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Abstract — We deal with the inverse scattering problem by an obstacle at a fixed
frequency. The obstacle is characterized by its shape, the type of boundary conditions
on its surface and the eventual coefficients distributed on this surface. In this paper, we
assume that the surface 0D of the obstacle D is Lipschitz and the surface impedance, A,
is given by a complex valued, measurable and bounded function. We prove uniqueness
of (0D, \) from the far field map under these regularity conditions. The usual proof
of uniqueness for obstacles, based on the use of singular solutions, is divided into two
steps. The first one consists of the use of Rellich type lemma to go from the far fields to
the near fields and then use the singularities of the singular solutions, via orthogonality
relations, to show uniqueness of dD. The second step is to use the boundary conditions
to prove uniqueness of A on 9D via the unique continuation property. This last step
requires the surface impedance to be continuous. We propose an approach using layer
potentials to transform the inverse problem to the invertibility of integral equations of
second kind involving the unknowns 9D and A. This enables us to weaken the required
regularity conditions by assuming 0D to be Lipschitz and A to be only bounded. The
procedure of the proof is reconstructive and provides a method to compute the complex
valued and bounded surface impedance A on 0D by inverting an invertible integral
equation. In addition, assuming 0D to be C? regular and X to be of class C%%, with
a > 0, we give a direct formula as another method to reconstruct the surface impedance
on dD.
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1. Introduction and statement of the results

Let D be a bounded and a Lipschitz domain of R”, n = 2, 3, ..., such that R™\ D is connected.
The propagation of time-harmonic acoustic fields in a homogeneous media is governed by
the Helmholtz equation

Au+r*u=0 in R"\ D (1)

where k is the real positive wave number. At the boundary of the scatterers the total field
u satisfies the impedance boundary condition

%—i—i)\u:()on oD (2)
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with some measurable and bounded complex valued function A on 9D with positive real part
where v is the unit normal directed outside of D. Given an incident field u* which satisfies
Au’ + k*u’ = 0 we look for solutions u := u’ + u® of (1) and (2) where the scattered field u®
is assumed to satisfy the Sommerfeld radiation condition

n—1
1. 9 S —
lim 2 (67‘ iku®) =0, (3)
r = |z| and the limit is uniform with respect to all the directions 6 := -

The forward scattering problem (1)-(2)-(3) with the mentioned regularity conditions on
(0D, \) is well posed. There are two ways to justify it. The first one is by using the limiting
absorption principle as it is done in ([25], section 4). The second one is the approach by
Brakhage-Werner-Leis-Panic which consist of a combination of the single layer and double
layer potentials. Indeed, this can be done following the arguments by Leis as explained in
([7], pages 92-93) and using the layer potential mappings stated on C*—smooth domains,
see [7] or on Lipschitz domains, see [10] and [22].

It is well known (see [8], [25]) that this reflected field satisfies the following asymptotic

property,

W) = —ueO) + 00, r— oo, (4)

r2

where the function u®(-) defined on the unit n-dimensional sphere S™ is called the far-field
associated to the incident field u'. Taking particular incident fields given by the plane
waves, u'(x,d) := " d € S, we define the far-field pattern u>(0,d) for (6,d) € S™ x S™.
Analogously, for an incident point source ®(+, z), given by the fundamental solution of A+ >
in R,

1Yn, "
B(ey) = e Hia ke —al).a # oy € R, (5)
T —y| 2

we denote the scattered field by ®*(-, z). The function H & is the Hankel function of the

2
n—2
first kind and of order “52. The constant 7, is given by 7, = g(’*;)r%, see [18].

1.1. The uniqueness issue

The first result of this paper is the following theorem.

Theorem 1.1. (Uniqueness of rough complex obstacles.) Assume that D;, j =
1,2, are bounded and Lipschitz domains of R™ such that R™ \Fj is connected and that k* is
not a Dirichlet eigenvalue for (—A) on D;, j =1,2. Consider two bounded complex valued
functions \;, j = 1,2, defined on 0D;, j = 1,2, respectively, with positive real parts. Let
u$(-,-) on 8" x 8", j = 1,2, be the far field patterns for the scattering problem (1) - (3) with
unknowns (0D;, \;). If u®(-,-) = u3°(-,-) on S™ x S" then we have 0Dy = 0Dy and A\ = Xs.

There are two ways to prove uniqueness of obstacles from exterior measurements. The
first one is due to Schiffer, see for instance [8]. However it is applicable only for Dirichlet
type obstacles. The second argument is based on the use of singular solutions by Isakov,
Kirsch and Kress, see [16] and [25]. Regarding the uniqueness question, this last argument
does not depend on the type of boundary conditions we impose on dD. Hence it is also
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applicable for the Robin type of boundary conditions. Such arguments are also used for
transmission problems, see [14, 15]. To prove uniqueness of the boundary coefficient A, the
known and straight argument, see [7] and [25], is to use the boundary conditions coupled with
the unique continuation property. However, this last step requires the boundary coefficients
to be continuous.

In this paper, we propose another way to prove uniqueness of (0D, \) which requires
Lipschitz regularity of D and only the bounded-ness of the measurable function A. This
approach is based on transforming the inverse problem to the invertibility of integral equa-
tions involving the unknowns 0D and A. Precisely, we first provide an explicit representation
of the Green’s function, corresponding to the scattering problem ((1)-(2)-(3)), in terms of the
explicit Helmholtz fundamental solution via an invertible integral operator involving (0D, \).
This shows us how the singular behavior of the Green’s function is similar to the one of the
fundamental solution. The uniqueness of D is then easy using this representation. We wish
to emphasize that this representation is useful to show the weight of A and the geometry of
0D in the singularity of the Green’s function. This is important to understand the power
as well as the limits of the known probing and sampling methods, see [20, 21, 27] for some
related studies in case of smoother unknowns (0D, ). The second integral equation we
derive in this paper is of second kind having A as an unknown and its kernel is related to
the Green’s function of ((1)-(2)-(3)). Its invertibility gives a way how to detect A.

