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Abstract. In this paper, we are concerned with the identification of complex
obstacles from the scattering data for the 3D acoustic problem. We focus mainly
on the question of the accuracy of the reconstruction. Our approach is based on
the asymptotic expansion of the indicator functions generated by multipolar sources.
We found out that the second term in the expansion is given by the Mean curvature
of the surface of the obstacle instead of its Gaussian curvature. This shows how
the 3D inverse scattering is more complicated and richer than the 2D one where the
curvature, which appears also in the second order term of the corresponding expansion,
characterize completely the (strict convexity of the) shape in contrast to the Mean
curvature in the 3D Case. We discuss in more details the effects of the geometry
and the surface impedance on the reconstruction accuracy and we present extensive
numerical examples to support this discussion.

Submitted to: Inverse Problems
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1. Introduction

Let D be a bounded domain of R?, such that R®\ D is connected. In addition, we
assume that its boundary 9D is of class C3. The propagation of time-harmonic acoustic
fields in a homogeneous medium is governed by the Helmholtz equation

Au+ k*u =0 in R*\ D, (1)

where k is the real positive wave number. On the boundary of the scatterers we assume
that the total field u satisfies the impedance boundary condition

% +idu =0 on 0D. (2)
The unit normal v on 9D is directed outside of D. We assume that A is a Lipschitz
continuous complex valued function defined on 0D with a positive real part. The
obstacle D is characterized by its shape dD and the surface impedance A distributed on
oD.
Given an incident field u! which satisfies Au’+x2u’ = 0 we look for a solution u := u’+u?
of (1) and (2) where the scattered field u® is assumed to satisfy the Sommerfeld radiation
condition

lim r( 8;
r—00 r

—iku’®) =0, (3)

where the limit is uniform with respect to all directions.

Under these assumptions, the exterior impedance problem (1)-(3) is well posed both
on classical spaces and on Sobolev spaces (see [6] and [3]). Furthermore, u® has the
asymptotic behaviour of an outgoing spherical wave,

ik|z|
]

as |z| — oo uniformly in all directions & = é—| The function u™ is called the far-field

u'(r) = ——u(2) + O(|jz| ),

pattern of u® and it is defined on the unit sphere S2.
Taking particular incident fields given by the plane waves, u(z, d) := ¢*¢® with direction
d € S?, we define the far-field pattern u> (%, d) for (Z,d) € S? x S?. The problem we are
concerned with is the following

Obstacle reconstruction problem. Given u™(-,-) on S* x S? for the scattering
problem (1)-(8) reconstruct the shape of the obstacle D and the surface impedance \.

There are several algorithms proposed to solve this problem. We can divide them
into iterative methods and non-iterative methods. We can classify the non-iterative
methods into two families (see [19]). The sampling methods are known as the linear
sampling of Colton-Kirsh [5], the factorization method of Kirsch [12], the reciprocity gap
method of Colton-Haddar [4] and the music algorithms by Devaney [7]. The probing
methods are the probe or singular sources method by Ikehata [10]-Potthast [18] (see
also [13] and [9] about the equality of these two methods) and the enclosure method
by Ikehata [11]. One of the common features of most of these methods is that they



The 3D acoustic scattering by complex obstacles. The accuracy issue. 3

are all based on building indicator functions by using the fundamental solution or a
parameter dependent complex geometrical optics solutions of the background to create
singularities which allow the detection of the unknown surfaces (or interfaces). So,
these methods capture the unknown interface as the surface where the corresponding
indicators change drastically the behaviour from bounded values to unbounded values.
In addition, in contrast to the iterative methods, these non-iterative methods do not
need to know the type of the boundary conditions nor if the obstacle is penetrable or
not. However, in a practical level and for numerical purposes, the quality of blowup of
the indicator function is the key point. It happens that the (unknown) geometry and
the (unknown) distributed material (A in our case) play a key role in how these indicator
functions detect the surface. In recent works ([15] and [22]) we started to study these
issues for the bidimensional setting by taking as a pilot method the probing method
by Ikehata-Potthast and the linear sampling method by Colton-Kirsch. Our approach
is to provide the asymptotic expansion of the indicator functions with respect to the
used point sources. We showed, in particular, how the curvature of the surface as well
as the surface impedance appear in the second term of the asymptotic behaviour. This
explains why the reconstructions of non-convex shapes are less accurate than the ones
of convex shapes. In addition, we showed how, even for a very easy shape as a circle,
we cannot obtain good reconstructions if the surface impedance is oscillating. Another
interesting point is that we can use this surface material to build up interfaces coated
in such a way that their reconstruction from exterior measurements is more (or less, if
needed) accurate.

The probing methods have been applied to reconstruct 3D obstacles in [2]. The
task was to investigate the numerical feasibility’ of the singular sources method (SSM)
to identify impenetrable 3D objects. The crucial ingredient of the algorithm is the
singular behaviour of the scattered field ®*(y, z) of an incident point source ®(-, z) in a
point y on the boundary of the scatterer when the source point z tends to y. Here, ®
denotes the fundamental solution of the Helmholtz equation. We define the indicator
function of the method as ®°(z,z), which is evaluated in a particular admissibility
region. We reconstruct the scattered field ®°(-, z) in the source point z using the point
source method ([17], [1]) in a multiwave setting, i.e. when the far-field pattern u®(-,d)
is measured for many incident plane waves u(+,d). Then, the boundary of the obstacle
is determined as the set of points where the indicator function becomes large. In our
work, we focus mainly on the ’accuracy issue’. As we said above, this issue has been
studied for the 2D case. In this case, it is known that the curvature gives the complete
characterization of (the strict convexity of) the surface of the obstacle. For the 3D case,
the Gaussian curvature is the one which characterizes the convexity of the shape. We
derive the asymptotic expansion of the indicator function and show that the second
order term involves the Mean curvature instead of the Gaussian curvature. This shows
how the reconstruction issue in the 3D case is more complicated and richer than the
2D case. Indeed, if both the sought shape and the surface impedance are uniform
the reconstruction accuracy is high. However, if only one of the values varies, either
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the surface impedance oscillates on the uniform surface 9D or the surface impedance
is uniform but defined over a nonuniform surface, we observe a deterioration of the
accuracy. We also show that the reconstruction quality improves significantly if the
impedance function is uniform with a large imaginary part as compare to the Mean
curvature.

For the numerical experiments we generated far field data via solving the direct
scattering problem. Using a single-layer potential approach the direct problem is reduced
to a boundary integral equation of the second kind. For the surfaces homeomorphic
to the unit sphere the boundary integral equation can be solved via a Nystrom-type
method, introduced by Wienert [23] which is based on spherical harmonics and on
the transformation of the boundary surface to a sphere. The method is exponentially
convergent for analytic boundaries. For the efficient implementation of the algorithm
we used the numerical scheme suggested by Ganesh and Graham [8] which is proved to
be equivalent to the Wienert’s method.

This paper is organized as follows. In section 2 we present the main theoretical
result, that is the asymptotic expansions of the indicator functions. Section 3 is devoted
to the proof of the main theorem and auxiliary lemmas. Finally, in section 4 we present
the numerical examples supporting the theoretical analysis on the accuracy issue.

