A MUMFORD-SHAH LEVEL-SET APPROACH FOR THE
INVERSION AND SEGMENTATION OF X-RAY
TOMOGRAPHY DATA

RONNY RAMLAU  AND WOLFGANG RING !

Abstract. A level-set based approach for the determination of a piece-
wise constant density function from data of its Radon transf ormat is
presented. Simultaneously, a segmentation of the reconstucted den-
sity is obtained. The segmenting contour and the corresponding density
are found as minimizers of a Mumford-Shabh like functional ov er the set
of admissible contours and | for a xed contour | over the spac e of
piecewise constant densities which may be discontinuous acoss the con-
tour. Shape sensitivity analysis is used to nd a descent dir ection for
the cost functional which leads to an update formula for the c ontour
in the level-set framework. The descent direction can be chosen with
respect to di erent metrics. The use of an L2-type and an H !-type met-
ric is proposed and the corresponding steepest descent ow guations
are derived. A heuristic approach for the insertion of addit ional compo-
nents of the density is presented. The method is tested for several data
sets including synthetic as well as real-world data. It is sh own that the
method works especially well for large data noise ( 10% noise). The
choice of the H *-metric for the determination of the descent direction is
found to have positive e ect on the number of level-set steps necessary
for nding the optimal contours and densities.

1. Introduction

In medical imaging, computerized tomography (CT) is a widely used tech-
nique for the determination of the mass densityf of a sample from mea-
surements of the attenuation of x-ray beams sent through thematerial along
di erent angles and o sets. The measured datagy are connected to the den
sity f via the Radon Transform, 7

gu(s;!)= Rf ;== f(s! +t! ?)dt;
R

(s;!) 2 R Sl Tocompute the density distribution f the equationgy = Rf
has to be inverted. It is a well known fact that the Radon transform is not
continuously invertible e.g. as a mapping fromL? into L2. For this rea-
son, regularization methods have to be used in the presencd data noise.
Probably the most widely used algorithm for the inversion of tomography
data is the ltered back projection method [40, 35]. In principle, this algo-
rithm combines Fourier data smoothing techniques with the gplication of
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the inverse operatorR 1 restricted to a nite dimensional subspace of the
data space. Other methods include the Algebraic Reconstru@n Technique
(ART) [18] and classical regularization methods as truncaed singular value
decomposition or Tikhonov regularization (see [17]). For agood survey on
the analytical properties of the Radon transform and its inverse operator
and on established reconstruction techniques we refer to (3.

In many practical applications one is not only interested inthe reconstruc-
tion of the density distribution but also in the extraction o f some specic
features within the image which represents the density distibution of the
sample. For example, the planning of surgery might require he determina-
tion of the boundaries of inner organs like liver or lung or the separation
of cancerous and healthy tissue. To this end, image segmeritan meth-
ods are applied | a posteriori | to the output of the inversion  method.
Besides region growing algorithms and other ideas based omdal criteria
for the classi cation of pixels according to their membersltip in a certain
region, deformable interfaces (snakes, active contoursevel-set techniques)
have received considerable attention in image segmentatioin the recent
years. In the latter approaches a collection of curves (sudces for 3-d data)
is introduced and iteratively updated in such a way that nal ly the curves
separate approximately homogenous regions. This is achied by minimiz-
ing an energy functional which penalizes the occurrence ohhomogeneous
features within the distinct regions where the separating ontours are the
optimization variables. Di erent energy functionals like e.g. elastic energy
in connection with edge detectors[26], [7, 13, 22] region Is&d functionals
[34, 25, 24] or Mumford-Shah like functionals [10, 11, 21] hee been consid-
ered and di erent geometric models for the curves as for insince parame-
trized snakes [42] or level-set techniques [32, 39] have beased. We refer
also to the monographs [2, 38] for more detailed expositionsf the subject.

Segmentation methods do often fail when the image is heavilfontami-
nated with noise. For computerized tomography, the quality of reconstruc-
tion of the density function will be limited due to the data noise, and an
image postprocessing [44] might be necessary before segnation. Conse-
quently, the procedure for extracting the contour of an object in a density
image usually includes the following steps:

1
data ¥ density function ! image postprocessing segmentation

The main drawback of this approach is that the measured data & only used
for the reconstruction of the density distribution f. Image postprocessing
and segmentation rely only on the density and errors in the reonstruction |
due to numerical problems or a wrong choice of the regulariz&éon parameters
| will inevitably tamper the segmentation.

