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Mathematical Modelling and Scientific Computing in the
Biosciences

27 March 2007

Lecture 2: Overview

e Singular Perturbation: Michaelis—Menten Kinetics
e Cooperative Phenomena, Hill-Function
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Singular Perturbation: Michaelis—Menten Kinetics

Catalytic reaction: enzymé&(2) and substrateSf forming complexenz§ then giving rise to producP( and enzyme:

k1f k2d
EnA#S<= EnzS— Enz+PF
k1b

Get the corresponding ODEs using Cellerator:
In[1]:= <<cellerator.m
EnzymeReactions = { {Enz + S= EnzS, k1f, kilb}, {EnzS-sP+Enz, k2f}};

Cellerator™ 1.5.8 (1-July-2005) | oaded 27-Mar -2007
09: 32 using Mat hematica Version 5.2 for Linux (June 20, 2005)

In[3]:

EnzynmeODE = i nt er pret [EnzyneReacti ons]

Qut| 4]/ Styl eFor ne

Enz’ [t ] == klb EnzS[t] + k2f EnzS[t ] - k1f Enz[t ] S[t ]
EnzS [t ] == -k1lb EnzS[t] - k2f EnzS[t] + k1f Enz [t ] S[t]
P/ [t] == k2f EnzS[t ]

S [t] =klbEnzS[t] -kilf Enz[t] S[t]
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Singular Perturbation: Michaelis—Menten Kinetics

Last time, we simplified the ODE system to:

In[5]:=

Si npEnzymeODE = {e EnzS (f1 = S51f] - ((k1b +k2f) 7 (kif STotal [0]) +1) EnzS[f],
8 [f] = -8[f] + EnzS[f] (kib/ (k1f STotal [01) + S[f1)};

Qut| 717/ Styl eFor ne

€ EnzS [f] = - (1 + ransd =) EnzS[f1 + S[f]

8] = -8[f] + EnzS[f] ( k1 +81f1)

k1f STotal [0]

EnzTotal0]

with the small (dimensionless) parameter s =m0
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Singular Perturbation: Michaelis—Menten Kinetics

In| 210] : =
Sol veAndPI ot [EpsVal ue_ ] : =

Modul e [{}, ODESys = Joi n[Si npEnzymeCDE, { EnzS[0] =0, S$[0] =1}] /.
(kif = 1, klb - 1, k2f - 1, STotal [0] - 1, € » EpsVal ue};
ODESol n = NDSol ve[(DESys, {EnAzS, S}, {f, 0, 1}];
Plot [EnzS[f] /. CDESoln, (6, 0, 0.5,
PlotStyle-» {GaylLevel [Mod[-0.4 xLog[10, EpsVal ue], 111, Thickness[0.008]},
Frame » True, FranelLabel - (LargeBI ue /@ { Tinme, ", "" })
Rot at eLabel -» Fal se, PlotRange- All, DisplayFunction- Identity]];

Show[SoI veAndPl ot /@ {0.1, 0.03, 0.01}, DisplayFunction- $D splayFunction,
Pl ot Label -> ("Plot of EnzS[f]" //LargeBl ue), |nageSize - {400, 180}];

Pl ot of EnzSI[f]
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Singular Perturbation: Michaelis—Menten Kinetics

In|244|: =
Sol veAndPl ot Bl ownUp
Si npEnzyme CDE
€ » EpsVal ue

EnzS[f » EpsVal ue] .
EpsVal ue

EpsLi st = {0.1, 0.03, 0.01};
Pl ot Ori g = Sol veAndPl ot /@ EpsLi st // Show;
Pl ot Bl ownUp = Sol veAndPl ot Bl ownUp /@ EpsLi st // Show;

0.3 0.3 _—
0. 25 0.25
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
0

0
0 0.2 0.4 0.6 0.8
Transfornmed tine, T,
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Singular Perturbation: Michaelis—Menten Kinetics

Observation: it seems that in terms of the new (magnified) time vaniaialé, the inner (singular) solution is essentii
independent of parameter

Regular perturbation failed because the solutiomisanalyticin the perturbative parameterMaybe the inner solution
an analytic function when in terms of the new variabl€ry this time-transformation.
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Inl124]:=
O gODE -
{e EnzS_l'[€] = Sl [f] - ((kl1b+k2f) / (k1f STotal [0]) +1) EnzS_l [f],
Sl [f] =-SI [f] + EnzSl [f] (k1b/ (k1f STotal [0]) + S [f])};

Derivative[n_][Func_][t_] - Derivative[n][Func][t]/€"

