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Abstract

In this paper, we deal with the inverse spectral problem for the equation
—(pu) + qu = Apu on a finite interval (0, 7). We give some uniqueness
results on ¢ and p from the Gelfand spectral data, when the coefficients p and p
are piecewise Lipschitz and ¢ is bounded. We also prove an equivalence result
between the Gelfand spectral data and the Borg—Levinson spectral data. As
a consequence, we obtain similar uniqueness results if we consider the Borg—
Levinson spectral data. Finally, we consider the inverse problem from the
nodes and give uniqueness results on p and in the case where the coefficients
P, q and p are smooth we give a uniqueness result on both ¢ and p.

1. Introduction and statement of the result

Let p and p be bounded and positive measurable functions, ¢ be a bounded measurable
function and & > 0 is a constant. We denote by A; and ¢;, i € R, the associated eigenvalues
and Li (0, h)-orthonormal eigenfunctions of the Sturm—Liouville problem:

—(pu") +qu — rpu =0 in (0, h),
u(0) =0, (D
u(h) =0,

where L7 (0, h) is the L*(0, h)-space with the scalar product (f, g) := foh Fx)gx)p(x)dx.

The Gelfand inverse spectral problem consists in the reconstruction of some of the
coefficients p,q and p from the spectral data (A;, |p(e;)'(0)[)72,. This last sequence is
called the Gelfand spectral data. If in (1), we take the Dirichlet boundary condition on xo = 0
and the Neumann one on xo = h then we have another sequence, which we denote by
(i)iex. The sequence (A;, i;); en is called the Borg—Levinson spectral data. We call the
Borg-Levinson problem the identification of some of the coefficients p, g and p from the
Borg-Levinson spectral data.
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It is well known that when these coefficients are regular (p and p are C 1’1(0, h), for
example) then by reducing the equation —(pu’)’ + qu — Aru = 0 to the normal form, i.e.
where p = r = 1, we can prove uniqueness of one of the three coefficients from the Borg—
Levinson spectral data or from the Gelfand spectral data. The aim is to prove similar results
for discontinuous coefficients. The case where g = 0 is quite well known. There are many
works related to these cases. We refer the reader to [Mc1], [Mc2] or [HM] for details and
references.

In the following work, we consider the case where ¢ # 0 and prove uniqueness of
q € L*(0, h) and h when p and p are fixed and assumed to be piecewise Lipschitz. We also
prove uniqueness of p € L*(0, ) if p and g are fixed in L*>°(0, ). The method of analysis
to prove uniqueness of ¢ is the BC method, see [Bel2] and the first chapter of [KaKulLa]
for the one-dimensional version of this method. One of the main tools of the BC method
is the boundary approximate controllability for the corresponding hyperbolic problem. To
prove this boundary approximate controllability, for the kind of discontinuities we mentioned
above, we approximate the corresponding hyperbolic problem given by irregular coefficients
by hyperbolic problems given by regular coefficients and take advantage of the equivalence
between the space and the time variables in this one-dimensional case.

Let us now give the results.

Theorem 1. Let p; and p;, j = 1,2 be bounded and positive and q;, j = 1,2, be bounded
and measurable functions. We denote by )\{ and eij ,i € N, the associated eigenvalues and
orthonormal eigenfunctions on Q2 := (0, h;).

We suppose that the boundary spectral data are the same, i.e.

A =22 and |pi(e}) )= |pa(e) @]  forall iex. @)

(Al) If we fix p; and p; with piecewise Lipschitz regularity, then we have uniqueness of q;
and h;.
(A2) Ifinaddition p; (or p;) are piecewise constant, then fixing p; (or p;) we have uniqueness
of both pj (or p;), q; and h;.
(B) If we fix p; and q; bounded then we have uniqueness of p;j and h;.

The condition g; = g, means that g; = g a.e. in (0, ;) where ¢ is defined on (0, H) with
H > hj, j = 1,2 and similarly for p; and r;. In the proof of this theorem we assume that
q; > 0 but the results holds also in the general case by shifting the spectrum. Since we can

change the sign of p; (eij )/(0), then the absolute value in (2) can be deleted.

The proofs of the parts (A1), (A2) and (B) are given in sections 2, 3 and 4, respectively.
This is a continuation of [S] where we proved similar results for piecewise analytic coefficients.
In (A2), we prove uniqueness of two coefficients, but we assumed that p (or p) are piecewise
constants. It is interesting to see if we can consider more general discontinuities for p or p.

In section 5, we use the gauge transformation introduced in [Ku] for the inverse spectral
problems and the Alessandrini identity to prove the equivalence between the Gelfand and the
Borg-Levinson data. This equivalence enables us to state the results of theorem 1 considering
the Borg—Levinson spectral data. To our knowledge these kinds of results are also new with
respect to the literature, see [Mc1] and [Mc2].

