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Mathematical Modelling and Scientific Computing in the
Biosciences

12 June 2007

Lecture 9: Overview

e Dynamical Systems
— topological equivalence, normal forms
- bifurcations

saddle—node
supercritical/subcritical Hopf
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Dynamical Systems: Definition

in time

Definition: adynamical system consists of a space of possible states (i
state spacX) and a law otvolutionthat describes how the state chang

ny —

e The evolution operatap': X — X shows how an initial state0)e X is

transformed to the state at time t:

X =¢' Xo
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Dynamical Systems: Orbits

Definition: anorbit starting aXxg is an ordered subset of the state
space X,
Or(Xp)={x € X: X =¢" Xg, for all te T}
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Dynamical Systems: Types of Orbits

Definition: anequilibrium (or fixed point) is a point in the state
space such thexg = ¢' xg forallte T

Definition: ancycle is a periodic orbit, namely a nonequilibrium
orbit (L) such that each poixg € Lg satisfiesp' o xg = ¢' Xq for
some (periodTp >0 and all € T

e We study dynamical systems defined by ordinary differential equation
X= f(X)

e Although the dynamical behaviors can be analyzed by running nun
simulations, one can udgfurcation theoryto predict qualitative features
phase portraits without resorting to first solve the ODE system
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Dynamical Systems: Topological Equivalence
e Goal: study the qualitative features of dynamical systems

e Define equivalence classesf dynamical behaviors, and study transiti
between these different classes

e Example of equivalent systems: same numbexqoflibria, each of whicl
has the samgtabllity type

e We consider 2 dynamical systems as being equivalent if phase por
one may be continuously transformed to another:
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Dynamical Systems: Topological Equivalence

Definition: a dynamical system ispologically equivalent to
another dynamical system if there is@neomorphism
h, mapping orbits of the first system to orbits of the se«

e Homeomorphism: invertible map, both the map and its invers
continuous
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Dynamical Systems: Topological Equivalence

e Example: consider 2 topologically—equivalent dynamical systems,
X= T(X),
y=9(y)

e Suppose one can find an invertible, smooth maph(x) such thatf(x) =
M~1(x) g(h(x)) . where M(x) = —‘%ﬁ)—is the Jacobian matrix, thdmx) is a
homeomorphism mappinginto y

In fact, if the flows corresponding to= f(x) andy = g(y) are denoted ag'
andy', respectively, theh(¢' x) =y' h(x)
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Dynamical Systems: Topological Equivalence
e Consider the following 2 dynamical systems,

{X1=—X1 {X1:—X1—X2
Xo = —=Xo X2 = X1 —X2
e In polar coordinate(6),
{Q = -0 {Q = =0
6=0
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(a) (b
e Left: node perturbations decay monotonously,=2A, = -1

Right:focus perturbations decay oscillatorily, =1, = =1+ i
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Dynamical Systems: Topological Equivalence

e Despite the difference in eigenvalues, the systems are in fact topolc
equivalent
_oIConsider unit disc U={{, 6): o < 1}, we construct a homeomorphism ex|
itly:
. 0 =0
" 16 = 6 - loglo)
That is,h rotates each circle=constant by a—dependent angle:
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e The example illustrates how topological equivalence perserves infori
on the number, stability and topology of invariant sets, while losing info
tion on time—dependent behavior
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Dynamical Systems: Topological Equivalence

e We now study geometry of phase portrait near generic equilibria acc
to their topological classification

Definition: consider a dynamical syste= f(x) and letxg be an
equilibrium. Letn, , n_, ng represent the number eigenvalues
with positive, negative and zero real parts respectixglis
called ahyperbolic equilibrium if there are no eigenvalues on thy
imaginary axis, i.eng =0

(@ D]

Theorem: the phase portraits near 2 hyperbolic equil@réady, are
locally topologically equivalent if and only if they both have the same
numbem, , n_ of eigenvalues with positive and negative real parts

e |dea behind the proof:
near a hyperbolic equilibrium, the system is locally topologically equiv
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to its linearization
E=A¢

I |

Ll

(by the Grobman—-Hartman theorem)
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Dynamical Systems: Topological Equivalence
e Topological classification of hyperbolic equilibria for 2—dimensional,

nar systems:

(ny,n_) | Eigenvalues | Phase portrait Stability
-t %%— node
(0, 2) /'/ stable
4[*— /(;\,\ focus
Kot
: / \R\
(1, 1) + — 1 5= " saddle unstable
| o
e e ‘%%— node
(2,0) ' : unstable
T (5
: /‘ focus
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Dynamical Systems: Bifurcations

