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SUMMARY

In this paper, we are interested with the spectral study of an operator given by an elastic topographical
waveguide, a deformed half-space, of which the cross-section is a local perturbation of a homoge-
neous half-plane. We look for guided waves propagating more rapidly than Rayleigh waves (which
mathematically would correspond to embedded eigenvalues) and prove that there are no guided waves
propagating more rapidly than S-waves. Thanks to the boundary of the deformed half-plane and some
reduced equations, these eventual eigenmodes must locally vanish. Adapting to our case a unique con-
tinuation principle for the elasticity system, we conclude that these eigenmodes vanish everywhere.
Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1. The mathematical framework

The next sections are devoted to the investigation of a situation that occurs in the elastic
waveguides. We are interested by the topographical waveguide in an isotropic and hetero-
geneous medium with free boundary. Let Q= {(x, y,z) € R, g(x)>z} be the guide of which
Q={(x,z) €R?g(x)>z} is the section, g being a Lipschitz function vanishing for |x|>a.
Here a is a fixed positive real number (Figure 1).

Let U(x, y,z,t)=(Ui(x, y,z,t), Us(x, y,2,t), Us(x, ¥,2,t)) be the displacement field, then the
propagation of an elastic wave is governed by the following system of equations:

p LY =div(a(U))

or?

(1) oi(U)=2div(U)o; +2ue;(U) (stress tensor)
e(U) =35+ &)

Ox;

where x; =x, x, =y, x3=z and J;, i,j=1,2,3, is Kronecker’s symbol.
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Figure 1. An example of a waveguide.

(€

The free boundary implies that the trace of the normal component of the stress tensor
vanishes on the boundary of the guide, i.e. o(U)¥|,q=0, where ¥=(v1,0,v,)" is the exte-
rior normal vector to € (v=(v;,v,)T denotes the exterior normal vector to €2). The Lamé
coeflicients /, 1, and the density p satisfy the following conditions:

Mx, y,2) = Ux,2), 1x, y,2) = p(x, 2), p(x, y,2) = p(x,2)
X, 2) = Doy (X, Z) = Loy P(X,2) = Poo 1f (x,2) € Q\QR
Mx,z) 2 A, 1(x,2) = pey p(x,2) Z p—

where A, f_, p_, Aoo, oo, Poo are positive constants, Qr = Q\{(x,z) € R%/x*> + z2>R} and
R> max(a,sup,cg [9(x)]).

We consider the coefficients A(x,z), wu(x,z) and p(x,z) in W>°(Q) and piecewise
W2>2(QR) i.e. there exists a decomposition (finite or not) of Qg into a family of sub-
domains (% )ies, 1 CN, such that Qi NQp =0, i#j, Qr= ., Q% and we suppose that
A0y (%,2), oy (x,2) and pjg; (x,2) are in W>>(Q}) and can be extended to > functions

in an open set containing Q% . The extensions need not agree with the values of A(x,z), pu(x,z)
and p(x,z) outside Q. The set W™ is the Sobolev space of functions which are bounded
with their m first derivatives, where m & N.

A guided wave is a particular solution of (I) of the following form:

() Ux, y,z,t)=i(x,z)expi(fy — wt), (o,p)eR?

with the field #@(x,z) belonging to (H'(2))>.

This definition enables us to describe a wave propagating in the (Oy) direction and having
the velocity w/fi. We say that w and f are the pulsation and the wave propagation number,
respectively. The fact that 4i(x,z) € (H'(£2))’ means that the wave transverse energy is finite.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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Plugging (II) into (I) and introducing the new field u(x,z)= (uy,us,u3):= (d1,itlr,43), the
investigation of the guided waves is reduced to the analysis of the following spectral problems
with the parameter ff € R (see Reference [1] for the case where the coefficients are constants):

