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Topics

e Mathematica Preliminaries
e Mass—Action Kinetics
e Michaelis—Menten Kinetics
e Perturbation Analysis:
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Mathematica Preliminaries
List: collection of general expressions {...}
In[8]:= Table[f[i], {i, 1, 3}]

aut[8]= (f[1], f[2], f[3]}

Replacement rule: transforming each subpart of an expression /.

Inf1]:= a /. {a- b}

Qt[1]= b
Inf2]:= f[a] /. {a~» b}
Qut[2]= f [b]

In[14]:= a=b /. Equal -» Less

a<b

Qut [ 14]

Pattern: for representing forms of ~ Mathematica expressions X

In[15]:= {aP, c9, ef} /. {(x Y- - y*}

Qut[15]= {b?%, d°¢, f¢)
In[16]:= {axb=c, cxd=e, exf =g} /. {X_*xy_ -» y}
Qut[16]= {b=c, d=e, f =g}
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Mathematica Preliminaries

Map: apply a function to each element of an expression Mapl[ Function, List]

In[12]:= Map[Sin, {a, b, c}]

Qut[12]= {Sin[a], Sin[b], Sin[c]}

In[7]:= Map[2"#& {a, b, c}]

Qut[7]= {22, 2P, 2¢)

Pick: take elements out of a list, according to some criterion
In[23]:= NunberlList = {2, 3, 4};

Map[# > 2 & NunberlLi st ]
Pi ck [Nunber Li st, %]

Qut[24]= {Fal se, True, True}

Qut[25]= {3, 4}

Solve: solve system of algebraic equations, for selected variables
In[9]:= Solve[ax™"2+bXx + c =0, X]

_b-+/b2 -
{{x- S R e Lo

Qut [ 9]

Pick[List, Criterion]

Solve[ LHS==RHS, SolvedVariables]

oo 20of 4

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

Mass—Action Kinetics

e Whatis a flux?
flux of a chemical species is the rate of change in the concentration per unit

Units of concerntration : mole/liter ~ 6.022 %1022 entities/liter, ...
Units of : second, minute
-~ Units of flux: mole/(liter * second), ...
d [A]

Mathematical expression for expressing the  flux of species A1 ——=

e Rate laws: how does the flux depend on the concentration of the  reactants ?
| O e 30of4
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Mass—Action Kinetics

e Mass—action rate law: reaction flux is proportional to the probability of finding reacting molecules in
a small volume.

I n| 906 : =
Numvbl ecul el = 40;
Mol ecul elLocati on = Tabl e[{Random[], Random[]1}, {i, 1, Numibl ecul el}];

Pl ot G rcl eRadi us = 0. 03;
Pl ot Mol ecul e[Col or _, LocationList_]:=
Show[Gr aphi cs[Map[ {Col or, Circle[#, PlotCircleRadius], Point[#]} & LocationList]] //Flatten,
Aspect Rati o0 » Autonatic, PlotRange - Table[{O-PlotOfMargin, 1+PlotOfMargin}, {2}],
Di spl ayFunction- ldentity];
Pl ot O f Mar gi n = 0. 05;

Pl ot 1 = PI ot Mbl ecul e[Hue[0. 9], Ml ecul elLocation];
Show[Pl ot 1, Di spl ayFunction- $Di spl ayFunction, | nageSi ze » {250, 250}, Frane -» True, FrameTi cks - None];

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Mass—Action Kinetics

In| 835]: =
Numvbl ecul e2 = 5;
Mol ecul e2Locati on = Tabl e[{Random[], Random[]1}, {i, 1, Numibl ecul e2}];

(» Plotting intersection |ines x)
Di st anceli st = Tupl es[{Mol ecul elLocati on, Mol ecul e2Locati on}];
Pi ckedEl ements = Map[ Nor m[#[[1]] -#[[2]1]1] < PlotCircl eRadi us *2 & Di stancelLi st ];
Li nel ntersection =
Show[G aphi cs[Map[{ Thi ckness[0. 006], Line[#]} & Pick[Di stanceList, PickedEl ements]]], DisplayFunction- ldentity];

Pl ot 2 = PI ot Mol ecul e[Hue[0. 7], Mol ecul e2Locati on];
Pl ot Combi nedSpeci es = Show[{Plot1, Plot2, Linelntersection},
Di spl ayFuncti on » $Di spl ayFuncti on, |nageSi ze » {250, 250}, Frame - True, FraneTi cks -» Nonel;
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Mass—Action Kinetics

In| 863 : =
Numvbl ecul e2 = 10;
Mol ecul e2Locati on = Tabl e[{Random[], Random[]1}, {i, 1, Numibl ecul e2}];

