in (37) and the corresponding ones of G, we deduce that
∫

∂(B\D)\(C\∂D)

G(y, x)
∂

∂ν
W (y, zp)ds(y)

is bounded for x, zp near a, since a is away from ∂(B \ D) \ (C \ ∂D). The Cauchy-Schwartz
inequality and the boundedness of σ give

∣∣∣∣∣
∫

C\∂D

σ(y)G(y, x)W (y, zp)ds(y)

∣∣∣∣∣ ≤ max
y∈C

|σ(y)|‖G(·, x)‖L2(C\∂D)‖W (·, zp)‖L2(C\∂D).

As we have shown above, ‖W (·, z)‖H1(B\D) and hence ‖W (·, z)‖L2(C\∂D) is bounded with
respect to z near a. In addition, ‖G(·, x)‖L2(C\∂D) is bounded with respect to x ∈ B \ D since
G(x, z) = O(ln(|x − z|)). Hence

∫
C\∂D

σ(y)G(y, x)W (y, zp)ds(y) is bounded for x ∈ B \D and
zp near a. From (39), we conclude that W (x, zp) = O(1) for x, zp ∈ B \D near a. Rewriting this
estimate in the form

(Hσ − H̃σ)(x, zp) = (Es − Ẽs)(x, zp) = O(1)

for x, zp ∈ B \ D near a, we deduce that Ẽs(x, zp) is the dominant part of Es(x, zp) for x, zp in
B \D near a.

Part two. Analysis of Es(x, z) near a.

In the next steps, we will analyze Ẽs(x, z) near the point a. To this end, we introduce Ẽs
σ(a)(·, zp)

and Ẽs
σ(a),Φ(·, z) as the solutions to the following two problems





(∆ + κ2)Ẽs
σ(a)(x, zp) = 0 in R2 \D

( ∂
∂ν + iκσ(a))Ẽs

σ(a) = −(∂ν + iσ(a)) ∂
∂x2

Φ(·, zp) on ∂D

Ẽs
σ(a)(·, z) satisfies the Sommerfeld radiation condition,

(40)





(∆ + κ2)Ẽs
σ(a),Φ(x, z) = 0 in Ω \D

( ∂
∂ν + iκσ(a))Ẽs

σ(a),Φ(x, z) = −( ∂
∂ν + iκσ(a)) ∂

∂x2
Φ(x, zp) on ∂D

Ẽs
σ(a),Φ(·, z) = − ∂

∂x2
Φ(x, zp) on ∂Ω,

(41)
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respectively, and Ẽs
σ(a),Γ(·, z) is the solution of (41) replacing Φ by Γ (Γ(x, z) := 1

2π ln 1
|x−z| ).

Moreover, we define Ẽs,0
σ(a),Γ to be the solution of (41) replacing Φ by Γ and the Helmholtz equation

by the Laplace equation simultaneously.
Then we have the following lemmas.

LEMMA 4.1
There exist δ(a) > 0 and C(R) > 0 such that |(Ẽs − Ẽs

σ(a))(x, zp)| ≤ C(R) for zp ∈
B(a, δ(a)) ∩ Ca,θ and x ∈ (R2 \D) ∩B(0, R), for any R > 0 fixed. 2

LEMMA 4.2
There exists C > 0 such that

|(Ẽs
σ(a) − Ẽs

σ(a),Φ)(x, z)| ≤ C, |(Ẽs
σ(a),Φ − Ẽs

σ(a),Γ)(x, z)| ≤ C

for z ∈ Ω \D near D and x ∈ Ω \D. 2

LEMMA 4.3
There exists C > 0 such that |(Ẽs

σ(a),Γ − Ẽs,0
σ(a),Γ)(x, z)| ≤ C for z ∈ Ω \D near D and x ∈ Ω \D.

2

LEMMA 4.4
There exist C > 0 and δ(a) > 0 such that

|(Ẽs,0
σ(a),Γ − w+

σ(a))(z, z) ≤ C

for z ∈ B(a, δ(a)) ∩ Ca,θ. 2

We postpone the proof of these four lemmas to section 4.3.

Part three. End of the proof of Proposition 3.1.

By combining Part one and all the four lemmas of Part two together, we finish the proof of
Proposition 3.1. 2

4.2. Proof of Proposition 3.2.

The equalities (30) and (31) of this proposition can be proven by expressing

w̃±σ(a)(x̃, z̃) = (U+[x̃2]φ±)(x̃1), w̃D(x̃, z̃) = (U+[x̃2]ψ±)(x̃1)

in R2
+ with (U+[x̃2]φ)(x̃1) := 1

2π

∫
R eix̃1ξ1+x̃2|ξ1|φ̂(ξ1, z̃)dξ1 and computing the density functions

φ± and ψ± from the boundary value problems (27), (28), where φ̂ is the 1-dimensional Fourier
transform of φ, see [17] for explicit computations.

Let us now justify the expansions (32) and (33). Firstly, let us compute the expression of w+
σ(a) by

integrating by parts. The formula for w−σ(a) is obtained immediately by replacing ν(a) by −ν(a) in
the expression of w+

σ(a). We recall the notation x̃ = (x̃1, x̃2), z̃ = (z̃1, z̃2) and assume that x̃2, z̃2 > 0
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12 J. LIU. AND . M. SINI

and x̃1 = z̃1. From (30) in Proposition 3.2, we obtain

w̃+
σ(a)(x̃, z̃) =

ν2(a)
4π

∫

R
e−(x̃2+z̃2)|ξ1| |ξ1|+ iκσ(a)

|ξ1| − iκσ(a)
dξ1

=
ν2(a)
4π

∫

R
e−(x̃2+z̃2)|ξ1|dξ1 +

ν2(a)
4π

∫

R
e−(x̃2+z̃2)|ξ1| 2iκσ(a)

|ξ1| − iκσ(a)
dξ1

=
ν2(a)

2π(x̃2 + z̃2)
+

ν2(a)
2π

(iκσ(a))
∫

R

e−(x̃2+z̃2)|ξ1|

|ξ1| − iκσ(a)
dξ1. (42)

However the last integral is
∫

R

e−(x̃2+z̃2)|ξ1|

|ξ1| − iκσ(a)
dξ1 =

∫

R

e−(x̃2+z̃2)|ξ1|

|ξ1|+ κσi(a)− iκσr(a)
dξ1

=
∫

R
e−(x̃2+z̃2)|ξ1| |ξ1|+ κσi(a) + iκσr(a)

(|ξ1|+ κσi(a))2 + (κσr(a))2
dξ1

=
∫

R
e−(x̃2+z̃2)|ξ1| |ξ1|+ κσi(a)

(|ξ1|+ κσi(a))2 + (κσr(a))2
dξ1 + O(1)

= 2
∫ ∞

0

e−(x̃2+z̃2)ξ1
ξ1 + κσi(a)

(ξ1 + κσi(a))2 + (κσr(a))2
dξ1 + O(1)