2. The main theoretical result

The ’free space fundamental solution’ of the Helmholtz equation in 3D is given by

1 eifi\w—z|
o = —
(z,2) A7 |z — 2|

v,z €RY . x#2 (4)

The incident point-source ®(-, z), with source point z € R3, is of special interest in this
work. We denote with @, (-, 2) the scattered field caused by an incident point source
for the scattering problem (1)-(3). We also set @3, := (g—i)s, 1 < j <3, the scattered
field associated with the incident field 37%.

We start by recalling the following result on the lower and upper estimates of the
functions <I>j77/\, 0<7<3.

THEOREM 2.1 There exist constants 7 >0,c>0 and C > 0 such that the lower
estimate ‘q)a/\(z,z)‘ > D holds in the tube 0 < d(z,D) < 7T and we have the
upper estimate ‘(IDS?,\(z, z)! re D| for all z € B(0,R)\ D, where B(O,R) D D is a
ball with fized radius R around the origin and d(z, D) denotes the Hausdorff distance
d(z,D) :=inf{lz—y| : y€ D}.

The proof of Theorem 2.1 can be found in [2]. Similar statements can be shown for
j =1,2,3. This theorem shows that the function |®%,(z, z)|, z € B(0, R)\ D is bounded
in every set {z € B(0,R)\ D : d(z, D) > 7 > 0} but unbounded when z tends to the
boundary of the obstacle, i.e. ZliIng |®% \(2, 2)| = oo holds. Thus the functions

I(2) = ®2,(2,2), 0<j<3 (5)
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for z € B(0, R), may serve as indicator functions for the reconstruction of the obstacle
D.

In the next theorem, we provide the precise behaviour of the indicator functions
P2 (2,2), 0 < j <3, for 2z near 9D.

THEOREM 2.2 We have the following asymptotic expansion for the indicator functions

(5)

B 1 _ M)+ A fela)
IO(Z) - 877'(2—@) 'V(a) 9 1 |( ) ( )| +O<1)7 (6)

; iXa) — ZAf,(a

() = ) ) 1B
8n[(z —a) - v(a)]? Art(z —a) - v(a)

j = 1,2,3 for every z :== a + hv(a), h > 0 small enough. The quantity Af,(a’)
1s the Mean curvature of the surface 0D at the point a € 0D where f, is the local

+0(In|(z —a) - v(a))), (7)

parametrization of 0D near a and o' := (ay, as).

3. Proof of Theorem 2.2

3.1. The steps of the proof

To prove this theorem, we introduce some functions wi(a)(-, z), 0 < j < 3, satisfying:
AUNJ;(G).(', Z) :~O in Ri’ . 5 (8)
(axs + 9‘(“))“’2\(&)(‘7 Z) = _(axs + IA(G))wj('a Z)? on 8R+

where (z, 2) := I'(z, 2) and ¥;(z, 2) := ;2=I(z,2), 1 < j < 3. Here ['(z, 2) := £ -

is the fundamental solution to the Laplace equation in R3.
We also denote by R, the rotation satisfying R, (v(a)) = (0,0,1) and 7, the translation
taking the point a to the origin. For =,z € R3\ D and a € 9D, we set

W)y (2, 2) 1= @y (T 0 Ra)(2), (Ta 0 Ra)(2)). (9)

We state the following propositions. Their proofs will be given in sections 3.2 and 3.3
respectively.

PROPOSITION 3.1 There exist functions u?i(a) solutions of (8) having the representa-

tions:
y 1 (@l €' +1A(a)

0 — i(x'—2')-€ (x3423)[€’| d¢’ 1
wk(a)(x,z) ) - e € |£/|(|£/| _ 1/\(a)) 57 ( 0)
y 1 _ i§; (1€ +iA(a)) ‘

j — 1(x z)E (z3+23)|€'| 259 d ! =1, 2: 11
Dy (2) = 55 72 H(EEEO A .
) | ) €] +iM@)

3 L e { r3+23)[€
B @2) =~ [T e G R "

for z,z € R% and a € dD. In addition, we have the following asymptotics for the
functions wi(a)(z, z), z € RY,
1 1 iXa)

~0 _ - -
w/\(a)(z, 2) = 8T 23 2m

In(z3) + O(1), (13)
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W) (2, 2) = Wy (2,2) =0, (14)
T (2, 2) = —8%% - 12752 - (A(:)) In(z5) + O(1). (15)

From (8), (13)-(15) and the explicit form of R,, see (23), we deduce that:
0 1 1 _iMa)

Wy () (2, 2) = 87— a) (@) 5 In((z — a) - v(a)) + O(1), (16)
wi(a)(z, z)

—la -1 B iA(a) B (Ma))? N (17)
=Vl G @ Ime—a) @) x Ema) - v@)) +O0),
for j =1,2,3.

PROPOSITION 3.2 There exist §(a) > 0 and C > 0 such that

[@5,0(2,2) — Wi (2,2) + AJ;(T"“/) In((z — a) - v(a))| < C, (18)
1B5,(,2) — W (2) — e 32D < Cln((z = a) - v(@)], (19)

647 (z —a) - v(a)
fora€ dD, z=a+ hv(a),0 <h <d(a) and j =1,2,3.

The proof of Theorem 2.2 is a combination of (16)-(17) and (18)-(19) by using (5).
Therefore, we devote the rest of this section to prove Propositions 3.1 and 3.2.

3.2. Proof of Proposition 3.1.

The explicit form of ﬁ)g’\(a) (z, z) and its asymptotic expansion were derived in [14, Lemma
3.3]. Following the same approach we find also the representations (11) and (12) for
wi\(a)u 1§]§3 '

Due to the antisymmetry of the integrands in (11), we obtain wf\(a)(z, 2)=0,7=1,2.

Finally, to derive the asymptotics of tbf’\(a)(z, z), we write:

~ L[ el @
5 _ 223(€ |—d !
Wy (7, 2) 872 /Rze &' — iA(‘(‘))g 225(¢/|
1 —225l¢!| ge1 2iM(a e 4*3 /
e s B d o d .
872 Jpe © ¢ 812 Jre |€'] —iX(a) ‘

Using polar coordinates we obtain (15) after some simple manipulations.

3.3. Proof of Proposition 3.2.

First, we need to summarize some further basic notations.

Let Ga(+, 2) := o+, 2) + @5 \ (-, 2) be the Green’s function of the problem (1)-(3), where
wol+, 2) = ®(+, 2).

We set also G)(+; 2) = $o(", 2) + Pf 5 () (+; ) to be the Green’s function of the problem
(1)-(3) when the function A is replaced by the constant A(a).

We have %G}X,Z) = CD;/\(-,Z) + (pj(',z) and aisz)\(a)<'7Z> = q)j,)\(a)('vz) + @j('?z)v
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where ¢, (-, 2) := %@(-,z) for 1 <j<3.
Then, we define @;:g(a), 0 <7 <3, as a solution to

A:I;jjg(a)(-, 2)=0  inQ\D
P\ 2) =0 on 052 (20)
(0, +iM@)D20 ) (- 2) = — (B +iA(@) 5, 2), on DD

with an arbitrary fixed C® regular domain Q O D, where z € Q\ D. Finally, we introduce

Gg(a)(', z) == 1o(, 2) + @S’g(a)(-, z) which is the Green’s function of the problem (20).
We have the following lemma which proof can be found in [20] and [21].

LEMMA 3.3 For every R > 0, there exists a positive constant C' such that
1L|Gx(z, 2)| < ‘x 21 forz, z € (R3\D)QB(O R),

2.|V.G\(z, 2)] < oo Z|2 and |V,Gy(z,z)| < forz,z € (R*\ D)N B(0, R).

