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Computer algebra & Applications

e Objective of this work:

Use computer algebra (algebraic manipulations) to simplify systems
coming from mathematical physics, applied mathematics, engineering
sciences or control theory

e Interest:

@ Simplify the equations of the system
= simplify the study of its structural properties

@ Pre-conditioner to numerical analysis methods
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Existing works
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Bloc decomposition of a linear differential system

e Consider an ordinary differential system of the first order:
Oy =E(t)y, E(t) € Q(t)""
e Does-it exist an invertible change of variables
y = P(t)z,

such that
dy=E(t)y & 0z=F(t)z,

where F = P~1(E P — OP) has the following form:

* 0
— ?
F (0*>.

e Many algorithms exist: Beke, Jacobson, Schwarz, Singer, Bronstein,
Tsarév, van Hoeij, Barkatou, Pfligel, Giesbrecht, ...
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The eigenring method (Jacobson, Singer, Barkatou,...)

e Consider the following system :

t(2t+1) —2t3-2¢t2+1
Oy =E(t)y, E(t)=
2t —t(2t+1)
e Eigenring of the system: £ = {P € Q(t)?*?; 9P = EP — PE}

al—az(t—i—l) azt(t+1)

e We compute £ = {P = ; a1, a2 € Q)
—an aHt+a
dl 0
e Jordan form of P: J =Vl PV=
0 dlp — ar
-t 0
elety=Vz: 0dy=E(t)y dz= z
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Smith canonical form

o D =K[s], kfield (e.g., Q, R, C): euclidian ring.
e Theorem. VR € D9*P, 3V € GL4(D), U € GLy(D):

ag 0 ... ... 0 ... 0
0 a : :
R=VRU=| 0 ... 0 a 0 .. 0 [;
0 0 0
O ... ... ... 0 ... 0
ol ai|azl|...|la,#0 et ajeD,i=1,...,r.

e Applications in control theory: polynomial approach (Rosenbrock,
Kailath,...)
e Generalization: Jacobson form: D = K [%], K differential field
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|1
Goal of the talk
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Generalization of the previous methods?

e Observation: many systems coming from mathematical physics, applied

mathematics, engineering sciences or control theory can not be handled by
the previous methods: partial differential equations, differential time-delay
equations, ...

e Question: can we generalize these methods to handle more linear
functional systems?

e Approach: constructive homological algebra

Thomas Cluzeau (XLIM-DMI-ENSIL) ACA 2008 - AADIOS 9 /31



e Model of a one-dimensional tank containing a fluid subjected to an
horizontal move (Petit-Rouchon, IEEE TAC 02):

yi(t) = yo(t —=2h) +ays(t — h) =0, e hem
Ja(t—2h) — jo(t) +aja(t — my=0, R hERs

e Consider D =R [%,5], d(y(t)) = y(t — h), and the matrix

2
L I d—z 5
R_| dat dt dt c D23,
d d d?
—6 = — 4
dt da  “dr

e Question: 3 U € GL3(D), V € GLy(D) such that:

ai 0 O
VRU=

, a1,a,3 € D7
0 ar a3
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e Consider the 4 matrices:

00 0 —i 0 00 -1
1| 00 - O 2 0 01 0O
TZloi o o |77 0o 10 0
i 0 0 O -1 00 O
0 0 —i 0 10 0 O
3 | 0 0 0 4 _| 01 0 O
Tl 0 o 0] T Tloo -1 0
0 -/ 0 O 00 0 -1
e In electromagnetism, the Dirac equations can be written :
L 0%(x)
ny aX,' a 07

i=1
where 1) = ({1, ¢2,13,14) T and x = (x1, X2, X3, X4) contains the space

coordinates and the time.
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Example 2

e We can then write the Dirac equations as follows:

dythy — idzyps — (idi + da) Yy = 0,
dstpo — (idy — da) Y3+ id3¢ps =0,

R . d,' = 8 8X,'.
id3ipr + (idy+ da) Y — da1p3 = 0, /
(idi — b))y — id3thp — da1py = 0,
e Consider D = Q(i)[d1, d2, d3, da] and the matrix
d 0 Cidy —(idy+ db)
R— 0 dy —idy + d> ids
o ids idy + d> —dy 0
idy — do —ids 0 —dy

e Question: 3 U € GL4(D), V € GL4(D) such that:

* %« 0 0
*x « 0 0
= ?
VRU 00 » = /
0 0 x %
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Methodology and statement of the
problem
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Methodology

@ A linear system is defined by a matrix R with coefficients in a ring D
of functional operators:

Ry =0. (%)
@ To (x) we associate a left D-module M (finitely presented).
© There exists a dictionary between the properties of () and M.