Qut | 128 =
EnzS I [t] (1+ qoispetaror) +EnzS 7 [t] =S [1]
EnzS I [t] € (qqrstararror + S [T]) =e Sl [t] + S’ [1]
EnzS_I [0] =
S_1[0] =1
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Singular Perturbation: Michaelis—Menten Kinetics
Now do perturbative analysis: expand the solution in terms of the small parameter,

In| 222|: =
MaxOrd = 1;
MaxOrd MaxOrd
S_lnner[t_]:= Z € S_I[il[t]; EnzS—_lnner[t_]:= Z € EnzS_I[i][t];
i =0 i =0

That is, we have expanded the inner solution as:

In|224|: =
{S—lnner[t], EnzS_lnner[t]}

Qut | 224 =
(S [0][t] +eS_l[1][t], EnzS_I [0][t] +eEnzS_I [1][t]}

Therefore, the inner ODE system is:

In|225]: =
Expanded_ODE_I C =
I nner _ODE_IC/. {S—l » S_lInner, EnzS_l -» EnzS_lnner} //Sinplify;
%/. Hi ghlightEpsRul e // Col umForm// Styl eFor m[#, FontSize -> 7] &

Qut| 226]// Styl eFor me

(1+ ‘kaslTEcT:(::W) (EnzS_I [0] [t] + e EnzS_l [1][t]) + EnzS_I [0]’ [t] + € ENnzS_I [1]/ [t] = S_l [0][t] +e Sl [1][t]

e (EnzS_l [0] [t] + € EnzS_I [1] [t]) (w—"ll’T+SJ [0][t] +eSl[1][c]) =€ (S_I [0][t] +eS I [1][c]) +S_I [0] [t] +e

kif STotal
EnzS I [0] [0] + e EnzS_I [1][0] =0
S_1[0][0] +eS_I1[1][0] =1
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Singular Perturbation: Michaelis—Menten Kinetics

Now let’s obtain ODEs for each ord@eroth orderequations for the inner (singular) solution:

In| 259 : =
<< Perturbati onODE. m
Order Li st = Pol yOrderLi st [I nner —ODE_I C, {S_l [t], EnzS_l [t]}, €, 17;

Qut| 261] =
EnzS_| [0] [t] + e folel o Ml (BTl EnzS I (0] [t] =S| [0] [t]
=S_1[0] [t]
EnzS_ I [0][0] =0
S_1[0][0] =
In| 262]: =
O der0Sol n =

DSol ve[OrderList [[1]1], {EnzS_l [0], S—I[0]}, t]1//Simplify //Flatten;

Qut | 263| =
T (-k1lb-k2f -k1f STotal [0])
[—1+e KIf STotal 0] kif STotal [0]
EnzS_l [0] - Function|[{t}, - KTb K2 +K1f STotal [0]

S I [0] ->Function[{t}, 1]
First orderequations for the inner (singular) solution:

In| 264 : =
Order1Sol n =
DSol ve[OrderList [[2]] /. Order0Sol n, {EnzS_l [1], S—l[11}, ] //Sinplify //Flatten;
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Singular Perturbation: Michaelis—Menten Kinetics
I n| 265]: =

Limt._EnzS_l nner_Order0 =
Limt [EnzS—I [0] /. Order0Soln//Sinplify //Last, - Infinity, Assunptions - %

Qut | 266] =
k1f STotal [0]
k1lb + k2f + k1f STotal [0]

In|26/]: =
Limt_S_.lnner—_OrderO=Limt[S_l [0] /. Oder0Soln// Sinplify //Last, t- Infinity]

Qut| 267] =
1
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Inner/Outer Solutions: Matching Condition

In the limit ofe - 0, the width of thdoundary layetends to zero.

Therefore, for theuter solutionits value at the boundary layervalue att = 0.
However, in the same limit @f— 0, we haver = % - 0.

Thereforematching condition from continuity of solution requires that:

M., {S—Innerfr], EnzS_Innerfr]} = limo {S_Outer[t], EnzS_Outer[t]}
Thus, theénner solution provides the initial conditions (t=0) for thetersolution.
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Singular Perturbation: Michaelis—Menten Kinetics
Pl ot of EnzS[f]
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Inner/Outer Solutions: Matching Condition

In the limit ofe - 0, the width of thdoundary layetends to zero.
Therefore, for theuter solutionits value at the boundary layervalue att = 0.
However, in the same limit @f— 0, we haver = % - 00,
Thereforematching condition from continuity of solution requires that:
lIM;5e {S—Innerfr], EnzS_Inner[r]} = limy,o {S_Outer[t], EnzS_Outer][t]}