[o— z|2’
The rest of the proof of Proposition 3.2 is splitted into the following three lemmas
LEMMA 3.4 For every 6(a) >0, a € 0D, there exists C' > 0 such that
|(I)(s],)\(x7 Z) - CI)S,)\(a)(xv Z)| < O?
|(I)§7/\(JI7Z)— j’,)\(a)(‘raz” §C|ln(|x—z|)| 1 SJSS
for x € R*\ D and z € B(a,d0(a)) N Cyp, where Cuyg is a cone with center a, angle
0 € [0, %[ and axis v(a) such that B(a,0(a)) N Cyup C R*\ D.
Proof. We set Rjq)(z,2) := @] \(2,2) — ], (2, 2), 0 < j < 3. Then it satisfies:
(A + KQ)R (a)(-,z) =0 in R? \E,

+iMa) Rjrw (- 2) = =1(A = M) (®],(, 2) + (-, 2))  on dD, (21)

(0,
R; \a)(+, 2) satisfies the Sommerfeld radiation condition.
From (21), we have the representation:

Rjsa(z,2) = — /aD i(A(y) = M) G (y, ) (D5 + ©5)(y, 2)ds(y), for x,z € R*\ D.

The regularity of the surface impedance A leads to [A(y) — A(a)| < Cly — al.

Moreover, there exists C' > 0 such that |y —a| < Cly — 2| for y € 0D and
z € CopNB(a,d(a)). Thisis due to the fact that 0D and C, 9N B(a,(a)) are separated,
i.e. 0DNC,pN B(a,d(a)) = {a}.

From Lemma 3.3, [(® 5 + ¢o)(z, 2)| < Clz — 2|7" and [(®5, + ¢;) (2, 2)] < Clz — 2|72
Therefore, for z € R*\ D and z € C,4NB(0,6(a)), |[Rox@ (2, 2)| < [5p lyC ds(y) = O(1)
and |Rj \@) (2, 2)] < C [, mds(y) = O(In(|z — z)), for j =1,2,3. O

LEMMA 3.5 There ezists C > 0 and 6(a) > 0 such that

@5 (o) (@, 2) — @5

])\(a)(x7z)‘§07 O§j§37

forx € Q\ D, a€ 0D, z=a+ hv(a) and 0 < h < (a).
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Proof. The function ®g MNa) ~ @g’g(a) is a solution of the problem

A(@S,A(a) - (I)gf\(a))('7 z) = _“2@8)\@)('7 z) inQ\D,

(0, + i>\(¢‘>)(®8,>\(a) - ¢gi(>)\(a))(.7 2)=0 on 9D, (22)

O (PS:())\(a))(" z) = D o) 2) on ).
According to Lemma 3.6 in [14] and the definition of Gg(a), we obtain the desired
estimate for Dp. Ma) @g:g(a). Furthermore, for j = 1, 2, 3, we differentiate the equations
in (22) with respect to z; to find the desired estimate for 3, ) — Y O

R ON
LEMMA 3.6 There exist C > 0 and 6(a) > 0 such that

SO () @l < €

9  Af.(d)
647 (z — a) - v(a)
fora € dD, z=a+ hv(a) and 0 < h < (a).

|(¢8’,§(a) - wg)\(a))(zﬁ z) +

(859 0) — W) (2. 2) — vi(a)| < Cl((z - a) - v(@)], j=1,2,3

Proof. 1t is enough to assume that a = 0 and v(a) = e3 := (0,0,1). The general case
can be deduced as follows. We set

5,0 ~ o~ s,0
P (@ 2) = (@, 2)

where & =7, 0 R,(x) and 2 = 7, 0o R,(z). Then éj:g(a) satisfies the problem

AP (- 2) = 0in T, 0 Re(2\ D),

025 ) (- 2) = 0 on T, 0 R, (992).

(22 +1M@) B3+ 2) = = (55 +iM@)) (RTV:D),(-,2), on T, 0 Ry(9D)

where (R,V.I'); is the jth component of R,V.I.

We need then to compute the rotation R, transforming v(a) to e3. Hence R, is the
v(a)xes _ (va(a).—v1(a).0
v(a)Xes| \/uf (a)+v3(a)

6 between the vectors v(a) and e3. We set o := y/v(a) + v3(a). This rotation is given

) and the angle

rotation matrix defined by the unit vector A := |

1 vi(a) +vi(a)vs(a)  —w(a)n(a)(l —vs(a)) —wi(a)o?
Ro= 5 | @@ -m(@) o)+ R@n@  —n@e | (23)
vi(a)a? va(a)a? v3(a)a?
It satisfies RI R, = I and R,(v(a)) = e3. Now
(@) + @) O nlahla)—s(a) O o0
a? 0z o? 0z ! 023
T - vi(a)ra(a)(1 —v3(a)) OT  (vi(a) + v3(a)vs(a)) OT or
RIvIT=| - g 9+ " a5, Tz [
ar or or

—V1<a)a—21 — VQ(CL)@_,ZQ -+ V3(a>8_23
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Then for general a and v(a), the functions @j”?\(a)(z, z), for j =1,2,3, are deduced from
those associated to the case where a = 0 and v(a) = e3 using the linear combinations
given in (24).

Since 0D is of class C® then, there exists a C? function f, defined on the disk of
radius r, centered at 0’ = (0,0), such that f,(0") = gﬁ (0") = af“ £(0") =0 and

DN B(0,r) = {(z1,x2,23) € B(0,7); x5 < folz1,22)}.

In the domain D N B(0,r), we introduce the local change of variables F' : x + £ in the
following way

5, = xl?
{ {3 = 13 — fa(2'). (25)

8.3.1. First step : An integral representation. Let B, := B(0,r) NR3 and 0B} =
Sjr U S¢ with S, := 0B N OR3. We set, 19]2(1)(5 n) = @jjg(a)(Ffl(g),Ffl(n)) and
(&) = & (FH(E), F~'(n)), for §,n € BF. Then from (20),
V- Bwso o) =0, in B
Bvﬁgw(nfewﬁM@Nf%ﬂﬁi@(n)Z )
=V () () - JTes —iMa)[ T es|db (), on S,

whete J(€) i= S-(F7(€)) an O = JOTE

We set, R;(£,1) = =97 g(a (&, ) a) (&,m), 0 < j < 3. Then the function R; satisfies
V- BVR;(-,n) =V - (I = B)V@5 (-, n), in B
BVRj('77]> -es +iXa)| T es|R;(-,n) = (I — B)Vw/\(a (,m) - e3
+uwﬂu—u%m@@um+¢x,>rﬂ@m«>}
+V (1) - e = Vy(n) T Tes,  on S,
We denote by G the Green’s function satisfying:

Ve B(§)VeG(€,m) = —6(&,n), in B,
B(§)VG(&,m) - v(§) +iMa)l T (§)es|G(€,m) =0 on OB,

where v is the outward unit normal on B, and |JT (£)es| = /1 + |V f.(&))]2.
Integration by parts in (26), using GG, generates the following integral representation
of Rj(ﬁﬂ?)a 0 S ] S 3a

Rfeon) = [ (= BEIV.G(.0) - Vuit (o)

(26)

+m@{/hMaW—UW&M%%MW@@®@)
S, (27)

b [ 01 Gell i (G s |
~ [ Vst ea = Vaiie) - T GealGla )ds(z) + O)
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for &,n € B. The term O(1) represents the total of the surface integrals over S¢.