(» Plotting intersection |ines x)
Di st anceli st = Tupl es[{Mol ecul elLocati on, Mol ecul e2Locati on}];
Pi ckedEl ements = Map[ Nor m[#[[1]] -#[[2]1]1] < PlotCircl eRadi us *2 & Di stancelLi st ];
Li nel ntersection =
Show[G aphi cs[Map[{ Thi ckness[0. 006], Line[#]} & Pick[Di stancelList, PickedEl ements]]],

Pl ot 2 = PI ot Mol ecul e[Hue[0. 7], Mol ecul e2Locati on];
Pl ot Combi nedSpeci es = Show[{Plot1l, Plot2, Linelntersection},

Di spl ayFunction- ldentity];

Di spl ayFuncti on » $Di spl ayFuncti on, |nageSi ze » {250, 250}, Frame - True, FranmeTi cks -» Nonel;

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Mass—Action Kinetics

In| 870]: =

Numivbl ecul e2 = 40;

Mol ecul e2Locat i on = Tabl e[ {Random[],

(+ Plotting intersection lines %)

Di st anceli st = Tupl es[{Mol ecul elLocati on,

Random[]}, {i, 1,

Numvbl ecul e2}7;

Mol ecul e2Locati on}];

Pi ckedEl ements = Map[ Nor m[#[[1]] -#[[2]1]1] < PlotCircl eRadi us *2 & Di stancelLi st ];

Li nel ntersection =

Show[G aphi cs[Map[{ Thi ckness[0. 006],

Pl ot 2 = PI ot Mbl ecul e[Hue[0. 77,

Di spl ayFunction > ldentity,

Line[#]} & Pick[D stancelLi st,

Mol ecul e2Locat i on];
Pl ot Combi nedSpeci es_.Densi t y40 = Show[ {Pl ot 1,
| mageSi ze » {300, 300},

Pl ot 2, Linelntersection},
Franme » True,

Pi ckedEl enents]]1,

Di spl ayFunction- ldentity];

FraneTi cks - None];

Show[G aphi csArray [{Pl ot Conbi nedSpeci es._Densi ty5, Pl ot Conbi nedSpeci es_.Density10, Pl ot Conbi nedSpeci es._.Density40}1,
FranmeTi cks - None];

Di spl ayFuncti on - $Di spl ayFuncti on,

| mageSi ze » {200 %3, 200},

Frame » True,
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Mass—Action Kinetics

Rate law:

"The rate of the single chemical reaction (A+B - C) is directly proportional to the product of the concentrations of the participating species, A
and B"
g

d[A]l _dIB] _
— ==~ kas *[A] " [B]

d
= Knp *[A]*[B]

"The rate of the reversible chemical reaction (A+B %=C+D) is directly proportional to the product of the concentrations of the participating
species, A and B"

YA 91BL= - ko [A]*[B] + kep* [C]* [D]
= 5= kae*[A1*B] - kep *[C1*[D]

Chemical Equilibrium:

® Forward rate = backward rate, i.e., —kag *[A]l *[B] + kep*[C]*[D]=0

[C] [D]
[A] [B]

- kAB /kCD

® Characterizing equilirium solutions: equilibrium constant =

In[7]:= Equil Condition= (-KAB » Conc[A] » Conc[B] + KCD % Conc[C] » Conc[D] == 0);
ConcSol n = Sol ve[Equi | Condi ti on, Conc[C]] // Flatten;
Conc [C] %= Conc[D] / (Conc[A] = Conc[B]) /. ConcSoln

KAB

| « | » | | 10 of 24
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Michaelis—Menten Kinetics

Conversion of substrate (S) to product (P), via enzyme-substrate (EnzS) formation:
ki
Enz + Sb:: EnzsS,
k1

f
k
EnzS- P+ Enz,;

Get the equations using the  Cellerator ™ package (automatic equation generation for biological modelling; www.cellerator.org )

In| 370 : =
<<cellerator.m

Cellerator™ 1.5.8 (1-Jul y-2005) | oaded 20-Mar -2007 11: 28 using Mathematica Version 5.2 for Linux (June 20, 2005)

In| 371 :=
reactionl = {{Enz + S= EnzS, ki1f, klb}};
(reactionlODE=interpret [reactionl] // First) // Col umForm

Qut| 372| =
Enz’ [t] = klb EnzS[t] - k1f Enz[t] S[t]
EnzS [t ] = -k1b EnzS[t ] + k1f Enz [t ] S[t]
S [t] =klbEnzS[t ] - k1f Enz[t] S[t]

In|373]:=
reaction2 = {{EnzS-» P+ Enz, k2f}};
(reaction20DE =i nterpret [reaction2] // First) // Col umForm

Qut| 374| =
Enz’ [t ] == k2f EnzS[t ]
EnzS [t ] = -k2f EnzS[t ]
P [t] = k2f EnzS[t ]

I | < | > | M | 1of 1
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Michaelis—Menten Kinetics

