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Abstract

We shall be concerned with the construction of Tikhonov—based iteration schemes for
solving nonlinear operator equations. In particular, we are interested in algorithms for
the computation of a minimizer of the Tikhonov functional. To this end, we introduce
a replacement functional, that has much better properties than the classical Tikhonov
functional with nonlinear operator. Namely, the replacement functional is globally convex
and can be effectively minimized by a fixed point iteration. Based on the minimizers of
the replacement functional, we introduce an iterative algorithm that converges towards
a critical point of the Tikhonov functional, and under additional assumptions to the
nonlinear operator F', to a global minimizer. Combining our iterative strategy with an
appropriate parameter selection rule, we obtain convergence and convergence rates. The
performance of the resulting numerical scheme is demonstrated by solving the nonlinear
inverse SPECT (Single Photon Emission Computerized Tomography) problem.

1 Introduction

In this paper, we consider the computation of an approximation to a solution of a nonlinear
operator equation
Flz) =y . (1.1)
where F' : X — Y is an ill-posed operator between Hilbert spaces X, Y. By ill-posedness of the
operator we will always mean that the solution of (1.1) does not depend continuously on the
data. For strongly continuous operators (which will be considered in the paper) this is mostly
the case, see [8]. Another way to characterize ill-posed operator equations is by the concept of
local ill — posedness, see [12].
If only noisy data y° with
Iy’ —yll <6 (1.2)

are available, problem (1.1) has to be stabilized by regularization methods. In recent years,
many of the well known methods for linear ill-posed problems have been generalized to non-
linear operator equations. Unfortunately, it turns out that convergence and convergence rates
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can be shown only under severe restrictions to the operator for most methods. For example,
convergence for Landweber method can be shown if the operator fulfills

() = F(2) — F'(2)(z — D) || < nlle — 2] with 7 <1/2, (1.3)

whereas convergence rates are only available if, for a solution x' of (1.1), there exists a family
of bounded operators R, with

F'(x) = R, F'(z") and ||I — R,|| < K[|z — 27| .

For other prominent iterative methods like Gauss—Newton [1, 2|, Levenberg-Marquardt [9],
conjugate gradient [10] and Newton—like methods [14, 6], convergence can be shown under sim-
ilar restrictions as (1.3). To obtain convergence rates, much stronger restrictions have to be
assumed.

An alternative to the above mentioned iterative methods is Tikhonov regularization, where
an approximation to the solution of (1.1) is obtained by minimizing the Tikhonov functional

Jao(2),

Jo(z) = |y’ = F(@)|* + alls — 2, (1.4)

2° = argminJ,(z) . (1.5)

«

The advantage of Tikhonov regularization is that convergence of the method, i.e.

9 — 0 and an appropriate parameter choice @ = «(d) holds under weak assumptions to the
operator, see, e.g., [8], and convergence rates are obtained for Fréchet differentiable operators
with Lipschitz continuous derivative. However, the difficulties for Tikhonov regularization are
a proper choice of the regularization parameter [23, 18] and the computation of the minimizer
of the Tikhonov functional. As the functional is no longer convex for nonlinear operators F’,
J, can even have local minimizers, and classical optimization routines might fail. Recently,
we have introduced iterative methods for the minimization of the Tikhonov functional that
reconstruct a global minimizer of the Tikhonov functional provided a smoothness assumption
2" — 7 = F'(2")*w with small ||w|| holds. We wish to remark that it might be difficult to show
such smoothness conditions for practical problems, and for exponentially ill-posed problems
Hoélder-type smoothness conditions will not hold, see [13]. Thus it would be advantageous to
construct iterative methods that reconstruct a minimizer of the Tikhonov functional under
different assumptions. But this seems to remain a pipe dream: even here in this paper we
had to incorporate some smoothness conditions to prove global minimizing properties of the
reconstructed solution. However, all the assumptions on F' are often used in the analysis of
methods for the regularization of nonlinear ill posed problems.

— gt for

In this paper, we will investigate a method that always finds a critical point of the Tikhonov
functional. Under additional assumptions on the operator and a smoothness condition on the
solution we can then assure that this critical point is a global minimizer of J,.

The basic idea for our new iteration scheme goes as follows: consider the Tikhonov varia-
tional formulation of the inverse problem. Due to the nonlinearity, a direct reconstruction of



the global minimizer is not possible. That is why we aim to solve instead of the pure Tikhonov
functional a sequence of so-called surrogate or replacement functionals. This idea is borrowed
from linear regularization methods with general and mixed smoothness constraints, see e.g.
[4, 5]. The intention in [4, 5] is to decouple the variational equations with respect to the basis
coefficients of the solution caused by the linear operator. The cost of dealing with a decoupled
system of equations is an iteration process from which strong convergence properties can be
shown. The situation in the nonlinear case is completely different and due to the impact of the
Fréchet derivative one cannot expect to end up with similar schemes than in [4, 5]. However,
the basic advantage of using replacement functionals is that each of the functionals is under
certain conditions on the construction process globally convex. The minimization results then
in an easy fixed point iteration. Defining now an iteration process by iteratively minimizing a
sequence of replacement functionals, we can show that the sequence of minimizing elements of
each individual fixed point iteration converges in norm towards a critical point of the Tikhonov
functional of the nonlinear inverse problem. Imposing additional assumptions (on the quadratic
remainder of the Taylor series expression of our operator under consideration, and a smoothness
condition) we obtain a uniqueness result, i.e. we are able to show that the reconstructed critical
point is a global minimizer. Finally, applying a proper parameter choice rule, we are able to
adopt classical convergence/order optimality results for Tikhonov regularization methods.

The remaining paper is organized as follows: In Section 2, we state the scope of the problem.
In Section 3, we explain how the replacement functionals are constructed and we minimize them
in Section 4. The main result of the paper is presented in Section 5: strong convergence of the
iterates towards a global minimizer. We end this paper with Section 6 in which we demonstrate
the capabilities of the proposed scheme by solving the nonlinear SPECT problem.