= 2
∫ ∞

κσi(a)

e−(x̃2+z̃2)(r−κσi(a)) r

r2 + (κσr(a))2
dξ1 + O(1) (43)

for x̃2 and z̃2 near 0. On the other hand, direct computations give
∫ ∞

κσi(a)

e−(x̃2+z̃2)r
r

r2 + (κσr(a))2
dξ1 = − ln(x̃2 + z̃2)e−(x̃2+z̃2)κσi(a) + O(1) (44)

for x̃2 and z̃2 near 0. Now, combining (42), (43) and (44) together, we are led to

w̃+
σ(a)(x, z) =

ν2(a)
2π(x̃2 + z̃2)

− iκσ(a)ν2(a)
π

ln(x̃2 + z̃2) + O(1) (45)

for x̃2 and z̃2 near 0. In a similar way, using (31) in Proposition 3.2, we obtain for x̃1 = z̃1 that

w̃+
D(x̃, z̃) =

−ν2(a)
2π(x̃2 + z̃2)

+ O(1) (46)

for x̃2 and z̃2 near 0. The proof is complete. 2

4.3. Proof of the auxiliary lemmas

This subsection is devoted to the proof of the four lemmas stated and used in section 4.1.
Proof of Lemma 4.1.
We set R(x, z) := Ẽs

σ(x, z)− ws
σ(a)(x, z). Then it satisfies





(∆ + κ2)R(x, z) = 0 in R2 \D
∂R(x,z)

∂ν + iκσ(a)R(x, z) = −iκ(σ(x)− σ(a))(Ẽs(x, z) + ∂
∂x2

Φ(x, z)) on ∂D

R(·, z) satisfies the Sommerfeld radiation condition.

(47)
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From (47), we have the representation

R(x, z) = −
∫

∂D

iκ(σ(y)− σ(a))Gσ(a)(y, x)(Ẽs +
∂

∂x2
Φ)(y, z)ds(y), for (x, z) ∈ R2 \D (48)

where Gσ(a) is the Green’s function associated to the scattering problem (47).

We know that (Ẽs + ∂
∂x2

Φ)(y, z) = H̃σ has the estimate |H̃σ(y, z)| ≤ C
|y−z| , then from (48) and

the Hölder regularity of σ(x), we deduce that

|R(x, z)| ≤ c

∫

∂D

|y − a|β ln(|y − x|)||z − y|−1ds(y).

From the inequality |y − a| ≤ c(θ)|y − z| for y ∈ ∂D and z ∈ Ca,θ ∩B(a, δ(a)), we have

|R(x, z)| ≤ c(θ)c
∫

∂D

|y − z|β−1| ln |y − x||dy

and therefore |R(x, z)| = O(1) for x ∈ R2 \D and z ∈ Ca,θ ∩B(0, R). 2

Proof of Lemma 4.2 and Lemma 4.3.
They can be proven by similar arguments as those in the proof of Lemma 4.1, so we omit the

details.

Proof of Lemma 4.4.
The proof of this lemma is quite long. We divide it into several steps. In the first step, we provide

an integral representation of Ẽs,0
σ(a),Γ in the local coordinates after flattening ∂D near the point a. In

the second step, we use the Taylor expansion of the local metric, induced from the change of variable
F related to local parametrization of ∂D, near the point F (a) and the already obtained integral
representation to derive the asymptotic expansion of the image of Ẽs,0

σ(a),Γ (under the mentioned
change of variable F ). In the last step, we come back to the original coordinates and state the
asymptotic expansion of Ẽs,0

σ(a),Γ near a.

Step one. An integral representation near the flattened surface.
Let us recall that Ẽs,0

σ(a),Γ satisfies




∆Ẽs,0
σ(a),Γ(x, z) = 0 in Ω \D

( ∂
∂ν + iκσ(a))(Ẽs,0

σ(a),Γ(·, z)) = −( ∂
∂ν + iκσ(a)) ∂

∂x2
Γ on ∂D

Ẽs,0
σ(a),Γ(·, z) = − ∂

∂x2
Γ on ∂Ω.

(49)

We can assume that a = (0, 0) and ν(a) = (0, 1) by using the rigid transformation of coordinates
T := Ra(ν(a)) + Ma with which (49) needs to be replaced by





∆(Ẽs,0
σ(a),ΓoTT )(x, z) = 0 in Ω \D

( ∂
∂ν + iκσ(a))(Ẽs,0

σ(a),ΓoTT )(·, z) = −( ∂
∂ν + iκσ(a))(∇Γ · τ2) on ∂D

(Ẽs,0
σ(a),ΓoTT )(·, z) = −∇Γ · τ2 on ∂Ω,

(50)

where τ2 := τ+
2 := R+

a

[
0
1

]
= (−ν1(a), ν2(a)).
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REMARK 4.5
For a ∈ C−, we need to replace, in (50), τ2 = τ+

2 by τ−2 := R−a

[
0
1

]
= −R+

a

[
0
1

]
= −τ+

2 =

−τ2.

Let ξ = F (x) be the local change of variables

ξ1 = x1, ξ2 = x2 − fa(x1), (51)

where fa is defined in (18).
Let x, z be points near a. From (50), we deduce that w(ξ, η) = Ẽs,0

σ(a),ΓoTT (x, z) satisfies




∇ξ ·B(ξ)∇ξw(ξ, η) = 0,

B∇ξw · ν̃ + iκσ(a)|JT ν̃|w = −∇x(∇Γ · τ2)(F−1(ξ), F−1(η)) · JT ν̃(ξ)
−iκσ(a)|JT ν̃(ξ)|(∇Γ · τ2)(F−1(ξ), F−1(η)),

(52)

where ξ := F (x), η := F (z), B := JJT , J := ∂ξ
∂x (F−1(ξ)) and ν̃ := (0, 1) is the unit normal to

∂R2
+. We set R̃(ξ, η) := w(ξ, η)− w+

σ(a)(ξ, η). Then the function R̃(·, η) satisfies




∇ξ ·B(ξ)∇ξR̃ = ∇ξ · (I −B)∇ξω
+
σ(a),

B(ξ)∇ξR̃ · ν̃ + iκσ(a)|JT ν̃(ξ)|R̃ = (I −B)∇ξw
+
σ(a) · ν̃(ξ)+

iκσ(a)[(1− |JT ν̃(ξ)|)w+
σ(a) + (∇Γ · τ2)(ξ, η)− |JT ν̃(ξ)|(∇Γ · τ2) ◦ F−1(ξ, η))

+∇x(∇ · τ2)(ξ, η) · ν̃(ξ)−∇x(∇ · τ2) ◦ F−1(ξ, η)))JT ν̃(ξ)],

(53)

where the first relation holds in R2
+ near F (a), while the second one is satisfied on ∂R2

+ near F (a).
Since we assumed a = (0, 0), then we have also F (a) = (0, 0). In (53), we abused a little bit the
notation by setting F−1(ξ, η) := (F−1(ξ), F−1(η)).

