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1. Introduction

e we introduce the concept of generalized term order
on N™ x Z" and on difference-differential modules

e we introduce the concept of relative Grobner basis
w.r.t. two different generalized term orders

e based on relative Grobner bases we present a new al-
gorithmic approach for computing the Hilbert func-
tion and Hilbert polynomial (or dimension polyno-
mial) of difference-differential modules



Difference-differential modules

Def.1.1:
e R a commutative Noetherian ring

o A ={d,--,0,} aset of derivations on R
¥ =A{o1, - +,0,} aset of automorphisms of R
st.aof=Foaforany a,f € AUX

e Then R is called a difference-differential ring with
the basic set of derivations A and the basic set of
automorphisms X, or shortly a A->-ring;

e if R is a field, then it is called a A-X-field.

Ex.1.1: Let R = Klzy,...,x,] for a field K, §;, =
0/0x; and o; the automorphism which maps x; to x; — 1.
Then R is a A-Y-ring for A = {d1,...,d,} and X =

{o1,...,0.}.



Def.1.2:
e R a A-X-ring

e A the free commutative semigroup of words over A
and X (containing the elements of ¥ and their in-
verses)

e then a difference-differential operator (or shortly a
A-Y-operator) over R is

D a, (1.2)

where a) € R and only finitely many coefficients a)
are different from 0



fundamental relations:

D aer AT aca A = > calan +0a)A,

a(D repr MA) = D \ealaar), (1.3)
(Z)\GA MAp = Z)\GA ax(Aw), .
da = ad + d(a), oa = o(a)o,

foray,by € R A peEN ac R €N cEY

Def.1.3: The (non-commutative) ring of all A-Y-operators
over a A-Y-ring R is called the ring of difference-differential
operators (or shortly the ring of A-YX-operators) over R.
It will be denoted by D.

A left D-module M is called a difference-differential
module (or a A-X-module).



o for X =0: D= R0y, --,0n], the ring of differential

operators

o if R=Klxy,...,x,] over a field K and §; = 9/0z;
for 1 <i < m, then D is the Weyl algebra A,,(K).

In the ring of A-X-operators the terms are of the form

k l
>\:611...57]§:’lm0—11...0.’£g

and the exponents of o; are in Z. The notion of term
order, as commonly used in Grobner basis theory, is no
longer valid. We need to generalize the concept of term
order.



2. Generalized term order
Def.2.1: Let Z" = U;?:l Z}, where

(i) (0,---,0) € Z}, and Z7 does not contain any pair of
invertible elements ¢ = (¢1,--+,¢,) # 0 and —¢ =
(—Cla Ty _Cn>7

(ii) Z is isomorphic to N™ as a semigroup,

(iii) the group generated by Z7 is Z".
Then {Z% | j = 1,---,k} is called an orthant decom-

position of Z" and Z is called the j-th orthant of the
decomposition.



Ex.2.1: Let Z1, - - -, Z5, be all distinct Cartesian prod-
ucts of n sets, each of which is either Z, or Z_. Then this
is an orthant decomposition of Z". The set of generators
of Z;-‘ as a semigroup 1s

{(Cl,O,"',O),(O,CQ,O,"',O),"',(O,"',O,Cn)},

where ¢; is either 1 or =1, 7 =1,---,n.
This is the canonical orthant decomposition of Z".



Ex.2.2: The decomposition Z? = Z3 U Z3 U Z3, where
Zi ={(a,b)la>0,b>0,a,b € Z},

Zi ={(a,b)|a < 0,b>a,a,b € L},
Zy ={(a,b)|b < 0,a > b,a,b € Z},

is an orthant decomposition of Z?.
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Def. 2.4: Let {Z] | j = 1,---,k} be an orthant
decomposition of Z". Let E = {ej,---,e,} be aset of ¢
distinct elements. A total order < on N x Z" X E is
called a generalized term order on N™ X Z'" x E w.r.t.
the decomposition, if the following conditions hold:

(i) (0,--+,0,¢€;)is the smallest element in N™x Z" x {e; }
for any e; € F,

(ii) if (a,e;) < (b, €j), then (a + c,e;) < (b+ c,e;) for
any c similar to b.
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Example 2.3: Given the canonical orthant decompo-
sition of Z", an order "<"" in £ = {ey,-- -, ¢}, for two
elements

a = (kla'”7k7m7l17”'7ln7ei> and

b _ (leooojrmjsljooojsnjej)

of N x 7" x E define:

m n
jaly = ki, ala =) |1l
j=1 j=1

(a,e;) < (b,ej) <=
(‘Cl/‘l, ’a’27 €i, kl) Ty kma ‘l1’7 ) ‘ln‘7 l17 Ty ln)
< (‘b‘b ’b’% €iyT1y s Tm, ’51‘7 T ’Sn‘7 S1y° Sn)
in lexicographic order.
Then 7<" is a generalized term order on N x Z" x E.