Thus, thenner solution provides the initial conditions (t=0) for thetersolution.
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Singular Perturbation: Michaelis—Menten Kinetics

Using singular perturbation, we have derived the correct IC for the outer solution:

k1f STotal [0]

In[44]:= CorrectQuter|C={S_Quter [0] =1, EnzS_CQuter [0] = };
k1b + k2f + k1if STotal [0]
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Compare this to the (inconsistent) IC obtained from regular perturbation (last lecture):
In[45]:= WongQuterl C= {S_Quter [0] ==1, EnzS_.Quter [0] = 0};
In particular, look at the outer ODE, at zeroth ordet in

In[46]:= QuterOrder 0ODE =

Si npEnzymeODE e-> 0
Qut[47]= EnzS_Quter [f] (1+ HTKEJ%%(EZIITE‘]‘) = S_Quter [f]
EnzS_Qut er [f] (WS%W +S_Quter [f]) =S _Quter [{] +S_Quter’ [f]

In[82]:= Together //e@ (Quter Order 0CDE[[1]] /. {f » 0})

EnzS_Quter [0] (klb + k2f + k1f STotal [0])

Qut[82] = k1f STotal [0]

=S _Quter [0]
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Michaelis—Menten Kinetics: Inner Solution
In[49]:= EnzS_IOrderO[z_]: = Evaluate[EnzS_l [0] /. Order0Sol n // Last ];
EnzS_I Order0[z] /. HighlightRul e[t]

(-k1b-k2f -k1f STotal [0]

T
(_1 ve o wKrSHEOr ) kif STotal [0]
K1b + K2f + Kif STotal [0]

Qut[51]= -

In[52]:=
EnzS_I OrderOPl ot =Pl ot [EnzS_l Order0[t] /. % {z, O, 1},
PlotStyl e » {Hue[l], Thickness[0.008]}, DisplayFunction- ldentity];
EnzS_.I Or der OPI ot

0.3—‘
0. 25;
0.2}
0. 15;
0.1;

0. 05;¢

0 0.2 0.4 0.6 0.8 i
Transformed tine, 1 /e
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Michaelis—Menten Kinetics: Quter Solution

In[55]:= EnzS_.Order OCut er Rul e = Sol ve[CQut er Order OODE[[1]], EnzS—_Cuter [f]] // Flatten;
S _QuterODE = Qut er O der OCDE[[2]] /. EnzS_OrderOCQuterRul e // Sinplify;
S_Qut er Sol n = NDSol ve[Joi n[{%, {S—_CQuter [0] == 1}] /. Unit Constant sRul e,

S_auter, {f, 0, 1}]//Flatten;
EnzS_QuterSol n = EnzS_OrderOQuterRul e /. S_QuterSol n /. Unit Const ant sRul e;
EnzS_Quter Or der OPl ot = Pl ot [EnzS_Quter [f] /. % {f, 0, 1},

PlotStyle » {Hue[l], Thickness[0.008]}, DisplayFunction- Identi ty];
%
0.3}
0.25]
0.2¢
0. 15;
0.1}
0. 05}

0 0.2 0.4 0.6 0.8 i
Time,

Conclusion: the outer perturbative solution captures the long-time dynamics well, especially for small vajules ofitial
behavior is well-captured by the inner solution.
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Cooperative Phenomenon
e Substrate binds to the enzyme onliheling site
e There are some enzymes with more than 1 binding site.

e Reaction between enzyme and substrate is catlederativeif when the enzyme is bond to a substrate molecule,
substrate molecule can bind to the remaining binding sites.

e Indirect interaction between distinct binding sittosteric effect.

k1
S+E = C,SE+P

k1-
k3 k4
S+C; = C; » Ci+P
k3-
e Again, assume = =12meroa g

STotal

©1988-2005 Wolfram Research, Inc. All rights reserved.
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e From singular perturbation analysis, obtain expression for the substrate flux/reaction velocity (see book by .
Intro. Math. Bial.):

EnzTotal STotalk2 K,, + k4 STota)
Km K+ K;, STotal + STotaf

ds | —
| 5 | =
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Cooperative Phenomenon: Hill-Function

e When cooperativity is suspected, usually assume reaction velocity to take the foltblivifighc—
tion form:

|(_j§ — Q=STotal' .,
dt | = Kp+Stotal ’

wheren is usually taken to be an integer. Typicallys n < 4.

e n takes the role number of molecules taking part in the reaction.
In the case = 1, there is no cooperativity; reduce to Michaelis—Menten, as analyzed.
Largem, higher non-linearity.