The main goal of this paper is the development of an algorithmthat
gives simultaneously a reconstruction and a segmentationicectly from the
measured data. To this end, we consider the Mumford-Shah li& functional

(1.1) J(f; )= KkRf  gikfog syt it
The classical Mumford-Shah functional (where the operatorR in (1.1) is

replaced by the identity and a penalty term acting on f is added) was
originally designed to identify the set of singularities ofa given function and
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| simultaneously | to nd a smooth approximation of the funct ion away
from the singularities (see [29, 8, 10, 21]). In our case thenknown image
and the data are related via the Radon transform and not via the identity.
The functional (1.1) depends on the functional variablef (the density) as
well as a geometrical variable . For medical applications, it is reasonable to
restrict the reconstruction to densities f that are constant with respect to a
partition of the body, as the tissues of inner organs, bonespr muscles have
approximately constant density. The geometrical variable then denotes a
collection of closed curves that describe the boundaries dhe regions where
the function is constant, andj j is the sum of the lengths of all these curves.

By minimizing the Mumford-Shah functional (1.1), the rstt erm on the
right hand side of (1.1) ensures that the reconstruction forthe functional
parameter f is close enough to a solution of the equatiorRf = g, whereas
the term | j controls the length of the boundary of the partition of the
image. Consequently, if the regularization parameter is chsen properly, we
obtain both a reconstruction for the density f and a segmentation of the
image, represented by the curves , directly from the data gq.

The main di culty in using a Mumford-Shah approach lies in th e di erent
structure of the geometric variable (the singularity set) and the functional
variable (the reconstruction) which cannot be easily treated in a straight
forward way within the framework of nonlinear optimization . Usually either
the geometrical variable is eliminated | leading to phase e Id like formula-
tion with non-convex cost functionals for the functional variable [4, 8] | or
the functional variable is eliminated and the problem is reduced to a shape
optimization problem [9, 43, 21]. Here, we follow the secon@pproach, i.e.
in

(1.2) min J(f; )

we rst minimize with respectto f and we denote the corresponding solution
by f (). In a second step the reduced functional

(1.3) JO= 360 )

is minimized with respect to . The proposed algorithm uses a precondi-
tioned shape gradient of J() for the construction of a descent direction
for the functional. From the point of view of algorithmic inn ovation the
introduction of a preconditioner which is related to a Newton type descent
direction for the geometric regularization term | j is one of the major is-
sues of our paper. The preconditioned gradient direction poduces smoother
intermediate geometries and allows to use larger step sizeét is also shown
experimentally that, in the preconditioned formulation, t he regularizing ef-
fect of the length term | | is not nulli ed by the possible instability of the
time-stepping procedure due to the choice of too large timesteps, as it can
be the case for thel 2-gradient descent.

The update of the geometry is done using the level set methodogy. The
idea to combine level set and shape sensitivity techniquesof the solution
of inverse problems was, to our knowledge, rst used in [37].Other level-
set based methods for inverse problems involving shapes veeconsidered in
[27, 23, 33, 3, 6, 20, 12, 16, 15] and others.
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We also address the problem of topology changes during the ppagation
of the interface towards a minimum of (1.3). Although it is p ossible in
the level set context for one region with boundary to split into two
regions, and, vice versa, for two regions to merge into onet is well known
that it is usually not possible to create new regions inside keady existing
ones. Based on the functional gradient of (1.1) we propose a ethod that
generates a new component of the partition of the image at loations where
it is bene cial to do so. With this, we can avoid local minima at which the
algorithm otherwise would get stuck.

In the last section we provide some reconstructions/segmeations for
synthetic as well as for real data. It turns out that our method works
particularly well if the data are very noisy. In this case, weobtain even better
reconstructions for the functional parameter than standard regularization
methods. The method is compared with a Tikhonov regularizaton approach
with a total variation regularization term. Numerical stud ies comparing
di erent parameter choices are presented.