Find ue (H'(Q))*,u#0, weR such that
Ap(u)=*u in Q
P (u)¥)0=0

where

0 d o o 0 10 B o 3
(A2 T —on - A - - B (Aw)

ox 0z ox

—Bu L uy + By

) 1| -dule - Lpde 4 B0y + BL jus + AL uy + Pu L us 0
,;u::f
Pl +G+2p)pu,
SOy - Lo - Lt

-B a%(iuz) — Bu a%(uz) + B uus

: B __(Ou Ous3 .
and setting div"(u) = (52 + fuy + 52), we get:

=
oz

(divF w4 2p 2y, 4 p(l 4 Gy,

0z

~ -

00 1= Q M(F2 — Pur)vi + u(F2 — Pus)v (2)
u(% + %)vl + (ldivﬁu +2u %)vz

oz

aP(u)v

For the sequel, we define the following subspace:
D(Ap)={uec(H (Q))/Apuc (L (Q))’ and o’ (u)i]oo=0}
where o#(u)7]0 belongs to (H~'2(082))3.

1.2. Presentation of the result

The case of constant coefficients (Lo, floo> Poo) Was considered in Reference [1] where the
function g were assumed to be non-negative. It has been proved that the corresponding operator
which we denote by (45°, 2(4;°)) is self-adjoint, positive and that its essential spectrum is

characterized by 0ess(45°) = [B2c},+oo[ where cg is the velocity of the Rayleigh wave that
propagates in a perfect half-space [2,3]. It is the unique solution in ]0,cs[ of the so-called

Rayleigh equation:
1/2 12 12
22 22 22
4<1_C§> (1-%) (%) ~o ®

where ¢ = (u/p)"/? (resp. ¢, = ((A+2u)/p)"?) is the velocity of the transverse wave or S-wave
(resp. longitudinal wave or P-wave) of the homogeneous medium.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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Figure 2. The structure of the spectrum.
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Using the same ideas as in References [1,4] the same result occurs, namely, the op-
erator (Ap, Z(Ag)) is self-adjoint, positive and its essential spectrum is characterized by
ess(Ap) = [}, +oo[. Denote by a,(Ap) the point spectrum of (Ag, Z(Ag)) (cf. Reference [5]).

In Reference [1], the existence of guided waves with velocity strictly less than cr was
established. From a mathematical point of view, this concerns the discrete spectrum. Using the
min—max principle, the authors have shown that for a large family of geometric perturbations
of the half-space (in other words, for a large family of functions g) and for large values of
B, the discrete spectrum of (4g, Z(A4p)) is not empty. In their paper, the question of existence
of embedded eigenvalues in the essential spectrum was still open. In this article, we partially
answer to this question. Indeed, we shall prove the following theorem.

Theorem
If the function g and the coefficients 4, u and p satisfy the conditions of Section 1.1, then
for every non-negative f5, we have

ap(Ag) N3], +oo[ =0
In Figure 2 we give the spectral properties of (4p, Z(Ap)).

Comments

(1) Some extensions of this theorem can be proved: the boundary 02 need not be defined
by a univoque function g and inclusions in € can be considered. We do not detail
these situations to load not the text.

(2) To the author’s knowledge there are no results available, up to now, concerning the
existence of eigenvalues in the part [f%c3, f?c2] of the spectrum, even in the constant
coefficients case, see the remarks at the end of the proof.

(3) A spectral analysis of the perturbed elastic half-space was presented in Reference [6].
A limiting absorption principle as well as some qualitative results about the eigen-
values were established. In particular, the following fact was pointed out, namely, if
eigenvalues exist, their set must be discrete. The method developed here confirms this
and claims that this set is empty. The situation in Reference [6] corresponds to the
case where f=0.

(4) An analysis of the elastic guided waves in the whole space was presented in Reference
[4,7]. The authors of Reference [4] gave some family of Lamé coefficients and density
for which the discrete spectrum of the operator is not empty as well as a proof of
absence of eigenvalues in the part ]ﬂ2c§,+oo[ of the operator’s essential spectrum for
piecewise constant coefficients.