O
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Lemma 2.1: Let {Z} | j = 1,---,k} be an orthant
decomposition of Z" and ” <" be a generalized term order
on N x Z" with respect to the orthant decomposition.

(a) Every strictly descending sequence in N™ x Z" is
finite. In particular, every subset of N x Z" contains
a smallest element.

(b) Every strictly descending sequence in N™ x Z" x E
is finite. In particular, every subset of N x Z" x E
contains a smallest element.
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3. Relative Grobner bases

In the following let {Z%,j = 1,..., k} be a fixed orthant
decomposition of Z".

Definition 3.1: The subset A; of A,
Aj={x=00 - apeat o | (e ) € 2,

n

is called j-th orthant of A.
Let F' be a finitely generated free D-module and AE be
the set of terms of F'. Then

AjE = {)\BZ ‘ A€ Aj, € € E}
is called j-th orthant of AE. o
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Lemma: Let F' be a finitely generated (with generators
in F) free D-module and f € F'\ {0}. Let A € A and

a € R, <" be a generalized term order on AE C D.
Then

(i) Aa = a’\ + &, where o' = a(a) for some a € ¥ (if
a # 0 then o' # 0), £ € D with [t(§) < A and all
terms of £ are in the same orthant as A.

(ii) If A € A, then [t(\f) = max_{Au;} where u; are
terms of f, and It(Af) = Au for a unique term u of
f

(iii) If It(f) € AjE then lt(Af) = Alt(f) € A, E holds
for any A € A;.

(iv) For each j there exists some A € A and a term u; of
f such that

It(Af) = Auj € ASE.

Furthermore, the term w; of f is unique: if lt(\, f) =
)\1Uj1 € A]E and lt()\2f> = )\2Uj2 € A]E then Uj =
uj,. We will write {t;(f) for the term w;.
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Theorem 3.1: Let < and <’ be two generalized term
orders on AE. Let ¢1,---,9, € F\ {0} and f € F.
Then

f=hgr+ -+ hyg,+r (3.2)
for some elements hy,---,h, € D and r € I such that
(i) hi = 0or lt<(higi) 2 U<(f),1=1,--+,p;
(i) r =0 or lt<(r) < lt<(f) and

lt.(r) ¢
{lto(Agi) | ltor(Ngy) =" lto(r), N e Nji=1,---,p}
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Definition 3.2: Let < and <’ be two generalized term
orders on AE. Let ¢1,---,9, € F\ {0} and f € F.
Suppose that the equation (3.2) holds and that the con-
ditions (i), (ii) in Theorem 3.1 are satisfied. If r # f
we say that f is <-reducible to r modulo {g1,---, g}
relative to <.

Incaser = fand h; =0,7=1,---,p, we say that f is
<-reduced modulo {g1,-- -, gy} relative to <. o
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Example 3.1: Let the sets A and X consist of a single
0 and a single o, and let D be the ring of A-X-operators
over R. Choose the canonical orthant decomposition on
Z, as in Example 2.1 and define the generalized term or-
ders < and <’ on terms of D as follows:

ool < 67 0° = (1], k, 1) <gex (||, 7, 8),

ool < 670% = (k, |I|,1) <jex (1,]5], 5).
Given f = 80 — o1, g = 6% + o, then

ito(f) =80 = 1to(6%g) = 1to(6° + §°0).

But
lt</(53g) = §° ' lto(f) = 50,

So f is not <-reduced modulo ¢ in the usual meaning,
but f is <-reduced modulo g relative to <. o
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Definition 3.3: Let

e IV be a submodule of the finitely generated free D-
module F',

e < and <’ two generalized term orders on AF,
o G=1{g1, -,9,} asubset of W\{0}.