1.2. The reconstruction issue

The procedure of the proof based on these two integral equations is then reconstructive.
Indeed, using the Tkehata-Potthast probe method, for instance !, see [13, 24], we can com-
pute the values of the Green’s function outside the obstacle using the needle approach by
Ikehata [13]. The unboundedness of the corresponding indicator functions when the needle
approaches the obstacle is justified by the first integral equation we mentioned. Hence, in
principle, we get 0D and the values of the Green’s function on dD. Then inverting the sec-
ond integral equation we obtain the values of the complex function \. This method requires
the obstacle to be Lipschitz smooth and the surface impedance to be bounded. Assuming
that 9D to be C*— smooth and X of the class C%*(9D), then using the mentioned repre-
sentation of the Green’s function in terms of the fundamental solution, we show that A can
be computed by an exact and stable formula.

1.2.1. Reconstruction of the full Green’s function from the far field map. We
start by the following key identity

o0 _ aus(y’d) —ikby aeiine.y s
w0, =, [ {2 ) L sty ()

given by using the Green’s formula in R® \ D for u*(-,d) and ®(-,y) and their asymptotic
behavior at infinity (see [8], Theorem 2.5).

By the principle of superposition, we know that, see [8], the scattered field associated
with the Herglotz incident field v} := v, defined by vy(z) := [5, e ?g(d) ds(d), = € R", is

We could also use another sampling method as the linear sampling method [3] to compute the Green’s
function of the interior problem instead of the exterior one as for the probe method, see [5]. Hence, we can
obtain similar results, as the ones stated in Theorem 1.3, for the linear sampling method.
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glven by v = [g.u® g(d) ds(d), x € R"\ D, and its far field is given by vp°(0) :=
Jon u d) ds(d), 9 e S”

Let x,z € R™\ D. We consider the point sources ®(-,z) and ®(-, z). We set B such that
D C B and (r,z) € R"\ B and that the Dirichlet interior problem on B is uniquely solvable.
In this case, due to the denseness property of the Herglotz wave operator (see [8] or [24]) we
take (fm)men and (g,)pen as sequences in L?(S™) such that

|vs,, — (-, 2)| 20 — 0, m — oo, and |lvg, — ®(-,2)||295) — 0, p — 0. (7)

Since vy,, and (-, z) satisfy the same Helmholtz equation in B, then by the well posed-
ness of the corresponding interior elliptic problem and the interior estimates, we deduce from

(7):

{ vf,, — (-, 2) | arpy — 0, m — o0 @®

[vg, = @(, 2)l[m1(py = 0, p — o0

Multiplying in (6) by f,,.(6)g,(d) and integrating over S", we obtain:
| [ = o.au)aa) dso)asia
n Sn

= o [ D@ asta)- [ g6 aso

861'59-11 .
- [ B0 as) - [ digd) st aso)
ov® . o’
= —Tn /a D{ 85” (y)vs, (v) — a—f“(y)vjp(y)} ds(y). (9)

From (8) and (9), we get:

lim / / 6,d) £(6) gy(d) ds(6)ds(d)

_ 0y, x) .
= [ {2 Mgy - 22 ) sty
= (o) (10

From the well posed-ness of the direct scattering problem and (8), we deduce via interior
estimates that

v, (z) — ®*(x,2), when p — oo.

Hence we proved the following result:

Theorem 1.2. For every (z,z) in R\ D, we have

pP—00 M—00

O*(z, 2) = 4" Tim lim /S / _6,d) £.0(6) g,(d) ds(8)ds(d). (11)

where fn, and g, satisfy (7).
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From Theorem 1.2, we compute G(z, 2), for every (r, z) in R"\ D, where G(-, -) is the Green’s
function associated to the direct scattering problem, i.e

(A + K?)G(z,2) = —0(x,2) in R*\ D,
2% +iXx)G=0 if =z€dD. (12)
G(-,y) satisfies the Radiation conditions

We call G the Robin function for the Helmholtz scattering problem. In case A = 0, it is
called the Neumann function for the Helmholtz scattering problem and we denote it by Gy.

From now on, we use the notation %GQ, -) (resp. 88 G(-,-)) for the normal derivative
with respect to the first (resp. to the second) argument. Arguing as for Theorem 1.2,
we can compute the values of g—i(m, z) for x,z in R™ \ D by choosing (f;n)men such that
v, — a?/zq)( @) g py — 0, m — oo and (g,)pen such that |lvg, — O(-, 2)||m ) — 0, p —
00.

1.2.2. Reconstruction of the complex obstacle The second main theorem of this
paper is the following.

Theorem 1.3. (Reconstruction of complex obstacles.) Assume that D is a boundedj
and a Lipschitz domain of R™ such that R™ \ D is connected and that x> is not a Dirichlet
eigenvalue for (—A) on D. Consider a bounded complex valued and measurable function \
defined on 0D, with a positive real part. Let u™(-,-) on S™ x S"™ be the far field pattern for
the scattering problem (1) - (3) with unknowns (0D, \). Then

1. The obstacle D can be reconstructed based on the following two properties of the probe
method:

L1 |I(2)]| < oo if z is away from OD and

L2. lim, gp |I(z)| = co where

1) =t im lim [ (-0.) £,06) f(@) dst0)dsd), (13)

P—00 M—00

and the sequence (fm)men satisfies (7).

II. The complex valued surface impedance \ can be reconstructed using one of the two
methods

1.1 First method. For this method we need the unknown X\ to be only a measurable and
bounded function with positive real part.

The function X\ is the solution of the following invertible integral equation:

Az) — /E)D Az )gi (2, 2)ds(x) = F() for = € OD (14)
from L*(OD) to itself, where F is given by
. oG ow
P =i [ S8 @lis(o) (15)

The function w s the solution of the following Dirichlet exterior problem

(A+ K)w =0, in R*\ D,
w=1, ondD, (16)
w satisfies the Sommerfeld radiation conditions.
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I1.2 Second method. For this method we assume, in addition, that X is of class C%*(0D),
with o > 0, and 0D is of class C*.

Let zy € 0D and denote by V(zg) an open neighborhood of zg on 0D. Then X is com-
putable on V(zy) by inverting the following system:

K(2)A(z) = — - aiG(m,z)%

u,(z)ds(z),z € V(z) (17)

where the complex valued function K(z) is given by

K(z) = z/ a%G(x,z)@(x, 2)Es (x)ds(x), for z € V(z), (18)
oD z
and for every z € 0D, the function u, is the solution of the following problem

(A + K?)u, =0, in R*\ D,
u, = G(z,2)&.,(z), on dD, (19)

u, satisfies the Sommerfeld radiation conditions

with &, as any Cl-smooth function defined on D satisfying &.,(x) = 0 for x € V(z) and
positive elsewhere. In addition, writing (17) as

Lok || o= |ar) @

where L= — [, 5~ LGz, 2) Lu.(z)ds(z), then

det RK —-SK
SK  RK

} >0 on 0D. (21)

If A =0 then RK >0 on 0D.
For both the methods, we use the following limits:

G(x,z) = limy o Gk, 21), (22)
gVG (.CE Z) hmk,h—>0 g_li($k> Zh)?

in L'(OD x OD) where xy, := x + kv(x), 2z, :== 2+ hv(z) and h, k are positive real numbers.