@ Homological algebra allows to check the properties of M.

@ Effective algebra (non-commutative Grébner/Janet bases) gives
algorithms.

@ Implementation (Maple, Singular/Plural, Cocoa...).
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D: Ore algebra of functional operators

e Differential operators: A= Q, (@[Xl, oo Xn]s Q(xa,y -y Xn),
D= A01,...,04, 0Oi= dx,
P =3 0clu<man(x)0" €D, O"=01"...04", a, €A
e Shift operators:
D =Alr], A=Q, Qln], Q(n),
P=3>",ai(n)o' € D, o(a(n))=a(n+1).
e Differential time-delay operators:

D=A[$.0, A=Q, Q[t], Q(z),

d .
P = ZOSH—J’Sm ajj(t) i ¥ eD, §a(t)) =a(t— h).

e Theorem. For every monomial order, there exists a Grobner basis which
can be computed by Buchberger algorithm.
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The left D-module M

e Let D be an Ore algebra, R € D9%P and a left D-module F.
e Consider kerr(R.) = {n € FP| Rn = 0}.

e As in number theory or algebraic geometry, to kerz(R.) we associate the
finitely presented left D-module:

M = DYP /(D™ 9 R).

Theorem (Malgrange)
kerr(R.) = homp(M,F) = {f : M — F, f is left D-linear}.
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Statement of the problem

e Let D be a Ore algebra of functional operators
e Let R € D9*P be a matrix.

e Question:
* 0
3 W e GLy(D), V€ GLg(D) st. VRW = < 0 )?
*

e Remark: with M = D*P/(D'*9 R), this is equivalent to

AMy, My : M = My @ My?

Thomas Cluzeau (XLIM-DMI-ENSIL) ACA 2008 - AADIOS 17 / 31



A%

Result
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Endomorphisms of M (Cf. eigenring method)

e Let D be a Ore algebra of functional operators.

o Let R € D9*P be a matrix.

e We have the following exact commutative diagram:

ptxa K, pbxe T, oy 0

l.Q 1P Lf

ptxa £ pe T, M 0.

f € endp(M) is defined by P € DP*P et Q € D99 satisfying the relation:
RP=QR.

e Algorithms for computing P and @ implemented in the Maple package
OREMORPHISMS based on the library OREMODULES
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Bloc decomposition theorem

Theorem

Let R € D9*P, M = D'*P/(D'*9 R) and f € endp(M) defined by P and
Q satisfying

P> =P, @>=Q (idempotent matrices) = f>=f.
If the left D-modules
kerp(.P), imp(.P), kerp(.Q), imp(.Q)
are free, then there exist U € GL,(D), V € GL4(D) such that

* 0

R=VRU = ( . *>quXP.

e U and V can be obtained by computing bases of free left D-modules
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V

Examples
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Example 1: tank model (Petit-Rouchon, IEEE TAC 02)

e Consider D = Q(«) [ %, 6], the matrix of the system

d d 52 d?
4 42 oLy
R = dt dt dt’2 c D2><3.
d 52 _d aL s
dt dt?

1 -1 0 11
e The matrices P = % -1 1 0 et Q= % ( 11 ) satisfy:
0 0 2

RP=QR, P’=P, Q*=Q.

e Using linear algebra, we get:

1 1 0
1 -1
U=|1 -1 0 | eGLsy(D), V (1 . >6GL2(D),
0 0 1
_ 9 (1—6)(1+6 0 0
:>R:VRU‘1:(‘”( )( ) Jo -
0 4(2+1) 20
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Example 2: Dirac equations

=VRU =

Thomas Cluzeau (XLIM-DMI-ENSIL)

dy 0 —ids —(id1+d2)
0 d4 —i d1 + d2 i d3
ids idy + do —dy 0 '
idy — dp —id; 0 —d
1 0 -1 0 1 010
0 1 0 -1 10101
10 1 0o |° ®F3l1010 ]
0 -1 0 1 01 01
1 0 1 0 1 0 -1 O
0 -1 0 -1 y_lo 1t o 1
-1 0 1 O ’ 1 0 1 0 ’
0 1 0 -1 0 -1 0 -1
I'd3—d4 —idl—dg 0 0
i d1 — d2 i C/3 + d4 0 0
0 0 ids+ds idi+do
0 0 idi—dy —id3+dy
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Example 3: string model

(Mounier-Rudolph-Fliess-Rouchon,COCV 98)

e Consider the model of a vibrating string with interior mass:
o1(t) + P1(t) — ¢2(t) — ¢2(t) =0,
$1(t) + a1 (t) + m @1(t) — mu 1 (t) — 12 a(t) + m2vha(t) = 0,
d1(t —2h1) + 1(t) —u(t — h) =0,
G2(t) +Yo(t —2h2) —v(t — hp) =0,
where hy and hy € Ry satisfy dimg(Q h1 + Q hy) = 2.
e Consider D = Q(n1,7m2) [%,01,02], M = DY*¢/(DY** R),