Definition: bifurcation is the appearance of a topologically
nonequivalent phase portrait under variation of parameters

e Consider the following dynamical system,
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{@ = o(a—0°)
6=1
e Fora < 0, the equilbrium is a stable focus siwce O

e Fora>0: >0 forsmalp
0 < 0 for largeo

e In fact, the system has periodic orbit of radi(is

a <0 =0 a >0
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Dynamical Systems: Bifurcations

e Solution bifurcation occurs at= 0: a phase portrait with a limit cycle cc
not be deformed by a one—-to—one transformation into a phase portrait

single equilbrium

e As« increases past 0, small-amplitude oscillations appear from the e
rium state via &lopf bifurcation
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Dynamical Systems: Topological Normal Form

e By mapping dynamical systems to their topologically equivalent ne
forms, one obtain the set ohiversalbifurcation diagrams

e Typically, normal forms are simple systems that are polynomid]|s in
¢=9¢ a;0)

and the coefficients are typically integer—valued coefficients giving ris¢
a finite number of topologically non—equivalent bifurcation diagrams

Definition: the systené = g¢, «; o) is called aopological normal
formif any generic system is locally topologically equivalent to

for some values of the coefficients

E.g.,
El=ab - +0EE +8)

bL=b-a& +06HE + )
15 of 24
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Dynamical Systems: One—Parameter Bifurcations of
Equilibria
e By definition, at hyperbolic equilibriunmy=0

e Hyperbolicity condition can be lost via:

— a simple real eigenvalue approaches the origia: O

- a pair of complex eigenvalues approach the imaginary
/ll,zziia)

e The corresponding bifurcations are:
— saddle—node (also known as fold, limit point, turning point)
— Hopf (also known as Andronov—Hopf)

e Now let’'s look at the associated normal forms
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Dynamical Systems: Normal Form for Saddle—Node
e Consider the one—dimensional system:

X=a+ X
e Fora <0, there are 2 equilibriai » (@) = + V-«
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yl ¥ y = flz,a)
| v=f@a) \
\ | i
| y=flz,a) \ / /
\'-, i .l '|‘1 .u;l \ /
\ .ff \ {{ \\\ Fi
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\ i / N :
Ts | /&1 = T x &
!
|
a<0 a=10 o >0
e The 2 equilibria have different stabilities:
X1 (@) = =V —«a is stable
Xo (@) = v —« is unstable
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Dynamical Systems: Normal Form for Saddle—Node
e A different representation of solutions and dependence plot the equilik
rium manifold

a=-%
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e Hence, the projection of the equilibrium manifold onto dheaxis has
singularity of fold type
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Dynamical Systems: Normal Form for Saddle—Node

Lemma: the system=a + X% + O(x°)
is topologically equivalent to the systerw a + x?
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e The proof is based on: first, showing that loc&lix®) does not change t

number of equilibria; then construct a homeomorphism mapping equilit
equilibria
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Dynamical Systems: Normal Form for Saddle—Node

Theorem: any generic one—parameter system

% = f(x, @)

having atr = 0 the equilibriunx= 0 and a O eigenvaluks, topologically
equivalent near the origin to tkaddle—nod@ormal form

E=p+oé

where the coefficient = £1
R I e | 20 of 24
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Dynamical Systems: Normal Form for Hopf
e Consider following 2—dimensional system

{$1= aé - &+ 0é(E + )
b= & —ab + 0&EE + E)
foroc=%x1
e The system has equilibriuéa= &, = 0 with eigenvalues; ,=a * i
e Hence, the system is linear stabledot 0, and linear unstable far> 0
e Case normal form coefficient = 1. supercriticaHopf bifurcation

47y L2 1 L2
4 /
f
E o) oy ]
=~ T 7 AL
\\M_J 2, 1 1
a <0 a =0 a > ()
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Dynamical Systems: Normal Form for Hopf
{§1= aé - &+ 0&(E + )
=& —ab +0&EHE + &)

Case normal form coefficient = 1. supercriticaHopf bifurcation
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e For @ > 0, the equilibrium is surrounded by an isolated closed orbit

cycle) that is unique and stable
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Dynamical Systems: Normal Form for Hopf
{§1= aé — &+ 0E(E + )
=& —ab +0&EHE + &)
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Case normal form coefficient = —1 subcriticalHopf bifurcation
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Dynamical Systems: Normal Form for Hopf
{fl= aé — &+ 0 (E + )
b= & —ab + 0&EE + £

Case normal form coefficient = -1 subcriticalHopf bifurcation

I

e There is anunstablelimit cycle (closed orbit) which disappears whei
crosses zero from negative to positive values
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e Fora < 0, the equilibrium is stable as it is surrounded by the unstable
cycle

e Stability characteristics is reversed compared to supercritical
bifurcation
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Conclusions

e Topological equivalence captures information on the number, stabi
invariant sets of dynamical systems

e Near equilibria, generic dynamical systems can be transformed t
(topologically equivalent) normal forms

e Normal form coefficients capture the certain dynamical characte
(e.g., whether a Hopf bifucation is super— or sub—critical)

e Nextlecture: numerical methods for detecting bifurcations
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