3.3.2. Second step : The estimates for the local coordinates. We have the following
lemma which proof is given in the appendix.

LEMMA 3.7 The following estimates are valid for n € Cpa),

Ro(n.1) = =D L (0) In(as) + O(1),

RJ(”)”) = O<1)a fO’f’j = 1a27
9

Ry(n,m) = M—mAfa + O(In(n3)).

3.8.83. Third step : The estimates in the original coordinates. So far, we have shown
that for n € Cr(,),

. . . . 1 ,
CI)O:(/)\(Q) (F 1(”)7 F 1(77)) = wg(a) (777 77) - 8_7TAfa(O ) 1n(773) + O(l)
Hence, from (13),

1 iXa) + = Af(0)
=S o In(5) + O(1).

B0 o (F (), F ()

Since = (0,0,73) then F~!(n) = n. We deduce that for n3 small enough,

1 iXa) + =Afa(0)

5,0 _ -
(1307,\(,1)(77777) ~ 81 o In(n3) + O(1).

Similarly, for n3 small enough, we also have

(I)i[;\(a) (T’? 77) = O(1> = (I);z())\(a) (777 77)7
1 iMa) = AL

=T T

N UNIE +0(1).

Going back to the original coordinates and using (24), we finally obtain

1 CiMa) + £ AL(D) N

87(z —a) - v(a) o In((z - a) - v(a)) + O(1),

O (2,2) = vi(a) |— 1 _ iA(a) — w%Afa(O/)
qu)x(ﬂ)( ) ) J( ) 871'((2 _ a) . V(a))2 471'(2 _ CL) . l/(a)

for z = a + hv(a), h small enough. O

q)gi(/)\(a)(z, 2) =

+ O(1),

4. Numerical experiments

In the last section we illustrate the feasibility of the proposed method for the obstacle
reconstruction and show a dependence of the reconstruction quality on the impedance
function and the curvature.
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To generate far field data we numerically solve the direct problem via a Galerkin
method for the single-layer potential approach, see [8]. We assume that the surface 9D
is C®-smooth, homeomorphic to the unit sphere S, i.e. D = {z(z) : x € $*}.

We consider four types of impedance functions, that is, a positive constant function
comparable with the size of the Mean curvatures

AO,0) =1, 0€]0,7], ¢ €]0,27], (28)
a constant with a large imaginary part

A0, ¢) = 0.5+ 10i, (29)
a smooth function

A0, ¢) =5+ 423(0, ), (30)
and an oscillating impedance function along z;-axis

AB,¢) =5+ 4cos(10 21(6, ¢)). (31)

The scatterers are given by a ball of radius 1 centered at the origin and which is
parametrized in spherical coordinates by

2(0,¢0) = p(0,¢) := (sinf cos ¢, sinfsin ¢, cosd), 0 € [0,7], ¢ € [0,27], (32)
by an ellipsoid with the parametrization
07 0 0
z(0,0)=1 0 0.7 0 |p(d9), (33)
0o 0 1

by a cushion-shaped surface

2(0, ) = 0.75,/0.8 4 0.5(cos 2¢ — 1)(cos 40 — 1) p(6, $), (34)

and a bean-like surface

0.84/(1 — 0.1 cos(m cos f)) sinf cos ¢

2(0,¢) = | 0.84/(1 —0.4cos(rcos)) sinfsin ¢ + 0.3 cos(mcosd) | . (35)

cos

In Table 1 we present the accuracy of the solution method for the direct problem
with the impedance functions and scatterers defined above for an incident wave as a
singular source ®(-, z*), where z* = (0,0.1,0).
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Table 1. Relative error for the far field.

o0 = Poo (2™ [loo /| Poo (5 27) [l o

ball ellipsoid cushion  bean

(28) 10 0.0000  0.0000 0.0155  0.0258

15 - - 0.0024  0.0048
20 - - 0.0007  0.0009
(29) 10 0.0000  0.0000 0.0161  0.0079
15 - - 0.0026  0.0006
20 - - 0.0008  0.0001
(30) 10 0.0000  0.0000 0.0181 0.0131
15 - - 0.0027  0.0013
20 - - 0.0009  0.0002
(31) 10 0.0000  0.0000 0.0174  0.0110
15 = - 0.0026  0.0011
20 = - 0.0009  0.0002
From Table 1 we conclude that choosing n = 15 in a Galerkin method, which

corresponds to 2(n + 1)? unknowns in the discretized integral equation, we obtain an

accurate synthetic data.

In order to find approximations to the indicator functions (5) we proceed

analogously to [2].

(i)

We set fixed reference configurations

G®(0) =1.5B(0,1) + 1.55n,, k=1,...,26,
such that 0 ¢ G®)(0) with n;, unit vectors. Then via a Galerkin approach with
n = 15 we solve the integral equations

(oly + H*H)giy = H*®(-,0),

0P
I, + H'H)g}y = H* —(-,0), j=1,2,3

(O{ 1 _I_ )g],O ax]( ) )7 ] )<
for densities g;ff’ok, € L*(S?), where « is a regularization parameter, I; corresponds
to the Sobolev H!(S?) penalty term and H is the Herglotz wave operator defined
from L?(S?) to L2(0G®(0)) by

(Ho)y) = [ ™ig(d) dstd). y € 0G(0)
s

Having generated a set of sampling points
S:={z=(=2+hk,—2+hl, -2+ hm), h=0.0404, k,I,m =1,...,100},  (36)
due to [15, Lemma 3.1 and Theorem 3.2] we can calculate the densities g;ff for the
reference domains G*)(2) := 2z + G*¥)(0), via

gi(d) = e gl (d), d €S,



The 3D acoustic scattering by complex obstacles. The accuracy issue. 13

(iii) The approximate indicator functions are found by

~a ~a,k .
LG =min| L™ () for j=01,2.3,

where I = 47r/ / —7,d) g}, "(d) ds(d)gg"zk(:%) ds(z), with the synthetic
52 Js?
far field data u™(—2z,d) given at 512 points for 512 incident directions.

(iv) Steps 2 and 3 are repeated with a different regularization parameter § and the
admissibility regions are computed in the following way

~a ~3
50,01 = {Z S ’Io (Z) — [0 (Z)‘ < Cl},

~a ~3
1930, ={2€S: max |I; (z) —I; ()| < 2}
j€{1,2,3}

(v) Chosen some suitable cut-off constant C; > 0, the boundary 0D is identified via
the criterion

zeD if |, (2)]>C, forall zeé&.,,, (37)

or via the criterion

zeD if Z 1L (2)2> Cy forall z € Eps,. (38)

To calibrate the method we consider a reconstruction of a ball (32) with the constant
impedance (28). The regularization parameters are set to « = le — 14, 8 = le — 15 and
admissibility region parameters were chosen as ¢; = 0.05, co = 0.1. The cut-off constants
are 'y = 0.25 and Cy = 0.45. These parameters are kept fixed for all examples.
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Figure 1. Reconstruction of a ball with the constant impedance (28)

The Figures 1(a) and 1(b) illustrate the absolute value of the indicator functions
for the points in the admissibility regions. The reconstructions of the obstacle D are
accurate since the local mean curvature Af,(a’) for a € 0D is a constant for a ball
as well as the impedance function. From Figure 1 we notice that the criterion (37)
provides us with a better reconstruction than (38). The same behaviour was observed
also for the other shapes and impedance functions. Therefore for the rest of examples

only criterion (37) will be applied.