In[78]:= H Il _Function[x_, n_]:= Qx"n/ (Km+ x*n); ListOFN= {1, 2, 4, 8};
Li stOF N

Li st OF N

Activating H |l Func:
n = {1, 2, 4, 8}

Fl ux

© o o o
o N M OO 0O B

0 0.5 1 1.5 2
Substrate Concentration
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Cooperative Phenomenon: Hill-Function

Besidesactivating Hill-functions, repressingHill-functions are also commonly used in biologi
modelling.

©1988-2005 Wolfram Research, Inc. All rights reserved.
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11

In[81]:= Repressing_H Il _Function[x_, n_]:= Q/ (Km+ x"n);
ListOFN
Li st OF N]
Repressing Hi |l Func:
n= {1, 2, 4, 8
1
0.8
0.6
Fl ux
0.4
0.2
0
0 0.5 1 1.5 2
Substrate Concentration
| « | » oo 17 of 25
Gene Regulation
In[85]:=
Activating H Il Func: Repressing Hi |l Func:
n= {1, 2, 4, 8} n= {1, 2, 4, 8}
1 1
0.8 0.8
Fl ux 0.6 Fl ux 0.6
0.4 0.4
0.2 0.2
0 0 |
0O 0.5 1 1.5 2 0O 0.5 1 1.5 2
Substrate Concentration Substrate Concentration

e Such activators (positive control) and repressors (negative control) are comgenie iregulation
e Cell: thousands of interacting genes, acting together to respond to diverse signals
— external temperature, level of nutrients, harmful chemicals
—internal level of metabolites, damage to proteins, DNA, etc
e Information—processing capability: biological circuitry
e Environments transcription factorgproteins transiting between active and inactive molecular states)
s genes
e Set of interactiondranscription network
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Gene Regulation

e Schematic of interactions between émvironmenttranscription factorggenegU. Alon, Intro. Systems Biology):

In[86]:= I|nport ["~/Teachi ng/Not eBooks/Lect ure3/CeneNet work. j pg", "JPG'] //
Show[#, |nmageSi ze - {500, 250}] &

Gene? Gene3 Gene4 Gene5 Gene6..Genek

e How do transcription factors influence the/off states of genes?

oy ]

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Gene Regulation

In[87]:=

i Promotor I

Activator binding site Repressor binding site

RNA polymerase

| Promotor Transcribed, processed, and
translatad Into proteln

Repressor binding site

RNA polymerase
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Gene Regulation

I Promotor I
i f Rt e
NNAANNANNANNAVAVANANANAAN
T S:NA polymera“se
I Promotor [
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Transcription Network

In[89]:= I|nport ["~/Teachi ng/Not eBooks/Lect ure3/CeneNet work. j pg", "JPG'];
Show[% | nageSi ze - {500, 280}1;

Gene3 Gene4 Gene5 Gene6..Genek

oy ]

Gene Networks

We can generate a list of random, connected, 3—node, activator/repressor graphs:

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Inl112|: =
<< Di scret eMat h* Conbi nat ori ca’

Randontzr aphLi st =
Tabl e[ Random& aph [NunVert, Prob, Type - Directed], {PlotNum}];
Di stinct Connect edG aphs = Pi ck[% Map[ (Connect edQ[#] == True) & %] // Uni on;

Di sti nct Connect edG aphs

DR
B
R

23 of 25

K | <

Gene Networks

A larger list of 4-node graphs:

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Inl119]: =

Randontx aphlLi st =
Tabl e[ Randonmr aph [NunVert, Prob, Type » Directed], {PlotNum} 1;
Di stinct Connect edG aphs =Pi ck[% Map[ (Connect edQ[#] == True) & %] // Uni on;

Di stinct Connect edG aphs

IHEAN

N

o
-
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Gene Networks
e It has been found that gene transcription networks are not random graphs:
— Motifs occur much more abundantly

- Anti-Motifs occur much more rarely

Relative abundance of Beed-Forward-LoofFFL) types in the transcription network of yeast &ndoli. (from Mangan
et. al, 2006):
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In[78]:=

T T
- Yeast
B Ecoli |]

12 13 14
X X X
L ' £
Y Y Y
1 ¥ 1
z 2 4
| (O e 25 of 25

Network Motifs and Dynamical Implications

e Given that mutations occur randomly, it is probable that the abundance of obmetifedonfer somelynamical proper:
tiesthat for its selection:

- robustnesso noise (environmental fluctuations)

- information processingapabilities

e Negative Autoregulation:

- insensitive to protein production rate (a noisy process)

e Feed-Forward Loop:
- sign-sensitive delay

- persistence detector/filtering of brief fluctuating signals
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