2. A piecewise constant Mumford-Shah functional for x-ray
tomography

Suppose we are given noisy datag : R S'! R of the Radon transform
of an unknown densityf : D R?! R, i.e.
Z

(2.1) gi(s;!) Rf = f(s! +1t ?)dt
R

Moreover, we assume that the density dataf are piecewise constant on an
(unknown) partition of the image domain D, i.e. we assume thad f is a
feasible density if there exists a nite collection of closel curves D such
that f is constant on every connected component oD n . We point out
already at this point that we shall use a level-set techniqueto represent the
bounding curves , i.e. we assume that = fx 2 D : (x) = 0g with a
level set function :D ! R. The choice of level-sets for the description of

automatically renders certain topological con guration s (triple junctions,
crossing branches) as unfeasible or at least as very singulaThe precise
topological requirements on will be given later.

Let G denote the set of all (feasible) nite collections of closedcurves.

Forevery 2Gletf ; glnz(l) denote the set of all connected components of
D n . We dene

n %) o]
(2.2) PC(Dn)= fi :fi2R L%*D)
i=1 '
where  denotes the characteristic function of the set .

We want to nd simultaneously the singularity set and the de nsity
function f 2 PC(D n ) such that the Radon transform of f ts the given
data gq best possible in a least-squares sense. We therefore coreidhe
Mumford-Shah like functional

(2.3) I(f; )= KRf  gikfog g1y * s
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where | | is the 1l-dimensional Hausdor measure of . Note that it is
not necessary to add a regularization term forf since | for xed |
the density f is an element in the nite (usually low) dimensional space
PC(D n). It follows that the identi cation of f from gq for xed is well-
posed. However, the dependence of the functional on the geatrnic variable
might be insensitive. For this reason, the length term | j is added as a
regularization term to the data t term to guarantee well-po sedness of the
minimization of J with respect to .

An algorithm for the minimization of the functional (2.3) wh ich updates
both variables and f independently is di cult to formulate. This is mainly
due to the fact that the geometry de nes the domain of de nit ion of the
other variable f and thus does not allow to treadf and as independent.
We therefore choose the following reduced formulation: Forxed solve
the variational problem

2.4a min  J(f; ) :
( ) f2PCEDn) (f:)

Denote the solution by f (). With that solve the shape optimization problem
(2.4b) min () with 3O = IF() ;) :

The following section deals with the numerical treatment of the reduced
formulation (2.4).

3. Minimization Algorithm

We now describe rst in an overview and later in detail the proposed
numerical approach for the minimization of the reduced fundional (2.4).

Step 1. Choose an initial estimate ( for the geometry.

Step 2: For xed minimize J with respecttof 2 PC(D n ) by
solving the respective optimality system. Denote the soluion by
f().

Step 3: Consider the reduced functional
(3.1) FO= 30 )

Find a descent direction for the functional J' with respect to the
geometric variable.
Step 4: Update by moving it in the chosen descent direction accord-
ing to a chosen line-search rule.
Step 5: Check for optimality:
If the shape gradient is large go to step 2.
If the shape gradient is small determine the derivative of tre
cost functional with respect to the functional variable f. If
a signi cant maximum or minimum exists for the functional
gradient introduce a new component of in the vicinity of the
extremum. Go back to step 2.

We now present a detailed description of the individual stes of the algo-
rithm.
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3.1. Step 2: Solution of the optimality system with respect to f.
The necessary optimality conditions for the minimumf () of J with respect
to f for xed read as

(3.2) @I(f();) h=IRf() guRhi2r s1=0
forall h 2 PC(D n ) where @J denotes the derivative ofJ with respect

to the rst variable. The characteristic functions f g form a basis in

PC(D n ). Itis therefore su cient for the determination of  f () to claim
that

R RF() ga:  iL2p)=0
forall i. With f() = j fi() o we obtain the optimality system
z Z
X

(3.3) fi() RR dx= R gq dx
. ]
i i i
for all connected components ; of D n . Itis known (cf. [30, 36]) that the

adjoint operator to the Radon tr%nsform (2.1) is given by
(3.4) R g(x) = g(h; xi;!)dy
12st

whereR; xi denotes the scalar product inRZ which makes sense if we iden-
tify ST with the unit circle in R2. To assemble the system matrix for (3.3)
we have to calculate the quantitizes

aj = RR dx:

j

Using (3.4) we nd

Z z z

aj = Jhxit +t 7 dtd dx:
X2 128t 2R

With y = H; xil + 1t ?, weZobtain

(3.5) aj =2 - = - dy dx:
x2 . y2 j Xy

The factor 2 in (3.5) comes from the fact that each pointy in

to two di erent points ( I;t)and ( !; t)in S' R. Using
1 1 y X

3.6 - - = divy - -

(36 iy xi n 1777 jy x|

in R" for y 6 x we can rewrite the inner domain integral as a boundary

integral. We get

j corresponds

Z Dy « E
(3.7) aj =2 —nj(y) dS(y)dx;
X2 ; y2@; Iy X
wheren; = n is the unit exterior normal vector to ;. The remaining
J
domain integral can be transformed into a boundary integralusing
D E
y X,

