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Grobner bases over rings: History

Grobner bases in commutative polynomial
rings with coefficients in rings:

Two approaches

(Example: I :=< 2x,3y >< Z[z,y])

1. Simultaneous reduction by several poly-
nomials:
Trinks(1978): GrObner bases in polyno-
mial rings over a noetherian commutative
ring;
Pauer, Pfeifhofer (1988)
Jacobson, Lofwall (1991);
Adams, Loustaunau (1994):. textbook;

.C;l;tjbnerbasis of I: {2x,3y},
1=(-1)-243; zy = (-1)y(2z) +z(3y) .

2. Separate reduction by polynomials:
Buchberger(1984); Kandri-Rody, Kapur
(1988); Moller (1988); ...

Grobnerbasis of I: {2z,3y,xy}, since xy
is neither a multiple (in Z[x,y]) of 2x nor
of 3y.



Grobner bases in (non-commutative) rings
of differential operators:

Galligo (1985), Castro (1987): Weyl-algebra
Insa, Pauer (1998): approach of Trinks;
improvements by Winkler, Zhou (2005).

Important difference between the commuta-
tive and the non-commutative case:

ideals generated by monomials are ‘“easy”

in the commutative case (each finite set of
monomials is a Grobner basis of the ideal
generated by it), but not in the non-commutative
case.

Example: {ylayz,ygayl} and {ay ,8y } gener-
ate the same left-ideal in the Weyl-algebra

Kly1,yo] [3%1, 3%2]!



The Coefficient Ring

R ... (left-)noetherian associative ring with
unity such that we can solve linear equations
over R, i.e.

e for all z € R and for all finite subsets S C
R, we can decide, whether z is an element
of the left-ideal in R generated by S and
- if yes - we can compute a family (ds)ses
in R such that z = > ;cgdss,
and

e for all finite subsets S C R we can com-
pute a finite system of generators of the
R-module

{(cs)ses € R®| 3 cos =0}
seS

of its syzygies.



Examples for R:

e /i, where ke N

e polynomial rings with coefficients in a field
(over which we can solve linear equations)

o {¢Ip,a€ Ky, ynl,a(a) # 0} C
C K(y1,...,yn), Where a €¢ K"

e \Weyl-algebras over fields



Rings with Grobner bases over R

< ... term order on N"

A L (left-)noetherian associative ring
with unity containing R as a subring.

We assume that there are z1,...,zn € A such
that

e A is a free (left-) R-module and the family
(z 1= 2252 - 28n) ey IS @an R-basis of

the R-module A,

e For all « € N™ and f,g € A such that
f-97#0:
deg(f - g) < deg(f) =+ deg(g),
deg(z®g) = a + deg(g),
le(x%g) = le(g).
( For f:=Y genncga” we define
deg(f) = maz<{f| cg # 0} € N",

lC(f) = Cdeg(f) ,
Im(f) 1= le(f)adeslh) ).



Examples for A:

e commutative polynomial rings R[x1,...,xn]
over the ring R
Example: R =Z¢g, f =32+ 1, g := 2,
f-9g=2 deg(f-g) =0<1=deg(f)+
deg(g).

e rings of differential operators with coef-
ficients in certain rings R:
K(y) .= K(y1,...,yn) field of rational func-
tions over a field K,

29 K(y) — K(y) partial derivative by y;,

%Znoetherian K-subalgebra of K(y1,...,yn)
which is stable by 72, 1 <i <n,

D; restriction of a%_ to R,1<i<n.

A = R[D] := R[D1i,...,Dn] subring of
Endi(R) generated by R-idr = R and

1 = D1,...,xn = Dp.

If R= K|y|, then A is the Weyl-Algebra.



Grobner bases in A

I ... left-ideal in A
o € N7

le(a, I) :=p<lc(f); fel,deg(f) =a>
(left-ideal in R)

I and < yield a family of left-ideals in R:

UC(O‘? I))aedeg(l)

A Grobner basis of I allows to have this fam-
ily under control:

G ... finite subset of I\ {0}
G is a Grobner basis of I (with respect to <)
iff for all « € N™ the ideal lc(«, I) is generated

by
{le(g); g € G, deg(g) € a — N"}.