Section 6 deals with the inverse nodal problem for the equation —(pu’) + qu — Apu =0
in (0, h). This problem has been proposed in [Mc] for the case where p = p = 1 where
uniqueness result of ¢ is given. In [HaMcl], we find reconstruction algorithms for the
identification of ¢. This case was considered later in [ShTs], [S] and [LSY] where we find
other algorithms of reconstructions and information are given on the smoothness of ¢. In
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[HaMc2], the case ¢ = 0 was considered and uniqueness results on p or p were established.
In our case we are just concerned with the uniqueness, but considering two of the three
coefficients p,q and p. We are motivated by the question asked in [HaMcl], see also
[HaMc2], on uniqueness of two coefficients from the nodes. This section follows the spirit of
this last reference. The subset of nodes used has the following property: for n € R, if this set
contains the jth node x;? of the nth eigenvalue then it also contains the (j + 1)th or the (j — 1)th
node of this eigenfunction. We state the results we obtained in the following theorem.

Theorem 2. Assume that p and p are BV functions and q is bounded. Suppose also that we
know the previous subset of the nodes of the related eigenfunctions of the spectral problem (1).

(A) Then fixing p and q we prove uniqueness, up to a multiplicative constant, of p.

(B) If in addition we take p and p in H*>(0, h) and q continuous almost everywhere, then
fixing p we prove uniqueness of p, up to a multiplicative constant, and also uniqueness of
q, up to an additive one-dimensional subspace generated by the function p.

These results complete the work [HaMc2] and give a positive answer for the possibility
to prove uniqueness of two coefficients from the nodes.

2. Proof of the part (A1) of theorem 1

Let us define the following hyperbolic problem:

Py -1 (pi)+Lu=0 in (0, T) x (0, ),
u(t,0) = f(@1), ut,h)=0, te(,T), 3)
u(0,x) = 3(0,x) =0, x € (0, h),
where f € H'(0, T) such that £(0) = 0 and T is positive constant.
This problem has one and only one solution in C[(0, T), H'(0, h)]NC'[(0, T), L?(0, h)]
satisfying

a—M(t)
ot

XX

L?(0,h)

Jmax [||M(f)||Hl(0,h) + :| < (MU fNla0,m) €]

see [KaKulLa] or [LaLiTr].
We set u/ (¢, x) this solution. Using the basis ¢;, i € N, we have the spectral representation
of u’ (¢, x):
o0
Wl (t,x) =) ul (ei(x)

i=1

where
ul (1) = / (e px) de 5)
satisfy the Cauchy probleron
{dj;‘f - —x,-;t{' PO f(), (0. T), ©
u! (0) = %0) = 0.
Hence
ul () = /0 f(r’)M# d (p%) ), (7)

since A; > 0 foralln € V.
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Since the coefficients p, ¢ and p are not regular, even if we take f regular we cannot
differentiate twice with respect to the time variable in (5) to justify (6). To prove that u ;f (t, x)
satisfy (6), we start by taking the derivative of (5), using (4), to get

du] /hd”f(r Jei (1)p(x) d
— = —(t, x)e; (x)p(x) dx.
dr o dr P

We take any function ¢ € Cg°(0, T') then

T 4,/ T rh g, f .
/ du; d—d)dt :/ / du’ (1, x) 8(¢(t)€1(X))p(x)dx dr.
0 o Jo ot ot

dr dr
Using the definition of the weak solution of (3), we deduce that

" du/ do T a1, ) 0 (e () |
/0 75&_/0 /0 P % o Haw! (. x0e)g (@) drdr.

An integration by parts gives

T dulf d¢ T ph p T d@i
f d ()— (@) dr = A; f / u’ (t,x)e;(x)¢p(t)p(x)dxdr — / p—0) f(®)p(¢)dr.
0 t dr 0o Jo o dx

Hence in the distribution sense we have the first equation of (6). The initial conditions of (6)
come from the ones of (3) which is justified by (4).

2.1. Domain of influence for the problem (3)

The object of this section is to prove, for general bounded coefficients p,q and p,
that the domain of influence of the solution of the problem (3) is given by { (t,x) €
0,7)x ©,h)/ [ \/g(t) < t}, where v(x) = \/é(x) is the velocity of propagation.

Let (pn), (g,) and (p,) be three sequences of regular coefficients given by p, =
Iy * Pp,gqy = 1, G and p, = r, * p, where r, is a mollifier sequence and p,§ and p
are given by extending p, g and p by zero to R\ (0, &), respectively. Then (p,, g,, p,) tend
to (p,q, p) in (L*(0,h))3Vs, 1 < s < oo and the sequences (p,, ¢u, pp) are bounded from
below and above in L>(0, h),i.e. 0 < § < pu, gn, pn < ¥, Where § and y are constants.

Let u,,f be the solution of (3) when we replace (p, g, p) by (Pn, gn, Pn)-

We set
NS Y N (BB
y = gn(x) = I /0 - (¢)de, i, (t,y) = (715"(0)/3”(0)) u, (1, y),
() = palg, '), Gn(y) = an(g, ' ),
) » LBa»o) g,
Pn(¥) = pu(g, (¥)), n(y)i=——F——— +h,—
Pn(Y)Pn(y) Pn
and
h
h, :=/ &(t)dt
0 Pn
then 12,{ (y) satisfy
Pr AP0 vc,dl =0 in(0.7)x (0,1),
il (t,0) = f(1), il 1) =0, 8)

~f gl
il (0. y) =220,y) =0,  ye (1.
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Hence by the finiteness of the velocity of the propagation, which is here equal to hi we deduce
that the support of ﬁ,{ is included in {(t, y) € (0,T) x (0, 1)/y < hlt} then the support of

ul is included in {(t,x) € (0, T) x (O,h)/fox \/%(t)dt <t}

In the appendix we prove that uj tends to u/ in L2[(0, T) x (0, h)]. Hence, since
(Pus Gns pp) tend to (p, g, p) in L2(0,h) and 0 < 8 < pu, qu, pr < ¥ we deduce that the
support of u/ is included in {(7, y) € (0, T) x (0, )/ [ \/g(t) <t

Indeed, let (%o, xo) € {(t, x) € (0,T) x (0, h)/fox \/g(t) > t}. Then there exists € > 0,
such that [ \/g(t) dr > ¢, for all (¢, x) satisfying |t — fy| < € and |x — x| < €. A simple
computation shows that

/x\/z(t)dt—fx Py dre
0 )4 0 Pn

where c is independent of 7 and x.