As the second test for the reconstruction accuracy depending on the impedance
we choose the constant function (29) with a large imaginary part. The unit ball is
reconstructed accurately both from the absolute value and the real part of the indicator
function, see Figures 2(a), and 2(b). The imaginary part of the indicator function is
less than or equal to 0.07 what is significantly smaller than the values of real part and
does not influence the reconstruction from the absolute value. This numerical behaviour
agrees with the derived asymptotic expansion (6) of the indicator function.
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(a) |15 = O (b) IR(1§)] = 0.25 (e) IS(I5)] = 0.07
Figure 2. Reconstruction of a ball with the impedance (29)

For the next test we choose the impedance function (30) which takes values from
the interval [1,9] and varies only along zs-axis. In Figure 3(a) one can see that the
reconstruction is affected by the behaviour of the impedance function. A part of the
ball where the impedance function changes insignificantly is accurately reconstructed.
However both for the north and south pole where the impedance function takes either
its maximum or minimum value, the reconstruction accuracy decreases.

(a) [I§] = G (b) IR(Ig)| = 0.2 (e) [S(I§)[ =02
Figure 3. Reconstruction of a ball with the impedance (30)

To investigate this in more details we present the reconstruction obtained from the
real and imaginary parts of the indicator function TS‘. Taking the real part we obtain a
better reconstruction of the boundary part where the impedance is small whereas the
imaginary part of :fg‘ provides us with a more accurate reconstruction of the boundary
region where the impedance function grows. The dependence of the indicator function
on the impedance can be explained via the term O(1) in (6). We note here that the
step length h of the chosen grid (36) is relatively big, e.g. h = 0.0404.



The 3D acoustic scattering by complex obstacles. The accuracy issue. 16

(@) [ = Cy (b) [R(L5)| = 0.2 () [S(5)] = 0.2
Figure 4. Reconstruction of a ball with the impedance (31)

In Figure 4 we observe that the reconstruction accuracy decreases along z;-axis
where the impedance function (31) is highly oscillating. Hence, the same characteristic
behaviours of the algorithm is remarked as in the previous case. Since the absolute
value of the indicator function gives the best reconstruction we do not pursue further
reconstruction from the real and imaginary parts of the indicator function.

(¢) impedance A (30) (d) impedance A (31)
Figure 5. Reconstruction of the ellipsoid (33)
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The next obstacle which we try to identify is the ellipsoid (33). Due to the fact
that the Mean curvature attains the biggest values at the north and south pole the
reconstruction accuracy deteriorates near the poles, see Figure 5(a), whereas the main
part of the object is precisely identified. In Figure 5(c¢) we illustrate the reconstruction
of the ellipsoid with the impedance given by (30). Both the impedance function and
the Mean curvature of the surface reach their maximum values at the north pole of
the ellipsoid. Therefore they eliminate each others effect on the reconstruction on this
surface patch. On the contrary, near the south pole the small impedance value and the
negative Mean curvature amplify their influence on the reconstruction. In Figure 5(d)
the impedance and the Mean curvature affect the reconstruction in different directions,
that is, along z;- and zz-axis, respectively. The best reconstruction, Figure 5(b), we
obtain in the case of a uniform impedance (29) with the large imaginary part.

(¢) impedance A (30) (d) impedance A (31)

Figure 6. Reconstruction of the cushion (34)

The following obstacle is a cushion-shaped and it has 4 surface patches A, B, C, D,
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see Figure 6, where the Mean curvature attains its extrema. These patches are difficult
to identify in the case when the positive constant impedance is defined over the surface
0D and which is comparable in the size with the Mean curvature, see Figure 6(a). The
situation changes significantly if the impedance has a constant and large imaginary part,
see Figure 6(b). For the impedance function (30), in Figure 6(c) we observe the same
behaviour as in Figure 5(c). Even for the highly oscillating along z;-axis impedance
function (31) we obtain a better reconstruction than for a constant impedance (28) due
to the fact that in this case the contribution of the Mean curvature of the surface is
balanced by the impedance.

(¢) impedance A (30) (d) impedance A (31)
Figure 7. Reconstruction of the bean (35)

In the final example we consider a non-symmetric obstacle with four types of
the impedance function. In Figures 7 and 8 we can see pictures illustrating the
reconstructions of the convex and the concave side of the obstacle, respectively. Our
conclusions about the dependence of the quality of reconstruction on the impedance
function and the Mean curvature of 0D are anew confirmed by the found reconstructions
of this bean-shaped scatterer.
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(¢) impedance A (30) (d) impedance A (31)
Figure 8. Reconstruction of the bean (35)

Summarizing, theoretically derived asymptotic behaviour (6) of the indicator
function Iy agrees with the numerically illustrated accuracy of reconstructions which
depends on the impedance function and the Mean curvature of the sought surface.
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Appendix. Proof of Lemma 3.7

LEMMA APPENDIX A.1 Let z,n € B}, then the functions ﬁ’i(a) defined in Proposition
3.1 satisfy

Wy (2,m) = Yo(z, 1) + O In(z3 + 13)|),

By (2:1) = 5(2,17) + O(z5 +ms) ™), 5 = 1,2,3,

V3o (2,1) = Viho(2,0") + O((23 +13) ),

Vi 0y (1) = Vs (200) + O((z5 + 1)), j = 1,2,3,
where n* = (N1, N2, —N3).

Proof. Let us give a justification for j = 0. Similar arguments work for 5 = 1,2, 3. From
the integral representation of w?\(a), we have:

1 / el €= Catm)lEl g 2\ (a) / (&= € o= (zatms)le’| g¢/
+ .

872 Jre €] 8w Jre  [E](IE'] —iM(a))

The first term is nothing but I'(z,n*) = ¥o(z,n*), see the proof of Lemma 3.3 in [14].

The second term can be estimated in the following way. We have

22/\(&)/ ei(zlfﬁl)'fle*(szﬂ]S)‘5/|d§l <O( e(Z3+173)|§/|d€/)
R? - ke [§(1€'] = iA(a)) /-

8 [€1(1€'] = iA(a))
e~ (ztm)lE| g¢/ e~ m)IEl (1€ +iN(a))dE

w2 [1(1€] = iMa)) ez [€1(1€] + S (@) + (RA(a))?
_An /°° eI (r 4 i\(a))dr
3 )y (r4+SA(a)2+ (R (a))?
We write the integral term of the right hand side as

oz (a) /°° e~ HmI(r 11X (a) — SA(a))dr
I\ (a) r? 4 (RA(a))?
e~ GsHm)rydy

— a(z3+m3)SA(a) > +0O(1).
¢ [M ey oW

But since RA(a) is positive then this last integral is finite (even if SA(a) < 0) and we

UNJ?\(&) (Za 77) =

In addition,

have the estimate:

oo 7(234»7]3)7’ di/
€ r —(z SA(a
/@M @y e e+ ) + O

Hence

(=) € o~ )€ g

e e

/2 = O(In(z3 + n3)).
R

€101 = iA(a))

(&' =) ¢ o= (zstns)l¢! | g¢’
gz [E(1€'] —ir(a))
e~ (s tm)lE| ge/

—_—_ Y = > —(z3+m3)r _ 1
om0 e = o)),

can be estimated as

The absolute value of the gradient of

V3
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LEMMA APPENDIX A.2 Letx € B and z € Crq) 0 small enough, then for |z —z| — 0

G(z,2) =T(x,2) + T'(x,2") + O(In(|z — 2|)),
2|

and iG(:zc z) = 0?5 [(z,2) + i1“(:1: 2*) + O )+ O( ), j=1,2,3.