2 The scope of the problem
We consider the problem of deriving a minimizer of the Tikhonov functional
Ja(z) =y’ = F(2)|* + aflz — z|* . (2.1)

Due to the nonlinearity of the operator F', the minimizer of the functional might not be unique,
or there might exist even local minimizers, such that a standard minimizing algorithm can fail
in reconstructing a global minimizer. In order to obtain an easier problem which hopefully has
a unique solution, we replace the functional J, by

Ja(w,a) = [ly’ — F(2)|* + alle — 2> + Cllz — al* — [|F(x) — F(a)|? (2.2)
and proceed as follows:
1. Pick zy and some proper constant C' > 0

2. Derive a sequence {xy}r—o1.. by the iteration:

T = argmin Jo(z, z5) k=0,1,2,...



The overall goal of this paper is to show that the sequence {zy}r—o1
topology towards a global minimizer of the Tikhonov functional (2.1).
Throughout the paper, we will assume that F' is a Fréchet differentiable operator with D(F') =
X and Lipschitz continuous derivative, fulfilling

converges in norm

geoe

T — = F(x3) — F(z) and F'(23)*z — F'(z)*z for all z , (2.3)
|1F' () = F'(2)|| < Lllz — 2| . (2.4)

It may happen that I’ already meets these conditions as an operator from X — Y. If not, this
can be achieved by assuming more regularity of the solution, i.e. we have to change the domain
of F' a little. To this end, let us assume that there exists a function space X*, and a compact
embedding operator ¢° : X* — X. Now we can consider

F=Foif:X*—Y.

We obtain ) 3
| F'(z) — F'(2)|| < Lljz — #||x < Ll — 7|

Xs - (2.5)

If now x; > x in X°, then xp—z in X and, moreover, (2.5) yields F'(z;) — F'(z) and
F'(x;)* — F'(z)* in the operator norm. This argument applies to arbitrary nonlinear contin-
uous and Fréchet differentiable operators F' : X — Y with continuous Lipschitz derivative as
long as a function space X*® with compact embedding i* to X is available.

Fréchet differentiability and conditions (2.3),(2.4) will be sufficient to show norm conver-
gence of the iterates x; towards a critical point of the Tikhonov functional.

In order to show that the reconstructed critical point is equal to a global minimizer of the
Tikhonov functional, we additionally have to assume that F' is twice differentiable, fulfills a
nonlinearity condition and that the solution z' of the equation F(z) = y fulfills a smoothness
condition:

[1F(x) = F(2) = F'(@) (@ —2)| < [[F(z) - F@) (2.6)

In the theory of Tikhonov regularization it is sometimes only required that D(F') is a convex
subset of X. Here, we do assume D(F') = X, which can easily be weakened to K,.(z) C D(F') C
X, where K, denotes a ball around the a priori guess  with sufficiently big radius r. In principle
it is possible to extend our theory even to the case of a convex definition area. To this end, we
have to ensure that all iterates of the proposed algorithm belong to D(F'), which is the case if
R(F'(x)*) C D(F) for all x € D(F).

3 On the proper definition of the replacement functional

By the definition of .J, in (2.2) it is not clear whether the functional is positive definite or even
bounded from below. This will be clarified in this section, i.e. we will show that this is the case
provided the constant C' is chosen properly.



For given o > 0 and xy we define a ball K, (z) with radius r around Z, where the radius is
given by

1Y’ - Fao) P +alzo=al? ¢ < 1

r? = “ : (3.1)

Iy = F(o)|I* + allwg — z[|* for a > 1

This obviously ensures, z¢ € K,.(Z). Furthermore, we define the constant C' by

2
€ = ma &2<Sw w%w@ 2Lyl - Flao)l? +allao—3l2p . (32)

z€K(T)

where L is the Lipschitz constant of the Fréchet derivative of F'. We assume that zy was chosen
such that r < oo and C' < oc.

Lemma 1 Let r and C be chosen by (3.1), (3.2). Then
Cllz — aol* = | F(x) — F(o)||* = 0 (3.3)
for all x € K,.(z), and, thus, J,(x) < ja(:v,:co).

Proof. By Taylors expansion we have
1
F(x+h)=F(z) + /F/(x + Th)hdr
0

and thus

[1F(x) = F(z + h)| S/HF’(HTh)HHthTS sup || E"(2)[[[[7]] -

z€ K, (T)
Consequently, we get for all x € K,.(z)

Clla = zol” = [F(2) = F(zo)|* = Cllz —aol* = ( sup [|F'(@)[)*[lz — zo®

z€K,(T)

C
= Sle-wlf 20,

and the functional J,(z, z) is positive for all z € K,(Z). O
Next, we show that this carries over to all of the iterates:

Proposition 2 Let xg,a be given and r,C be defined by (3.1), (3.2). Then the functionals

Jo(x,x) are bounded from below for all k € N and have thus minimizers. For the minimizer

Tpy1 of Jo(x, xy) holds xpyq € K. (T).

Proof. The proof will be done by induction. For k = 1, we show in a first step that ja(x, )
is bounded from below. We have

Iy = F(@)|I* =y’ = F(ao)|I* + | F(wo) — F(2)* + 2{y° — F(x0), F(zo) — F(x)) . (3.4)
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Thus,

Ja(@,z0) = allz = 2| = |ly* = F(xo)|* + 2(y° — F(o), Flwo) — F(x)) + Cllz — ao|
> |y’ = Fzo)lI* = 2lly’ — Fxo) [l F(z0) — F()[| + Cll — o]l .
(3.5)
Again by Taylor expansion, we get
L
1F (z0) = F ()|l < [IF" (o)l [lz0 — [l + S llzo — =[* - (3.6)

Now let us assume that J,(z, x) is not bounded from below. As F' is continuous, there exists
a sequence {z;}eny with ||z;|| — oo and ja(xl,xo) — —oo. In particular, for [ large enough,
follows from (3.6)

1F'(z0) = Fa)ll < Llzo — x|* ,

and combining this estimate with (3.5) yields
Jaai, w0) = allzy — 2| 2 [ly° — F(z0)|* = 2Ly’ — F(xo) |||zt — zol* + Cllzr — wo|* .
From the definition of C in (3.2) follows 2L|y° — F(z0)|| < C and thus
Ja(xi, 20) = allz — 2|* 2 |y* — F(xo)|* 2 0,

in contradiction to our assumption ja(:vl,xo) — —o00, and thus ja(:p,xo) is bounded from

below. By the same argument, we find J,(z;,7¢) > a||z; — Z||* — oo for any sequence x; with
||z;|| — oo and thus the functional is coercive and has a minimizer z;.
As in (3.5), we get by using (3.6)

Ja(z1,20) — @z — 7> > [ly° — F(zo)||* + 2(y° — F(z0), F(z0) — F(z1)) + Cllz1 — 20|’
> ly® = F(zo)||” — 2|y’ — F(zo) | || F" (z0)][[|lz1 — ol
—Ljy® — F(xo)|[l21 — wol* + Cllz1 — 2ol?