We take B(0, r) to be the circle of center 0 and radius r and set B+
r := B(0, r) ∩ R2

+. Let us also
divide the boundary ∂B+

r of B+
r as follows ∂B+

r = Sr ∪ Sc
r with Sr := ∂B+

r ∩ ∂F (D).
We denote by G the Green’s function satisfying:

{
∇ξ ·B(ξ)∇ξG(ξ, η) = −δ(ξ, η), in B+

r (0, r),
B(ξ)∇G(ξ, η) · ν(ξ) + iσ(a)|JT ν̃(ξ)|G(ξ, η) = 0 on ∂B+

r (0, r),
(54)

where ν is the outward unit normal on ∂Br
+ and |JT ν̃(ξ)| =

√
1 + (f ′a(ξ1))2 on Sr and extended

smoothly to Sc
r . This Green’s function G is to be distinguished from the one used in Part One of

section 4.1.
Integrating by parts in (53), using G, generates the following integral representation of R̃(ξ, η):

R̃(ξ, η) =
∫

B+
r

(I −B)∇G(z, ξ) · ∇ω+
σ(a)(z, η)dz +

iκσ(a){
∫

Sr

[1− |JT ν̃(z)|]w+(z, η)G(z, ξ)]ds(z) +
∫

Sr

[∇Γ · τ2(z, η)− |JT ν̃(z)|∇Γ · τ2(F−1(z), F−1(η))]G(z, ξ)ds(z)−
∫

Sr

[∇z(∇Γ · τ2)(z, η) · ν̃(z)−∇z(∇Γ · τ2)(F−1(z), F−1(η)) · JT ν̃(z)]G(z, ξ)ds(z)}

+O(1). (55)
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for ξ, η near F (a). Notice that ν̃ is oriented towards the interior of B+
r , since it is defined to be

oriented into the exterior of D. In addition, ν̃ = (0, 1) on Sr, i.e. Sr is flat. The term O(1) represents
the total of the surface integrals over Sc

r since ξ and η are away from Sc
r .

Step two. The estimate of R̃(ξ, η) near F (a). We need the following lemma on some precise
estimates of the Green’s function G.
LEMMA 4.6
Let x ∈ B+

r and z ∈ CF (a),θ small enough, then

G(x, z) = Γ(x, z) + Γ(x, z∗) + O(1) (56)

and
∂

∂xj
G(x, z) =

∂

∂xj
Γ(x, z) +

∂

∂xj
Γ(x, z∗) +

O(z1)
|x− z| + O(ln(x2)), j = 1, 2 (57)

for |x− z| → 0, where z∗ = (z1,−z2). 2

REMARK 4.7
It is well known that we have the following rough estimates of G, see for instance [19, 20]:

|G(x, z)| ≤ c| ln(|x− z|)| and |∇G(x, z)| ≤ c|x− z|−1.

The goal of this lemma is to give a more precise and explicit behavior of G and its derivatives.
Remark that the term O(z1)

|x−z| is related to the matrix B. This term vanishes if B = I . The term
O(ln(x2)) is related to the existence of the surface impedance. It also vanishes if σ = 0. The
logarithm appears also for the flattened surfaces, see Proposition 3.2. 2

Proof of Lemma 4.6.

We set ΓF (x, z) := Γ(F−1(x), F−1(z))+Γ(F−1(x), F−1(z∗)). It is clear that∇x ·B∇xΓF (x, z) =
−δ(x, z)− δ(x, z∗) in R2. Hence G− ΓF satisfies





∇x ·B(x)∇x(G− ΓF )(x, z) = 0, in B+
r

B(x)∇x(G− ΓF )(x, z) · ν + iκσ(a)|JT ν̃|(G− ΓF ) =
−B(x)∇xΓF · ν + iκσ(a)|JT ν̃|ΓF on ∂B+

r .

(58)

An integration by parts gives:

(G−ΓF )(x, z) = −
∫

∂B+
r

B(t)∇tΓF (t, z)·ν(t)G(t, x)ds(t)−iκσ(a)
∫

∂B+
r

|JT ν̃|ΓF (t, z)G(t, x)ds(t)

which we write as

(G−ΓF )(x, z) = −
∫

Sr

(I−B)∇ΓF (t, z)·ν(t)G(t, x)ds(t)−
∫

Sc
r

(I−B)∇ΓF (t, z)·ν(t)G(t, x)ds(t)+

∫

Sr

∂

∂t2
ΓF (t, z)G(t, x)dt2 +

∫

Sc
r

∇ΓF (t, z) · ν(t)G(t, x)ds(t)−

iκσ(a)
∫

Sr

|JT ν̃|ΓF (t, z)G(t, x)dt− iκσ(a)
∫

Sc
r

|JT ν̃|ΓF (t, z)G(t, x)dt. (59)
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Since we are interested by z in Ca,θ near the point a, then the integrals over Sc
r and their derivatives

are bounded with respect to x and z. Hence, we will consider only the integrals over Sr.

Recall that Γ(x, z) := 1
2π ln( 1

|x−z| ), then

(
∂

∂x1
Γ)(F−1(x), F−1(z)) = − 1

2π

x1 − z1

|F−1(x)− F−1(z)|2

and
(

∂

∂x2
Γ)(F−1(x), F−1(z)) = − 1

2π

x2 − z2 − fa(x1)− fa(z1)
|F−1(x)− F−1(z)|2 .

Let us estimate the term |F−1(x)− F−1(z)|−2. From (51), we obtain

|F−1(x)− F−1(z)|2 = (x1 − z1)2 + [x2 − z2 + fa(z1)− fa(z1)]2

= |x− z|2 + 2(x2 − z2)[fa(x1)− fa(z1)] + [fa(x1)− fa(z1)]2.

Expanding fa(x1) to the order two near the point z1, recalling that fa ∈ C3(−r, r), we obtain:

fa(x1)− fa(z1) = f ′a(z1)(x1 − z1) +
1
2
f ′′(z1)(x1 − z1)2 + O((x1 − z1)3).

Hence, we can write:

|F−1(x)−F−1(z)|2 = |x−z|2{1+2f ′a(z1)
(x1 − z1)(x2 − z2)

|x− z|2 +(f ′a(z1)2)
(x1 − z1)2

|x− z|2 +O(|x−z|)}.

Taking z small enough and using the property f ′a(z1) = O(z1), we can write

1 + 2f ′a(z1)
(x1 − z1)(z2 − z2)

|x− z|2 + (f ′a(z1)2)
(x1 − z1)2

|x− z|2 = 1 + O(z1).