- - N; = divy jX j ni :
VX i(y) x ) yinj(y)
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With this we obtain ~ ~

(3.8) aj = 2 Jy  Xj ni(x);nj(x)i dS(y) dS(x):
X2@; y2@;

For the right handzside of the optzimalit%system (3.3) we have

(3.9) g = R ggdx = g(! x;!)dldx:
i x2 , 12st

Combining the above results the vectorf() = ( fi()) ! is found as the

solution to

(3.10) Af()= g
where A = (a; ) with a; given by (3.8) andg = ()" with g given by (3.9).

3.1.1. Assembling ofa; . Let us address the problem of assembling the sys-
tem matrix (3.10). Let f g denote the set of all connected components of
. In a generic situation, where | being the zero level-set o f a function
| has no triple junctions, each component ¢ separates exactly two compo-
nents i (k) and (k) ie. k= @ i1(k)\ @ (k)" Sometimes we shall label
the components of by subscripts 'i;j ' representing the components ; and

j which are separated by . With this we have (i;j ) = (i1(k);i2(k)) and
we write = jj . Moreover let

ci)y)=fm: méi,@;\ @,6 9

and
d(k) = fiy(k);ia(k)g:
Obviously we have @ ; = [ mac(i) im -
Each ; is a connected set on which the level set function is either

everywhere positive or everywhere negative. We can therefe de ne
s(i) = sign( (x))

with some arbitrarily chosen x 2 ;. We also assign eachx 2 a unit
normal vector n (x) which, by convention, is the exterior normal vector to
the set < 0. We thus have

(3.12) n. (x)=sin ., (x)

for every x 2 m. We use the abbreviationsn'™(x) = n m (x) and
analogouslynk(x) = n , (x). With this we get
3.12
(3.12) X x £ Z ) )
aj = 255 iy Xj n"™(x);n"" (x)i dS(y) dS(x):
m2c(i)n2c(j) X2 im Y2 jn
We assemble the coe cientsa; in by going in a double loop through the

components , and collecting the contributions of each pair ( x; ) to a; .
By (3.12), the iZntegraZI

iy xj n¥(x);n'(y)i dS(y) dS(x)
X2 x Y2

contributes to each a;j for which i 2 d(k) and j 2 d(l).



8 RONNY RAMLAU AND WOLFGANG RING !

3.2. Step 3: Shape sensitivity analysis and construction of the d e-
scent direction with respect to . To nd a descent direction for J', we
di erentiate the reduced functional J() = J(f () ;) with respect to the
geometry . We use techniques from shape sensitivity calculs described
e.g. in [41, 14, 1, 21].

Rewriting the cost functional (2.3) we get

DX X E Z

J(f; )= fiR  og; fiR Od + 1dS

i i i j L2(St R)
X .
= f|fJ|’R R ||_2(Sl R)
[ j

i
X . . Z
2 hR i ;ngLZ(Sl R) + fgd;gdle(Sl R) + 1dS
VA
=2 fif; - - dy dx
g e e XY

(3.13) ;7 .

2 , . ga(! x;!)dld x + hgy; QaiL2st Ry + 1ds:
i X i !

Here we useda; = R i 'R ,- iL2(s1 Ry @nd (3.5).