By (3.2), we have C'/2 > L|jy° — F(z¢)||, and thus
= C
Jal@y, wo)=allzr=2[* = [ly* = F (zo) [I* =2lly’ = F (o) || F'(zo) | 21 = ol + |71 = o]I* - (3.7)

As zg € K,.(Z), it follows from (3.2) that ||F'(zo)|| < 1/C/2 holds, and we get finally
e

) ) C
Ja(w1,20) — allzr = 7> > |ly® — F(o)|* - Q—QHZJJ = F(zo)llller = woll + 7 lln = wo|)?

5 Ve 2
- (uy ~ Flao) —anl—on) >0 (3.8)

In particular, it follows for a < 1

38) . .
allry — 7|2 < Ja(z1,10) = mxin Jo(z,20) < Jo(x0, 20)

= Iy’ = Flzo)|* + allzo — z|*,
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1.e.
ly* = F(2o)|” + aflwo — 2|* _ ,

lwy — 2" < .

o
and for o« > 1

(3.8) . .
|21 —Z]? < allzs —Z))° < Jalz1,30) < Jalzo, 20)
2

= Iy’ = Fxo)lI* + allzo — z[* = *,

and thus z; € K,.(Z). i
By Lemma 1 it follows that C|lz; — zo||* — [|[F(z1) — F(z0)]|* > 0 and J,(z) < Ju(z, o),
and we get

ly* = Fz)[1? < Ja(a1) < Jalar,20) < Jalo,20) < [ly° = Flao)[* + aflzo — 7|,

and combining this estimate with the definition of C' in (3.2) yields

2L[ly° — F(z1)] < 2L\/Ily‘S — F@o)|? + aflzo —z? < C. (3.9)

Now let us assume that the following properties hold for all ¢ =1,---k — 1:

z; € K, (7) (3.10)
Cllw; — zia|| = | F(2:) — F(zia)|| >0 (3.11)
2L|y* — F(z:)| < O, (3.12)

where z; denotes a minimizer of the functional J (x,2;-1). For i = 1, these properties have
already been shown. As for the case i = 1, we have to show that the functional J,(x, x;_1) has
a minimizer. First, we show that it is bounded from below: As in (3.5) we get

Ja(w,zp1) = allz = 2| > |ly* = Flar-0)> = 2lly’ = Fee-) || F(x51) = F(@) ||+ Cllz — 21|
(3.13)
By Taylor expansion, we get

L
1F () = F@)| < 1P (@xa)llllons = 2l + S llzer =2l (3.14)

Now let us assume that ja (x,zg—1) is not bounded from below. As F'is continuous, there exists
a sequence {x; }ien with ||z;]| — oo and Ju(x;, £5_1) — —oo. In particular, for [ large enough,
follows from (3.14)

IF(zr1) = Fm)|| < Lllag—y — =*,

and combining this estimate with (3.13) yields
oz, wx1) = allz =2 2 ||y’ — Fap)|* = 2Ly — F(ap-)| e — 2 |+ Cllay — 2 |
From (3.12) follows 2L||y° — F(x_1)|| < C and thus

Jo(zr,2321) — allzy — Z||* > ||y° — F(zr-1)|)* > 0,
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in contradiction to our assumption ja(xl, T_1) — —o0, and thus ja(x, x_1) is bounded from
below. By the same argument, we find J,(z;,z5_1) > alz; — Z||> — oo, for any sequence
with ||2;]| — oo and thus the functional is coercive and has a minimizer z.

As in (3.13), we get by using (3.14)

Jo(zr, zpo1) — allz, — Z)|* > ||y° — F(zi)|]? + 2(y° — Flap1), Fzp_1) — F(ay))
+CHl‘k — Ik—1H2

19" — F(ze-)|” = 2[ly° — Fae0) ||F" (zp-1) ||| 2x — 21|
—L||y° — Fze—1)||lzw — zi-a|® + Cllae — zea|)* -

Y]

By (3.2) and assumption (3.12) we have C//2 > L|ly° — F(zx_1)||, and thus
Fulwewi) — alle— 72 > g = Fan)I? — 208 — Floe) [P @)l e — 2]
+2l &
— |z — zp-1]]” -
5 1Tk = Tk
As x4 € K,.(Z), it follows from (3.2) that ||F'(zx_1)|| > +/C/2 holds, and we get finally

. . e
Jo(@r, wpm) — ol —z)* = ly* = Flaw)|* - 2ﬁlly‘5 = Fzpa)[lllzr — 2l

- - 2
5 2k — il

; Vo 2
= (Hy — Fla1)] —%ka—xmu) >0, (3.15)

In particular, it follows for a < 1 by assumption (3.11)
(3.15) . . -
allzy —z|? < Jalzk, veo1) = mxin Jo(x,25-1) < Jo(Tp—1, Tp—1)
= Iy’ = Flze-)|I* + allor—r — 2
<l = Fla-) | + allog—y = 217 + Cllag — zp—a|® = | F(z-1) — F(zp-2)|?
= Jalzho1, Tpo2) < Jal(Tho2, z2) < - < Jo(@0, 7o)
= Iy’ = F(zo)|* + allzo — z||”
ie.
ly* — F(=o)|I” + af|zo — ||
!

o — 2* < <7

Y

and in the same way follows for a > 1

(3.15) . -
lzr —Z))* < allzr — 2|7 < Ja(@k zio1) < Ja(@re1, 2p-1) < -+ < Jo(w0, 20)
= |y = F(zo)|* + aljao — 2> <72,
and thus z;, € K,.(Z).

As in Lemma 1, it follows C||zy — z5_1]|* — || F(z1) — F(xr_1)||> > 0 and Jo(z) < Jo(, 25_1),

and we get
1y — F(z)||> < Jolzr) < Jalzr, 2p-1) < Ja(@p1, tp1) < -+ < Jo(w0, 20)

= |y’ = F(xo)|* + allzo — 2, (3.16)
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and combining this estimate with the definition of C' (3.2) yields

2Lly° — F(ai)|| < 2L\/l|y‘S — Fxo)[? + allzg —z|? < C, (3.17)

i.e. we have shown that the assumptions (3.10)-(3.12) hold also for i = k. O

Corollary 3 The sequences of functionals {Jo(xx) }k=01.2,.. and {ja(xkﬂ, Tk) be=01.2,.. are non-
mereasing.