A family of coefficients for which the corresponding operator have eigenvalues in the
part [2c?, B?c]] of the essential spectrum was given in Reference [7]. The method

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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used in Reference [7] is based on a decomposition of the operator into a direct sum of
two Schrodinger-type operators having ﬁzc}f as infinimum of their essential spectrums.
With the help of the min—max principle, they proved the existence of eigenvalues in
[B2ci, B2epl.

In the present situation, this decomposition is no longer valid because the boundary condi-
tions cannot be decomposed. Precisely, in our paper, we shall take advantage of the boundary
to prove that there is no eigenvalue in ]B%c2,+oo[. We prove this result by contradiction.
In first, we suppose the existence of an eigenvalue and show that the boundary conditions
lead to a contradiction of which we deduce that the eigenfunctions vanish in R?. We use
the partial Fourier transform in the direction (ox) in order to reduce the original problem
to a one-dimensional problem with parameter f; (i.e. the dual variable of x given by the
Fourier transform). This argument has been used in References [8,9] where the authors stud-
ied the Schrodinger and the acoustical operator, respectively. Hence, taking into account the
just mentioned reduction, we have obtained a differential system of order three. In Sec-
tion 2.1.1, we start by decomposing the obtained system in a differential system of order
two and a scalar equation. We remark that, with respect to the parameter, the solution of
the 2-system as function of a complex variable has two incompatible behaviours near some
poles. This enables us to deduce that the eigenfunction must vanish in R%. This is done in
Section 2.1.2.

The classical procedure is to use a unique continuation principle to conclude that the eigen-
function vanish everywhere. With regard to the elasticity system, a unique continuation prin-
ciple can be found in References [10—12] which requires a C? regularity of the coefficients.
We adapt this principle to our operator for a piecewise W regularity.

A part of the theorem was announced in Reference [13].

2. PROOF OF THE THEOREM

The proof is organized as follows. In Section 2.1, we start by the case where g is non-
negative and R =0. We prove that the eigenfunction vanishes in =R C Q. In Section 2.2,
we show how to prove the same thing in the general case. In Section 2.3, we deduce that the
eigenfunction vanishes everywhere.

2.1. Part a: g is non-negative and R =0
Let w?> f2¢? be an eigenvalue of (Ap, Z(Ap)) and v e Z(Ag) be an associated eigenfunction,
ie. Agp=w?v, v#0. In this part, g is assumed to be non-negative, hence R* C Q) where
R? ={(x,z) € R%;z<0}. If we set U=uv.,, the function u has the following properties:
ue(H'(R2))
A/;(u) = a)zu il’l RZ_
()0 =P (V)] in (H™(R))’

We use the same notation for Az as in (1).
We will proceed in several steps.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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2.1.1. First step: decomposition: Let Z :L*(R*)— L*(R?), be the Fourier transform with
respect to x and let # be the rotation of R defined by the following matrix:

B
7o O

| s n
M ERREE
0 0 1

where f; is the dual variable of x and [¢|? =2 + B?.

We consider the mapping 2 : C? — C? defined by Z(uy,uy,u3) = (iu1,uz,u3). Next we set
u= (17!1,112,17!3) = e@g%(b{) and 17!1)3 = (17!1,113).

We put o/ F(ii) = (o] (it 3), 65" (i1, 05" P (i11 3)) where of"P(it) 3) = pdity /dz — p|é]iis,
oy (i) = pdity /dz, 6P (it 5) = (A+2p) dits/dz+|E| 2ty and we note oy’ (@11, 3) = (o (i1 3),
P (iy 3)).

The vector function ¢#1-#(i1) is deduced from the stress tensor ¢#(u) by the relation oA (i)
=22 F(a"(u)).