Remark 1.1. 1. Regarding the first method, if we assume, in addition, that X is of class
C%*(9D), with @ > 0, and 9D is of class C?, then the integral equation (14) is invertible
from C%#(0D) to C%#(AD) for every 3, 0 < 8 < a.

2. Regarding the second method, we can write A\(z) =

8
Jimy p—o 5, G(xk,2n)

for z,z € 0D by
limg, o G(@k,2n)
using (22). However, limy, o G(2x, z,) = G(x, z) may vanish. To avoid this, we need to fix
every point z and then take the limit for  approaching z. Similar asymptotic has been used
in [19] but it seems that it is quite instable if 9D is not known with good approximation.
This is due to the point-wise behavior with respect to the variable x while the coefficients
in K(z) and the second member of (17) are averages with respect to the variable z.

Knowing D, the straight way of computing A is a direct use of the boundary conditions for
the total waves as it is proposed by Akduman and Kress, see [1]. Precisely, for any incident
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wave u’, Akduman and Kress propose to compute the corresponding total waves u and %
on 0D and then solve, by regularization, the equation

UX =1 " (23)
Due to the unique continuation property, the total wave u never vanish in open sets of 0D,
however it may vanish on several points of dD. This is why a regularization is needed in
solving (23). An interesting use of A,-weights , in case of smooth (0D, \), enables Sincich,
see [26], to show that u=! is in LP(9D) for some values of p, which means that (23) is solvable
in those LP-spaces. As we showed it in Theorem 1.3, part 11.2), using superpositions of such
incident waves, generating the Green’s function, we could transform (23) into (17) which is
a stable formula due to (21).

We wish to mention the works by Cakoni, Colton and Monk on the reconstruction of
such rough obstacles (0D, \), see [3]. Based on the use of the linear sampling method, they
reconstruct D and provide an estimate of the L>-norm of A\. Assuming that (0D, \) are
smoother, we showed how we can reconstruct the shape of D and compute the point-wise
values of A, see [23] and [19] using the probe method, in collaboration with J. Liu and
G. Nakamura and [5] using the linear sampling method in collaboration with F. Cakoni,
G. Nakamura and N. Zeev, see also [27]. In Theorem 1.3, we improve those results by
considering Lipschitz obstacles and reconstructing the surface impedance requiring only its
bounded-ness.

The condition that x? is not a Dirichlet eigenvalue for (—A) on D;, j = 1,2, is due to
the use of Layer potentials and it is not a necessary condition for the problem itself.

We wish also to emphasize that the method of the proof proposed here can be used to
consider other useful settings as the transmission problems for scalar elliptic operators as
well as for Maxwell related models.

The rest of the paper is organized as follows. In section 2, we derive some useful links
between the fundamental solution ® and the Robing function G. In section 3, we use
these properties to derive the integral equation we mentioned before having (0D, \) as the
unknown. In section 4, we use the results of section 2 and section 3 to prove the two stated
theorems. Finally, in section 5, we recall some properties of the layer potentials defined by
the fundamental solutions and we give a justification of (22).

2. Some useful links between the Robin function and the funda-
mental solution

We start by the following lemma on the symmetry of the Robin function G(z, z) which proof
can be obtained, for instance, as in Lemma 1.9 of [2] by minor changes.

Lemma 2.1. The Robin function G is symmetric in its arguments:
G(z,2) = G(z,x), forw,z € R"\ D. (24)

Let us recall the single and double layer potentials related to the fundamental solution
O(z,y), ie.

0

oD ayz

Spf(x):= /aD O(z,2)f(2)ds(z), and Kpg(x) := p.v. O (z,2)g(2)ds(z). (25)
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The operators Sp and Kp: L2(8D) — L2(8D) are bounded, see [22, 10]. In addition, with
respect to the bilinear form (u,v) = [, u( x)ds(x), we have S}, = Sp and Kjg =
P0- Jon 3y o 3, ®(7,2)9(2)ds(2).

We w111 use the notation G.(z) := G(z,2). Applying the Green’s formula to G.(z) and
O (z,2) in R™\ D, we obtain:

0P oG,

—(t,z)G.(t)ds(t) — “(t)®(t, x)ds(t) = G(z,2) — ®(z,2), o,z in R"\ D. (26)

oD oy, 8D Ovy

Taking the point x to 0D, using the jumps of the double layer potential related to ® and
the impedance boundary condition for GG, we obtain:

%Gz(x) + KpG.(x) +iSp(\G.)(z) = G(z,2) — ®(x,2), 2 on D and z in R"\ D.
Using the notation Sp - A(f) := Sp(\f),Vf € L*(0D), we deduce the following result:

PROPOSITION 2.1. We have the following explicit relation between the Robin function
related to the complex obstacle (0D, \) and the fundamental solution:

1 _
_(_51 +iSp - A+ Kp)G.(x) = ®(x, 2), forx € 0D, and z € R"\ D. (27)
We need the following proposition on the invertibility of the operator (—%I +iSp- A+ Kp) :
L*(D) — L*(0D) and (—31 +iSp - A+ Kp) : C*#(0D) — C*F(8D), 0 < f < a.

PROPOSITION 2.2. Suppose that OD is Lipschitz and X € L>®. Assume also that x>
not an eigenvalue for —A in D with Dirichlet boundary conditions. Then
1.) the operator

1
(—51 +iSp - A+ Kp) : L*(0D) — L*(0D) (28)
18 1nwvertible and

2.) if, in addition, OD is of class C* and A\ € C**(0D), then the operator

(—%1 +iSp - A+ Kp) : C*P(0D) — C*#(oD) (29)

15 wnwvertible for every 3, 0 < f < «

PROOF OF PROPOSITION 2.2
1.) It is enough to prove that its adjoint —1I + iASp + K}, : L?*(0D) — L*(9D) is
invertible. Indeed, assume that —3I +i\Sp + K7}, is invertible. We set:

1
where A := —%I + Kp and P = iSp - \. Since x? is not a Dirichlet eigenvalue then the
operator A is invertible from L?*(9D) — L?*(dD), see the appendix. In addition the operator
P : L*(0D) — L*(0D) is compact. Hence we can write:

1
—51 +iSp - A+ Kp=A(I+ A'P).
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Now, we write

1
—51 +iASp + K§) = A* + P* = (I + P*(A*) 1) A*

since A* := —11 + K7, is also invertible, as the adjoint of A.