Proof. This follows now by J,(zg11) < ja(:pk+1,xk) < ja(xk,xk) = Jo(zr) < ja(xk,mk_l). O

4 On the minimization of the replacement functional

In this section, we elabora:ce necessary conditions for a minimizer of the functional T, (x,Tp_1).
Moreover, we prove that J,(z, zx) is globally convex for each k =0,1,2,... .

Lemma 4 The derivative J'(x,a)h of Jo(x,a) is given by
J!(x,a)h = —2(F'(z)*(y° — F(a)) + (Ca + aZ) — (C + o)z, h) . (4.1)
Proof. 1t is
Jo(z +Nhya) =||y® — Fx + )| +allz — 2+ h|]* + Cllz —a+ h||* - |F(z + ) — F(a)||* .
By Taylor’s expansion, F(x + h) = F(z) + F'(x)h + O(||h]|?), we get

Jo(w+ha) = |y’ — F(z)— F'(x)h + O(||h]|P)||* + allz — Z + h|]* + C||lz — a + h|?
—[|F(z) = F(a) + F'(z)h + O(||h]]*)*
= ||y’ = F(@)|? + |F'(x)h|* = 2{y* — F(x), F'(x)h)
+a(llz = 2| + [|h)1* + 2(x — 7, k) + C(||lz — al|* + |A]]* + 2(z — a, h))
—(|F(z) = F(a)|* + [|[F'(2)h]* + 2(F () — F(a), F'(x)h)) + O(||h]]?) .

It follows

Jo(x + h,a) — Ju(x,a)

5 = —(F'(z)*(y° — F(2)),h) + a{z — 2, h) + C{x — a, h)
—(F'(2)"(F(x) — F(a)), h) + O([|h]|*)
= —(F'(@)'(y° = F(a)) - a(z = 2) = C(z — a),h) + O(||1]]*)
= —(F'(2)"(y° — F(a)) — (C + a)x + aZ + Ca, h) + O(||L?) .
and thus the derivative is given by (4.1). O



The necessary condition for a minimum of (2.2) thus reads as

1
C+a

T = (F'(z)"(y° — F(a)) + az + Ca) . (4.2)

J/

-

=:®,(z,a)

To minimize (2.2), we will use a fixed point iteration for ®,(z, a). As J,(z,a) has by Proposition
2 a minimizer, (4.2) has at least one fixed point. It remains to show that ®,(x, a) is a contraction
operator:

Lemma 5 The operator ®,(x,a) is a contraction, i.e. ||Pq(x,a) — Do (Z,a)| < ql|lz — 7|, if

L
= = 1 .
1= CFa Jola) <

Proof. We have ®,(z,a) — ®o(Z,a) = z=(F'(x) — F'(2))*(y° — F(a)), and by using the
Lipschitz—continuity of F’ we get

[Pa(z,a) — Po(T,0)]| = ia i a||F’(x) — F'(2)||ly’ — F(a)]
L L
< 5 _ — 7 < — 7 .
< Froly - F@llle -l < =Vl - 2

Proposition 6 In our algorithm, the operator ®,(x,xy) is for all k =0,1,2,... and alla > 0
a contraction.

Proof. By the definition of C' in (3.2), Lemma 5 (setting a = zy), we deduce that ®,(z,z) is

a contraction with I C 1
=——/J, = <5;<L

With the help of Corollary 3, we complete the proof

. L _ L -
1Pa(@, 21) = ol 20)ll < Z vV alan)llr — 2l < Z v Jal@i)lle — 2

+ «

L
< Ve — I .
< gVl =

Up to here, we do know that our fixed point iteration for (4.2) converges towards a critical
point of J,(z, z).

Proposition 7 The necessary equation (4.2) for a minimum of the functional Jo(z, x),) has a
unique fized point, and the fixed point iteration converges towards the minimizer.

Proof. To prove this Proposition, we have to investigate the Taylor expansion of .J, more
closely. By Taylor’s expansion for F' and the Lipschitz—continuity of F’ we get

F(z+h) = F(z) + F'(z)h + R(z, h) (4.3)

10



with .
[ R(z, h)|| < §|!h|!2 : (4.4)

As in the proof of Lemma 4 we get

Jolz +h,xy) = Jo(x,x) + T (z,20)h — 2(y° — F(z), R(x, h)) — 2(F(z) — F(x), R(z, h))
—|~—(a—|—C')||h|~|2
= Jolx,xp) + J. (2, 2)h — 2(y° — F(ay), R(z, b)) + (o + C)||h]]*, (4.5)

and by using C > 2L||y° — F(x)]|| follows

—2(y° = Flax), Rz, h)) + (a+ O)[RI* = =2[ly’ = F(ax) IR, h)]| + (a + C)[|2]1*
(—Llly® = Fa)ll + a + C)||2]*

(C/2+ )||h|* . (4.6)

AVARAVARAYS

Now assume 7 is a critical point of J,, i.e. J (&, xz)h = 0 for all h. Consequently, by (4.5),
(4.6) we have . )
Jo(E + hyxy) > Jo(&,2) + (C/2 + a)||h|]?,

and in particular . .
Jo (T + hyxy) > JoW(Z, ) for all b £ 0 . (4.7)

Thus, every critical point is a global minimizer of J,(z,z;), and, again by (4.7), there exists
only one global minimizer. 0

By assuming more regularity on F' it is possible to sharpen the above given statement:

Proposition 8 Let F' be a twice continuously differentiable operator. Then the functional
Jo(x, ) 18 strictly convex.