We recall that L2(R) is the Fourier transform of the Sobolev space H*(R). Let g belonging
to C(R) (the space of Lipschitz real-valued functions for which the first derivative is also
Lipschitz). Since the coefficients are W'>°(£), we deduce that u belongs to H?*(2) (cf.

Reference [14]). The set (COOO([RTE))3 (of indefinitly differentiable functions with compact
support in R2) being dense in (H*(R2))*, we have the following lemma.

Lemma
The functions f; — 22 (#(0(u)V].~0)) and pi— o F(RZ(F(u)))|.=0 are in (L},(R)).
Furthermore, we have the following equality:

RY (F (P (u)V].0)) = 6" P(RZ (F(u)))].0
Now, set i — 22 (F(aP(u)¥].=0)) = (c1(B1),c2(B1), c3(B1)), c13(Br)=(c1(Br),c3(Br)),

_ 1]—H du1 + 1A+ ) S 4 |EP(A + 2p)in
Ap_sy(it13)=— @ y ,
—(A+20) §5 — €A+ p) &8+ |&P pity

and

ASH(ZTtZ):CSz( (:»1142 + |f‘2_ >

Then i, ; satisfies the following assertions:

i3 € (H*(R_,LA(R))
Ap_sy(it13) = 0%y 3 in (Ly(R_))* for almost every B € R (4)

o3P (i1, 3)]-=0 = c15(B1) in (L ,(R))?

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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Similarly, u, satisfies the following assertions:
i € (H*(R-,L*(R))
Asu(ity) = 0%ty in Ly(R_) for almost every f; € R (5)

5P (i1 .—0 = c2(1, B) in L 12(R)
where R_ =] — 00, 0].

2.1.2. Second step: u=0 in R%: Since the support of o’(v)V|._y is compact, the functions
Bi —c1.5(B1) and B; — c2(B1) are analytic functions on R. In fact, the function 8} — Z(a”(u)
¥|.—0) is analytic on C but the elements of the matrix M cannot be extended to the whole plane
C as an analytic function. Choosing as determination of \/z the one given by Re\/z>0 if
z € C\]—o0, 0], we can conclude that these elements of M can be extended as analytic functions
in the strip Sy ={z € C/— f<Imz<f}. This implies that the functions f; —¢;(f1), i=1,2,3,
can be extended to analytic functions on Sg. We shall return to this point later.
Now, the function #,(f,-) verifies the following problem:

25 - -
%~ |EPin) =l on] - oo,0]

—c? (
(SH)

Hdd"zz\ —o=0c2(p1)
As w?> B2c2, we see that »? >([32+[312)cs Vﬂl €[0,w?/c? — B*[ and, in this case, the unique
solution of —c2d%u,/dz? =(w? — |{Pc?)ip in LZ(R,) is 71, =0. Then we obtain c,(f;)=
pditz/dz|,—o =0 for almost every f7€[0,w?/cZ — f?[. The function B; — c2(f1) being ana-
lytic on R, we deduce therefore that cz(ﬁl) 0, Vi € R. Thus u,(f;) satisfies the following
assertions:

i, € HA(R_)
—c2(Gl 2 — &) = w*ity on ] — o00,0[
piz)._,=0
As this problem has only the trivial solution, we see that ii; =0 in L>(R_) for almost every

ﬂl eR.
The vector function (i1y,i13) verifies the following relations:

—H dz”' + &2+ p) S 4 |EP (A A+ 20)in = po’il
(P—SV) —(/H'z/i)d L— (A4 p) S 4 | & pity = peo’is
S — pfElis)|—o = c1(p1)
((/1 +2u) §; 4 || ity )|om0 = c3(B1)

In the following, we are going to prove that c;(ff1)=c3(f1)=0 for every ff; €R.
Deriving the first equation of this system with respect to z, multiplying the second by |[¢]
and summing up the resulting equations, we obtain the following identity:

—csz(f% — [EPV)=w?V in ] — 00,0[, where V' = 9% + |&|u.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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As in the case of #y, we verify that V(f;,z)=0 for almost every 7 € [0,w?/c? — B?[, i.e.

dii ) 2
o |é|its for almost every 7 € {0, o /32{ (6)
dz c?