Taking, in addition, |x− z| small enough, we obtain:

|F−1(x)− F−1(z)|−2 =
1 + O(z1) + O(|x− z|)

|x− z|2 . (60)

This estimate implies that:

(
∂

∂x1
Γ)(F−1(x), F−1(z)) = − 1

2π

x1 − z1

|x− z|2 +
O(z1)
|x− z| + O(1) (61)

and

(
∂

∂x2
Γ)(F−1(x), F−1(z)) = − 1

2π

x2 − z2

|x− z|2 +
O(z1)
|x− z| + O(1). (62)

From the chain rule ∇ΓF (x, z) = (JT (x)∇Γ)(F−1(x), F−1(z)) and the properties of J , we
obtain:

∂

∂x1
(Γ(F−1(x), F−1(z))) = − 1

2π

x1 − z1

|x− z|2 +
O(z1)
|x− z| + O(1) (63)

and
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∂

∂x2
(Γ(F−1(x), F−1(z))) = − 1

2π

x2 − z2

|x− z|2 +
O(z1)
|x− z| + O(1). (64)

In addition, it is easy to see from (60) that:

Γ(F−1(x), F−1(z))) = − 1
2π

ln |x− z|+ O(1) = Γ(x, z) + O(1). (65)

The identity (64) implies that ∂
∂t2

ΓF (t, z) = O(z1)
|t−z| + O(1) on Sr. Hence, we obtain from (59):

|(G− ΓF )(x, z)| ≤

c1

∫

Sr

|t1| ln(|t− x|)
|t− z| dt1 + c2|z1|

∫

Sr

| ln(|t− x|)|
|t− z| dt1 + c3

∫

Sr

| ln(|t− z|)|| ln(|t− x|)|dt1

with positive constants c1, c2 and c3. Then

|(G− ΓF )(x, z)| = O(
|z1|
|z2| ) = O(1), for z ∈ Ca,θ. (66)

In addition, differentiating in (59), for j = 1, 2, we have the estimate:

| ∂

∂xj
(G−ΓF )(x, z)| ≤ c1

∫

Sr

|t1| 1
|t− x||t− z|dt1+c2|z2|

∫

Sr

1
|t− x||t− z|dt1+c3

∫

Sr

1
|t− x|dt1

which implies that

| ∂

∂xj
(G− ΓF )(x, z)| = O(ln(x2)), for z ∈ Ca,θ. (67)

Finally from (65)-(66) and (63)-(64)-(67), we obtain the estimates of Lemma 4.6. 2

Step two continued.
Due to the form of w+

σ(a), see Proposition 3.2, we have w+
σ(a)(z, η) = ∇Γ(z, η∗) · τ2 +O(ln(|z2 +

η2|)). Since JT ν̃(z) = (−f ′a(z1), 1) then |1 − |JT ν̃(z)|| ≤ 1
2 (f ′a(z1))2. With this inequality, we

deduce that the second term of (55) is bounded for ξ = η, η ∈ CF (a),θ.
The next step is to prove that

∫

B+
r

(I −B)∇G(z, ξ) · ∇ω+
σ(a)(z, η)dz = O(1), (68)

∫

Sr

[∇Γ · τ2(z, η)− |JT ν̃(z)|∇Γ · τ2(F−1(z), F−1(η))]G(z, ξ)ds(z) = O(1) (69)

and
∫

Sr

[∇z(∇Γ · τ2)(z, η) · ν̃(z)−∇z(∇Γ · τ2)(F−1(z), F−1(η)) · JT ν̃(z)]G(z, ξ)ds(z) = O(1) (70)

for ξ = η with η ∈ CF (a),θ.
As we will do it next, using Lemma 4.6, it is enough to prove (68), (69) and (70) replacing G(x, z)
by Γ(x, z) + Γ(x, z∗) and w+

σ(a)(x, z) by Γ(x, z∗).
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Proof of (68).

To this end, we use the explicit form of B, i.e.

B(z) :=
[

1 −f ′a(z1)
−f ′a(z1) 1 + (f ′a)2(z1)

]

to write the Taylor expansion

B(z)−B(η) =
[

0 −f ′′a (η1)(z1 − η1)
−f ′′a (η1)(z1 − η1) 2f ′a(η1)f ′′a (η1)(z1 − η1)

]
+ O(|z1 − η1|2) for z near η

and then we obtain the expansion

B(z)−B(η) =
[

0 −1
−1 0

]
f ′′a (η1)(z1 − η1) + O(η1)O(z1 − η1) + O(|z1 − η1|2) for z near η.

Using the notation ∂zj := ∂
∂zj

, we write
∫

B+
r

(B(η)−B(z))∇G(z, ξ) · ∇Γσ(a)(z, η)dz =

f ′′a (η1)
∫

B+
r

(z1 − η1)[∂z2G(z, ξ)∂z1(∂z2Γσ(a))(z, η) + ∂z1G(z, ξ)∂z2(∂z2Γσ(a))(z, η)]dz +

O(1). (71)

Again from the property

ω+
σ(a)(z, η) = ∇Γ(z, η∗) · τ2 + O(ln |η2|) for z near η

and (56)-(57), it is enough to compute the integrals of (71) for Γ(z, ξ) and ∂zj Γ(z, η∗). Hence we
have ∫

B+
r

(B(η)−B(z))∇G(z, ξ) · ∇ω+
σ(a)(z, η)dz

= 2f ′′a (η1)
∫

B+
r

(z1 − η1)
[

∂Γ
∂z2

(z, ξ)
∂

∂z1

(∇Γ)(z, η∗) · τ2 +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(∇Γ)(z, η∗) · τ2

]
dz + O(1)

= 2f ′′a (η1)[−ν1(a)]
∫

B+
r

(z1 − η1)
[

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂

∂z1

Γ)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z1

)(z, η∗)
]

dz +

2f ′′a (η1)ν2(a)
∫

B+
r

(z1 − η1)
[

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂

∂z2

Γ)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z2

)(z, η∗)
]

dz + O(1).

(72)

We start by the first integral in (72). We have:

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂Γ
∂z1

)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z1

)(z, η∗)

=
1

4π2

[
(z − ξ) · (0, 1)
|z − ξ|2 [

1
|z − η∗|2 − 2

[(z − η∗) · (1, 0)]2

|z − η∗|4 ] −

2
(z − ξ) · (1, 0)
|z − ξ|2 [(z − η∗) · (1, 0)

(z − η∗) · (0, 1)
|z − η∗|4 ]

]
. (73)
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Hence

(z1 − η1)
[

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂Γ
∂z1

)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z1

)(z, η∗)
]

=
1

4π2

[
(z1 − η1)(z2 − ξ2)
|z − ξ|2|z − η∗|2 − 2

(z1 − η1)3(z2 − ξ2)
|z − ξ|2|z − η∗|4 − 2

(z1 − η1)2(z1 − ξ1)(z2 + η2)
|z − ξ|2|z − η∗|4

]
.

Since in the limit case, i.e. ξ = η = 0, this function is anti-symmetric in any rectangle of B+
r , then

we show that the first integral in (72) is bounded for ξ = η, ξ ∈ CF (a),θ, near F (a).
Let us compute the second integral of (72). We have:

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂Γ
∂z2

)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z2

)(z, η∗)

=
1

4π2

[
−2

(z − ξ) · (0, 1)
|z − ξ|2 (z − η∗) · (0, 1)

(z − η∗) · (1, 0)
|z − η∗|4 +

(z − ξ) · (1, 0)
|z − ξ|2

(
1

|z − η∗|2 − 2
[(z − η∗) · (0, 1)]2

|z − η∗|4
)]

. (74)

In contrast to the integrand of the first integral in (72), related to (73), the integrand of the second
integral, related to (74), is not anti-symmetric (but actually symmetric) in the limit case, i.e. ξ = η,
in B+

r . Hence we need to compute explicitly this integral. We write (74) as

∂Γ
∂z2

(z, ξ)
∂

∂z1

(
∂Γ
∂z2

)(z, η∗) +
∂Γ
∂z1

(z, ξ)
∂

∂z2

(
∂Γ
∂z2

)(z, η∗) = − 1
4π2

[−I + II − III],

where we set

I := 2
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 , II :=
z1 − ξ1

|z − ξ|2|z − η∗|2 , III := 2
(z2 + η2)2(z1 − ξ1)
|z − ξ|2|z − η∗|4 .