Proof. With a slight abuse of notation we set J,(z) := Ju(x, x). By (4.5) we have
Jo(2 + h) = Jo(2) + J(2)h + galz, h) , (4.8)
where g, (z, h) is defined by
galz,h) == =2(y* — F(ay), R(z, b)) + (a+ O)[[]]* . (4.9)

For strict convexity, we have to show that

Jal(L = Ny + Aaz) < (1= A)Ja(21) + Aa()

holds for A € (0,1) and arbitrary z,xo. We have

Jo (1= Nzy + Ax2)) = Jalay +~)\($2 — 1)) = Jo(xa + (~1 —A)(x1 — x2))
(1 =N Ja(zy + Mg — 1)) + Aa(z2 + (1 — A) (21 — 22))
(4.10)

11



and with

] Jo(xy + Mg — 21)) = z( )+)\J’(x1)£ o — 1) + ga(1, M22 — 27))
Jo(@o + (L= A)(21 —x2)) = Jalw2) + (1 = A)J(22) (1 — 22) + ga(@2, (1 — A) (21 — 22))

we obtain

Jo(L =Nz 4 Az2)) = (1= N Ja(@1) + Malz2) + A1 = N) | (z1) — T (22) | (22 — 1)
+(1 = N ga(@1, M@z — 21)) + Aga(w2, (1 = A) (21 — 22))

Thus J, is strict convex if for all A € (0,1)

(e}

+(1 = N)ga(z1, M2 — 1)) + Aga(2, (1 — A) (21 — 22)) <O .

D(a1,2,)) = A1—\) [J;(gsl) _J (g;Q)] (22 — 1)

We have
j&(l‘l) ; j;(lé) (.%'2 — ZL’l) = <F,(l’1> ( F(l’k)) + C.Tk + ar — (C + a)xl,xg — J]1>
+(F'(22)*(y° — F(xp)) + Cap + a — (C + a)ze, 15 — 1)
= —(CH+a)llzs —a?

—((F'(z1) = F'(22))"(y° — F(x)), 22 — 1) .
= —(C+a)llze — 21| = (y° = Flay), F'(z1) = F'(a2) (22 — 1)),

As F'is twice continuously Fréchet differentiable, it is
1
F'(z1) = F'(22) +/F”(x2 + 7(x — x2)) (21 — X2, ) dT
0

and thus,

alan) = Jawo)| (22— 21) = —2AC+ @y — | +

1
2(y° — F(xp), / F'(zy + 7(21 — 29)) (21 — 12)%d7),
0
(4.11)
where we have used the shorthand F”(-)(h,h) = F”(-)(h)?. Again, as F is twice continuously
Fréchet-differentiable, the function R(z,h) in (4.9) is given by

/ TVF"(z + Th)h* dr |
0

12



and thus we obtain

RlzuAws —21) = A2 /(1 ) (@ 4 A (22 — 31)) (22 — 31)2

_ /(T — (1= \)F" (@3 + 7(21 — 22)) (21 — 22)? dr
“a

1

and in the same way

1-X

Rz, (1 — A) (@1 — 72)) = / (1= X — 1) F" (29 + (21 — 2)) (21 — 22)% dr .
0
Combining definition (4.9) and equations (4.11), (4.12) and (4.13) yields

D(x1,29,\) = =XM1 = N)(C + a)||lz1 — 22||* + 2(y° — F(xp), f(z1,72,\)) ,

where

1

flx1,22,\) == AM1-=X\) /F"(mg +7(zy — 22)) () — 29)? dr

1

—

-A

A A=A =7)F" (2 + 7(21 — 22)) (21 — 22)* dT .

S —

13

(1= / (7 = (1= N)F" (s + 7(21 — 2)) (1 — )2 dr

(4.12)

(4.13)

(4.14)



The functional f(x1,x2, A) can now be recasted as follows
1-A
f(x1,29,A) = AM1—=2X) / F' (2 + 7(21 — 22)) (21 — 20)* dT

0
1

+A(1—=N) / F"(zy + 7(21 — 20)) (21 — 32)* dT

—(1 — )\) /(7’ — (1 — )\))F”(ZL’Q + T(l’l — 1’2))($1 — 1‘2)2 dr

1-A
1-A
-\ / (1 — A= T)F”(CEQ + T(.’Il'l — iL'Q))(.CEl — .T2)2 dr
0

1-
= A / TF" (29 4+ 7(21 — 22)) (01 — 29)* dT
0

1
+(1—=N\) /(1 — T)VF" (29 + 7(x1 — 22)) (201 — 32)? dT.
122
In order to estimate || f(z1,x2, A)|| it is necessary to estimate the integrals separately. Due to

the Lipschitz—continuity of the first derivative, the second derivative can be globally estimated
by ||[F"(z)|| < L, and it follows

1-X

A / TF" (29 4+ 7(11 — 22)) (21 — 20)%dr|| < A

1—X)2
< M b ol

0

1
2

(1—2N) /(1 — T)VF"(my + 7(x1 — 12)) (21 — 22)2dr|| < (1— )\)%LHxl — 1|2

-2

and thus AL )
1f (1, 22, M| < ——— Ll — * (4.15)
Combining (4.14) and (4.15) yields for A € (0,1)

D(wy,22,A) < =M1 =XN)(C+a)llar — 22]|* + 2lly° — Flap)l[[|f (@1, 22, A

A1 =X
< AN o) — ol + 2N arfy Py - ool
(3.17) C C
< =A1-=-2X) (5 + a) |21 — 2] < —A(1 — /\)§||x1 — 1| <0,
and thus the functional is strictly convex. U

14



5 Convergence properties of the proposed iteration

Within this section we aim to show that the sequence of iterates x; converges strongly towards a
minimizer of the Tikhonov functional. To achieve norm convergence, we prove some preliminary
Lemmas.

Lemma 9 The sequence of iterates {xy} k=012, has a weakly convergent subsequence.

Proof. This is an immediate consequence of Proposition 2, in which it is shown that for
k = 0,1,2,... the iterates z; are contained in K,(z), i.e. ||zgs1 — Z||x < r or equivalently
lerillx < 7+ ||Z]|x < oo. Since the iterates are uniformly bounded, we deduce that there
exists at least one accumulation point z7, with =, x},, where z,; denotes a subsequence of
L. O

Lemma 10 The sequence {||xg41 — @k|| tr=01.2... converges to zero.