Substituting the latter identity in the first equation of this system, we conclude that i;(f;,z)
verifies the following equation:

d*u -
¢ gz = (@ — [P (7

Now, since w?> B2c2, we distinguish two cases:

Case 1: 0*> p*c?. We have w?>[£[*c] when 7 € [0,(w?/c})— B*[. From (7), we conclude
that @, (f51,z) = 0 for almost every S} € [0, w?/c; — f*[ and by the relation dit;/dz = — |&[ii3 that
it3(B1, p.z) =0 for almost every i} € [0,w?/c;— B*[. Hence, we deduce that ¢;(f1)=c3(f1)=0
for almost every f7 € [0, ‘;’—22 — B?[. Now, the analyticity on R of c¢;3(f1)=(ci1(B1),c3(f1))
yields ¢; 3(f1)=0 for all f; in R.

Case 2: p*ci<w?<f?c]. As we have w®<|{c) for all f; in R\{0}, then the unique

solution belonging to L*(R_) of (7) has the form u;(f1,z) = r(f)e™* where a,=/|E]> — ‘;’—22
Let $? €]0,w?/c? — B*[, then w?>|&|*c? and we have:

1 dﬁl Op

uz(pr,z)= R *@F(ﬁl)e" (8)
Furthermore, we set
s B - -
u1 i % Tfllf 0 23]
~ us i _
“ 0 0 1) \is
and
ci(fr)
&) |:=2Z(F("(u)il=0))
&(Br)

Hence, in contrast to the functions f; —c;(f1), i=1,2,3, the functions f; — ¢;(f;) can be
extended as analytic functions on the whole complex plane C and

ci(Br) ci(pr)
af) =2 | ca(Br)
a(Br) ()

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995



EMBEDDED EIGENVALUES FOR A SPECTRAL PROBLEM 989

Since u, =0, then from (7) and (8) we obtain:

i (Pr,z)= l%ﬁl — % o

in(pr,z) = i = BED e (10)
(pr,z)=i3= — %fl) e
On one hand, we deduce from c;(f)= (udit;/dz — p|&luz)|.—o = 2po,r(f), that
_a(p)
=G (11
and we can write
~ ~ Bir(Br)  Biei(By) e+ PP
u(fr,0)= = 2pld 2 EP (12)
On the other hand, we have (cf. (8))
dis - (A +2p)o?
= (G2 L+ )| = (- aa )
z=0
hence
- C3(ﬁ1)
S S PR AR ()
From the first equation of (10), we deduce that
-~ _ pir(By) Bics(Br)
O = = G 2 1 A
and, since c3(f1)=2c3(f1), we get
i (B1.0) = Bics(Br) (14)

—(A+ 202 + 8P
Suppose now that ¢;(f;) is not identically zero, then from (12) and (14) it follows that:

ﬂ151(ﬁ1)+ﬂ52(ﬁ1): 20| EJ?
& () —(A+2p)al + A[E?

The left member of the equality (15) is meromorphic on C but the right one has branching

(15)

points at +i,/f? — w?/c2 since o, =,/p} + > — w?/c2 (Figure 3). As this is impossible,
¢3(f1)=0 on C and then c3(f;)=0 since c3(f1)=23(f;). From (11) and (13), we deduce
that ¢;(f1)=0. From (8), the function i3(f,z) vanishes if f? €]0,w?/c2 — B[. Since the
function B' — #3(fB1,z) is not necessarily analytic on R, we cannot conclude that i3(f;,z) is
a vanishing function.