Hence we can find ny € N such that Vn > ny, fox ,/%(t) dr > t,V(t,x)/|t —to] < €

and |x — x9| < € (taking € smaller if necessary). Then u;f(t, x) =0V, x)/|t —ty] < €

and |x — xo| < € for all n > ng. This implies that u/ (t, x) = 0VY(¢,x)/|t — to| < € and
|x — xo| < €. Finally, u/ (t,x) = 0in {(r,x) € (0, T) x (0,h)/ [ /g(t) > t}.
We denote by I'r = {x € (0,h)/ [/ \/g(t)dt < T}

2 2
< C(”pn - P||Lz(o,h) +lon — ;O”LZ(()’h)),

2.2. Boundary controllability

The exact boundary controllability for the problem (3) is to find for every z(x) € L*(I'7)
a function (i.e. a control) f(t) € L*(0, T) such that u/(x, T) = z(x). In the case where
p = p = 1, this result is known and the proof uses the Green function of the non-perturbed
part of the equation, given by ¢ = 0, which is explicitly known in this case (see, for
example, [KaKuLa], chapter 1). Another proof is given in ([Bel2]) (see also ([BK])). The
authors considered the case where p = 1,¢ = 0 and p € C?[0, h]. In both these cases if
T < foh v/ %(s) ds then we have uniqueness of the control.

In our general case, we prove the following approximate boundary controllability, which
is enough for the inverse spectral problem we are considering. As we said in the introduction,
to prove this theorem, we add two arguments to the usual proof in the multidimensional case
(see [KaKuLa] theorem 3.10). The first is to approximate the irregular coefficients by regular
ones to justify the integration by parts. The second is to use the equivalence between the time
variable and the space variable to consider the unique continuation of the hyperbolic problem
as a usual Cauchy problem with time-dependent coefficients.

Theorem 3. The linear subspace {uf(x, T), f € HO1 O, T)} is dense in L% (T'7).

Proof of theorem 3. Let yy € L7 (I'y) such that foh u/ypdx = 0forall f € HJ(0,T). Let
us take f € Cg°[0, T']. We take also v, € C3°[0, h] such that v, tends to ¢ in L%(0, h). We
recall that u { is the solution of (3) replacing p, ¢ and p by p,, g, and p,.

We define the initial boundary value problem as:

P~ L (p,Be)+ Sy, =0 i (0.7) x (0, h).
Un(t9 0) = vn(t’ h) = 07 (9)
v, (T, x) =0, B (T, x) = Y (x) € (0, h).

This problem is called the dual problem of problem (3). In the appendix, we prove that v,
tends to v in L2((0, T) x (0, h)), where v satisfies (9) replacing p,, ., p, and V¥, by p,q, p
and ¥, respectively.
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Since the coefficients p,, gu, p, are in C*°(0, ) and ¥, € C3°(0, h), which guarantee
the compatibility conditions, then v, € C*((0, T') x (0, h)).
By an integration by parts, one finds that

0 /h/T A v 0 v, N
= u: n — n nUn
o Jo P e T ax \Pr ) T

. 3%u ad ou
ol | o Z 5, 2 g, | drd
U”[p o1’ 8x(p ox ) q”} *

/ (T, x)Ynpn dx + / fpn "0, 0)dr.
We have

h h h h
/ ] (T, ) pn dx — / u! (T, x)yp dx = / el (T, ) oy dx — / ul (T, )9 p dx
0 0 0 0
ho o
+/ ui(T,xmpdx—f ul (T, x)¥rp dx
0 0

h h
+/ uiv(T,x)w,odx—/ ul (T, x)yp dx.
0 0

We know that the sequence ul (¢, x) is bounded in the energy norm from the energy inequality
(see the appendix), then in particular in C([0, T], H'(0, 1)) hence u,{ (T, x) is bounded in
C[0, k]. Since ¥, is bounded in L?(0, h), then from the inequality

h h h
/ u«,{(T,x)wn(pn—p)dx‘ </ |l (T 0Pl dx [ (ou — p)? dx
0 0 0

we deduce that foh u,{ (T, x)¥,(pp — p)dx tends to zero when n tends to co. Arguing
similarly for the other terms we deduce that foh u,{(T,x)w,,pndx tends to zero since
[ uf (T, x)yp dx = 0.

This means that fo S5 du, (0, 1) dr tends to zero as n tends to co.