Proof. With the help of Corollary 3, we observe that

0 < Y {Cllaws = all> = [ Flersn) = Fla) |7}

I
o

Mz

<

> {ulenrn,me) Tl } < Z{J 2k) = Ja(wis1))

zg) — Jo(xnt1) < Ja(20) |

—~ O

Oé

i.e. the finite sums are uniformly bounded (independent on N). By the Taylor expansion of F,
we have

1
C
[ F'(xhi1) — Fap)]] < / | F" (2 4+ 7k — )| |Te41 — @e|l dT < §H9€k+1 — x|,
0
and thus o
0< EHl‘kH — 2 |]” < Cllzgsr — zil® = | F(wr41) — Fa)]|? — 0

as k — oo and the assertion follows. O

Lemma 11 Fvery subsequence of xj has a convergent subsequence xy,; that converges strongly
towards a function =, and x}, satisfies the necessary condition for a minimizer of the Tikhonov
functional:

%4

alzy —7) = F'(x3)"(y° — F(23)) - (5.1)

Proof. According to (4.2), the minimizer z1 of J,(z,z;) fulfills

Thy1 = C——i_a (ka -+ FI(LCk+1>*(y6 — F(I’k)) + Oéﬂ_f) .

15



Thus,

o} 1 %
Pk = e g ()" — Fla) + 07 4 (F () — F )" (4 ~ Pla)
(5.2)
and, moreover, by Lemma 10, ||zx11 — xx|| — 0, and thus
I (F'(@r41) = F'(@2))" (v° = F@n)|| < Lllzw — @rgallly® — F(zo)| — 0.
It follows by taking the limit £ — oo in (5.2),
0= lim (a(z — xx) + F'(z)*(y° — F(zy))) . (5.3)

k—o0

As the sequence z is bounded, every subsequence has a weakly convergent subsequence. Let
xy; be an arbitrary weakly convergent subsequence with weak limit 27 (for simplicity, we will
denote this sequence by zy, too). Since

F'(ay) (v = Fxe)) = F'(2)"(y° = F(a3)) + F'(w)"(F(27) — Flay)) |

and because of ||F'(x)*(F(xk) — F(xy))|| < 2C||F(x}) — F(xy)|| — 0 and by assumption (2.3),
ie. F'(z3)" (v’ — F(zX)) — F'(z%)*(y° — F(x%)), we consequently obtain

«

lim F(2)" (4 — F(ay)) = F'(})" (4 — F(a) - (5.4)

«a
k—o00

Combining (5.4) with (5.2) proves that z; converges, and as x}, is the weak limit of the se-
quence, xp; — z5. Equation (5.1) follows by taking the limit in (5.3). O

In principle, the limits of different convergent subsequences of x; can be different. Let
xr, — x. be a subsequence of xj, and denote by Zj; the predecessor of zy; in xy, i.e. T = ;
and Zy; = x;—1. Then we observe

Ja<xk,l> jk,l) - Joz(:EZ)

Moreover, as we have ja(a:kﬂ,a:k) < ja(xk,a:k,l) for all k, it turns out that the value of the
Tikhonov functional for every limit x, of a convergent subsequence stays the same:

Jo(x}) = const . (5.5)

«

We will now give a simple criterion that ensures convergence of the whole sequence z,.

Theorem 12 Assume that there exists at least one isolated limit x}, of a subsequence xy,; of
2. Then xp — x7, holds.

Proof. By x} we will denote the isolated limit of the sequence xy,;. Let M denote the set of all
limits of subsequences of the sequence {zy}, and M; := M \ {z%}. Setting r = dist(z%, M)/2,
we define

B, = {xp:|lxp — 2L <7}

Br = {[L’k Tk QBT} .

16



Now let us assume M; # (). Then both B,, B, contain infinitely many elements. In particular,
there exist infinitely many pairs of iterates xy, x,1 with x5 € ﬁr and xp,1 € B,, and we can
define a subseqence ;, by picking all pairs x; € B, and x;,1 € B, out of the sequence {xy }ren,
ie.

Ty = x €B,
(5.6)

Top1 = Ty € B,

Because of Lemma 10, we observe ||Zg — Zo11|| — 0, and with (5.6) follows that the elements

of Z; come arbitrarily close to 0B, = {z : ||z — || = r}, ie.
llim & —ai|| =1 . (5.7)

According to Lemma 11, every subsequence of z; has a convergent subseqence. Let Z;; be a
convergent subsequence of #; with limit Z}. Because of (5.7) holds & € 9B,. On the other
hand, as o}, # &}, we have &}, € M, which is a contradiction to dist(z}, M;) = 2r.

We conclude M; = 0, i.e. z is the only limit of convergent subsequences of z;. As by
Lemma 11 every subsequence of x;, has a subsequence that converges towards z7,, the whole
sequence converges towards z7, by the convergence principles. 0

On the other hand, we conclude the sequence x; can only not converge if the Tikhonov func-

tional has a dense set of critical points, and the belonging functional values are constant.

_ By the following Proposition, the fixed point 7, is also a minimizer for the functional
Jo(x, 2).

Proposition 13 The accumulation point z, is a minimizer for the functional ja(x,xz;)

Proof. We aim to show that for all h € X,

~ ~ C
Talwh+ hat) 2 Julehat) + SR

This is obtained by making use of

Ja(ah +hoay) = Ja(ah, xh) +2{y° — F(x}), Fa}) — F(ay +h) +2(a(z), — ), h) + (a+O)||h|)”

[ age? « e}

and
a(zl, — 1) = F'(«) (v — F(x)) .

«

With the Lipschitz—continuity of F” this results in

Jo(@lh +h,xl) > Jalah, xh) =20y — Fe)||F(xh) = F(al + h) + F'(xh)h]| + (a + O]
~ C L
> * *\ 90— = 2 2
> Jalwyh) = 22 AP + (o C) A
T * ok C T * K C
= Ja(zy, 73) + §||h||2 +allhl? > Ja(zy, @) + 5||h||2 :

17



O

Equation (5.1) states that our algorithm reconstructs at least a critical point of the Tikhonov
functional. In general, a critical point will not always be a minimizer of the Tikhonov functional.
However, we will give a condition that ensures this property. Namely, if we impose the condition
(2.6) and do assume that the solution z' fulfills a smoothness condition, then we can show that
every critical point of the Tikhonov functional is a global minimizer. We wish to remark that
(2.6) is a rather strong condition. However, conditions of this type have been used earlier, e.g.
for Landweber iteration [11, 17] and for Levenberg-Marquardt iteration [9)].

Theorem 14 Let F' be a twice Fréchet differentiable operator with (2.6). If a smoothness
condition

ot —z=F (2" w, L|wl| < 1/3 (5.8)
holds, and the regularization parameter is chosen with
a=0/nandn < || (5.9)

then (5.1) has a unique solution. Thus the minimizer of the Tikhonov-functional is unique, too.