But in all cases, we have proved that (i;,u3) is an eigenfunction associated to w? for the
operator (Ap_sv,D(Ap_sv)), where

D(Ap_sv) = {u=(u1,us) € (H'(R-))*/Ap_sv(u) € (L*(R-))* and o/'"(u)=0}

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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This operator is self-adjoint, positive and having [|[>c2, +oo[ as essential spectrum. Its point
spectrum is reduced to |£|>c (see Reference [15]). Then if 2 # w?/ck —B?, we get w? # |E|*cd
and #;(f1,z) =it3(B1,z)=0. This implies that #;(f1,z) =i3(B1,z)=0 in L?>(R?) with respect
to B and z. As we proved ir(B1,z) =0 in L*(R%), we deduce that u#(fB;,z)=0 in L*(R?)
and we conclude u=0 since u=Z"'2~"'%"'u.

2.2. Part b: the general case

In this part, we consider the general situation of the theorem.
Now let w* > f%c; and v € Z(4p) such that 430 = w*v. Let ¢ € C*(R?) such that ¢(x,z) =0
if x24+2z2<R and ¢(x,z)=1 if x> +z>>R + 1. We denote by

du(x,z) if (x,z)eR:NQ
u(x,z)=
0 if (x,z) e R2\Q

Hence, the function u verifies Agu — w*u=H(x,z) a.e. in R%, where H is in (H'(R%))* and
satisfy H(x,z)=0 if x> +z2>>R + 1. Since u|o, =0 we can replace the coefficients /, u and
P by Aso, Hoo and poo in Qg.

We denote by u(B1,z) = (it1,uy,u13) = RZF(u). As the coefficients are constant in R?, the
function u is in (H?*(R%))? and the lemma can be applied. Similar to the case (a) and using
the same notations we verify that the functions (u;,u3) and (u#,) satisfy, respectively, the
following problems:

i3 € (H*(R_,L*(R)))
Ap_sy(it;.3) = %13+ hi 3 in (Ly(R_))* for almost every f; € R (16)

oy (@1 3)):0 = c1,5(B1) in (L2,(R))?

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995
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and
i € (HX(R_,I2(R))
Asu(ity) = ?it; + hy in Ly(R_) for almost every f; € R (17)
75" (#1)].—0 = c2(B1) in Li(R)
where
c(Br) = (cr(Br), c2(Br),c3(B1)) = AL F (P (u)7].—0)
c13(B1) = (c1(Br), c3(1))
h(B1,z) = (hi(Br1,2), ha(B1,2), hs(Pr1,2)) = RZL T H (x,z)
and

h3(B1,2) = (M (B1,2), hs(f1,2))

Since H(x,z) € (H'(R2))3, for almost every f; € R, the function z — A(fy,z) is in (H'(R_))?
and hence in (C(R_))>. The functions H and ¢”(u)¥|.—o having compact supports, we deduce
that the functions f; — c¢(f:1) and B; — h(fi,z) are analytic with respect to f; on R. Thanks
to the fact that H(x,z)=0 if x> +z2>R + 1 we have h(f;,z)=0 if z< — (R+ 1).

We introduce the following two Cauchy problems:

Ap_sv(Y13) =Y 3+ hi 5 in ] — (R+1),0[
{aﬁ’;ﬁ(wl,a)(z):wl,a(z>:o if 2= — (R+1) o
and
Asu(Yn) =™ +hy in 1 — (R+1),0[
{05"ﬁ(¢z)(z)=%(z)=0 if z=—(R+1) 4

where Y13 = (Y1,¥5).

We extend these two solutions to | — oo, —(R + 1)[ by zero. Then the resulting functions
(denoted by Y 3,1,) satisfy, respectively, the first equations of (18) and (19) on R_.