Then G is called a <-Grobner basis of W relative to <" iff
every f € W\{0} is <-reducible to 0 modulo G relative
to <. We will call it shortly a relative Grobner basis of
W it no confusion is possible. o
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Proposition 3.1: Let < and <’ be two generalized

term orders on AE, G C W \ {0} a <-Grobner basis of
W relative to <’, and f € F. Then

(i) G is a Grobner basis of W w.r.t. < and <. So G
generates the D-module W,

(ii) f € W if and only if f = 0 or f can be <-reduced
to 0 modulo G relative to <.

(iii) f € W is <-reduced modulo G relative to <’ if and
only if f =0.
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Definition 3.4: Let F' be a finitely generated free D-
module and f, g € F\{0}. Let < be a generalized term
order on AE. Forevery Ajlet V (7, f, g) be a finite system
of generators of the R|A;]-module

RAJUEAS) € NjE T X € A) Mg (lt(ng) € NjE [ € A).
Then for every generator v € V (4, f, g)

S\, f.g,v) = It f)le;(f) B lti(g)lc;(g)

is called an S-polynomial of f and g with respect to j

and v. o
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Theorem 3.2 (Generalized Buchberger Theorem in Zhou
and Winkler (2006)):

Let F' be a free D-module and < be a generalized term
order on AF, G be a finite subset of F'\{0} and W be the
submodule in F' generated by G. Then G is a Grobner
basis of W' if and only if for all A;, for all ¢;, gr € G and
for all v € V(4,9 gx), the S-polynomials S(7, i, gx, v)
can be reduced to 0 by G. o
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Theorem 3.3: Let F' be a free D-module, < and <’ be
two generalized term orders on AE, G be a finite subset
of F\{0} and W be the submodule in F' generated by G.
Then G is a <-Grobner basis of W relative to <’ if and
only if G is a Grobner basis with respect to <’ of W and
for all A;, for all g;, gr € G and for all v € V (4, ¢s, gx),
the S-polynomials S(j, g;, gk, v) with respect to < can be
<-reduced to 0 modulo G relative to <.

In other words, G is a <-Grobner basis relative to <’ if
and only if all S’(4, g;, gr,v) can be reduced (w.r.t. <')
to 0 by G and all S(J,¢g;, g, v) can be <-reduced to 0
modulo G relative to <.

23



Theorem 3.4 (Buchberger’s Algorithm for computing
relative Grobner bases):

Let F be a free D-module, < and <" be two generalized
term order on AE, G be a finite subset of F\{0} and
W be the submodule in F' generated by G. For each
Aj and f,g € F\{0} let V(j, f,g) , S(j, f.,g,v) and
S'(7, f,g,v) be as in Definition 3.4 w.r.t. < and <’, re-
spectively. Then by the following algorithm a <-Grobner
basis of W relative to <’ can be computed:
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input: G ={g1,---,9,}, aset of generators of W
< and <’ two generalized term orders on AE
output: G" ={g{, -+, g/}, a <-GB of W rel. to <’
begin
G =G
while exist f,g € G', v € V(j, f,g) s.t.
S"(4, f,g,v) is reduced (w.r.t. <) tor #0 by G’
do G' =G U{r}
endwhile ;
G =G
while exist f,g € G", v € V(y, f,g) s.t.
S(7, f,g,v) is <-reduced to r # 0 by G” rel. to <’
do G" .= G"UA{r}
endwhile
end o
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4. Computing difference-differential
dimension polynomials

Let
o R be a A-X-field,
e D the ring of A-Y-operators over R,
e [ a finitely generated free A->-module,

e M a finitely generated A-Y-module (i.e. a finitely
generated difference-differential-module).

Now we consider difference-differential dimension poly-
nomials 1,/(t1, ) in two variables ¢y and to by the ap-
proach of relative difference-differential Grobner bases.
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Consider the canonical orthant decomposition of Z™ as in
Example 2.1 and define the generalized term orders ” <"
and " <" on AE of the terms of F as follows:

for e = 041+« fkmali ... glne we set

A1 =ki+--+k, and A= |l1|+ -+ |l];

furthermore

<)\€> = (|>\|2?|>\|176i7k17”'7km7‘l1|7°”7‘ln‘al17”°7ln)
<)\€>/ = (’)\’17’)\’276i7kj17"'7km7‘llya"'a‘ln‘alla'”)ln>

Now we define

e < pe; = (Nei) <jew (1€j)
Aep <" pej = (Aei) <iea (pej)’
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Foru=>",.paxA € D and ¢ € {1,2} we define
[uli = max{|Al; [ ax # 0}.
D is a bifiltered ring with the bifiltration (D,s), sez s.t.
Dys={ueD||ul <r |uy<s}for(r,s) e N

and D,, = {} for (r,s) € Z* \ N°.