Proof. Let 2° denote a global minimizer of the Tikhonov functional, and z¥ be a critical point.
With F(z%) = F(2°) + F'(2°) (2 — 2°) + R(2?, 2% — 2%) we obtain

« ) o (e

Iy =F(@)II* = ly° = F(a)lI* = | F(z3) — F@)|* +2(y° — F(a?), F(23) — F(a3))

« « o

= |F(xg) — Fz)I* + 2(F'(22)"(y° — F(22)), 23, — z5) — 2(y° — F(a7), R(x, x5, — 7))

a_

SN F @) — F)|? +20(28 — 7,28 — ) — 20° — F(ad), (a8, 2, — a2)) .
Because of
ol|zf, — &2 — al|2® — & = allar, — 28| + 204z, — f, ad — 1)
it follows that
Ja(zl) = Ju(@d) = |vf — F@LI? = v — Fa2)|? + alas, — 3]2 — all2d — 7|2
— ||F(22) — () |? + allat, — 28> — 20y — F(ah), R, 2%, — 28)).

(5.10)
By the same argument, we get
Jo(3) = Jal(wg) = 1F(22) = Fz)II* + allay, — 201" — 2(y° — F(a7), R(ah, 23 — 22)) (5.11)
Now, adding (5.10) and (5.11) yields
0 = 2||F(x2) — F)|I* + 20|z} — 22|
—2(y° — F(28), R(x2, x5, — 20)) — 2(y° — F(a}), R(x}, 25 — x)) . (5.12)

(03 (e (0% (0% (0% ) (0%
For twice continuous differentiable operators, the quadratic remainder of the Taylor series
is given by
1

Rz, 2" — %) = /(1 — ) F" (28 + 7(xf — 22))(zf — 2%, 27, — 2°) dr

o a? «

0
1
Ragy o ~a3) = [[(L= 0"+ rlal - ai) = o - at) dr

0

18



Setting 7 =1 — 7/ and h = 2° — 2% and we obtain
1
R0, 2}, —1°) = /T’F”(:E; +7'h)(h,h)dr’
0

and thus
1

(y* = F(aq), R(zg, 5 — ) = (1 — F(x3) /TF"(JEQ +7h)(h, h) dr)

0

/ )" (a4 7h)(h, h) dr) + / F(a, +7h)(h, ) dr)
—(y° — F(x2), R(xz}, h)) + (y° — F(x?), / F"(x3, + 7h)(h, h) dT) (5.13)

0

Inserting (5.13) in (5.12) yields

0 = 2|F(x) - Flx *)||2+204||x* — ag |l = 2(F(23) — F(a3), R(x, wg — 73))

« « ) o «

— /F"x + 7h)(h, k) dT)

Vv

2| F(xg) — F(a, )||2+20z||93 —ao|* = 2| F(x7) — Fa) | R(xh, 22 — 22)

~2ly - PGl / P} + Th)(0, ) dr |

y (2.6) we conclude ||R(x%, 28 —x%)|| < ||F(2?) — F(z%)]|, and from the smoothness condition

a) o

B
(5.8), see [8] p.246, it follows

(5.9)
ly* = F(z2)l| < 0+ 20| < 3afw] .
Altogether we get
0 > 2|F(z}) — Fa)|* + 2allay, — 2 |* = 2| F(23) — F(=) || Rlay, 2o, — 23l
1

2l = PG [ P+ i) ) o]

0
> (2= 6Lwlhallzy — 23] >0,
and thus we have shown (2 — 6L||w||)a||z% — 25 ||* = 0, and because of (5.8) holds x* = 22. O

Conditions (2.6), (5.8) ensure the convergence of our algorithm towards the unique minimizer of
the Tikhonov functional. Using a proper parameter choice rule for the regularization parameter
gives convergence/convergence rates for Tikhonov regularization. We might recall a few well
known parameter rules.
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(D

(I11)

Let F' be a weakly sequentially closed operator, and the regularization parameter o chosen
such that a(d) — 0 and 6/ — 0 as 0 — 0. Then every sequence z0¢ with d; has a
convergent subsequence that converges toward an Z- minimum norm solution zf. In
particular, if a smoothness condition (5.8) holds, and the regularization parameter is
chosen by a = §/n, n < ||w||, then we obtain a convergence rate of O(v/§) [8].

Let F be a Fréchet differentiable operator with (2.4). Moreover, assume that z' fulfills a
smoothness condition 2T —z = (F'(z")*F'(z1))"w for v € [1/2,1] with L||w]|| < 1/3. If the
parameter is chosen by a ~ §2/(2*+1)then we obtain a convergence rate of O(§2/(2+1))

8]-

(Morozov’s discrepancy principle) Let F' be a twice continuous differentiable operator
with (2.4), and assume 2" — 7 = F/(2")*w with L||lw|| < 0.241. Then there exists a
regularization parameter o« < §/n, n < ||w|| with

o<y’ = Flg)l <o, (5.14)

and for a belonging minimizer holds ||z? — 2f|| = O(v/3). A regularization parameter
fulfilling (5.14) can be found by testing ||y° — F(mi )|| for a sequence ap = apg® with
k

appropriate chosen ay and ¢ < 1, see [20].

Please note that if a solution fulfills smoothness condition from (II), then, for properly scaled
F'(27), also a smoothness condition (5.8) holds. This is, however not the case if 0 < v < 1/2
and with respect to Theorem 14, the parameter choice rules and convergence rates results pre-
sented in [12] cannot be used at the moment.

Now, if (2.6) holds, the rules I-III are conform with the requirements of our minimization
algorithm. Combining all ingredients and picking a proper parameter rule we may provide
the following algorithm which uses our iteration routine TIREFU (TIkhonov REplacement
FUnktional) for solving the nonlinear problem F(z) = y with ||y —°|| < 6. The exact way for
computing a solution z goes as follows (applying III):

e Define a sequence {a,} with a,, “—> 0, pick some 7 and set zo = Z (initial value z, for

the outer iteration)
while || F(2%) —y°|| > -6

- a=aq,
— pick an admissible C'

[z}] = TIREFU (F, 3, C, , 20):
Ty = argmin J,(z, x) (solved by a Fixed Point Iteration)

1
xr = lim xy
k—o0
*

- Xy =T,

end

For this algorithm we may now formulate the following optimality result:
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Theorem 15 Assume that (2.6) holds. Then Tikhonov reqularization with one of the pa-
rameter rules I-III, where the minimizers are computed by TIREFU | is an order optimal
reqularization method.