We claim that each of these two problems has a unique solution and it is analytic with
respect to 1. To see this, for the first problem for example, we write (18) like:

(20)

{_;Z(Al d‘ﬁ‘f + Aoy 3) + A3 £(Yn3) + Aai 3 = Poo®? Y13 + pochiz in R_
(A1 2 + A 3)(2) =3(2) =0 if z= — (R+ 1)

where

0 0 — 242 0
. (u ) AZ:A§:< Iélu>’ e <|«:( +2p) )
0 i+2u P 0 &fu

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:981-995



992 M. SINI

and alég’ﬂ(xpm)(z):Aldx/fl,g/dz + A>y 3. Hence, the vector

d
Z= <W1,3,A1g;3 +A2¢1,3>

satisfy the following Cauchy problem of order one:

4(Z)V=AZ + pooBh 5 in R_
dz( ) P 1,3 1)
Z(z)=0if z= —(R+1)
where
—A7'4, A7
A:
—A3 AT Ay + Ay — poo@® AzAy!
and

0 0
B=
0 -

Problem (21) has a unique solution, hence also problem (18). Since the coefficients are
constant and the function z — & 3(f,z) is continuous, this solution belongs to C'(R_). Fur-
thermore, vanishing for z< — (L + 1), it is square integrable. The coefficients of the 4 x 4
matrix A are analytic with respect to i on R, hence the solution Z(f;,z) is also analytic
with respect to 5; for all z in ] — 00, 0] (see for example Reference [16]). Hence, Z(f;,0) is
analytic.

Then, for two problems (18) and (19), the functions f; —>O'21’ﬁ(l//2) and f; Ha,’fg’ﬁ(wm)
are analytic for all z in ] — 00, 0].

Denote now by E> =y, — i and E; 3=y 3 — i 3. These functions verify the following
relations:

Ap_sy(E13)=w’E 5 in R_
{of;“<E1,3)<0) = o5 (41,3)(0) = e1,5(B1) @
and
Asu(Ey) = w?E; in R_
{Uf]’ﬁ(Ez)(O)ZGf'(lﬁz)(O)—Cz(ﬁl) @

Arguing as in the first and the second case of Section 2.1.2, we deduce from (22) and (23) that
E\(p1,2)=Ey(p1,z) =E3(f1,z)=0 in R_. This can de done by replacing c,(f;) and ¢, 3(f1)
by af‘(tﬁz)(O) — (1) and a][fg’ﬁ(wl,g)(O) — ¢1.3(P1), respectively, in problems (P — SV) and
(SH).

In particular, we obtain Jf 13,/f (E1,3)(0)=0 and Jf L (E»)(0)=0. Since the functions f; —
o5 P(E2)(0) and i — a/y"(E13)(0) are analytic, we deduce that ¢}"/(E,)(0)=0 and o/}”
(E13)(0)=0 for all , eR.
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This implies that £, and E, 3 verify the following eigenvalue problems:

Ap_sv(E13)=w’E)3 in R_
BB (24)
o5 (E13)(0)=0
ASH(EZ):szz in R_
{ £.B (25)
o, (E2)(0)=0

The problem given by (24) has only one solution: the Rayleigh wave (cf. Reference [15]),
and the one given by (25) gives £, =0. This implies that £, =0 and E; ;=0. Since ¥, (f,
z2)=yn(fr1,z) =Ys(f1,2)=0 if z< — (R+ 1), we conclude that it;(f1,z) =uz(f1,z) =u3(f1,2)
=0 if z< — (R +1). Finally, we deduce that v(x,z)=0 if z< — (R+ 1).

2.3. Third step. v=0 in ()

In Sections 2.1 and 2.2, we have proved that v vanishes in a part of ). In this section, we
prove that v vanishes in the whole domaine 2.

We give the result for two situations. In the first, the coefficients are constant everywhere
in €. The existence of embedded eigenvalues was a question of Reference [1]. In the second
one, where the coefficients are not constant, we refer to References [10—12] to use a unique
continuation principle given for elasticity system. This principle requires the C? regularity of
the coefficients. We will see that the W2 regularity is sufficient.