In the following, we estimate the integrals related to I, II and III.
Let us estimate the integral related to I:

∫

B+
r

2(z1 − η1)
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 dz.

Let r1 > 0 and r2 > 0 be such that (−r1, r1) × (0, r2) ⊂ B+
r . Since we are interested in ξ ∈ Sr

and η ∈ CF (a),θ, then
∫

B+
r

2(z1 − η1)
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 dz

=
∫ r2

0

∫ r1

−r1

2(z1 − η1)
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 dz1dz2 + O(1).

Hence we can write
∫

B+
r

(z1 − η1)
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 dz

=
∫ r2

0

(z2 − ξ2)(z2 + η2)
[∫ r1

−r1

(z1 − η1)2

|z − ξ|2|z − η∗|4 dz1

]
dz2 + O(1) (75)
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for ξ, η near F (a). However
∫ r1

−r1

(z1 − η1)2

|z − ξ|2|z − η∗|4 dz1 =
∫ r1

−r1

(z1 − η1)2|z − η∗|2
|z − ξ|2|z − η∗|6 dz1

=
∫ r1

−r1

(z1 − η1)2|z − ξ|2
|z − ξ|2|z − η∗|6 dz1 +

∫ r1

−r1

(z1 − η1)2[|ξ − η∗|2 + 2(ξ − η∗) · (z − ξ)]
|z − ξ|2|z − η∗|6 dz1.

Remark that
∣∣∣∣
∫ r2

0

∫ r1

−r1

(z2 − ξ2)(z2 + η2)(z1 − η1)2[|ξ − η∗|2 + 2(ξ − η∗) · (z − ξ)]
|z − ξ|2|z − η∗|6 dz1dz2

∣∣∣∣

≤
∫ r2

0

∫ r1

−r1

[ |ξ − η∗|2
|z − ξ||z − η∗|3 + 2

|ξ − η∗|
|z − η∗|3

]
dz1dz2 = O(

|ξ − η∗|2
η2
2

) + O(
|ξ − η∗|

η2
),

which is bounded for ξ = η. Now we have
∫ r1

−r1

(z1 − η1)2

|z − η∗|6 dz1 =
∫ r1

−r1

1
|z − η∗|4 dz1 − (z2 + η2)2

∫ r1

−r1

1
|z − η∗|6 dz1.

We obtain after a change of variables

∫ r1

−r1

1
|z − η∗|4 dz1 =

1
|z2 + η2|3

∫ arctan
r1−η1
|z2+η2|

arctan
−r1−η1
|z2+η2|

cos2 θdθ,

and similarly ∫ r1

−r1

1
|z − η∗|6 dz1 =

1
|z2 + η2|5

∫ arctan
r1−η1
|z2+η2|

arctan
−r1−η1
|z2+η2|

cos4 θdθ.

We use the formula cos4 θ = cos2 θ − 1
8 + 1

8 cos(4θ) to obtain
∫ r1

−r1

(z1 − η1)2

|z − η∗|6 dz1 =
1

8|z2 + η2|3
[
[arctan

r1 − η1

|z2 + η2| − arctan
−r1 − η1

|z2 + η2| ]−

1
4
[sin 4(arctan

r1 − η1

|z2 + η2| )− sin 4(arctan
−r1 − η1

|z2 + η2| )]
]

.

Inserting this last equality in (75) for ξ = η, we have
∫

B+
r

(z1 − η1)
(z2 + ξ2)(z2 + η2)(z1 − η1)

|z − ξ∗|2|z − η∗|4 dz

=
∫ r2

0

1
8|z2 + η2|

[
arctan

r1 − η1

|z2 + η2| − arctan
−r1 − η1

|z2 + η2|
]

dz2 −
∫ r2

0

1
32|z2 + η2|

[
sin 4(arctan

r1 − η1

|z2 + η2| )− sin 4(arctan
−r1 − η1

|z2 + η2| )
]

dz2 + O(1).

Hence, we get the estimate
∫

B+
r

(z1 − η1)
(z2 − ξ2)(z2 + η2)(z1 − η1)

|z − ξ|2|z − η∗|4 dz = −π

8
ln η2 + O(1)
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for ξ = η and η ∈ CF (a),θ near F (a). Similar computations give the following estimates of the
integrals of II and III:

∫

B+
r

(z2 − ξ2)(z2 + η2)(z1 − η1)(z1 − ξ1)
|z − ξ|2|z − η∗|4 dz = −π

8
ln η2 + O(1)

and ∫

B+
r

(z1 − ξ1)(z1 − η1)
|z − ξ|2|z − η∗|2 dz = −π

2
ln η2 + O(1)

for ξ = η with η ∈ CF (a),θ near F (a). Then replacing these values in (72) by using (73) yields
∫

B+
r

(B(z)−B(η))∇G(z, ξ) · ∇w+
σ(a)(z, η)dz = O(1)

for ξ = η with η ∈ CF (a),θ near F (a).

Now, using the estimate
∣∣∣∣
∫

B+
r

(I −B(η))∇G(z, ξ) · ∇ω+
σ(a)(z, η∗)dz

∣∣∣∣ ≤ C|η|
∫

B+
r

1
|z − ξ|

1
|z − η∗|2 dz,

we conclude that ∫

B+
r

(I −B(z))∇G(z, ξ) · ∇ω+
σ(a)(z, η∗)dz = O(1)

for ξ, η ∈ CF (a),θ and ξ = η near F (a).

Proof of (69).

Let us now consider the surface integral
∫

Sr

[(∇Γ · τ2)(z, η)− |JT ν̃|(∇Γ · τ2)(F−1(z), F−1(η))]G(z, η)dz1.

We separate it into two parts as follows:
∫

Sr

[(∇Γ · τ2)(z, η)− (∇Γ · τ2)(F−1(z), F−1(η))G(z, η)dz1+

∫

Sr

[1− |JT ν̃|](∇Γ · τ2)(F−1(z), F−1(η))]G(z, η)dz1.

We start by estimating the first term:
∫

Sr
[(∇Γ · τ2)(z, η)− (∇Γ · τ2)(F−1(z), F−1(η))G(z, η)dz1.

Using (61) and (62), we obtain

(∇Γ · τ2)(z, η)− (∇Γ · τ2)(F−1(z), F−1(η)) =
O(η1)
|z − η| + O(1),

hence:
∫

Sr

[(∇Γ · τ2)(z, η)− (∇Γ · τ2)(F−1(z), F−1(η))G(z, η)dz1 = O(η1)
∫

Sr

ln(|z − η|)
|z − η| dz1 + O(1),
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which means that∫

Sr

[(∇Γ · τ2)(z, η)− (∇Γ · τ2)(F−1(z), F−1(η))G(z, η)dz1 = O(1), for η ∈ CF (a),θ

since O(η1)
∫

Sr

ln(|z−η|)
|z−η| dz1 = O(η1

η2
) = O(1), for η ∈ CF (a),θ.