If A is commutative: G Grobner basis of I
iff the ideal < le(f);f € I\ {0} > is gen-
erated by {lc(g); g € G}. Not true in the
non-commutative case!



Division in A

F ... finite subset of A\ {0}
ge A

Division with remainder of g by F':
there are r € A and a family (hy)fcp in A
such that

® g=1tcrhsf+r (r is “a remainder
of g after division by F"),

e forall feF, hy=0 or
deg(hy) + deg(f) < deg(g),

e r=0 or lc(r)éprp<lc(f), feF and
deg(f) € deg(r) — N >,



Computation of r € A, (hy) fcp:
First set r:=g and hy :=0 (f € F).

While r 20 and le(r) €
cr<lc(f); feF and deg(f) € deg(r) — N"* >
do the following:

Let F' i= {f € F | deg(r) € deg(f) + N},
compute a family (cy) rcpr in R such that

> crle(f) = le(r).

feF

Replace

r by r— % Cfxdeg(r)—deg(f)f
fer’

and

hy by hy+cpales(=degPy pe pl,
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Example:

R:={21p,q€Qly1,y2], ¢(0,0) 7 0}

A = R[Dq, D>], < such that (1,0) > (0,1),
fi:=y2D1+ 1, fo ;= y1D>,

9 := (y1 +y2)D1D2 + y1y2D>,

Division of g by {f1, fo} vields:

r:=g—(Daft+D1f2) = —D1+ (y1y2—2)D>
and hq = Do, ho := D1,

le(r) = =1 €r<lc(f1) >=<y2 >

Ideal-membership in A:

G Grobner basis of I, f € A.

f € I iff a remainder of f after division by ¢
IS zero.
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Buchberger algorithm in A:

G ... finite subset of A\ {0}

I ... left-ideal generated by GG

For any non-empty subset £ C G let Sg be a
finite set of generators of the R-module

{(ce)eer| Y ce-le(e) =0} < Rr(RY)
eckE

of syzygies of the family (lc(e)).cg- Then

e (G GrOobner basis of I iff for all £ C G and
for all (ce)ecp € Sg @ remainder of

Z Cexm(E)—deg(e)6
eck
after division by G is zero.
(m(FE) € N" is the componentwise maxi-

mum of (deg(e))cck)-

e \WWe can compute in finitely many steps
a Grobner basis of I as follows: While
there are a subset £ C G and a family
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(ce)ecp € Sg such that the remainder r
of

Z ngm(E)—deg(e)e

eckE
after division by G is not zero, replace G
by G U {r}.

Examples

1. {2,3z+ 1} and {2,z + 1} are Grobner
bases of the ideal generated by 3z + 1 in
Ze|x].

2. {D1,D5} is a Grobner basis of
< y1Do,yo2D1 > in Qly1,y2][D1, Do].



Reduced Grobner bases

Additional data for the coefficient ring R:

e for any ideal Q in R select a finite system
of generators Gen(Q) of @ and

e for any ideal Q of R and any coset
24+ Q C R select r(z,Q) € z+ Q such that

r(0,Q) =0€ 04+ Q.

I ... left-ideal in A
a € N7

lc(a = N 1) :=p<lc(f); f e,
deg(f) € a — N",deg(f) # a >
(left-ideal in R, subset of lc(a, 1))

Gen(a, ) :=

= {r(h,lc(a—=N", 1)) | h € Gen(le(a, 1))} \ {0} .
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A Grobner basis G of I is a reduced Grobner
basis (with respect to <) iff

e for all a € deg(I) the map
{g € Gldeg(g) = a} — Gen(a,I),

g — lc(g),
IS bijective and

o for all g:= Y genncp 2” € G and all
a € N with a # deg(g) and cq,g = 0 we
have cq,g = r(ca,g,lc(a, I)).

Every left-ideal in A has a unique reduced
Grobner basis.
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