Hence the invertibility of —17 4 iASp + K}, implies the invertibility of I + P*(A*)~.
Since the operator P*(A*)~! is compact, we can apply Fredholm alternative to deduce that
I + A7'P is also invertible since I + A™'P = (I + P*(A*)™1)*, see for example [7]. Then
—%[ +1Sp - A+ Kp is invertible.

To show the invertibility of —%I +iASp + K7j), we start by recalling that the operator
Sp : L*(OD) — L*(dD), and then i\Sp, is compact. Hence the sum —31 +iASp + K7},
is Fredholm of index zero. The injectivity of —31 + iASp + K}, in L*(9D) is deduced by
standard arguments using the uniqueness character of both the exterior impedance problem
and the interior Dirichlet problem and the jumps of the double layer potential related to the
fundamental solution ®. Hence the operator (=31 +iASp + K},) : L*(0D) — L*(D) is
invertible.

2.) Since D is C?—smooth then the single layer operator Sp : C%*(dD) — CY#(0D)
and the double layer operator Kp : C%*(9D) — C1#(dD) are compact for every a, 3 > 0
such that 3 < «, as combination of bounded operators from C%*(9D) to C**(dD), see [8],
and the compact operator given by the injection of C**(9D) in C*#(9D) for 0 < 3 < .
Now, since A is in C%*(9D), then the operator —%I +iSp - A+ Kp is well defined from €%
to itself, 0 < 0 < «, and it is a Fredholm operator with index zero. Its injectivity is justified
by the previous point 1.). Hence it is invertible.

As a consequence of these last two propositions, we have the following properties of the
layer potentials related to the Robin function G.

PROPOSITION 2.3. Let D be a Lipschitz domain such that R\ D is connected and \ be
a complex valued, measurable and bounded function defined on 0D with a positive real part.
Assume that k* is not a Dirichlet eigenvalue of —A in D 2. Let G be the corresponding
Robin function. Then we have the following properties.

1. The single layer potential S¢; defined by

Saf(z) = /aD G(z,2)f(x)ds(x), with f € L*(0D),

for z € R*"\ D, has the trace on D as a bounded operator Sg from L*(0D) to L*(0D) given
by
1
Sg = —SD(—EI +iASp + Kjp) 7. (30)

In addition, for every f € L?*(0D), we have

}lliir(l)[ggf(z + hv(z2)) — Sgf(2)] =0 in L*(0OD). (31)

If, in addition, OD is of class C? and X is in C%*(0D), then Sg is bounded from C*P(9D)
into CYP(OD), for every 3, 0 < 3 < a and the limit above is understood in the point-wise
sense.

2This condition is needed to use the invertibility of the operator —%I +iASp + K.
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2. The normal deriwative of the single layer potential Se: f, a%ggf, has the following trace
on 0D:
—f —iASqf. (32)
In addition, for every f € L?*(0D), we have

lim[aﬁggf(z + hv(2)) + (f(2) +iM(2)Saf(2))] = 0 in L*(OD).

h—0 Qv

The operator K¢, := —i\Sg is bounded from L*(OD) to L*(OD). If, in addition, 0D is
of class C? and X is in C%*(0D), then (32) defines a bounded operator from C%P(dD) to
C%P(OD) and K¢, is bounded from C%P(OD) to C*P(dD), for every 3, 0 < 3 < « and the
limit above is understood in the point-wise sense.

PROOF OF PROPOSITION 2.3
1. From Proposition 2.1, we have:

- |
S = —SD(—§I +iASp + Kj) ™! (33)

where Spf(z) = [,, ®(z,2) f(z)ds(z), with f € L*(9D), for z € R*\ D.
We set S := —Sp(—21 +iASp + K},) ™!, hence Sg is bounded in the mentioned spaces
since Sp and (—%I +iASp + Kj)™!) are, see Proposition 2.2 for the latter. The property

(31) is a direct consequence of the corresponding one of Sp.
2. Let f € L?(0D) (or in C%*(OD) in case when (0D, \) are smoother). We start by
taking the derivative in the identity (33) applied to f:

%ggf(z + hv(z)) = —%S'D(—%I +i\Sp + K5) ' f (2 + ho(2)).

Using the jumps relation of the normal derivative of the single layer potential in the L*(0D)
sense (respectively in the point-wise sense for smoother (0D, \)), we obtain

.0 & 1 v, 1 . e
}13% $SG(Z + hv(z)) = _[_51 + KD](—§I+Z)\SD + K571 (2)

= (I —iASp(— 5T +iASo + Kp) ) (2).

Hence 9
lim 8—50(2 + hv(z)) = —f(2) —iASaf(z).

h—0 OV

3. The reduction to an integral equation

Let w be the solution of the following Dirichlet scattering problem
(A+xHw =0, in R"\ D,
w=1, on 0D, (34)
w satisfies the Sommerfeld radiation conditions.

Since 2 is not a Dirichlet eigenvalue for —A in D, then the operator Sp : L*(0D) —
H'Y(OD) is invertible, see the appendix. Let f € L*(0D) such that Spf = 1. The uniqueness
character of Dirichlet exterior problem implies that w = Sp f. Hence

ow

1
ab[) = SDf — §f € L2(8D)
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Integrating by parts using the Green’s function G, we obtain:

oG (x,z)ds(z) — w

(2)G(x,2)ds(z) = w(z), z€R"\D (35)

oD an oD 6’1/95

which we write as:

- g—i(x, z)ds(x) = w(z) + gg(g—zlf)(z), for z € R\ D.

From the impedance boundary condition in (12), we deduce that

. -9 _
—Se(iN) = w(z) + SG(8—“’><Z>, for € R"\ D. (36)
v
By the trace of the normal derivative of the layer potentials defined by the Robin func-
tions, see Proposition 2.3, we get the following integral equation involving the unknowns 0D
and A.