We can say also that v, satlsﬁes the following problem:

2 (pa2) = pu Bt — guva =0 in (0, T) x (0, h),
v (1,0) = 0, Pn (2, 0) == &,(1), t€(0,7), (10)
v (T, x) =0, v, (0, x) 1= 1, (x) € (0, h),

where &, tends weakly to zero in L2(0, T') since we took f arbitrary in a dense set of L>(0, T).
We look at this problem as a Cauchy problem where the time variable is x and the space
variable is .

Since v, is a solution of (9), then the boundness of v, in C([0, T], H'(0, 1)) and of
()ait in C([0, T], L*(0, h)) is given by the energy inequality applied to (9). Then we take
a subsequence, which we denote also by v,, and find a function ¢ such that v, tends to ¥
weakly in H'[(0, T), L*(0, h))]N L?[(0, T), H'(0, h)]. Hence, v, (0, x) and v,(T, x) tend to
9(0, x) and (T, x), respectively, in L%(0,h). Asa consequence, we have (7, x) = 0 since
v,(T,x) = 0and 9(0, x) € HO1 (0, h) since v, (0, x) € HO1 (0, h), see (9) and v, (0, x) tends
weakly to v(0, x) in H'Y(0, h).

Now take ¢ € H'((0,T) x (0,h)) such that ¢(t,h) = 0, for t € (0,T) and
¢0,x) = ¢(T,x) = 0, for x € (0, ). Multiplying in (10) by ¢ (¢, x) and integrating
by parts, we find

v, 8¢> avn 8¢ T
ff—p 2200 S g dr s = /Osnmas(o,t)dr. (1
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Now going to the limit in the previous equality using the properties of v, and &,, we have

v 0 v 90
//— _v_¢> —U—d)—qvqﬁdxdt—o
dx 0x at ot

From the definition of a weak solution of the hyperbolic problem, we deduce that ¢ satisfy the
following problem:

L(p¥)—pLE—qv=0  in(0,T)x (0,h),
(t,0) = 0, pi(t,0) =0, te(0,7), (12)
3(T, x) =0, (0, x) = n(x) € (0, h),

where n € HO1 0, h).

We write v, := v,i + v%, where v}l is the solution of (10) when we take &, (¢) = 0 and v% the
solution when 17,,(x) = 0. Arguing as in section 2.1, we see that the support of v, is included
in {(t,x)) € (0, T) x (0, h) [t < [y \/W(r) dr}. Since &, tends weakly to zero in L>(0, T),
then it is bounded. Arguing as for v,, we deduce that v tends to zero in L2((0, T) x (0, h)).
Since in this case the coefficients depend on the time varlable a little change is needed since
the boundness in the energy norm requires Lipschitz regularity (see [La]). For this we state
the problem satisfied by v! on the parts where the coefficients p and p are Lipschitz and we
proceed by steps.

Since v, tends to ¥ in L>((0, T) x (0, h)), this means that v! tends to ¥ in L*((0, T) x
(0, h)). Now arguing as in section 2.1, we deduce that the support of ¥ is included in
{(t x)) € (0, T) x (0, h)/t fo f(t)dt}

Hence 9(¢,x) = 0 in {(t x) € (0,T) x (0, h)/f0 \/_(t)dt < t} Since v, tends to v
hence v = ¥ then ¥ (x) = (T x) =0. O

Remark 2.1. It is in this last step, i.e. to characterize the domain of influence for the
problem (12) (where the coefficients are time dependent), where we need the piecewise
Lipschitz regularity of the coefficients p and p.

Another possible way to prove this boundary approximate controllability is to use the
approach of [AvIv] where this question is related to a ‘good’ distribution of the eigenvalues

()‘i )ieN-

Let us now give the following theorem which gives the projections of the eigenfunctions from
the Gelfand spectral data.

Theorem 4. Let (pj, q;j, p;j) be two families of coefficients, j = 1,2. Let ()\.j )lool be
the eigenelements of the two Sturm—Liouville operators corresponding to the two famzlzes of
coefficients.

Then we have

(Al (e )(0))IER=(A2 pzi( )(0))@: (e})*py dx

r'r
zf (€2)’ s dx, VT > 0.
I'r

Proof of theorem 4. Let o (), k € R, be a dense set of HO1 (0, T). From the previous
theorem and the energy inequality we deduce that the finite combinations of the functions
u® (T, x) form a dense set in Lf)j (I'r). Since the Fourier coefficients of u* are determined

by Ai and pj%(e,{)(O), then the products frT u®u*p;dx, (i, k) € 8% and j = 1,2 are also
determined by (1}, p; L (e/)(0)),,. But maybe [.. u%u®p;dx # 84, (i.k) € 8% By
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the Gram—Schmidt orthogonalization procedure we can find an orthonormal basis of L%j T'r)

given by combinations of u%, i.e. v; = Z["Sl) d, ;u%. By linearity we have v, = u® where

,Bs = 22121) d‘v,iai-
For every function a € Lf)/, (0, hj), we set

a(-x)v X € FTa

Prra(x) = {o,x € (0, h)\I'r.

then, Pr,a can be written as

Pra(x) =) / a(0)v; (T, x)p; (x) dx - vi (T, x),
rr

ieN
hence
/ e,-j(x)ezj(x)/’j(x)dx = Z/ ef(x)vs(T,x)Pj(x)dx e,j(x)vx(T,x)pj(x)dx. (13)
' sex VI Iy
But frr e,-j (xX)vg(T, x)p;(x) dx satisfies
{ﬂ%’ = _)"!'_f + pj%'(O)ﬁs(t), in (0,7), 0
u! (0) = %0) =0,

then

T . ’ J
; . _ L siny/A (T —t) de!
/Fy- e; () (T, x)pj(x)dx = /0 Bs(t )—m dr (P oy ) 0).