Oz, 0z,

REMARK APPENDIX A.3 It is well known that we have the following rough estimates
of G, see for instance [20, 21]:

|z — 2| |z — 2|

|G(z,2)] < ez — 2| and [VG(x,2)| < ¢l — 2|72, z,2€ B,

The goal of this lemma is to give a more precise and explicit behaviour of G and its
derivatives. The proof of the two dimensional version of this lemma is given in [16]. The
proof for the 3D case is the same taking into account the different types of singularities
between the 2D and the 3D cases.

Proof. We set T'p(z,2) :=T(F ' (x), F1(2)) + T(F~(z), F~(z*)).
It is clear that V, - B(2)V,['p(x, 2) = —0(z,2) — 0(z, 2*) in B. Hence G — 'y satisfies

V. B(@)V.(G—-Tp)(x,z) =0, in B
B(xz)V,(G —Tp)(z,2) - v(z) +iXa)|JT (2)es|(G — Tp)(z, 2) =
—B(2)V,Lp(z, 2) - v(z) +iXa)|JT (2)es|Tp(x, 2) on OB;.

An integration by parts gives:

(G—-TF)(x,2)= — /BB+ B(t)VI'p(t, z) - v(t)G(t,x)ds(t)

+iX(a) /593* |JT (t)es|T g (t, 2)G(t, v)ds(t)

which we write as

(G—TF)(x,2) = /s (I — B(t))V L r(t, z) - v(t)G(t,x)ds(t)

+ / (I — B))ViTs(t, ) - v(t)G(t, x)ds(t)
(A.1)
/ 5 TF6 )G a)ds(t) [ ViTe(t2) - (0Git ) ds(t)

s Se
+iX(a) [ [T (t)es|Tp(t, 2)G(t, 2)ds(t) + [ |JT(t)es|Tr(t, 2)G(t, 2)ds(t)] .
S Se

Since we are interested in z € Cp(q)¢, then the integrals over Sy and their derivatives
are bounded with respect to x and z. Hence, we will consider only the integrals over S,.

Recalling that T'(z, z) := = ‘ - and that F'is given by (25), then

A o
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Expanding f,(z") to the first order near the point 2/, we obtain
fo(@') = fa(2) = Vfu(2) - (2" = 2') + O(|" = ).

Hence, we can write

Vfu2) (2 —2")(x3 — 23)

[F=H @) = F (o)) = o — 2[*{1 -2

o= 2P
or = o
HY AP + Olla = 2D

Taking z small enough and since V f,(0") = 0/ then V f,(2') = O(|2'|). Therefore,
Vial2) - (2" = 2') (w5 — 25)

|z — 22

2 — Z/|2

VAP

1 -2 —1+0(|2]).

|z — 2]
Taking, in addition, |z — z| small enough, yields

|F_1(ZE) . F_1(2)|_2 _ 1+ O(’Z/D + O(’$ _ ZD

|z — 2[? ’
which implies that,
() P ) = Do) + O + o), (A2)
9 B B 1L zj—z O .

— D) (F ' (2), F(2) = —— 22— 1 =1,2,3. A.
(e DU @), F ) = e 2 o), j=1.2.3 (A3)
From the properties of J, we have for j = 1,2, 3,

20 w), F ) = = QD o) (A4

0z; ’ dc|e — 2P |z —z]? ' '

The identity (A.4) and the chain rule applied to I imply that %Fp(t, z) = % +0(1)
on S,. Hence, we obtain from (A.1),

1| dt! , dt’ dt’
+ ol 2| + 3

(G-TR@2) <o | o

2|t — 2 s, |t = 2|?[t — x| s, |t =2t — 2|’

with positive constants ¢q, ¢, and c3. Then
(G —TF)(z,2)] = O(In(jz — 2|)), for z € Cp(q)e-
In addition, differentiating in (A.1), for j = 1, 2,3, we have the estimate:

(G~ Te) )

J
< / |t|dt’ el / dt’ N / dt’

C ColZ C _—
S s =Pl =2 T g = 2Pl =2 7 S = 2]t — 2

which implies that, for j = 1,2, 3,

5%@—Pﬂ@x»=o<]>+o<b”

), for z € Cp(a)p- (A.5)

|z — 2| |z — 2|



The 3D acoustic scattering by complex obstacles. The accuracy issue. 23

Finally from (A.2), (A.4) and (A.5), we obtain the estimates of Lemma Appendix A.2.
O

I. Estimate of the body integral term in (27).

We start by estimating the term [,. (I — B(2))V.G(z,€) - V.3, (2, m)dz in (27), for
§=mn, 1 € Cp)p. We use the explicit form of B, i.e.

1 0 —%fa(z/)
BEH=| 0 R )
_%fa(zl) _ai@fa(zl) IV fal?(2') +1
From a%jfa(z’) = V(%fa)(ol) -2+ O(|Z'[*), we obtain
a / / a / / /
I —B(2) = ExV(5—fa)(0) - 2 + EsV (5= f)(0') - 2" + O(|2']*),  (A.6)
821 822
001 000
where £y =1 0 0 0 | and Es=| 0 0 1 |. Using (A.6), we get
1 00 010

[ = BEN.C0)  Tah i

; 0
_ \V4 v V(— N
—\/B;;F El ZG(Z7€) ZwA(a)(’Z?n) <821fa>(0> z dz
0

+ /Bj EyV.,G(2,€) - Vzwi(a)(z, n)V(a—sza)(O') -2 dz

(A7)

+0 (/ |Z/|2|VZG(Z,§)||Vz7j)i(a)(z,n)|dz) :
B

Due to Lemmas Appendix A.1 and Appendix A.2,
[ 196 IVt 2l = O1)

We write the first integral on the right hand side of (A.7) as K7 = K] 4+ K}, 0 < j < 3,
where

» oG aﬁ]i(a) of,

J e i a ANV
Kl(&aﬁ) T B;r az3<27£> 821 (Zun)v(gzj)(()) ZdZ,

. oG 671&(@) af

J — _ _MNa) a AN
KZ(f?U) T B,'f aZl ('275) 823 (zan)v(azl>(0) Zdz.