The reduced functional J() = J(f () ; ) depends explicitly on via the
domains of integration in (3.13) and via the solution f () of (3.3). Thus,

the derivative of J' with respect to formally reads as

(3.14) df(; F)= @I(F() ;) f4 F)+d I(F();: F)

where @J denotes the derivative with respect tof for xed , fq; F)isthe
shape derivative off with respect to in direction F andd J(f() ;; F)

denotes the Eulerian derivative of J in direction F for xed f, i.e. the
derivative of J' with respect to perturbations of of the form

h=fx"=x+ hF(xX)n(x) : x 2 :n(x)::: normal vector to in Xg:
With this, the Eulerian (directional) derivative is de ned as

U S .
i F)=lm 36 M I )

The rst term on the right hand side | the derivative of the cos t func-
tional J with respecttof atf ()| vanishes due to the necessary optimality
condition (3.2) which is satis ed for f = f (). The fact that the rst term
on the right hand side of (3.14) vanishes is always true for réuced func-
tionals of the type (2.4). The derivative of (3.13) for xed f with respect
to occurring in the various domains of integration can be found using
well-known results for domzain— or boundary functignal of the form

Ja() = gdx or Jy()= hdS
for which the di %rentiation rules 7
ddg(; F)= gFdS and dJy(; F)= (hrh;ni+f )FdS

@
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hold. Here is the mean curvature of . A derivation of the above results
can be found e.g. in [41, 14, 22] We therefore obtain

X VA Z 1
df(; Fy=2  fif; : _dy F(x) dS(x)

z z L !

+ - - dx F(y) dS(y)
y2@; x2 X yj
X z z z
2 f ga(! x;!)d'F (x)dS(x) + (X) F(x) dS(x):
i x2@, !28st

With (3.6) and the divergence theorem we can transform the dmain inte-
grals above into boundary integrals. We get

(3.15)
X Z 2 Dy, E
df(; Fy=2  fif; 2" nj(y) dS(y)F(x)dS(x)
. x2@, y2@;, ¥ X
Z VA D E !
+ Sy M) dSe) F(y) dS(y)
» 7 YZ@Z X2@i Z
2 f ga(! x;!)d'F (x)dS(x) + (X) F(x) dS(x):
i x2@,; !2s?

It remains to arrange the terms in (3.15) according to the conponentsf g
of . Note that every ( appears two times as domain of integration for
every integral in (3.15), once as subset of@ i (k) and once as subset of
@ i (k) where fii(k);i2(k)g = d(k). With (3.11) we nd for the rst term
(which we denote bydJ;(; F)) in (3.15):

X Z Z D E
y X
dJi(; F)=2 fif; ————;nj(y) dS(y)F(x)dS(x)
i X2@ ; y2@j Iy X]
X X X Z 2 Dy E
=2 SpSqf pf g : - nK(y) dS(y) F(x) dSx:
kil p2d(k) g2d(1) x2 ¢ y2, Y X

A symmetry argument shows that the second term in (3.15) has ractly
the same form asdJi(; F). If we assemble the third integral over the
components , of , we likewise have to take into account the fact that
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each integral over | appears twice. We thus obtain
(3.16)
di(; F) =
(; F) 0 1
x £ X X X Z Dy E
4 Spfp @ Saf q - nk(y) dS(y)A
kX2 kp2d(k) I q2d(l) x2 Iy X

F (x) dS(x
0 1 (x) dS(x)
x £ X z
2 @ Spfp ga(! x;1)d A F(x)dS(x)
ke X2k pod(k) 12st
x Z
+ (x) F(x)dS(x):
Kk X2
A direction F : I R for which the directional derivative (3.16) is
negative is called a descent direction of the functional (3l). Since di erent
scaling of the descent direction can always be compensated ithe choice of
the step-length of the optimization algorithm, a descent direction is usually
normalized to kFk = 1. A steepest descent directionis a solution to the
constrained optimization problem

(3.17) rr;in dJ(; F) suchthat kFk=1:
Note that we have not yet speci ed with respect to which norm for F the

steepest descent direction is found. Dierent norms will, in general, give
di erent steepest descent directions.