A(z) + )\(z)/ G(x,z)(iX(x))ds(x) = —zKé(g—Z))(z), for z € 0D (37)
oD
which we can write in a compact form as
. e OW
(I = KG)A = —iKa(50). (38)

From Theorem 5.2, the kernel of K¢, i.e. —i\(2)G(x, 2), x,z € JD, is computable as

.0 B
k}ilzIEo aVZG(xk,zh), in L'(0D x 0D)

where z, := x+kv(z) and 2z, ;== z+hv(z) and %G($k, zp,) is computable from the scattering
data as in Theorem 1.2 replacing ®(-,z) by 52-®(-,z) in (7).

4. Proofs of Theorem 1.1 and Theorem 1.3

4.1. The uniqueness issue (Theorem 1.1)

The proof of Theorem 1.1 is as follows. Firstly, we recall the known arguments by Isakov,
Kirsch and Kress to prove uniqueness of 9D by adapting them for the rough complex ob-
stacles and using the identity (27). Secondly, knowing D from the first step and G from
Theorem 1.2, then using the jumps of the double layer potential corresponding to G and
again the identity (27), we show the uniqueness of A.

4.1.1. Invertibility of (27) and uniqueness of the obstacles Let (Dq,)\;) and
(D3, A2) be two obstacles having the same far field maps u$°(-,-) = u3°(-,-) on S" x S™.
Suppose that D; # D,. We can assume without loss of generality that there exists z €
OD; N (R™\ Dy). The function ||®.(-)||z2(ap,) is bounded for z near z, i.e. z is away from
0D,. We set G; to be the Robin function associated to (D;, A;), j = 1,2 (as defined in (12)).
From the invertibility of the equation (27), we deduce that

G2 (-, 2)|| 2(ap,) is also bounded for z near Z. (39)
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From the impedance boundary conditions, |22 (-, 2)||z2(sp,) is also bounded for z near z.
Since G(+, 2) = ®5(-, 2)+D (-, 2) then | P5(-, 2) || L2op,) and ||%(-, 2)||L2(op,) are also bounded
for z near Zz.

From Theorem 1.2, we know that ®(x, z) = ®5(z, 2) for x, z in the unbounded connected
component of R\ (D; U Dy), which we denote by D 2. Let I" be a part of 0D, containing z
and not intersecting dDy. Without loss of generality, we can assume that I' C R™ \ Dy. We
set I'“:= 0Dy \T'. Then, (g;fj + i\ ®P5)(+, 2) is bounded in L*(T') for z near Z.

Since (% +iMDF) = _(% + i\ ®) on 0Dy, then (g% + i\ ®)(+, 2) is bounded in
L*(T') and hence in L?(9D;), for z near z. The well posed-ness of the interior problem
implies, in particular, that || ®(-, 2)|/ g1 (p,) is bounded for z near Z, which is impossible. This
contradiction implies that Dy = Ds.

4.1.2. Invertibility of (27) and uniqueness of the surface impedances Since the
far fields u;’O(, ) on S" x S, j = 1,2, are equal then from the previous section, we know
that Dy = Dy. We set then D := Dy = D,. From Theorem 1.2, we have

Gi(x,z) = Gy(r,2) =: G(x,2), x,z € R""\ D (40)

and o
V.Gi(z,2) =V,Go(x,2), 2,2 € R"\ D,

hence by the trace theorem
%(I ) = Gy
ov, 7 o,

Let now f € L?(dD), then for z € R™\ D, we have

/ G (2, 2) f(w)ds() = / 952 (1. 2 ()ds ().
o 15)

D aljz D 0Vz

(z,2), aex € 9D and z € R\ D.

Using the properties of the layer potentials defined by G, i.e Theorem 5.2, we obtain:

) -in) [

oD

Gi(z, z) f(x)ds(x) = —f(2) — i)\g(z)/ Go(z, 2) f(x)ds(z).

oD

Combining this with (40) gives:

(A1 — A2)(2) /az) G(z,2)f(z)ds(x) =0, z € OD. (41)

The relation 1
Sa = —SD<—§] +iASp + Kg)il, (42)

the invertibility of (=37 4 iASp + K7},) and the fact that the single layer operator Sp has a
dense range imply that Sg has also a dense range.
From (41) and the denseness of the range of S, we deduce that

/8 (= 2)E)g(e)ds() = 0.V € L*0D).

This implies that
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4.2. The reconstruction issue (Theorem 1.3)

In the first part, we justify the two properties of the probe method. If the obstacles (0D, \)
are smooth, then point-wise estimates of |®(z, z)| can be obtained, see [23] and [24]. We
justify this method for Lipschitz obstacles D and complex valued, measurable and bounded
surface impedances .

4.2.1. Reconstruction of the obstacle Let B be a C? domain containing the unknown
obstacle D. We take a point zy € 0B and a curve z := z(t);c[,1 starting from z, and going
into the inside of B. From the section 2, we showed how we can reconstruct ®*(z, z) from
the scattering data. If the curve is out of D then (Z® + iA®)(-, z) is bounded in L*(dD).
The well posed-ness of the forward scattering problem coupled with the interior estimate
imply that ®°(z, z) is bounded. Then it is enough to show that when the curve z touches
0D, ®*(z, z) blows up. We proceed as follows. An integration by parts in B\ D, implies

that:
/ VO (2, 2) — K2|®%|*(z, 2)dw :/ ¢ —(x, 2)®%(x, 2)ds(x)
B\D 8(B\D) ov

= /az) N @52 (z, 2)ds(x) _/a g—q)(a:, 2)0%(x, 2)ds(x) — i /6D AP (z, 2)P*(x, z)ds(x) + O(1)

p Ov
for z near 0D where we used O(1) as an estimate of the integrals on 0B, since z is far away
from 0B.