Hence the sequence (Af , \ p j%(eij )(O)|)iEN determines the infinite matrix given by the
entries M;; := fr, eijeljpj dx, (i,1) € 82, YT > 0. In particular, taking i = I, the spectral
data (klj pj%(eij)(O)DiGN determine the diagonal part of the matrix M,,;, ie. M;; =
Jr, (€)Y pjdx.i €N, m

Let us set F;, J =1, 2, the domain of influence related to p;, g;, p;. Since p; = p» =: p
and p; = py =: p then I'} = I'Z =: I'r. The asymptotics of the eigenvalues give the
equality iy = h, =: h. From the previous theorem, we deduce that fl“r (e})zp dx =

Ir, (eiz)zpdx for every T > 0. This implies that \/p(g—‘)(y)p(g—l)(y)(eil(g“))z =

142 h .
Ve HMe H((ef(g™h) forall y < fy g(x)dx, j = 1,2. Hence |¢} (x)| = |e}(x)|
in (0, h). We recall that the eigenfunction of the first eigenvalue has one sign. Replacing in
the equations satisfied by this first eigenvalue and its associated eigenfunction, we deduce that

q1 = 4q2-

A procedure to reconstruct q. The proof of this previous part gives a procedure to compute g
from the spectral data. The steps can be given as follows:

(1a) Choose any basis «; of HOl (0,T)and for T < foh \/% ds fixed, compute the sum:

rij(T) = / u (T, X)u (T, x)p(x) dx = Y (T, x), &) x (T, x), e))
Iz lex
where (u® (T, x), e) = [, e (¢S4 dr (p42)(0).
(1b) By the Gram—Schmidt orthogonalization procedure, construct B,(7),s = 1, 2, ... from
rﬁj(T).
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(2) Compute

T : 4 2

(3) Compute the values of e;(x) as a derivative of the integral in the step 2.
) Compute q(x) = (P(el)/)/(x)”nlpel(x)_

e (x)

seR

Remark 2.2. (1) Step (4) can be replaced by

(4)" Compute foh qg(x)er(x)&,(x)dx = foh e1(x)&,(x)p(x)dx (A +w,), where (§,, w,) are
the eigenelements of the problem —(pu’)’ = Apu in (0, 1) with Dirichlet boundary conditions.
In the case where p = 1, we can choose an explicit basis given by sinn(;l—f) to compute the
Fourier coefficients of g (x)e; (x).

(2) The advantage of this procedure is that we take into account the three coefficients
where p and p can be discontinuous. For the case ¢ = 0 or p = p = 1, one can find, among
others, procedures based on the Gelfand—Levitan representation, see [CCPR] chapter 3 for a
review of these procedures.

3. Proof of the part (A2): Uniqueness of two coefficients

In this section we prove uniqueness of two coefficients among p, ¢ and p. In [S], we proved
uniqueness of p (or p) and ¢ if p (or p) is piecewise constant, ¢ is piecewise analytic and p
(or p) is piecewise indefinitely differentiable. Here we show how to prove the same result for
q in L*°(0, h), p (or p) piecewise constant and p (or p) piecewise Lipschitz.

Indeed, let p be piecewise Lipschitz and fixed. As in [S], we prove that the Gelfand
spectral data implies the values of p on x = 0. Since p is piecewise constant then we know
p on (0, c1), where c; is the first discontinuity point. Let us now prove that ¢ is known on
(0, ¢1). To do this, we prove as in the previous section that fr/ (e;)*(x)p(x) dx is known for
every t. This implies that |e; (x)| is known on (0, ¢;). From the equations satisfied by these
eigenfunctions we deduce that ¢ (x) is known on (0, cy).

Now, proceeding by layer stripping, since p, g and p are known on (0, c;), then we deduce
that for the Sturm—Liouville problems stated on (0, c1), we have the Gelfand data. Then step
by step, we prove uniqueness of p (or p) and ¢ and hence of 4.

4. Proof of the part (B)

Let pj and g; be fixedin L*>°(0, &), i.e. pi = prandq; = g,. Weset Au := %((—pu’)’+%u).
Let k > Ozbe a continuous function. We set ¢; := ke;, then Ap¢; := kAk~'¢; = A;¢; and
A = —%(k_zpu’)/ +kA(k™") - u. We also have [k>p¢/1(0) = k~'(0) p(e;)'(0). Now for
j =1,2, we take k := k; such that kj_1 is an H'(0, h)-solution of the elliptic problem:

Aj(k;') =0, in (0, 1)), 15)

k7o) =1, k' (h) = 0.

then kj_l is positive by the maximum principle, see ([PW], chapter 1, theorem 3).
Since p and ¢ are fixed then k| = k;. Using this transformation we have the spectral data

of the operators given by taking p; := k™%p, q; := 0, p; := k?p; and h; := h;. Now we

use the transformation g(x) := fox k(1) p~1(¢) dt to transform the last operators to the case,
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4 _ _ hj . .
where p; :=1,q; :=0, p; :==k (g7 )p;(g"Hp(g~") and h; := [V k*(t)p~'(¢t) dt. This
operator has been studied in [Bell] where it is proved that

k(g o1 Hpe™) = k(g (e Hpe™. (16)

Hence we deduce that p; = p, and hy = h,.