The steepest descent directiorF2,: | R with repect to the L2-metric
on is found as
(3.18) 0 . i L
X X X
FU)= 4 5f, @ Saf g Y7 nk(y) ds(y)A
p2d(k) I q2d() x2 Y X
0 1
X Z
+2@ spf p aw( x;)d A (x)
02d(K) 125t

for x 2
In our numerical algorithm, we suggest to employ the steepdsdescent
direction with respect to the weighted H 1-norm

2 — 2 2 .
(3.19) KKy =k Kz + ok Koo s

wherer denotes the tangential gradient of a function de ned on . This
choice is motivated by the second shape derivative of the redarization term
Jreg() = ] J. Itis found that

PJreg(; F;G)= hr F;r GidS

(see [22, 28]). The weightedH 1-norm is therefore a positive de nite approx-
imation of a semi-norm corresponding to the second order exgnsion of the
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regularization term. To nd the steepest descent direction, we have to solve
(3.17) with the norm constraint

2
It is easily seen that the Karush-Kuhn-Tucker conditions imply that the
steepest descent direction has the form

(3.20) Fd = (id ) Fd

where denotes the Laplace-Beltrami operator on . The L2-steepest de-
scent direction is therefore preconditioned with an inverg elliptic operator.

3.3. Step 4. Update of the geometry via the level set technique.

Using Osher's and Sethian's idea [31], propagation of an imrface (t) can
equivalently be expressed by a propagation law for a corregmding time-
dependent level set function (t; x) where the connection between interface
and level-set function is given by (t) = fx 2 D : (t;x) =0g. Setting F
equal to a descent direction obtained above the level set e@tion

(3.21) (+Fjr j=0

propagates , and simultaneously in a direction of decreasing cost fune
tional values. For the determination of an appropriate time-step for the
level-set equation we use an Armijo line search technique. HAe level-set
equation is solved using a WENO scheme for the update (see [Bfor details
of the implementation).

3.4. Step 5: Inserting new components of . The derivative (3.16)
describes the sensitivity of the cost functional with respet to local (small)
perturbation of the geometrical variable . In the level-set context these
perturbations can involve topology changes such as splittig or merging of
components of . However, the creation of a new connected component away
from the current interface is not a perturbation of the geom etry, neither
in the classical context (using perturbations of the identity or the speed
method to construct perturbations), nor in the level set context. Information
whether the introduction of a new component of is favorable with respect
to the optimization is, therefore, not available from clasgcal shape sensitivity
analysis. Numerical experiments indicate that the evolution of the geometry

frequently gets stuck in local minima for which an outer contour of a
large object is found, but other objects lying within the larger one are not
reconstructed. In such a situation, the shape gradient (3.8) is small, but
the data t kRf ggk is not yet good enough. An indicator whether the
data t can be improved by allowing the density f to change away from the
current interface is the magnitude of the functional derivative

(3.22) @J(f; )= R (Rf gq):

The functional derivative @J : D! R is large at locations where a change
of the density has a large e ect on the cost functional. Usingthis property
we propose the following heuristic for the introduction of new components
of :

Check if the shape gradient (3.18) is small. If this is the cas:
{ Calculate the functional derivative (3.22).
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{ Use a statistical test to check if @J has a signi cant maximum
or minimum.

{ If a signi cant maximum or minimum exists, determine loca-
tions where the values of @J deviate signi cantly from the
mean. Introduce a new component of which encloses the ex-
tremum.

{ If no signi cant spacial variation of @J can be observed termi-
nate the optimization.

We use the following simple test to determine whether@J has a signif-
icant extremum. We rst smooth @J using a Gaussian lter. After that
we compare the maximum and minimum value of the smoothed®J on the
grid points with the mean of these data. If the maximum or minimum devi-
ates from the mean by more than a xed multiple of the standard deviation
(usually three times the standard deviation) then we introduce a new com-
ponent in the vicinity of the extremum. We also make sure that the new
component (a circle with center at the extremum) is small enaigh not to
intersect any other existing component of .

At this point, we brie y address the principal question of po ssible topol-
ogy changes using level-set techniques. It is well-known #t splitting and
merging of domains is naturally included in the level-set m¢éhodology and
can be achieved by velocity functions which are local in the ense that the
velocity is given only in a neighborhood of the current interface. Although
the level-set method is capable of introducing new componés of the in-
terface at locations away from the current interface by movihg the graph
fx;y = (x)) of the level set function across the planey = 0 at a certain
(desirable) point, this can only be achieved if the speed fuation is de ned
at such points and has the tendency to push the level set fun@n across
the zero-plane. Thus, the speed function must incorporate lhe necessary
information at which points the insertion of new componentsis desirable.
Our approach tries to use the information in the functional derivative to in-
troduce new components in a (discontinuous) reinitializaion procedure for
the level set function and restart the algorithm with the new initial level set
function. An algorithm which introduces new components by ®@ntinuously
propagating the level set function across the zero-plane veapresented in [5].