We consider now the second term:
∫

Sr
[1 − |JT ν̃|](∇Γ · τ2)(F−1(z), F−1(η))]G(z, η)dz1. Using

the estimate 1 − |JT ν̃(z)| = O(z2
1) and the expansions (61)-(62), its boundedness, for η ∈ CF (a),θ

small enough, is not difficult to see.

Proof of (70).
As for (69), we divide (70) as follows:

∫

Sr

[∇z(∇Γ · τ2)(z, η) · ν̃(z)−∇z(∇Γ · τ2)(F−1(z), F−1(η)) · ν̃(z)]G(z, ξ)ds(z)+

∫

Sr

∇z(∇Γ · τ2)(F−1(z), F−1(η)) · (ν̃(z)− JT ν̃(z))G(z, ξ)ds(z).

Arguing as in the estimates used for proving (70), we obtain:

∇z(∇Γ · τ2)(z, η) · ν̃(z)−∇z(∇Γ · τ2)(F−1(z), F−1(η)) · ν̃(z)

= − ν1(a)
π|z − η|4 {(

−4η2
2

|z − η|2 + 1)(z1 − η1)2f ′a(η1) + (
−2η2

2

|z − η|2 +
1
2
)(z1 − η1)3f ′′a (η1)}+

−ν2(a)
2π|z − η|4 {(2+

4[(z1 − η1)2 − η2
2 ]

|z − η|2 )η2(z1−η1)f ′a(η1)+(1+
2[(z1 − η1)2 − η2

2 ]
|z − η|2 )η2(z1−η1)2f ′′a (η1)}.

(76)
Estimating term by term, we obtain the boundedness of

∫
Sr

[∇z(∇Γ · τ2)(z, η) · ν̃(z) − ∇z(∇Γ ·
τ2)(F−1(z), F−1(η)) · ν̃(z)]G(z, ξ)ds(z) for η ∈ CF (a),θ small enough.

To estimate the integral
∫

Sr
∇z(∇Γ · τ2)(F−1(z), F−1(η)) · (ν̃(z) − JT ν̃(z))G(z, ξ)ds(z), we

write:
∇z(∇Γ · τ2)(F−1(z), F−1(η)) · ν̃(z) = ∇z(∇Γ · τ2)(z, η) · ν̃(z) + L(z, η)

where L(z, η) is no thing but the expression (76) multiplied by -1. Since we already showed
how the term

∫
Sr

L(z, η)G(z, η)ds(z) is bounded for η ∈ CF (a),θ, then also
∫

Sr
|ν̃(z) −

JT ν̃(z)|L(z, η)G(z, η)ds(z) is bounded for η ∈ CF (a) since ν̃(z) − JT ν̃(z) is bounded. Hence we
need just to estimate

∫
Sr
∇z(∇Γ·τ2)(z, η)·(ν̃(z)−JT ν̃(z))G(z, ξ)ds(z). We have ν̃(z)−JT ν̃(z) =

(f ′a(z1), 0), then

∇(∇Γ · τ2)(z, η) · (ν̃(z)− JT ν̃(z)) = f ′a(z1)
∂

∂z1
[−ν1(a)

∂Γ
∂z1

+ ν2(a)
∂Γ
∂z2

]

and hence

∇(∇Γ·τ2)(z, η)·(ν̃(z)−JT ν̃(z)) = f ′a(z1)[
ν2(a)(z1 − η1)(z2 − η2)

π|z − η|4 −ν1(a)[(z1 − η1)2 − (z2 − η2)2]
2π|z − η|4 ].

Knowing that z2 = 0 on Sr and integrating term by term using the explicit forms of the integrands,
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we prove that
∫

Sr
∇z(∇Γ ·τ2)(z, η) · (ν̃(z)−JT ν̃(z))G(z, ξ)ds(z) is bounded for η ∈ CF (a),θ small

enough.

Step three. The estimate of R(z, z) near the point a.

We go back to R(x, z) := Ẽs,0
σ(a),Γ(x, z)− w+

σ(a)(x, z) and we write it as

R(x, z) = R̃(F (x), F (z)) + w+
σ(a)(F (x), F (z))− w+

σ(a)(x, z).

From the previous computations, we have

R̃(F (z), F (z)) = O(1), for z ∈ Ca,θ near a.

Due to the form of w+
σ(a), see Proposition 3.2, we prove that w+

σ(a)(F (z), F (z)) − w+
σ(a)(x, z) =

O(1), for z ∈ Ca,θ near a. Finally, we have

Ẽs,0
σ(a),Γ(z, z)− w+

σ(a)(z, z) = O(1), for z ∈ Ca,θ near a.

The proof is complete. 2

5. Numerical tests

In our model problem we take the crack as a half semi-circle with the representation

C = {x : x = (x1(s), x2(s)) = 1.2× (cos s, sin s), s ∈ [0, π]}. (77)
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Figure 1. Construction of two Dp
a’s. zp can approach C from its convex side using Dp

a in the left-hand side,
while Dp

a in the right-hand side is used for zp approaching C from its concave side. When δ1 + l × δ0 → 0

with l the approaching step at each direction, zp → a ∈ C± from both sides of C along radius direction,
respectively.

We check the reconstruction formula for the scattering problem (3) which is the most difficult.
The other two problems (1) and (2) can be checked in a similar way. In order to detect the crack C
as well as its surface impedance σ±, we need to construct some domain Dp

a such that C ∈ Dp
a and zp

outside of Dp
a can approach C from its two sides. Notice, the choice of Dp

a depends on the a-priori
information about the location and size of the unknown crack. For C given by (77), we construct
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two kinds of Dp
a shown in Figure 1. Notice that the parameter δ1 > 0 represents the singularities of

Φ(x, zp), ∂xiΦ(x, zp) for x ∈ ∂Dp
a near zp and l × δ0 > 0 is the distance between C and ∂Dp

a. The
sum δ1 + l × δ0 determines the approximation accuracy |zp − a| for a ∈ C. On the other hand, it
is easy to see that the domain Dp

a in the right-hand side can also be used for zp → a ∈ C from the
convex part by translating Dp

a along x2 direction.
We test our inversion method by showing the reconstructions for all the unknown ingredients in

the model: the crack shape, crack type and surface impedance σ± in two sides of the crack. We
will consider different configurations to show the validity of the method and reveal the physical
properties behind the numerical behavior. In fact, we will see that the crack property in the convex
side can be distinguished efficiently, while the crack property in the concave side is relatively
difficult to be reconstructed numerically. This phenomena comes from the multiple reflections for
scattered waves in the concave parts of the crack and therefore more energy is absorbed.

Firstly, we use the blowing-up property of the indicator

Loc(zp) := |<(I1(zp))|+ |<(I2(zp))| → +∞ as zp → C (78)

to detect the location of crack due to (19). That is, when Loc(zp) is large enough, we consider zp to
be almost on C.