The Green’s formula applied in B\ D implies again that

0P

0P —(x, 2)®5(x, 2)ds(z) = ——(z, 2)®(x, 2)ds(z) — P5(z,2) + O(1).

ap OV ap OV
Hence 9%
O —(z,2)®%(x, 2)ds(x) =
z/ AMz) P (x, 2)P(x, z)ds(x)— g(f(x 2)®%(x, 2)ds(z )+@/ M@ (z, 2)ds(z)— D3 (2, z)+O(1)I
oD oD oD

In addition
a(I)(:zc 2)®(x, z)ds(x / IVO|*(z, 2) — K% ®|*(z, 2)dx.
8D ov

Using these two last identities in the first equality gives:

/ V@5 (z, 2) — K2|®%|(, 2)dx +/ IVO|*(z, 2) — K*|®|* (2, 2)dx
B\D D

() - z/ O, 2)ds(z) — z/ 7Dz, 2) Bz, 2)ds(x)
oD oD
—i/ AMz)P*(z, 2)P(x, z)ds(x)i/ M@ (2, 2)ds(x) + O(1) for z near OD.
oD oD
Then for z € R™\ D, but near 9D, we have

12(, 2) 3 /200m) < EN®C, 2300y < ll@°(2, 2)] +/8D |®°|2(x, 2)ds(z) +/8D D (2, 2)ds(x)
(43)
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_|_/B\D|<I>3]2(x,z)dx+/D]<I>|2(x,z)dx]—i—O(l).

However using (27) and Proposition 2.2, we obtain:
/aD |®° + D% (z, z)ds(z) = |G(-, 2)|| 7200y < sl|P(, 2) | 720)
hence also
| 1@R @ dsta) < [ 100+ 0P 2)as(o) + [ [0f (e 2)ds(a) < CIOC, 2 on,
oD oD oD

with C' := ¢3+ 1. From the explicit form of ®, we can estimate [, |®|*(z, z)dz. In principle,
we have the same for ®*) and then we can estimate fB\E |®%|?(x, z)dx, since for the Green’s
function G, we have similar estimates as for ® as it is shown for a family of scalar equations,
see ([12]) and also ([9]). Since these references do not include impenetrable obstacles and
we are dealing with low regularity for D and the surface impedance A, we prefer to provide
a justification of a weaker property but enough for our purpose. Indeed, we start by the
following identity:

G(z,2z) — ®(z,2) = a—q)(t,x)Gz(t) — 9G.

5 “()®(t,7)ds(t), z,zin R"\ D (44)
op OVt

which we write as

G(z,2z) — P(z,2) = /BD[S—i(t, x) —iAt)®(t,2)|G.(t, 2)ds(t), x,z in R"\ D (45)

using the impedance boundary conditions. Hence

Gz, 2) — B(z, 2)2 < /8D|8—i(t ) — IABD(E, )| 2ds(?) /aD|G(t, )Pds(t), z, 2 in R"\ D
and then
|G (2,2) — ®(z,2)] < C/aD g—i(t x) —iA(t)D(t, z)|*ds(t) /aD |®(t, 2)|*ds(t), z,z in R"\ D

This implies that

/ |®(z, 2)[Pdx < C[/ |5 (x, 2)|*dw +/ [z, z)dx]
B\D B\D B\D

where (2, 2) == [, |22(t,z) — iAE)D(t, 2)|2ds(t) [, |D(t, z)[*ds(t).
Finally, from (43) we obtaln.

|D°(z, 2)] N (-, 2 )H%?(ap) _|_f3\5|q)s($,z |2dx+f3\b (z,2)dx

t<dl e [ -

|®(-, 2

)”HI/Z D) )||H1/2 D) >||H1/2 oD)

Due to the type of singularity of ®, the second and the third terms of the right hand side
of this last inequality are o(1) for z near dD. Hence, we deduce that there exists a positive
constant ¢ such that:

EH@(-,z)Hzl/g(aD) < |9%(2, 2)|, for z near 0D

which implies that |®*(z, z)| blows up for z near dD.
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4.2.2. Reconstruction of the surface impedance 1) First method

The unknown surface impedance is solution of the integral equation (37) (or (38)). Know-
ing the surface of the obstacle 0D, the kernel of the integral operator is constructible in a
similar way as in Theorem1.2. Hence the next question is to prove the invertibility of this
integral equation.

We start by showing that the operator equation in (38) defined from L?(9D) to L*(0D)
is Fredholm of index zero. We recall that S¢ = —Sp(—11+iASp+ K},)~*. The operator Sg
is compact as a product of the bounded operator (—%] +iASp+ K3) ! and the compact one
Sp. Then ASg is compact too and hence I +i\Sg : L*(0D) — L*(0D) is Fredholm of index
zero. Now we consider the unique solvability. Suppose that f+iX [, G(z, z) f(x)ds(x) = 0,
for some f, f € L?(OD). We define S¢f(2) = [,, G(z,z)f(z)ds(z) hence it satisfies
(A + k?)Sgf = 0, in R*\ D and the Sommerfeld radiation conditions. In addition, we
have C%S’Gf(z) = —f(z) —iX [, G(x,z)f(ac)df(ac) = 0 on 9D. The uniqueness of the
Neumann type scattering problem implies that Sgf(z) =0, z € R™\ D. Again by the trace
property of S¢f, we deduce that Sif = 0 and hence f = 0 using the invertibility of Sp and
(=31 +iA\Sp + K})).

IT) Second method
Let uy be the solution of the problem

(A + kHuy; =0, in R\ D,
ur = f, on 0D, (46)
uy satisfies the Sommerfeld radiation conditions

where f € HY2(dD). Since dD is C?-smooth, then for f € CY¥(dD) we associate u; €
CHB(R™\ D), see [8].
An integration by parts applied for u; and G(-,-) gives:

0 G(x, 2)us(z)ds(z) — 0

up(2)G(z, 2)ds(z) = uy(2), 2 € R*\ D

Y5) 87/m oD al/x

which we write as:

—i /aD Mx)G(z, 2)up(z)ds(z) =

up(z)G(z, 2)ds(z) +up(z), z € R*\ D.  (47)

Taking the derivative with respect to z and using the trace of the double layer potential
related to G, we obtain:

iN2)f(z)+ z/\(z)/ Gz, z)(iX(x)) f(x)ds(z) = —iA(2) 0 us(2)G(z, z)ds(z) (48)

oD op Oy
for z in OD.
We set G(z, z) to be the complex conjugate of G(x, z). Let V(2) be a neighborhood of
2 in OD. For x € OD and z € V(z), we take f.(x) := G(z,2)&, (x), where &, (z) = 01in D
and &,, = 0 for x € V(2). Since 9D is C?-smooth and X is C**(9D), then the representation
G(-,z) = —(—3I +iSp- A+ Kp) ' ®(-, z) and the invertibility of (=37 +iSp - A+ Kp) from
CHP(0D) to CHP(dD), for every 3, 0 < 3 < «a, imply that G(-, z) is C»*(dD). In addition,
fo(x) =0 for z,z € V(z). Using f, in (48), we have for every z in V(2):