4. Numerical results

Within this section we will present some numerical results br the recon-
structions from arti cial and real data, as well as comparisons with other
methods.

4.1. A reconstruction from arti cial data. First, we report the inver-

sion of tomography data g(s;! ) which are created synthetically using a
piecewise constant density distributionf as starting point. There are 5 re-
gions on which the density has a constant value, numbered;l::;5, (see
Figure 1). The image for the density has a size of 320 320 pixels, and the
measurements were simulated over the full circle for 319 ags and 320 o -
sets. The data was contaminated with 18% Gaussian noise. Sé&ggure 2 for
the noise-free and noisy data. The reconstruction of the desity distribution
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Figure 2. Sinogram datag(s;! ) (left) and its noisy version
da(s;!) (right).

and its contour is shown in Figure 3. Clearly, the reconstru¢ed contour is
very close to the original one. A comparison of the exact valas off and its
reconstruction f .,,5 in the regions 1,...,5 is given in the following Table:

Region f f.us
1 7 6.9
2 2 1.65
3 4 4.2
4 11 11.05
5 8 8.15
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Figure 3. Left: Reconstructed density distribution. Right:
Contours of the true distribution (solid) and reconstructed
distribution (dashed)
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Figure 4. Exact density distribution, exact and noisy sino-
grams.

We conclude that, despite of the high data noise of 18%, the @nstruction
quality is astonishingly good with respect to both, the contour and the
density values.

4.2. Parameter studies.  For the study of the in uence of the parameters

and on the quality of the reconstruction and the performance of he
numerical algorithm we chose a synthetic test example with even objects of
di erent size, contrast, and distance from the boundary. The exact density
distribution, the noise-free and noisy sinograms are showim Figure 4. The
noise level is 5%. With the choice of parameters =1 and = 3:3 all
components could be resolved (see Figure 5). The reconstriien of the in-
nermost components which have the least contrast with respa to the back-
ground shows slightly oscillating contours, thus re ecting the ill-posedness
of the problem in the presence of noise.

The regularization parameter has a signi cant in uence on the recon-
struction only for values > 10°. Below that value the in uence of s
not signi cant. The algorithm, however, still converges and usually nds
either all 7 objects or 6 of them. The contours can be rather jgged. An
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reconstruction of the densitiy: alpha = 1, nu = 3.3 initial and terminal contours: alpha = 1, nu = 3.3
o
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Figure 5. Reconstruction of all seven components with an
appropriate choice of parameters.
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Figure 6. Increasing over-regularization for growing

explanation of the convergence of the algorithm for the illposed inversion
of tomography data even if the regularization is completelyswitched o can
be found in the fact that the degree of ill-posedness is sigraantly reduced
by the restriction of admissible densities to the class of mcewise constant
functions (2.2). Therefore the ill-posedness can expressself only in the
development of very jagged contours. This, however, is suppssed to a
certain degree by the inherent regularization of the level st method [19]
and our frequent application of a re-initialization procedure for the level set
function which also stabilizes the algorithm. For large values of the usual
over-regularization e ects (loss of details, over-smootled features) become
visible. A comparison for di erent values of with xed =1 is shown in
Figure 6.
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reconstruction of the densitiy: alpha = 0, nu =0 reconstruction of the densitiy: alpha = 0, nu = 1000
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Figure 7. Regularizing e ect of the choice of theH 1-metric

for =0.
| [ =10%] =10'] =10 =10 '[ =10 ?] =10 °[ =0
=107 74 52 50 { 62 68 {
=102 105 79 134 526 1077 { 1243

Table 1. Comparison of iteration numbers for di erent pa-
rameter choices. Signi cant dependence on for the larger
value of

The parameter , i.e. the weight which is given to the rst derivative
in the chosen metric (3.19) does not greatly in uence the reonstruction
apart form a slight regularizing e ect shown in Figure 7, where it can be
seen that for =0 (no penalty on the length of the contour) the resulting
contour for large is much smoother than the contour for = 0, with the
drawback that an additional component of the density is introduced. Note
that over-regularization is clearly visible in Figure 6. For the choice =1
the regularizing e ect of the length term is not tampered by stability prob-
lems due to a large parabolic term and an explicit time-stepjing method.
The greatest in uence of the parameter is on the iteration number of
the algorithm, especially if the regularization parameter is large, i.e. the
parabolic nature of the evolution problem becomes dominant Then, the
preconditioning the L2-descent direction as in (3.20) reduces the number of
iterations tremendously. In table 4.2 the iteration numbers are shown which
are required until 6 (out of 7) objects are resolved. The insd strategy for
new components was switched o . Thus, the resolution of the omponents
is achieved only by level-set propagation starting form onecontour which
includes all 7 objects. One typical reconstruction is showrin Figure 8.