Lets check conservation relations:

In| 524]: =
EnzTotal [t] =Enz[t] + EnzS[t];
Ti meDeri vEnzTotal = D[EnzTotal [t], t];
reacti on2Rul e =reacti on20DE /. {Equal - Rul e}

Qut| 526| =
{Enz’ [t ] - k2f EnzS[t ], EnzS [t ] - -k2f EnzS[t], P [t] - k2f EnzS[t ]}

In|527]: =
Ti meDeri vEnzTotal /. reaction2Rul e

Qut | 527| =
0

In|528]:=
STotal [t] =S[t] + EnzS[t] +P[t];
Ti meDeri vSTot al = D[STotal [t], t1;
reactionsConbi ned = ({reactionl //First, reaction2//First} //interpret //First) /. {Equal » Rul e};
(Ti meDeri vSTotal /. reacti onsConbi ned) ==

Qut | 531 =
True

4 species, 2 conservation relations, therefore obtain 2  independent ODES:

In| 532]:=
Cl ear [EnzTot al 1;
EnzTotal [t _]:=EnzTotal [0];
EnzRepl aceRul e = Sol ve[EnzTotal [t] ==Enz[t] + EnzS[t], Enz[t]] // Flatten;
Sel ectedVar = {EnzS' [t], S [t1};
TwoDi nEnzyneODE = Pi ck [r eacti onsConbi ned, Map[Menber Q[Sel ect edVar, #] &,
Map[#[[1]1] & reactionsCombi ned]]] //. EnzRepl aceRul e /. {Rul e » Equal };
%// Col utmFor m

Qut | 537 =
EnzS [t ] = -k1lb EnzS[t ] - k2f EnzS[t ] + k1f (-EnzS[t] + EnzTotal [0]) S[t]
S [t] =klb EnzS[t ] - k1f (-EnzS[t] + EnzTotal [0]) S[t]

| « | » oo 12 of 24
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Michaelis—Menten Kinetics

In|538]:=
STotal [t _]:=STotal [0];

TransfornEqn = {S[t] == S[t]/STotal [0], EnzS[t] == EnzS[t]/EnzTotal [0]};

TransfornVari abl es = Sol ve[% Sel ectedVar /. {Derivative[l][Species_][t_] - Species[t]}] //Flatten;
ODETr ansfornRul e = Append[% Map[ D[#[[1]1], t] > D[#[[2]], t]1& 9] //Flatten

Qut| 541] =
{S[t] — STotal [0] S[t], EnzS[t] - EnzTotal [0] EnzS[t], S [t] — STotal [0] s [t], EnzS [t] - EnzTotal [0] ErzS [t }}
In| 542|: =

ModTwoDi nEnzynmeODE = Si npl i fy [TwoDi nEnzynmeCDE /. % Assunptions » {STotal [0] > O, EnzTotal [0] >0}];
%// Col utTmFor m

Qut | 543| =
EnzS(t] (k1b +k2f +k1f STotal [0] S[t]) + EnzS [t] = k1f STotal [0] S[t ]

EnzTotal [0] EnzS[t] (k1b +k1f STotal [0] S[t]) == STotal [0] (k1f EnzTotal [0] S[t] LS [t])

In| 544] : =
Ti meChai nRuIe:{t >t

Derivative[l][Species_][t] > Derivative[l][Species][f]* (EnzTotal [0] »k1f) };
ModTwoDi nEnzymeODE = Si npl i f y [ModTwoDi nEnzyneODE /. Ti neChai nRul e, Assunptions -» {STotal [0] > 0, EnzTotal [0] >0}] //.
{x_rtemp_1 > x[f1}
Qut | 545| =
{EnzS[f] (k1b +k2f +ki1f STotal [0] S[f]) +k1f EnzTotal [0] ErzS [f] - k1f STotal [0] S[f],
ErizS[f] (k1b+k1f STotal [0] $[f]) = k1f STotal (0] (S[f] +S [f]))
In| 546] : =

Par anEnzynmeODE = Si npl i f y [ModTwoDi nEnzyneCDE /. {EnzTotal [0] - e STotal [0]}, Assunptions - {e> 0, ki1f > 0}];
%// Col utmFor m

Qut| b4r| =
EnzS[f] (k1b+k2f +k1f STotal [0] S[f]) +k1f e STotal [0] ErzS [f] - k1f STotal [0] S[f]

EnzS[f] (k1b +k1f STotal [0] S[f]) = k1f STotal [0] (S[f] + 8 [€1)

o « | » woo| 13 of 24
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Michaelis—Menten Kinetics: Asymptotic Analysis

I n| 548]: =
Zer oOr der Appr ox = Par anEnzyneQDE /. {e » 0}

Qut | 548] =

{EnzS[f] (k1b +k2f +k1f STotal [0] S[f]) = k1f STotal [0] S[f], EnzS[f] (k1lb+k1f STotal [0] S[f]) == k1f STotal [0] (S[f] L8 (€1)}
I n| 549] : =