Secondly, we use the following equivalent form of the reconstruction formulas (22) and (23)

lim
zp→a

π
∑2

j=1 νj(a)=(Ij(zp))
κ ln(|(zp − a) · ν(a)|) =

{
−σr

+, if zp → a from C+

σr
−, if zp → a from C−,

(79)





limzp→a

π
P2

j=1 νj(a)<(Ij(zp))− 1
4|(zp−a)·ν(a)|

κ ln(|(zp−a)·ν(a)|) = σi
+, if zp → a from C+

limzp→a

π
P2

j=1 νj(a)<(Ij(zp))+ 1
4|(zp−a)·ν(a)|

κ ln(|(zp−a)·ν(a)|) = −σi
−, if zp → a from C−

(80)

for the surface impedance reconstruction as well as for distinguishing C+ from C−. This last property
follows from (79) since σr is assumed to be positive. Hence if the left-hand side of (79) is positive
then we are on the side C− and if not we are on the side C+.

Finally, the crack type is shown by considering the blowing-up property of the function

Type(zp) :=
|=(I1(zp))|+ |=(I2(zp))|
| ln |(zl − a) · ν(a)||1/2

as zp → C (81)

using the formula (21). That is, Type(zp) should increase up to some value (theoretically∞) for the
impedance crack.

In all the formulas (78)-(81), zp are taken along the direction tj to approach the point a =
R0(cos tj , sin tj) ∈ C for all tj’s. In this way, the property of the crack is detected.

In our model problems we take the wave number κ = 1.2. The far-field pattern data for our
inversion are synthesized by solving the direct problem using the combined angular potential and
single-layer potential developed in [11].

Example 1 We take the surface impedance as the complex functions of the forms

κσ−(x) ≡ 1 + 1.5i, κσ+(x) ≡ 2 + 1.2i (82)

and use incident plan waves along 64 directions distributed uniformly in [0, 2π].
Let zp = z(j, l) approach to C from its convex side. By convex and concave side of crake,

we mean the upper side and lower side of C given by (77), respectively. The crack C is detected
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from 33 directions tj = π/32 × j with j = 0, 1, · · · , 32. The radius for reconstruction at
each direction tj is determined by the following way. For given blowing-up criterion CB, let
z(j, l) = (δ1 + l × δ0)(cos tj , sin tj) for l = 16, 15, · · · , 1. Here we take δ1 = 0.01, δ0 = 0.02. For
any fixed j = 0, 1, · · · , 32, compute the indicator value Loc(z(j, l)) defined by (78). If this value is
larger than CB the first time, we record this step l(j) and the value Cj := Loc(z(j, l(j))). Then we
go to the next direction. Using this way, we get the data {l(j), Cj}32j=0. Compute the average value
C :=

∑32
j=0 Cj/33. Finally, we compare the value Cj and C and use this perturbation to correct the

radius R0 + l(j)× δ0 by linear interpolation as R0 + l(j)× δ0 − (Cj −C)/C × δ0. This is the final
radius at direction tj .
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Figure 2. Construction of C from the convex side of C (left). It can be seen that the tips are not easy to
identify with satisfactory accuracy. The crack type detection is shown in the right-hand side. The blowing-
up property are shown obviously, except at the tips of the crack. It can be shown that the increasing property
is quite weak when zp → C along direction θ ≈ 1.57 ≈ π/2. This is reasonable, since |=I1(zp)| in (81) is
almost a constant as zp → a along the direction t = π/2 and then the numerator in (81) is relatively small.

Take the blow-up parameter CB = 0.8, 1.0, 1.2, 1.3. The reconstruction results for crack location
are given in the left-hand side of Figure 2 using the above procedure. Using the technique in [15],
we can improve the reconstruction results by combining the reconstructions for different blowing-up
criteria together. That is, when the concave closure for the reconstructions with different blowing-
up values are taken, the crack will be detected from the convex side with a high accuracy. The only
a-priori information about the crack is that we know that zp is in the upper-side of the crack. Notice,
in our setting here σi

+ > 0. To use our reconstruction formula (21) more efficiently, we expect that
the reconstruction will be much improved for the case σi

+ < 0. However, we need to clarify the
physical meaning of this condition. To our knowledge, all the reconstruction problems for surface
impedance up to now always consider the case σi

+ ≡ 0.
The crack type detection is checked using (81) with the numerical performance given in the right-

hand side of Figure 2. The blowing-up property are shown obviously, except at the tips of the crack.
Notice, here we use the same singularity to identify the arc shape and the boundary type. It can be
shown that the increasing property is quite weak when zp → C along direction θ ≈ 1.57 ≈ π/2.
This is reasonable since ν1(a) = 0 for a = 1.2(cos π

2 , sin π
2 ). Therefore |=I1(zp)| in (81) is almost

a constant as zp → a along the direction t = π/2 and then the numerator in (81) is relatively small,
compared with those along other directions.

Now let us recover the boundary impedances σ±. We need to apply different singularity to detect
its real part and imaginary part, respectively.
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Figure 3. Construction of σ+ from the convex side of C: imaginary part κσi
+ (left) and real part −κσr

+
(right). The reconstructions are satisfactory except at the tips of the crack, the approximation effect is nice

for small l which means the detecting point approaches to the crack.

We take δ0 = 0.1, δ1 = 0.025 for recovering the imaginary part of σ+. The reconstruction results
for l = 7, 5, 4, 1 are shown in the left-hand side of Figure 3 noticing δ0 = 0.1 and the radius
of crack is 1.2. For recovering the real part of σ+, we need a strong singularity. Here we take
δ0 = 0.01, δ1 = 0.003. The reconstruction for l = 20, 10, 5, 1 are given in the right-hand side of
Figure 3. Notice that the numerical performance is not monotone with respect to l for both real part
and imaginary part. Although there are some oscillations for real part of σ+, the reconstruction is
satisfactory.

Next we will check the reconstruction of σ−. Since σ− is defined in the concave part of C,
we use Dp

a shown in the right-hand side of Figure 1. For recovering its imaginary part, we take
δ0 = 0.03, δ1 = 0.01. The results for l = 8, 4, 2, 1 are shown in the left-hand side of Figure 4.
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Figure 4. Construction of σ− from the concave side of C: imaginary part κσi− (left) and real part −κσr−
(right). The imaginary part is reconstructed well. For real part, we can only get the distribution behavior,

rather than the exact value.

Huge jumps appear at the tips. To show these huge jumps, we list the values near the two tips as
follows.