To estimate K{, 0 < j <3, we apply Lemmas Appendix A.1 and Appendix A.2. Thus,
we can replace V@Df\(a)(z,n) by V;(z,n*) and G(z,§) by I'(z,€&) + I'(z,£*) since the
remaining terms are bounded. Therefore,

K{(¢m) (A.8)
B ;i o | OT or . 02 , 02 ,
= Bja—Zl(z,n ) [a—%(z,ﬁ)—i-@—%(z,f )} {a—Z%fa(O )Zl‘f‘mfa(o )z2| dz 4+ O(1).
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1.1. Estimate for j = 0. In this case,

1 z3—E& 21 —m z3+& 21 —m 0?
K%¢,n) = / 3 2dz—= fa (0
() =Gy o P =nP TPl —pp P o)
1 z3—& 2z —m z3+& z1—m 0? /
d (0 O(1
*(4@2/3;[\2—513\2—77*\3 Pl = 2P am05 )+ OW)

Since B, is symmetric with respect to z; and zo, then the second term in K7 is bounded
for § =1 € Cpp-

To estimate the first integral in KY, we apply the inequality |2° — y3| < |z — y|(z +y)?,
z,y > 0. For x := |z —n*| and y := |z — €|, it reads |z — n*]* = |z — & + O(|n* —
&) (|2 =1 + |2 = £))°, and

/ 23— &3 Zl_m3z1dz:/ (23—53)(21—771)21dz
B B

+ |z = &P [z — ¥ |z —n*[6
. (55— &)z —m) (|2 — 0| + ]2 = ¢])°
+0O(|n f‘)/B?+ PEYEEETTL 21dz.
We find that
(73— &) (21 —m) (|2 — 0| + 2 — &) 1 m
dz =0 O(=).
/Bi |z — &3z — n*[© a1dz = Olns7) + (773)

Hence, we obtain

K%, n) = 2 /ledza—zfa(O’)JrO(l),

(4m)? Jpr |z = 02

which we can write as

K10(77a77) - #% a(O/) (/B+ (23 +m3)(21 — M) dz + m /B+ (23 +n3) (21 —nl)dz

i |z — [ |z — [
21 —m)? 2 —
- 773/ —( - 77*1)6 dz —771773/ e Tﬁdz> +O(1),
Bt |z = Bt 12—
and since
(23 +m3)(21 — 1) 1 |71 A
7 / dzl <l [ ———dz <o _ oMo,

B |z —n*|6 B |z —n* d(n, B}Y) 73]

R 2 -
,,]3/ (21—7]1)012 = 0O(1) and / S/ O(1) for n € Cr(a), then
B

+ |z — B+ |z —n*[8

2 (23 +n3)(z1 —m)* , 0> ,
Ki(n) = oz [0 1 (0 + O().

Similarly as K9, we can estimate K9 as
1> 2

_ 2 (23 +n3)(z —m)* 0% ,
K§(n) = o [ S 2 0) + 0().
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Gathering K and K9, we obtain

1 / (23 +m3) (21 — )

472 |z — n*|6

0? ,
Ko(nﬂ?) = dzazzfa<0 ) + O<1)a ne C’F(a),e
1

The same arguments as that used in the computation of K° can be applied to estimate
the second integral in (A.7) to get

, 0
. ~j - AN
/B;r EQVZG<Z7§) vzw/\(a) (Zu n)v(aZQ fa)(o) zdz
1 / (23 +m3)(22 — 772)2d 0
B+

- 4q2

for n € Cp(a),¢. Finally, since,

/ (23 +13) (2 — my)° dz = —"lnns +0(1), j=1,2.
B |z —n*[° 4

|Z—77*|6 Za—zgfa(O)‘i‘O(l)

we show that for n € Cp)0

/+(I  B)VLG(zn) - Ve (22 )z = —7 In s A £, (0) + O(1) (A.9)
By
I.2. The cases j = 1,2. Since ¢;(2,n*) = 47(rz|]z ZJ =il then due to the symmetry

properties of B;f and those, with respect to z;, of the integrand in (A.8), we deduce
that K7(n,n) = O(In(n;)) and

[ 0= BEVAGm - Vo ) = Ol (A.10)

1.3: The case j = 3.
(23 - 773) and ¢3( ’7]*) 3 (23 + 773)(21 - 771)

= — . thus
Am|z — 3 0z ’

In this case ¥3(2,n) = — e 2 —

K13(77a77) =
—3 (23 4+m3)(z1 —m) [ z3+1n3 Z3 — 13 0? / 0? /

A~ oJa O a 0 d
1672 /Bj |z —n*? |z —n*? * |z —n? 8z%f (091 + 821822f (0)z ) d=

The term involving %{;zz fa(0') is bounded due to symmetry argument. We need to

estimate the term involving 5—2 fa(0"). After some computations, we get

s
23 + dz1dzodz + O(In ,
/0 st /T/Az—nls 22 = gy, OO

[ o=t m = = O(ln(i))

- 77*|5|Z -
Therefore,

Ki0.0) = —gp— + Olln(m). (A1)

We deal now with

0 0 0 0?
K3 = [ (GaT ) + 5T er) ) g a(eo) S 0 +O()
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Since,
0 1 (Zl — 7’]1)2 + (ZQ — 772)2 — 2(2’3 + 773)2
— )= —— A12
823¢3(2>n ) A \Z—'f]*|5 ( )
3 1 0 (73 3 3
then K5(n,1) = W@fa(o )(K5 + K3y — 2K55) + O(1) where
i
4
K3:/ o= T L Ofn 7
21 Bt |Z _ 77*|8 81 ( (773))
3 225
K, = dz = O(l
22 /B+ |Z _ 77*|8 2413 + (n(n?)))v
(25 +13)° m
K3, — 21(23—3(1 = — 41 0®n(m)).
= [ AR = o On(m)
Hence, K3(1,n) = O(In(ns)). ,
1
Therefore, thanks to (A.11), K3(n,n) = i 80_2% 2(0") + O(In(ns)) and
/ ([ - B(’Z))VZG(Za 77) ’ vzwi(a)(za ﬁ)dz = 64_ Afa(ol) + O(ln(773)) (Al?))
B T3

I1. Estimates of the three surface integrals in (27)
I1.1 Let us first consider the surface integral / [0 (z,m) =TT (2)es|;(z,m)]G (2, n)ds(2).

Sr

We separate it into two parts as follows

(/mwm—@mmmmmmw+/u—W@memmmm@m.

T T

I1.1.1 We start by estimating the first term [y [1(2,7) — U;i(2,m)]G(z,m)ds(2).
Case j = 0. Using (A.2), we obtain for € Cp() 0,

[ TG =P P )G nds) = Ol ]) [ —=ds(z) = O(1). (.14

Cases j = 1,2,3. As for the case j = 0, employing (A.3), it is easy to see that

lémum—%mmW@mwwzom%» (A15)
I1.1.2 Using the estimate 1 — [J7(2)es| = O(|#'|) and the expansion (A.2), we get
Lu—W@mWWmm@mmazmm (A.16)

for n € Cr(q),p small enough. Similarly, employing (A.4), we show that

/ [1— T (2)eslls(z, )Gz, m)ds(2) = O(ln(ny)), j=1,2,3. (A7)

T

I1.2 Due to Lemma Appendix A.1, we can replace u?i(a)(z, n) by ¥;(z,n*). Therefore,

[ 1= el (2. Gz n)lds(2) = O(), (A9

T

(Luwﬂ@@whwmwmww@:owwm j=1,2,3 (A.19)



The 3D acoustic scattering by complex obstacles. The accuracy issue. 27

I1.3 We deal now with the last term in (27). We divide it as follows:
[ Vet 0 = Vi e -l ds(a) (A.20)
Vi(z,m) - (es — I (2)es) Gz, m) ds(2).

Sr
L zg =3 — fa(2) + fal1)

case j = 0. We recall that dz3T'(F~(2), F~'(n)) = I F1) = Fi(p)P

The expansion

[F7Hz) = F ()P = |z —n* x (A.21)

(=m0 (=) V) =) (=) (2 — ) 2
(1 ERrE )
yields to

V(D) (F 7 (2), FH(0)) - e3 = Va(T)(2,m) - e5
_ 3 (m=m)?Val) - (Z =) 3 (2 —ms)* VL) (& — 1) (2" — ) (A.22)
4 |z —nl° 8 |z — > ’
FLECIZRD) O g

Since G(z,n) = 2I'(z,n), for z,n € S,, then
JAC @—vr@”@xF%m»@w¢mmaa

_ 303 / V2 ) (& =n) - (' =)
1672 |z — )6

ds(z) + O(1).
We have

VA =) =) g ot
/. — ds() = O(1;?).