4.3. Mumford-Shah versus  LZ2-and BV -reconstructions. In this section we
compare the reconstruction quality of our algorithm with results obtained by two



A MUMFORD-SHAH APPROACH FOR X-RAY TOMOGRAPHY 17

reconstruction of the densitiy: initial and terminal contours:
alpha = 100, nu = 1, Iteration No: 134 alpha = 100, nu = 1, Iteration No: 134
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Figure 8. Reconstruction of densities and objects after 134
iterations. Parameters =1, = 100.

standard algorithms: Tikhonov regularization and Bounded Variation regulariza-
tion. Using Tikhonov regularization, the approximation to the solution of the equa-
tion R(f) = gis computed as the minimizer of the standard Tikhonov functional

f =argmin kRf gak?. + kfkZ,

whereas thelL ? penalty term is replaced by the BV semi-norm for Bounded Vari-
ation regularization,

f.av :argmfin KRf  ggk?. + kfksy

In both cases, we chose the regularization parameter such that the best possible
reconstruction quality in the L2 norm was reached, eg.

opt = argmin  kf fk;Rf =g

Figure 9 shows the reconstruction results for the noisy datadrom Figure 2.

Clearly, Tikhonov regularization with L? penalty term gives the worst recon-
struction. Some parts of the image are hardly reconstructede.g. region 2 almost
vanishes in the reconstruction. Additionally, the image appears to be noisy, and
segmentation algorithms will have di culties to detect the contours. The BV -
reconstruction is better and appears to be smoother. This isnainly due to the fact
that BV regularization gives particularly good results for the class of images in
PC(D n), (see (2.2)), considered in this paper. Still, as the following table shows,
the reconstruction quality is not as good as for our Mumford-Shah approach:

Method Relative reconstruction error
Mum.-Shah 12%
BV 16%
Tikhonov 26%

Here, the relative reconstruction error is de ned by kf f k_2=kf k_2. Moreover,
the contours of the object cannot be detected as well as in theMlumford-Shah
approach.
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-2

Figure 9. Reconstructed density distributions.  Right:
Tikhonov regularization with L2 penalty term. Left: BV
regularization

4.4. Reconstruction / Segmentation from real data. We consider the re-
construction from real CT data that where collected in the context of a SPECT
(Single Photon Emission Computed Tomography) measurementThe SPECT data
is described by the attenuated Radon transform, that depend nonlinearly on the
emission function and the density distribution, but is only linear dependent on the
activity function if the density function is known. Besides a SPECT scan, most
SPECT scanners take CT measurements simultaneously. The da, we use come
from a complementary CT scan along with SPECT measurements. For our ex-
periment, the so-calledJaszczack torso phantonwas used. This phantom has the
shape of a human torso, is lled with water and has inserts fororgans like lungs or
liver. Due to the simultaneous measurement process it turn®ut that the quality of
the CT scan is much worse than for regular CT scanners, in theanse that is much
more noisy. See Figure 10 for the measurement and a classidall inversion. The
data was collected over 120 angles and 128 samples, which géva size of 128 128
for the reconstruction. The noise is estimated between 15@%. The reconstruction
re ects the high noise in the data. In principle, there should be only two values of
the density (only the lungs have a di erent value), but the standard reconstruction
is quite ragged, and a segmentation, e.g. for the determinabn of the boundary of
the lungs, seems quite di cult. Figure 11 shows the results d the reconstructions
using our Mumford-Shah algorithm. If the regularization parameter is chosen
too large, the outer shape is reconstructed and smooth, buthe inclusions (lungs)
vanish. On the other hand, if is to small, then the outer shape is not smooth
any more. For an intermediate value of the reconstruction is optimal in the sense
that the contours are reasonably smooth and all present objets are resolved.
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