Tab.4.1 Numerical behavior of reconstructing σ− near the tips.
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j = 1 j = 2 j = 3 j = 30 j = 31
l = 8 8.769352 35.33823 0.7525697 -3.0021202E-02 1.719347
l = 4 5.030425 19.36075 0.5959290 0.1632772 1.036119
l = 2 4.122960 14.12117 0.9113938 0.6005412 1.183656
l = 1 4.087763 12.01402 1.487852 1.236337 1.686392

For recovering the real part of σ−, we take δ0 = 0.002, δ1 = 0.001, a stronger singularity. The results
for l = 20, 6, 3, 1 are shown in Figure 4 (right). It can be seen that distribution behavior of σr

− is
well detected, but the exact value can not be reconstructed well. This phenomena for recovering σr

−
can also be shown from the other sets of (δ0, δ1) with

δ0 = δ1 = 10−i, i = 1, 2, 3, 4

for l = 1, that is, the approximate point is of the distance δ0 + δ1 from the boundary. The results as
well as its refinement are given in Figure 5.
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Figure 5. Reconstruction for σr− for different sets of (δ0, δ1) (left), the right-hand side is its refinement. It can
be seen that σr− can not be recovered numerically. However, the distribution behavior of σr− in the interior

part of crack is well detected.

The physical background behind this numerical uncertainty for recovering σr
− is the multiple

reflections of scattered wave in the cavity of the crack C in its concave side. Near these concave
points, the incident wave will be multi-reflected. For our impedance crack with the energy absorbing
coefficient σr

− in the concave side, the energy of scattered wave is decreased by each reflection.
Therefore the information about the concave side of the crack contained in the far-field pattern is
also relatively decreased. We observe also that the multiple reflection of the concave side of the
whole crack for a given σr

− has the same effects as the other non-concave part of the crack with a
higher σr

− distribution. Such an energy absorbing phenomena is also studied by engineering, see [7]
and the references therein.

Due to these reasons, it is understandable that we can not expect too much about the shape
reconstruction from the concave side of the crack. Two reconstruction results using formula (78)
using zp → a ∈ C from the concave side with δ0 = 0.02, δ1 = 0.001 and δ0 = 0.02, δ1 = 0.01 are
shown in Figure 6 and Figure 7, respectively. In these two figures, we also take l = 16, · · · , 1.

It can be seen that the parts near the two tips can not be identified in the same way as the interior
points of the crack. Actually, there is more scattering on these tips than on the interior points on the
crack. Notice that the formulas given in section 2 are valid just on the points away from the tips.
Also the best approximation accuracy can not be improved. What we can expect is that more part
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Figure 6. Reconstruction of the crack from the concave side using the singularity δ0 = 0.02, δ1 = 0.001,
where the blowing-up criteria are taken as CB = 0.2, 0.4, 0.9, 1.0, from left to right in the first row and then

in the second row.
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Figure 7. Reconstruction of the crack from the concave side using δ0 = 0.02, δ1 = 0.01, where the blowing-
up criteria are taken as CB = 0.2, 0.4, 0.6, 0.8, from left to right in the first row and then in the second

row.

of the crack will be visible using a larger CB but with a finite accuracy. In this configuration, we
can not get the blowing-up property of the indicator value numerically since for δ0 = 0.02 and large
l, the distance between zp and the crack is still large, while the blowing-up property is established
theoretically for l × δ0 + δ1 → 0.

Our next example is to consider the reconstruction problem where the surface impedance
distribution is not constant in the surface, which shows the practical applicability of our
reconstruction method.

Example 2. The configuration is taken as follows:

κσ+(x) = (cos2(x1 + x2) + 1.2) + i(sin
x1 + x2

10
+ 1.5), κσ−(x) = (x1 + 2) + ix2 (83)

for x = (x1, x2) ∈ C. The real parts of σ± are positive. The distribution of κσ+ are shown in Figure
8. Since we can not expect satisfactory results for the information about C− as explained in Example
1, here we focus on the reconstruction of σ+ as well as the shape detection from the convex side of
crack. We will reveal the effect of the variable surface impedance on the crack shape detection.

We use singularities δ0 = 0.02, 0.01 to detect the crack shape. The reconstruction result is shown
in Figure 9 (left). It can be seen that the reconstruction in domain A is relatively poor. This domain
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Figure 8. The non-constant distribution of κσ+ with respect to variable x1: real part(left) and imaginary part
(right). The half circle represents the crack.
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Figure 9. Reconstruction of C using (δ0, δ1) = (0.02, 0.01) with CB = 0.6, 0.8, 1.0, 1.2 (left). The crack
shape in domain A is not easy to detect due to the large σr

+ in this part, see the recovery for CB = 1.0, 1.2.
It can be seen that absorbing property of σr

+ helps us to detect the boundary type obviously. That is, in
domain A with large value of σr

+, the blowing-up property is obvious. This phenomena is consistent with
the detecting formula (20).

is the part where we have a large value of < σ+, compare with Figure 8. The large value of σr
+ in

this domain means a large energy absorbing of the scattered wave. So we can not detect this part
using the same singularity as that for the other part. Since σr

+ is relatively small in the domain B,
the shape detection is well in this part.

As it is done in Example 1, we use the same singularity to detect the boundary type. The numerical
behavior of (81) in this case is shown in the right-hand side of Figure 9. The vertical variable is the
detection direction tj = π/32× j for j = 0, 1, · · · , 32.

Finally, we reconstruct σ+. To recover the imaginary part of σ+, we use the singularity δ0 =
0.02, δ1 = 0.03. The results for l = 20, 4, 2, 1 are given in the left-hand side of Figure 10. Also we
use the singularity δ0 = 0.003, δ1 = 0.002 to detect the real part of σ+. The results for l = 20, 10, 5, 1
are given in the right-hand side of Figure 10.

Example 3: This example is for showing the importance of introducing the artificial coefficient
=σ± 6= 0 in the surface impedance. We keep the other parameters in Example 1 unchanged and we
replace the impedance by

σ−(x) ≡ 1 + 2i, σ+(x) ≡ 2 + 5i.
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Figure 10. Construction of σ+ from the convex side of C: Imaginary part κσi
+ (left) and real part −κσr

+
(right). The numerical oscillation in reconstructing the real part of σ+ is obvious.
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Figure 11. Boundary shape reconstruction and boundary type using the same singularity. The boundary shape
is reconstructed well (left). Since σ± are large, the crack behaves like a Dirichlet crack., i.e. Type(zp) ≈ 0.

This phenomena is shown in the right-hand side of Figure 11.

The arc C is reconstructed in Figure 11 (left). The blow-up values are CB = 1.0, 1.2, 1.5, 1.7, where
we take z(l) = l × 0.05 for l = 16, 15, · · · , 1 to approach a ∈ C with δ1 = 0.1. The reconstruction
for crack shape is much better than Example 1 due to the large imaginary part of σ±. Notice that
this picture shows that the points near (0, 1.2) can not be reconstructed well. The reason is that the
normal direction is ν = (0, 1), which means ν1 = 0. The figure in the right-hand side of Figure 11
shows the boundary detection.

Conclusions. In this paper, we consider an inverse scattering problem by an open crack C.
Compared with the inverse scattering problem by an impenetrable obstacle with smooth closed
boundary, the crack detection problems are much more complicated, due to the joint effects of the
tips of crack, the concave side of crack and the inhomogeneous surface impedance distributions. We
propose theoretical formulas to detect the properties of the crack such as its shape, the boundary
type and the surface impedance. The numerical realizations are presented, which show the validity
of this method and also some difficulties arising in the detection of concave side of crack. Such
difficulties can be explained physically from the multiple reflection of waves in the cavity.
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