Therefore,

L/WJ@WMQ—WNFWAIAW%%WQW%@=Oﬂ) (A.23)

To estimate the second integral in (A.20), we split it into two terms.
Since ez — J¥(2)ez = O(]2']), we deduce from (A.23) that

/ [V.T(2,m) = V.I(F 7 (2), F~'(n))] - (es — J" (2)es) Gz, m)ds(2) = O(1). (A.24)

T

Now we write

VZF<Z,?7)(€3 _ JT(Z)eg) _ VZF(Z,T]) ) (afa<2’> afa(z’) 0) — _i(Vfa(z’) . (z/ _ n/))

(921 ’ 822 ’ B 47 |Z - 77|3 ’
since (I — JT(z2))ez = (ng(f/), WST(QZ/),O). Hence
1 Vi) (=1
. VoL (zn)(es = JT(2)ea) Gz, mds(z) = =1 / J (‘;_(77'4 1) gs(2)
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[ VR -E =), L [ PR 1)),
167 [/ T ‘””/sr P ds(2)
|Z/—77/|3
—l—O( 5 P ds(z)) .

Due to the symmetry of .S,, we have

/ Vfa(’?,) ) (’ZI - 77/) dS(Z) _ O(l)
. =l '

Using the estimate
/ (2 ”@i ds(z) = —mIn(ns) + O(1), for i = 1,2,
S, |Z - 77|
we show that

s V.T'(z,n)(es — J" (2)es)G(z,n)ds(2) = %Afa(n’) In(ns) + O(1). (A.25)

Thus, summing up (A.23)-(A.25), we get

- Af. ()1
/ [Vzwo(%??) T €3 — Vzwo(z,n) : JT(Z)eg]G(z7§)ds(z) = W + O(l) (A26)
Cases j = 1,2. We recall that 0z31(z,n) = % (25 _|:32(;J|'5_ n;) and

D2ty (P (2) ) = g P P

From (A.21) and a Taylor expansion, we have
[P (z) = F ()]

(73 =m)VI() (' =n') 5V )z =0) - (z' =) (25 — m3)
|2 — |7 2 |z —n|7
+z =0+ O (In']’lz = n7°) + O]z — 0| ?)

=5

(A.27)

Therefore, using symmetry arguments,

/ (Vati(z,m) — (Vo) (F(2), () - esG(2,m) ds(z) = O(In(1p3)). (A.28)

T

Since (I — JT(2))0 = (VOz f.(0') (2 =), VOzafoa(') (2 —1'),0) + O(|z — n|?), we write
(I = J" ()7 - (Vo) (F~(2), F~(n))
= V0z fa(n) - (' = 0)0210;(F ' (2), F ()
+V0z fu(n) - (' = 0)0220y(F~(2), F~' (1)) + O(|z — )

Again, from symmetry arguments in (z; —n;), j = 1,2, this implies that

/ (I = J" ()7 - (Vo) (F~H(2), F(n))G(2,m) ds(z) = O(In(ns)). (A.29)

T
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Gathering the integrals (A.28) and (A.29), we deduce that for j = 1,2, we have

/ [Vati(z,m) - es = Vatty (F~H(2), F(n)) - T (2)es] G (2, m)ds(2) = O(In(ns)).  (A.30)

T

Case j = 3. In this case,

Oz3th3(F 1 (2), F~(n)) =
Thus, using (A.27) gives

Oz3ths(F " (2), F~(n)) — 0z3¢3(2,m)
5 ((z=m)® + (22 —m3) — 2(25 — m3)%) (23 — m3) Vfuln') (2" — 1)

1 (i =m)? (2= m3) = 2(z — s — fu(2) + fu(0)?
4r |[F=1(z) — F=1(n)° ‘

A |z —=n|”
5 ((z1 =m)? + (22 = m2)* = 2(z3 —m3)*) V2 Lul) (2" —11') - (2 =) (25 — ma)
8T |z =l
1 (23 = m3)(fa(2') — fa(n))

T PR +O0(lz=n"") +O(n PPlz = nl~?)

Expanding f, to the second order around 2/,
/ / / / / 1 / / / / !/ / /
fa(@) = fa(?) = Vu(2) - (o = 2) + 5V fu(&) (2" = 2) - (&' = 2) + O(|2" = 2'P"),

using the symmetry property of some integrands and recalling that G(z,n) = 2I'(z,7)
on S, gives

/S (Vs (22) — (Vatba) (F1(2), FY () - €3G (2, ) dis(2) =

—5n3 / [(z1 —m)? 4 (22 — m2)® = 203][0% 21 fu () (21 — )? + DP 22 fu( ) (22 — 12)?] ds(2)

8 |z —n®
3221 a ! 21— 2 8222 a ! Z9 — 12 2
_47;?_)2[9 fa(')( n‘)z jn|6 Ja(') (22 — m2) ds(2) + O(In(ns)).

We write it as,

/ (Vats(z,m) = (Vaos)(FH(2), F7H(0))) - 3Gz, m) ds(2)

S,
s [ Pafa(n)(z —m)? + P fa(n) (22 — m2)?
= —— ds(z)
872 Js, |z — 76
1573 / Oz fa() (21 — m)* + 022 fa(') (22 — 12)?
g s, |z —n® ds(z) + Ollin(ns))

Since, for j =1, 2,
(2 — mi)” m / (2 —mi)° ™
~——ds(z) = — and ——ds(z) = —, A.31
/s,n |2 =l ) An3 s, |z —mnl® ) 123 (4.31)
we deduce that,

/S (Vatba(zm) — (Vots) (F1(2), F' () - €3Gz, m) ds(2)

1

_ 167”73A fa(0) 4+ O(In(ns)).

(A.32)
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Now, we deal with the last term. Using (A.29),

/S (I = J7(2))es - (Vo) (F(2), F (1) Gz, ) ds(2)

-/ Ds () P )T 05 L)1) - (= 1)Ge () (A.33)
a O2a3(F ™ (2), F'(0))V (922fa) () - (2" = 1) G(2,m)ds(2) + O(In(ns)).

Taking the derivative in (A.4), we show that for j = 1,2

0 0a(F(2), ) = - BB o (2], (A1)
Thus, combining (A.33), (A.34) and (A.31),

[ =T (Tot) (F7 ) )G () = ) Ofta(m). (439

ITI. Estimate of R;, 0 < j < 3, given by (27), in the the local coordinates
Combining (A.9), (A.14), (A.16), (A.18) and (A.26) we derive the following asymptotics

Ro(n,1) = (—35=AJa(0) = T AL(0) In(a) + O(1) = —AL(0) In(s) + O(1).
By (A.10), (A.15), (A.17), (A.19) and (A.30),

R;(n,n) = O(In(ns)), j=1, 2.
From (A.13), (A.15), (A.17), (A.20), , (A.19), (A.32) and (A.35)

U

. 1 N 1 N 3
64 16 327 7 64

Rs(n,m) = ( + O(In(ns3)).
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