Since in any numerical realization we cannot treat infinite series (computing limits), we addi-
tionally have to incorporate a stopping rule. If ®,(x,a) denotes the operator defined in (4.2),
then the algorithm reads as follows:

e Define a sequence {,} with a,, == 0, pick some r, tolerances 7; and 7y, set 2 =
e while ||[F(z%) —°|| > 7 -6

—a=aq,
— pick an admissible C'

— [#2] = TIREFU (F, °, C, a, 7, 71, T2)
k=0
while ||z — x| > 7
=0, o = 2y
Repeat
I=1+1
Ty = Po(Thg—1, 1)
Until ||$k,l — mk,l—i—l” < T2

Tp+1 = Tk,
k=k-+1
end
Th = Ty
— X9 = X},
end

As we have pointed out, the strongest limitation of TIREFU is condition (2.6). However, this
condition was only used once at the very end of our analysis, and we expect that it will be
possible to weaken the condition. As Landweber iteration and Levenberg-Marquardt iteration
work under a similar condition, we might compare TIREFU with these methods. Landweber
iteration is known to be a slow method, and as we use fixed point methods, we do expect that
TIREFU will be faster. Moreover, using our optimization routine with rule II, we obtain an
optimal method for v € [1/2,1]. In contrast, to obtain convergence rates, Landweber requires
an additional conditions F'(r) = R,F'(x"), where R, is a family of bounded operators with
Il — R,|| < K|z — z||. This condition is even more restrictive than (2.6). In addition,
convergence rates are only available for 0 < v < 1/2. As for Levenberg-Marquardt, it is only
known that the iteration is a regularization method under a condition slightly more restrictive
as (2.6), and so far, nothing is known on convergence rates. Thus we might conclude that
TIREFU works under less restrictive conditions.

21



10 1 10
20 1 20
30 1 30
40 @ : 40
50 : 50
60 1 60
70 1 70
80 80
20 40 60 80 20 40 60 80

Figure 1: Activity function f, (left) and attenuation function p, (right)

6 Application of the proposed scheme

In this section, we want to apply the machinery developed in the previous sections. The aim
is to demonstrate the capabilities and the performance of our algorithm in solving a chal-
lenging ill-posed problem in the context of medical imaging, which is Single Photon Emission
Computerized Tomography (SPECT).

In SPECT, the patient gets a radiopharmaceutial, which is distributed through the whole
body by the blood flow, and is finally enriched in some areas of interest. The task is to
recover the distribution of the radiopharmaceutical (or, in short of the activity function f) from
measurements of the radioactivity outside the body. In contrast to CT, where the measured
intensity depends only on the intensity of the incoming X-ray and the density u of the tissue
along the path of the X-ray, the measurement for SPECT depend on the activity function f
(which describes the distribution of the radiopharmaceutical) and the density p of the tissue.
The measured data y and the tuple (f, 1) are connected via the attenuated Radon Transform
(ATRT),

y=R(f n)(s,w) = / Flswt + tw)e I mlswtre)dr gy (6.1)
R

where s € R and w € S'. Usually both f and g are unknown functions, and R is a nonlinear
operator. In order to invert (6.1), two strategies can be used. Firstly, the density distribution
can be determined by the inversion of a additional CT scan (in most scanners, the CT data
is gathered simultaneously). With this approach, one has to solve two linear problems, as the
attenuated Radon transform is linear if p is assumed to be known, and currently developed
inversion formulas can be used [16]. However, attaching an X-ray source to a SPECT scanner
makes them much more expensive. The scanning time for each patient might increase, which
leads again to higher costs for each scan. Thus the second strategy, where the ATRT is treated
as a nonlinear operator, seems to be promising. The drawbacks of this strategy are the non-
uniqueness of the operator (which usually leads to a wrong reconstruction for the density
function p ) and much higher computational costs for the inversion of the nonlinear operator.
In the last decade, several ideas for solving the nonlinear problem (6.1) were discussed, see,
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Figure 2: Generated data g(s,w) = R(f., ps)(s,w).

Values of the Tikhonov-Functional
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Figure 3: Minimizer fj of the Tikhonov functional for o = 3430 (1) and values of the Tikhonov
functional (r)

e.g., 3, 15, 25, 26, 22]. Dicken [7] showed that Tikhonov regularization for nonlinear operators
can be used for the reconstruction of the activity function. Methods for the computation of a
minimizer of the Tikhonov functional were proposed in [19, 20, 21] and applied to SPECT. Here,
we will only demonstrate that our method can be used for the computation of a minimizer. For
the test computations, we would like to use the so called MCAT phantom [24], see Figure 1.
The belonging sinogram data is shown in Figure 2.

In a first attempt, we want to compute the minimizer of the Tikhonov functional with
regularization parameter @ = 3430. The data was contaminated with multiplicative Gaussian
noise with relative error §,,; = 5% (here 6,; = ||y’ —vl|/|ly||). The inner iteration was terminated
if the relative distance of two consecutive iterates was less than 1e—6, and the outer iteration was
terminated if the relative distance between two consecutive outer iterates was less that 1le — 5.
After only a few iterations, the value of the Tikhonov functional remains almost constant, see
Figure 3. The values of the additive term C||zy; — x| — ||F(21) — F(ze)ls 2k = (fr, pre) is
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Figure 4: Plot of the additive term in the replacement functional (1) and number of inner
iterations for each outer iteration (r)

shown in Figure 4. Clearly, the additive term converges fast to zero, and thus the values of the
replacement functional and the Tikhonov functional are almost the same. Moreover, it turns
out that we only need a few inner iterations to achieve the required accuracy, see Figure 4.
This actually indicates that the whole iteration itself is quite fast. In a final test computation,
we used Morozov’s discrepancy principle to determine an appropriate regularization parameter
(see (5.14)). For a sequence ap = agq®, k = 0,1, ..., ap = 1000 and ¢ = 0.5 we computed a:‘;k
by TIREFU , and picked the first minimizer aci with (5.14) and ¢ = 2. In our case, we had
to compute 10 minimizing functions. The residuz;l of the minimizer with a = 1.95 was smaller
then 26 for the first time, and the reconstruction was stopped. Figure 5 shows the results.
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