AC2) / (G, 2P (N @hs(a) = 0

| @ANEIG (@, 2)ds(a), (49)
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where we used the notation u, := uy . We write it as

K-A=1L (50)

K(z) = / 6 P @\ @ds(z) = i / —iA@)G(z, )T, e (@)ds(x)  (51)

oD

L(z) := z/ iuz(ac)A(z)G(a:,z)ols(az:). (52)
op Oy
From Theorem 5.2, we can compute G(z, z) for z,z € 9D as the limit of G(xy,z,) and
—iA(2)G(z, z) as the limit of %G(wk, 1), where xy, 2, are in R” \ D. In addition, we can
compute %uz(:ﬂ) by solving the exterior problem (46). Hence K and L are computable from
the far field data.
Let us now show that (50) is invertible point-wisely. We write (50) as the following

system:
RE —SK][RAN] [ RL (53)
SK RK SN | | SL |

We will show that det K > 0 for every point z € V(z). Since this determinant is contin-
uous then there exists a positive constant ¢ such that det K > ¢ in V(zy). We write the
determinant as follows

det K = [/ |G (@, 2) &, (2)RA(2)ds(2)]* + [/ |G (@, 2)[*& (2) A (@) ds ()],
oD oD
We assume that det K (Z) = 0 for some point Z in V(2p). We deduce that G(z,%z) = 0 for
x € 0D \ V(z9) since &, and R\ are positive on 9D \ V().
If the point Z was in R™\ D, then we have also %G(m, Z) =0 for x € 0D\ V(z). By the
unique continuation property satisfied by G(z,z), as a solution of (A+£?)G(z,%) = —d(z, 2)
for # € R™\ D, we deduce that G(x,z) = 0 for every x # Z which is absurd. However, the

point Z is on dD and the argument above is not applicable. For this reason, we proceed as
follows. Since S(;(—%I +1Sp - A+ Kp)f = =Spf for every f in L?(0D), we have

1
(—51 +1iSp - A+ Kp)G,(z) = —P(x, z), for x,z € OD.

This means that
(1Sp - A+ Kp)G,(z) = —P(x, z), for x € 9D\ V(2) and z = Z. (54)

We show that this contradicts the singular behavior of the Green’s function G and the
fundamental solution ®. Indeed, we use the know estimates |G(z,z)| < C,lz — 2™,
|®(z,2)] < Cplr — 2> for n > 3 and the log type ones for n = 2, see [28]. Using
these estimates then we obtain

1Sp - ACL(2)] < M w2 / 2 — Pz — gl ds(y) ~ |z — 2/ for n > 3
oD

and |Sp - AG.(z)| ~ In(|x — z|) for n =3
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In addition, since v is of class C'" then we have |22 (z,z)| < ¢,|z — 2> for z, 2 on 9D,
see for instance [7]. Hence, we have also:

KpG.(x) < C., / 2 — Pz — gl ds(y) ~ o — 2" for n > 3
oD

and |KpG,(z)| ~ In(|x — z|) for n = 3.
However we know that
|®(z,2)| = Cplz — 2|>", forn > 3.

This contradicts the equality (54) for x near V(zy) taking V(zp) smaller if necessary. A
similar contradiction holds for the case n = 2 using the appropriate singularities. This
contradiction implies that det K > 0 for every point z on V().

5. Appendix

In the next theorem, we recall some properties of the single layer potentials related to the
fundamental solutions .

Theorem 5.1. Let D be a bounded and Lipschitz domain of R™. Assume that k2 is not
a Dirichlet eigenvalue of (—A) in D. The single layer operator

Spf(z) = / B (s

defined in R™ \ OD has a trace on D as a bounded operator Sp from L*(0D) to L*(OD).
This operator has the following properties.

1. Sp: L*(OD) — HY(OD) is invertible.

2. Sp: L*(0D) — L*(0D) has a dense range.
The operator

0 O(x,z) f(x)ds(x)

Kpf:=pv
P oD aVz

and its L*- adjoint
O (e, 2)f(@)ds(a)

KiLf:=pv
b oD ayx

have the following properties

3. %SDf‘aDi = (¢%I+KD)f for every f in L?(0D), where D* refers to the trace from
outside or inside of D.

4. The operators —31 + Kp and —31 + K7}, are invertible from L*(0D) to L*(9D).

PROOF OF THEOREM 5.1

We will show the proofs for the points (1) and (4). The proof of the point (2) is equivalent
to the proof of the injectivity of the Herglotz wave operator, stated on 0D, which in turn is
a consequence of the the fact that x? is not a Dirichlet eigenvalue of —A in D, see [8]. The
proof of (3) can be found in [22].

For k = 0, the proofs of the points (1) and (4) are also given, see for instance [10]. The
proofs use harmonic analysis. Here, we show that, since x? is not a Dirichlet eigenvalue of
(—A) in D, then based on the results for the case when x = 0, we obtain (1) and (4) by a
compact perturbation argument and the Fredholm alternative. We give the proofs for the
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dimension greater than 2. The two dimensional case is similar with appropriate changes due
to the form of the corresponding fundamental solutions.
The proof of the point (1). We set ®o(z, 2) = ;1= Hence’

iklz—z| _ 1
e
®(z,2) — Po(z,2) = %m

and

(= 2)

Vo(x,z) = VOy(z,2) =7, lik|z — zletrle==l — (n — 2)[etrle—=l — 1]].  (56)

|z — 2|
In particular, we have

0 0 x—2z)-T
—P(z,2) — a—T(I)O(x, z) = %Q

5T il — 2l — (n— )™ 1] (57

|z — 2|
where 8% stands for the tangential derivative.