1 1 -1 -1 O 0
d d
Re | ggtMm g —m ~m e 0 0 c DAx6.
o? 1 0 0 —0o1 O
0 0 1 o3 0 -0
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Example 3: string model

e The following matrices satisfy RP = QR, P> =P and Q° = Q :

1 00 0 0 O 10 1 1
-2 00 0 o O d
p_| 0 00 -3 0 o o- 0 1 ——+m mn
0 00 1 0 O 0 0 0 0
0 00 0O 1 0
0O 00 0 0 1 0 0 0 0

e The modules kerp(.P), imp(.P), kerp(.P), imp(.P) are free:

Q
=N
o
\
)

o
o

10
0 01 62 0 —o 0 0 1 0
0 0 0 1
u—| 1 000 o0 0 vel 1 o o .
“1l 0o 00 1 O 0 A J
0 00 0 1 0 1 L -
0 00 0 O 1 dt
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Example 3: string model

e R is then equivalent to the bloc-diagonal matrix:

1

0
R=VRU'=|

0

0
1

0

0

(Gm)-(Grm) meten —n (Gom)
— = - | — — I —o — o
dt m dt m n2 (o3 1 dt 1 m202

e Consider the second diagonal bloc

91

d

- m
dt

2 2
1—o07 o5 —1

) - (%er) —m2 (03 +1)

and the D-module N = D*4/(D1*2 §).
e An idempotent g € endp(N) is defined by the matrices

0
0
0
0
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0 0 0
0 0 0
o'g -1 o1 —o3

o1 —02

d s
—o1 | —+m 2 02

dt

0 2 2
0 o - 1 oy +1 (03 = 1)/m2
‘1) ’ 2\ —m(s3+1) —o3+1 ’
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Example 3: string model

e The modules kerp(.P), im (.P), kerp(.Q) et im (.Q) are free.

o} (%—7]1—772)—(% +m—nz) —2m -0y (%—m—nz) 0
U = 1 0 0 0
—o1 0 1 0

0o (d —m —m)— o2 (d+mn1 —m2) 0 —o102(d—m —m) —2m

V= 2 1
mn(03+1) o3—1

1 0 0 0
=S=V'SU = 0 ¢ d :
E+771—|—7]2 01 E-H?z—m 02
o Let U" = diag(h, U’), V" = diag(h, V'). We then have:
R=(V"V)R(U"U) ! = diag(h.5).
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Example 3: string model

e Note v =1 + 12 et B = 1o — 1. We have obtained:

¢1(t) + P1(t) — ga(t) — 2(t) =0,
G1(t) + 1 (t) + m d1(t) — ma(t) — n2 da(t) + m21pa(t) = 0,
¢1(t —2h1) + 1(t) — u(t — ) =0,
G2(t) + Uo(t —2h2) — v(t — hp) =0,
&

21(1’) + OéZl(f) + 22(1' — hl) + 622(1‘ — hl) + Z3(t — h2) =0.

= We can then easily compute a parametrization of the string.

= The system is op-free and o1-free. ..
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Vi

Implementations / Conclusions /
Perspectives
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The OREMORPHISMS package

e Algorithms are implemented in a Maple package called OREMORPHISMS
based on the library OREMODULES developed by Q. et Robertz:

‘ http://wwwb.math.rwth-aachen.de/OreModules

e List of functions:

@ Morphisms, MorphismsConstCoeff, MorphismsRat,
Idempotents, ldempotentsConstCoeff, IdempotentsRat
IdempotentsMat, ldempotentsMatConstCoeffs, IdempotentsMatRat
KerMorphism(Rat), ImMorphism(Rat), CokerMorphism(Rat),
CoimMorphism(Rat),
TestSurj(Rat), Testlnj(Rat), Testlso(Rat).

e |t is freely available with a library of examples at:

‘ http://www.ensil.unilim.fr/~cluzeau/OreMorphisms
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Conclusion / Perspectives

e We have used algebraic manipulations and computer algebra to simplify
systems coming from mathematical physics, applied mathematics,
engineering sciences or control theory.

= Algorithms & Implementation & Open Questions.
e Future works:

@ Use these techniques in the study of generalized Smith forms

@ Study the links with the quadratic conservation laws studied in
engineering sciences, the integrability of Hamiltonian systems. ..

@ Study the algebraic structure of endp(M) by means of
non-commutatives Grobner bases (regular elements, idempotents,. . .)
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