Remark 4.1. In [BK], the case where p = 1 and ¢ = 0 is studied and a procedure to
reconstruct p from the spectral data is given.

Since in our case, we used the gauge function k, which can be constructed by solving a
direct elliptic problem, and the Liouville type transformation, which is explicit, to transform
this general case to the case studied in [BK], then a procedure to reconstruct p from the spectral
data can be obtained. In [BK], p is assumed to be C*[0.h]. This condition is assumed to
prove the boundary controllability and not to give the reconstruction procedure. Hence, this
procedure is applicable in our case.

5. Equivalence of the Gelfand data and the Borg-Levinson data

In the introduction we called the Borg—Levinson data the following sequence (A, in)nex,
where (A,),ex 1S the sequence of the eigenvalues of the Sturm—Liouville problem where we
take as boundary conditions the Dirichlet one on xo = 0 and xo = &, while (u,),ex 1S
the sequence of the eigenvalues of the Sturm—Liouville problem where we take as boundary
conditions the Dirichlet one on xy = 0 and the Neumann one on xo = 4.

The aim of this section is to prove the equivalence of the Gelfand data and the Borg—
Levinson data. More precisely, in section 5.1, we prove that the Gelfand spectral data imply
the Borg—Levinson data for general bounded coefficients p, ¢ and p. In section 5.2, we prove
that the Borg—Levinson data imply the Gelfand data assuming that p and p are BV -functions
and p(0)p(0) is known.

5.1. Case A: Gelfand data imply Borg—Levinson data

Suppose that for two families of coefficients p;,q;,p0;, j = 1,2, we have
(A pi(e)) ]),c = () [p1(e}) 0)]), - Now for j = 1,2, we take k; such that k; " is
the H'(0, h)-solution of the elliptic problem:
Aj(k7") =0, in (0, h),
51) (4% (17)
ki (0) =1, p_i(kj )(h)=0.
Then kj_1 is positive by the maximum principle, see [PW].
. 2 , . .
With this choice of k;, we have A',iju = —f)—'; (k;zpju/) . We set ¢/ := k;e!, hence:
~(2pi(¢])) = Moski?el.  in(.h),
J J
l(()): l(h):(),
é ® (18)

k2 p1(9!)(0)] = k32 p2(67)(0)
Sy k20 (@) dx = 1.

s
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In ([S], remark 4), it is proved that [k;2pi(¢!) (W] = |k;%p1())
Yl = ki*p; (¢])', then ] satisfy the following Neumann problem:

~(Go; ' (W)) = A pi ! in©.h),
p: ' (w) ) =Koy (v]) () =0, 19
Vi O = [v7) v ] = [v?)
Jep (0] e = 2 = 2.
Let us now define the following elliptic problems:
Find u; € H'(0, h) such that:
(k2o w)) + M p; K2y =0, in (0, h), (20)
K2p7 ;) (0) = a, kp; ' up) (h) = b.

The functionals (a, b) —> A;V()L) = (u/(0), u/(h)), j = 1,2, are called the Neumann to
Dirichlet operators.

In ([S], section 2.3), it is proved that these two Neumann to Dirichlet operators are equal
forall A € ‘R\{Al], j=1,2i¢ N}

Remark 5.1. For general coefficients (p, g, p) and for the Dirichlet problem, we have no
proof of equality of the Dirichlet to Neumann map if we have equality of the Gelfand spectral
data. This is the reason why we transformed this Dirichlet spectral problem to the Neumann
spectral problem for which we have a proof, see [CK] or [S]. In the previous part, we proved
equality of the Neumann-Dirichlet operators from the Dirichlet Gelfand spectral data. Using
the Alessandrini identity we deduce the equality of the Dirichlet—-Neumann operators.

Let us now use the Alessandrini identity [Al]. Let u; be an H 1(0, h)-solution of (20), then
we have the following equality:

h
[ o = oy i = 207 = s s s = (A = AY)fa,) - .,
where (k2 p;'u} (0), k}p; 'u} (b)) = (a, b) and (K3 p; 'uy(0), K2 p; 'ub(h)) = (c., d).
Since
AV ) =AY () forall 2 € W\{a/; j =1,2;i e 8},
then
h
[ G0 = os s = w8y = ks s s =0 e

for every H'(0, h)-solution of (20).
We define the mixed-mixed operators as

(@,b) — A = (u;(0), K pj'u;(h)), j=12
We use also the Alessandrini identity for the mixed problems as
h
/O (kipr! = kypy Nufuy = a(kipy' = kypy uuzdx = ((AY = AY) (@, b)) - (e, d),

for all H'(0, h)-solution of (20), where (u1(0),k3p;'u((0)) = (a,b) and (u2(0),
k3 py ' ub(0)) = (a, b).
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From (21), we deduce that (A{” —Aé"’)(a, b) = O0forall (a, b) € ®>and A € R\(S;US»),

. . . k2 .
where §; are the set of the mixed eigenvalues of the operators given by —Z—; (p—{u’)/ with the
i NPi

mixed homogeneous boundary conditions. We denote these eigenvalues by ;1{ .