Obviously
U{Dm | r,s € Z} = D,
Drs - Dr—l—l,s; Drs - Dr,s—l—l for r,s € Za and
D/{JZDT‘S — DT—i—kZ,S—I—l for r,s, kal € Z.

Let M be a finitely generated left D-module with gener-
ators hy,-- -, hy. Let

Mrs - Drshl Tt Drshq

for any r,s € Z. Then (M,s),sez is an excellent bi-
filtration of M, i.e. every (M,s) is a finitely generated
R-module and Dk:ers = MH—k‘,SH-
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Definition 4.1: A polynomial ¥ (t1,t2) in Qty,ts] is
called a (bivariate) numerical if ¢(t1,t5) € Z for all suf-
ficiently large (ry,79) € Z7 ie. there exists a tuple
(51,89) € Z? such that (r,ry) € Z for all integers
ri, 19 € Z withr; > s, (1 <i <2).
The numerical polynomial ¢(t1,%5) is called (bivariate)
difference-differential dimension polynomial associated with
M, iff
(i) deg v < m+n, degi,yp < m, and degy,1» < n and
(i)Y (t1, t2) = dimp My, 4, for all sufficiently large ¢4, 2o.
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Theorem 4.1: Let R be a A-Y-field, D and M be as
above, in particular let M have the generators hy, - - -, hy.
Let F' be a free A-Y-module with a basis e, - - -, e, and
m . ' —— M the natural A-X-epimorphism of F' onto
M (w(e;) = h;fori=1,---,q).

Let < and <’ be the generalized term orders on AE of
the terms of F' defined above. Consider the submodule
N = ker(m) of F' and let G = {g1,---,9,} be a <-
Grobner basis of N relative to <. Let

Us= {w e AE | |w|; < |w|y < s, and
w # It (A\g;) for all X € A, g; € G}
U
{weAE | |w|; < r/|wl, <s, and
[lt_i(Agi)|1 > r forall A € A,
g € Gst.w=1ts(A\g;)} .

Then the bivariate difference-differential dimension poly-
nomial ¢ associated with M is the cardinality of U, i.e.

Y(r,s) = Uy -
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The difference-differential dimension polynomial ¥ (1, to)
carries more information than the “one variable” dimen-
sion polynomial ¢(t). From the point of view of strength
of systems of difference-differential equations, the polyno-
mial ¥ (t1, 1) determines the strength of systems w.r.t.
cach of the sets of operators A and > while the poly-
nomial ¢(t) determines just the general strength of the
systems w.r.t. the set A JX.
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Example 4.1: Let R be a difference-differential field
whose basic sets A and X consist of a single 0 and a single
o. Furthermore, let D be the ring of A--operators over
R and M = Dh be a A-Y-module whose generator h

satisfies the defining equation
(60 4+ 0 %)h=0.

In other words, M is isomorphic to the factor module
of a free A-2-module F' with a free generator e by its
A-Y-submodule N which is a cyclic submodule with a
generator {g = do + o2}, We compute the difference-
differential dimension polynomial ¥ (r, s).
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By Theorem 4.1, we need to compute a relative Grobner
basis of N and then 1(r, s) = |U,|. Clearly the relative
Grobner basis is

{g=20d0+0c %

We have It(g) = 072 € Ay. Because the leading term of
0g =002+ o lis do? € A, we have

it(Ag) = Moo | Ao .

Put
U.o = {weA||w) <rfws<s, and
w # lto(Ag) for all A € A},
Uls = {weA||w) <rfw)p < s, and
[lt(Ag)|y > r forall A € A s.t.
w =1t (A\g)} -
Then
Ursl = [Urs| + Uzl = Br+ s +2) + (s = 1)
and

¢<T7 S) — dimRMT’,s — ’Ur’s’ = 3r + 25 + 1.
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