Let S be the single layer potential corresponding to the case k? = 0. From (55) and
(57), we deduce that Sp — S% is compact from L?(0D) to H'(9D). In particular, Sp maps
L*(0D) to H'(0D) since S% does. In addition, S is invertible from L?*(0D) to H'(0D),
see [10]. Then the operator

(Sp)'Sp =1+ (Sp)"'(Sp — Sp)

is defined from L?(9D) to L*(0D) and the operator (S%)~1(Sp—5Y) is compact from L?*(0D)
to L2(0D). Hence we can apply the Fredholm alternative to (S%)71Sp. Let f € L*(0D)
such that (S%)"'Spf = 0. Then Spf = 0 and then, since x? is not a Dirichlet eigenvalue,
f = 0. Hence (S%)~'Sp is invertible. Finally, Sp : L?(0D) — H'(dD) is also invertible

The proof of the point (4). It is known that —37 + K}, : L?*(dD) — L*(9D) is
invertible, see [10], where K9, f = pv [, :2-®o(z, z) f(x)ds(x) for f € L*(OD). From (56),
we deduce that the integral operator Kp — K%, having %@(m, z)— 8%2@0(90, z) as a kernel, is
compact from L?(9D) to L*(9D). We write =11+ Kp = (=3I +K})[[+ (-2 1+K)) " (Kp—
K9)] hence (=31 + K}) (=31 + Kp) = I+ (=31 + K})) " (Kp — KY). Then we can apply
the Fredholm alternative to (—31 + K}))"'(—31 + Kp). The injectivity of —3I 4+ Kp is
due to the fact that 2 is not a Dirichlet eigenvalue of —A in D and the jump relations of
the single layer potential (point (3)). We conclude that —%I + Kp is invertible. Its adjoint
—11 + K3}, is also invertible.

In the following theorem, we justify some properties of the Robin function G.

Theorem 5.2. Let D be a Lipschitz domain such that R™\ D is connected and \ be a
complex valued, measurable and bounded function defined on 0D with a positive real part.
Assume that k* is not a Dirichlet eigenvalue of —A in D *. Let G be the corresponding
Robin function. Then we have the following properties:

{ G(x, z) = limy o G2k, 21),

g_i<x7 Z) = hmk,h—>0 g_,i(xk7 Zh>7

(58)

in LY(OD x OD) where xy, := x + kv(x), 2z, := 2+ hv(z) and h, k are positive real numbers.

3For k =0 and n = 2, we take ®o(z,2) = 5 In( ‘mizl).

4This condition is needed to use the invertibility of the representation (27) of Proposition 2.1.
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PROOF OF THEOREM 5.2
Recall that Gy is the Neumann function for the exterior problem. The function (G' —
Gn)(+, 2), z € R"\ D satisfies:

(BA + K% (G — GN')(x,z) =0in R"\ D,
5 (G —Gy)=—iXz)G on 0D, (59)

G(+, z) satisfies the Sommerfeld radiation conditions.

Hence an integration by parts gives
(G —Gn)(z,2) =—1i /aD My)G(z,9)Gn(z,y)ds(y), for z,2 € R"\ D (60)
and taking the derivative we obtain:
V.(G—Gy)(x,z) = —i /8D My)G(z,y)V.Gn(z,y)ds(y), for z,z € R"\ D.

From the symmetry of G(z, z) and Gy (z, 2), we have V.G(z, 2) = V,.G(z,2), and V.G n(z, 2)l}
= V.Gn(z,x), for ;2 € R"\ D. Then

V(G = Gn)(a:2) = VoG = Ga)(z.) = =i | Np)Glay)V,Gn(z0)ds(y). (61)

For x and z on 0D, we set z; := = + kv(z) and 2, = z + hr(z), then (61) becomes:
VoG = Gn)(xn, 2n) = VoG = Gn) (2, 7)) = —i /aD AY)G (@, y) VoG (20, y)ds(y). (62)
The function  — [, , A(2)G(x, z)ds(z) is in L2(8D) as the image by Sg of the L?(9D)-
function A(z). In addition, the function z — X(z) [,, G(, z)ds(x ) is also in L%*(0D).

Hence the two integrals fBD Jop M2)G(z, 2)ds(z )ds( and faD Jop M2)G(z, 2)ds(x)ds(z)
make sense and they are equal. Now, we use the following splitting

/z /x /y AMy)G(z + kv(x), ?J)aya(x> Gn(z + hv(z),y)ds(y)ds(z)ds(z)
oD Joap Jap

/aD /aD 2)G(x, z)ds(x)ds(z) =

0 oD Jo

D D 1/(:70)
/BD /8D /a Al afg@ G (2 + hv(2), y)ds(y)ds(x)ds(z)
* /8D /aD /8 Z Ay (?x) G (2 + hw(z), y)ds(y)ds(z)ds(z)
/BD /aD G(z,z)ds(x)ds(z). (63)

We write the two first integrals of the right hand side of (63) as follows:

[ [ st ki) [ 5056t o) idsis)dsta)
oD JOD oD
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- /a; /ai Mu)Gl.y) @; aya(q;)GN(Z +hv(z),y)ds(2)ds(y)ds(x).

We set gr(y) =[5, 52 @ Nz + hv(z),y)ds(z), for every h > 0 fixed, then by the limit of
the single layer potentlaf related to the Robin function G, we obtain:

Y

/a " AW)@ 1)+ k), y)ds(y) - / AW)an(y)G (. y)ds(y) — 0 as k — 0

D D

in L?(0D) with respect to x, which implies that the difference of the two first terms in (63)
tend to zero with k.

We write now the two last integrals of the right hand side of (63) as follows:

z

z Yy 9
[ [ 3wt + w@aisiasa) + [ A@iease) 6

D

where I(z) := [, G(x, 2)ds(z) € L*(0D). Using the identity Gn = (=3I + K},)~'® and the
jumps of the double layer potential related to ¢, we deduce that

Y

lim 0 Gn(zn,y) (A (y)ds(y) = M(2)l(2), in L*(OD). (65)

h—0 oD 8I/x

Hence, we deduce that (64) goes to zero as h tends to zero.
Summing up, we deduce that the quantity in (63) goes to zero with k£ and h. From (62)
and the fact the normal derivative of GG vanishes on 9D, we obtain:

ay(z)G(xk, zn) — —iX2)G(z,2), as h,k — 0, in L' (0D x dD).

We finish the proof by showing that we can exchange the order of the limits with respect to
k and h. Indeed, from the symmetry of G and Gy, (60) can be written as

(G—Gn)(z,2) = —i /BD My)G(x,y)Gn(z,y)ds(y), for z,z € R\ D. (66)
Hence (62) becomes

V(G = G)(wn ) = i / W)V Gz, )G (0, 1) (y). (67)

oD

Arguing as above, we obtain the same limits but with exchanging the order of the limits of
h and k.
The proof of limit for G(z, z) is similar.
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