It is known that if A’l'/’ = AZZ"’, Vi € M\(S51US,), then S = S (see [S], lemma 2.5). This
means that i} = /_Liz, i €N Set x[rl-j M the corresponding eigenfunctions.

Using the reverse transformation: ¢/" = k2p;'(y/")’, we find that the mixed
eigenvalues given by the boundary conditions, ¢ij Moy =0, k72 Dj (‘sz ’M)/(O) = 0, are also
the same ji! = j12. Now using the reverse gauge transformation defining elf M= k;1¢>f M
then we find that u{ = /1{ . Hence, we have equality of the mixed eigenvalues for the operators
given by (pj, g, pj)-

5.2. Case B: Borg—Levinson data imply Gelfand data

In this part we suppose that p and p are BV -functions and that p(0)p(0) is known.

Suppose that p)] = /le and A} = kiz, for the mixed and Dirichlet operators given by the
differential expressions — % (pu'y + %. We are going to prove that the Borg—Levinson spectral
data imply the Gelfand spectral data.

First we transform this problem to the case where ¢ = 0 as in the case (A) by introducing
the gauge function k solution of the problem —(pk™Y +gk~' =0in (0, h) and k=1 (0) = 1
and p(k~'Y(h) = 0. Hence ,u{ and )ui’ are the mixed and Dirichlet spectrum for the operator

,,kl—z (pk‘zu’)/. Secondly, we transform this problem to the case where the equations are

—+(pu") ,where p = p(g~' (»)p(g~ Wk~ *(g~ (»)) andg(x) = J; /5 (1) dr. From[An],
we deduce uniqueness of p since k=4(0)p(0) p(0) =: p(0) is known and p is a BV -function.
In particular, one has equality of the Gelfand data. Now, using the reverse transformations we
deduce the equality of the Gelfand data for the expression — % (pu') + %u.

Remark 5.2. The additional condition on p(0)p(0) is natural since in the case ¢ = 0, we
have uniqueness just up to a multiplicative constant.

6. Uniqueness from the nodes: proof of theorem 2

In this section we suppose that p and p are BV -functions continuous from the right and at
x = h.

Let N be the set of the nodes of the eigenfunctions ¢;. As in section 4 we introduce
the gauge function k(x) solution of the problem —(p(k~')) + gk~' = 0 in (0, h) with
the boundary conditions k~'(0) = k~'(h) = 1. The function k(x) is in H'(0, h) and
k > 0. We set ¢; := ke;. We know that ¢;,i € N, are the eigenfunctions of the operators
Agu = p~'k~>(pk~2u’) on (0, h). Hence the set of nodes of the functions ¢;,i € R, is
exactly N since k > 0. We recall the following result which gives the asymptotic of the
eigenvalues (see [HaMc2]):

" Tp
\/kn/ —(x)dx —nm
0 P

where V (f) is the total variations of f.

Since p and ¢ are fixed then £ is also known. Hence the only unknown is p.

In [HaMc2], the authors proved that for the equation —(pu’)’ = Apu with p and p are
BV -functions continuous from the right and at x = &, uniqueness of p, up to a multiplicative

(),
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constant, holds from a dense subset of the nodes if p is fixed. We recall that this set of nodes
has the following property: for n € R, if this set contains the jth node x’; of the nth eigenvalue
then it also contains the (j + 1)th or the (j — 1)th node of this eigenfunction.

Hence using this result we deduce that pk? and hence p is unique up to a multiplicative
constant from this dense subset of nodes.

Let us now consider the uniqueness of both ¢ and p. We suppose in addition to the
previous part that the coefficient p and p are in H?(0, h) and ¢ is continuous almost every
where. In this case we have the following asymptotics of the eigenvalues:

b |
\/kn/ /;(x)dx —nw|=0 (;) , (23)
0

see ([CCPR], p 82) and [HaMc2] for more references about the asymptotics of the eigenvalues.

We prove uniqueness of the coefficients on the points of continuity.

The method of proof is the one given in [HaMc2].

Let x be a point of continuity of the coefficients ¢ and p. Set xj,, as a sequence of this
dense set tending to the point x.

Consider the equations —(pu’;)’ +qju; = Ajpju; in (x],), xft, ,,). We can consider A"
as the first eigenvalue for the operators replacing (0, &) by (xl”(n), Xl(m) +1)- Multiplying the
(j = 1)-equation by u, and the (j = 2)-equation by u,, integrating over I, := (x/\,,, X/,
and subtracting the results we find

/ [(q1 — q2) + (App2 — A1) Jufu dx = 0.

n

Hence there exist x, and x,’ in I, such that
[(q1 — 42) + (App2 — Ayp1)](x)) = 0 (24)

and

[(@1 — @)+ (Aip2 — Ahp1)](x)) <O 25)

since uu’ can be chosen to be a positive function in (xl”(n), Xl(m) i)

When 7 tends to infinity, x;, and x;’ tend to x. Dividing the inequalities (24) and (25) by
R, which is given by (22) or (23), we deduce that p,(x) = R?p;(x). Since x is arbitrary we
deduce that p,(x) = R?p;(x) in every point of continuity of the coefficients. From (22), we
deduce that