2.3.1. First situation. Although our system is elliptic with constant coefficients, we cannot
conclude directly that v vanishes in all {2, because, in general, the solution of an elliptic
system with analytic coefficients and data is not necessarily analytically regular [17,18]. In
our case, we can proceed by adopting the following change of variable: F =div’(v).

Since the coefficients are constant, expression (1) becomes:

—uAoy + o — (L I 58 + B + 52

ox? Ox 0x0z

1 .
Agv= ) —uAvy + (A + 2p)f02 + PO A+ p)[ + L] (26)

a.

uADs + By — (A + IS + plz 4 Ty

Since v satisfies the equation 4zv=w?v, we deduce that
(A4 2u)(AF — B°F)= — pw’F on Q

Now, the function F is analytic in §2. Hence, since v(x,z) =0 in R? for part (a) and v(x,z)=0
if z<—(R+1) for part (b), we obtain the same result for F(x,z) and therefore F(x,z) =0 in .
From (26), we deduce that

—uAv; + ppv;=pw’v, i=1,2,3, in Q
This implies that the functions v;, i=1,2,3, are analytic in 2. We conclude that v=0 in €.
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2.3.2. Second situation: In this section, we consider the situation where the coefficients are
not constant.

In Section 2.1 (part (a)), we have seen that v|g. =0, but in Section 2.2 (part (b)), we have
U {(x,z) € /< —r+1y} = 0. Since in 2\Qp, the coeflicients are constant then, as in Section 2.3.1,
we conclude that v|g\q, =0 for part (b).

Now for the two cases (a) and (b), we are going to prove that v(x,z)=0 in €.

We denote by .7 the differential expression of the operator (44, Z(4z)). Let Qg a part of
Qg whose boundary ?JQiRO has a common part T with Q\Qg. We extend the coefficients 7, p, p
to Q\Qg such that the new coefficients become W2>>(B,,) where B;, = Q0 U(Q\Qr)UT%,

Since v|g\q, =0 then v verifies the following properties:

gV = @?v in the distribution sense in B;, and v\ =0

Noting by vy =divF(v), we see vs€ H'(Q) since ve H3(Q). Arguing as in References [11,
Theorem 11.6, p. 218;12] we deduce from Mﬂv:wzv in B, that

Av;=Li(vy,02,03,04), i=1,2,3,4, in the distribution sense in B, (27)

where L; is a differential expression of order one with coefficients in L°°(B;,). This system,
which is weakly coupled, has the unique continuation property [10, Lemma 2]: if (vy, v, v3,04)
€ (H,..(B;,))* satisfies (27) and vanishes in a neighbourhood of a point, it vanishes everywhere.
As v|g\0, =0, we conclude that v=0 in B;,, hence in Q.

Now, we take the part of Qg, which we denote by 2, whose boundary has a common
part, I, with 3Q%. Let B, = Qk UQi UT". The coefficients in Qf are W>>°(Q4), we extend
them to Q¥ such that the new coefficients belong to W>°°(B,,). Since v 0= 0, then v verifies:
2

1]

2/gv = w*v in the distribution sense in B; and Ujio =0. As for B, we deduce that v=0 in
R

B;, hence in Q3.
Making the same thing to the other parts Q&, i€/l of Qg, we deduce that v=0 in Qg.
Finally, v=0 in .

Remarks

(1) For the density p, the W>°(Q2x) regularity is sufficient to give a unique continuation
principle.

(2) If w?*<p?c?, we cannot do the same developments as above. In this case, we have
w?<|&]2c? for all B €R, hence the solutions belonging to L*(R_) of the problem
(P—SV) are sums of S- and P-waves, in other words there is coupling. When w? > %¢2,
we have seen that, for 7 €]0,w?/c2 — B?[, the solutions of the problem (P — SV)
are only P-waves, which is crucial. Precisely, we prove that /=0 and deduce (6)

and (7).
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