(Ai), going to the limit when 7 tends to infinity and using the fact that tends to a constant

h
IN % (x) dx
=
I % (x) dx
Now (24) and (25) can be rewritten as
[(91 = q2) + (A R* = 3,) pu] (x)) > 0 (26)
and
[(g1 = a2) + (R = 3,) p1)](x)) < 0. @7
But (AﬁRz - )‘;11) = R%[R%Aﬁ - R%A}l], where R; := Oh %(x) dx.
Or from the bounds of the eigenvalues (23), we deduce that the sequence > [ R3A%Z — R A, |
1

is bounded. Hence we can take a converging subsequence. We set o the limit of this
subsequence. Hence from (26) and (27), we deduce using the relative subsequence for Aj,
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that (g1 — g2 — ap1)(x) = 0. Finally we have g; — ¢» is in the one-dimensional subspace
generated by p;.

Remark 6.1. (1) Using this gauge transformation, we deduce similar asymptotics for the
eigenvalues for the equation —(pu’)’ + qu = Apu as those given in [HaMc2]. (2) If we take
p and p discontinuous the asymptotics (23) are not valid (see [HaMc2]). Hence we cannot
deduce the boundness of the sequence Ri% [R%)»ﬁ - Rf)»}l].
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Appendix

Let p,, g, and p, be three sequences of functions in L*°(0, i) such that 0 < § < p,, gn, pn <
y Vn in R. Let u, be the solution of the following hyperbolic problem:

pn St — 2 (p, M) 4 g, = 0 in (0, T) x (0, h),
Uy (1,0) = fi0), (6, h) = fo(0), 1€ 0,7, (A1)
1n(0,) = Yo(x), 22(0,x) = Y1 (x),  x € (0, h),

where v, ¥ are in C3°[0, h] and f; is in C°[0, T'],i =1, 2.
The aim of this part of the appendix is to prove that u, is bounded in the energy norm.
Let y(x) = g(x) = - [o p, () dr. We set v,(1,y) = (1,8, (), Bu(y) =

pn(gyfl(y)% pn(y) = Pn(g,fl(y))ﬁn(y) = Qn(g;l(y)) and h, = foh pa(2)dr. Hence v,
satisfies the following problem:

9%y i 9% o dn :
S mmnm ot hmw =0 nO.71)x 0.1,
v (t,0) = fi (1), un(t, 1) = fo(1), 1€(0,7), (A2)

va (0, %) = Yo (g, (1), G0, =¥1(g, '), ye©D.
Now let F(t,y) be a regular function on (0, 7) x (0, 1) such that F(t,0) = fi(¢) and
F@t, 1) = fo(t),t € (0, T).
We set v, = F(t,y) — v,(¢, y), then 9, satisfies the following problem:

E,Lh — Uiy B3, = G, (1, y) in (0,7) x (0, 1),

v,(t,0) =, v,(t,1) =0, te0,7), (A3)
v (0, %) = —o(g; (1) + F(0, ), y €0, 1),

210, x) = —yr1 (g, () + 50, y), y€(0,1),

where G, (1, y) = E, 55 — 5 + B, F and E, = 3 (050 (3): By = 7 Ba(15n ().

It is clear that G, (¢, y) € L*((0, T) x (0, 1)) and G20, 7)x0,1)) < ¢, Y € R. Since
pn =2y > 0,Vn € R, then wo(gn’l(y)) and ¥ (g;l(y)) are bounded in H'(0, 1) and L>(0, 1),
respectively. Mimicking the proof given in [La], section IV.2, (2.15) and section 1V, (3.17),
we find that , is in C([0, T], H'(0, 1)) N C'([0, T], L, (0. 1)) with a bounded norm. Note
that the sequence E, is bounded from below and above. Since F (¢, y) is regular then we
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have v, € C([0, T, HI(O, )N Cl([O, T], Lé” (0, 1)) with a bounded norm. Now using the
reverse transformation we deduce that v, € C([0, T, H'(0, h)) N C' ([0, T], L*(0, h)) with
a bounded norm.

Proposition 7.1. Let (p,, q,, pn) be three sequences of functions in L*(0, h) satisfying
0<686< pusqn,pn <yVninRand (p,q,p) in L0, h) such that (p,, q., pn) tends to
(p,q. p) in (L*(0, h))>. Let u, and u be the solutions (A.1) with the coefficients (py, Gn, Pn)
and (p, q, p), respectively. Then u, tends to u in L2((0, T) x (0, h)).

Proof of proposition 7.1. From the energy inequality, we deduce that u, is bounded in
L?((0, T), H'(0, h)) N H'((0, T), L*(0, h)) as in the previous part of this appendix. Then
we can take a subsequence, denoted also by u,, and a function # such that u,, tends to # in
H'((0, T), L*(0, h)) weakly. Hence |u, — it]| 120, (t) is bounded in H'(0,T) then, up to a
subsequence, fOT lu, — L_t”iz . h)(t) dr is convergent. This means that u#,, — & is convergent in
L*((0, T) x (0, 1)) and the limit is zero.

Using the fact that u, tends weakly to & in L>([0, T], H'(0, h)) N H'([0, T], L?(0, h))
and the definition of the weak solution of the hyperbolic problem, we deduce that iz is solution
of (A.1) replacing p,, g, and p, respectively by p, ¢ and p. Hence i = u by uniqueness. [J
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