EnzSEqui | i bri um=Sol ve [%[[1]1], EnzS[f]] // Flatten

Qut | 549 =

k1f STotal [0] S[f] }

{EnzS[f] -
klb + k2f + k1f STotal [0] S[f]

In| 550]: =
ReducedODE = Zer oOr der Approx [[2]] /. EnzSEqui l i bri um
Qut | b50] =
kif STotal [0] S[f] (k1b +klf STotal [0] S[f])

-- k1f STotal [0] (S[f]+$ [f])
klb + k2f + ki1f STotal [0] S[f]

In| 551 : =
MWKi net i ¢ = ReducedODE // Sinplify[#, Assunptions- {S[f]> 0}] & // Sol ve[#, g [(f1] &7/ Flatten
Qut| 551 =

(s 161 k2f S[f]

" k1b + k2f + k1f STotal [0] S[f] J

In| 552|: =
(%[ [1, 211 // Nurrerator) / ((%[1, 2]] // Denomi nator) / (k1f STotal [0]) // Expand)

Qut | 552 =
k2f S[f]
kib K2f
KIf STotal (0] ' If STotal (0] S[t)

©1988-2005 Wolfram Research, Inc. All rights reserved.
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In|553]: =
8 [f]/. MKinetic /. {klb- 1, kif » 1, k2f » 1, STotal [0] » 1};

Pl ot [% {S[f], 0, 5}, Pl ot Range » Al |, Frane » True, FranmelLabel - { Flux & if1",

0r
-0.1¢
-0. 2¢
-0. 3¢
St -0.4;
-0.5¢
-0. 6¢
-0.7 ‘
0 1 2 ) 3 4 5
Flux S [f]
] « | » no |

Michaelis—Menten Kinetics: Asymptotic Analysis
Qut| 441| =
k2f S[f]
k1lb k2f +S[f]

KIf STotal (0] ' KIf STotal [0]

"S[f]"}, Rot at eLabel - Fal se];

14 of 24
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K1b K2t

Changing the Michaelis constant , r=rm T * KT SToral 0]

In| 519 : =
8 [f]/. MKinetic/. {klb- 1, k1f » 1, k2f » 1, STotal [0] » 1};
Plot1=Plot [% {S[f1, 0, 5}, PlotRange > {{0, 5}, {-0.8, 0}}, Franme- True,

Fr aneLabel - {"S[f]", "Flux & f1" } Rot at eLabel -» Fal se, Displ ayFunction-> ldenti ty];

8 [f]/. MKinetic /. {klb> 1, k1f » 1, k2f » 1, STotal [0] - 2};
Pl ot 2 = Pl ot [% {S[f], 0, 5}, Pl ot Range » {{0, 5}, {-0.8, 0}}, Frame - True,

FrameLabel - {"S[f]", "Flux & if1" } Rot at eLabel -» Fal se, Displ ayFunction-> ldenti ty];

Show[G aphi csArray[{{Plot1l, Plot2}}], |mageSize -> {600, 200}, Di splayFuncti on -> $Di spl ayFuncti on];

0 0
-0.1 -0.1
-0.2 -0.2
-0.3 -0.3
Flux $ [f] -0.4 Flux S [f]-0.4
-0.5 -0.5
-0.6 -0.6
-0.7 -0.7
1 2 3 4 5 1 2 3
S[f] S[f]
W T I | 15 of 24
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Michaelis—Menten Kinetics: Asymptotic Analysis

What happens to the solution in the limit €-0?
In| 555 : =
Ki neti cParanRepl aceli st = {klb - 1, k1f » 1, k2f » 1, STotal [0] » 1, e - 10" (-1)};
Sol = NDSol ve [Append [Par anEnzymeCDE /. % {S[0] =1, EnzS[0] =0}], {§ Enzs}, {f, 0, 10}];

bol dBl ue[x_] : = Styl eForm[x, FontCol or » RGBCol or [0, O, 1], FontWeight »"Bold", FontSize - 10];
bol dRed [x_] : = Styl eForm[x, Font Col or » RGBCol or [1, 0, 0], FontWeight -»"Bold", FontSize - 10];

EnzymeSubstrat ePl ot Lar ge = Pl ot [{EnzS[f1} /. Sol, {f, 0, 10}, PlotRange» All, InageSize - {300, 150}, DisplayFunction- Identity, AxesLabel - {"f", ("S[f]" // bol dRed)}, Pl ot Label » "Long-time plot"];
EnzymeSubst rat ePl ot Expand =

Plot [{EnzS[f1} /. Sol, {f, 0, 0.2}, PlotRange- All, InmmgeSize - {300, 150}, DisplayFunction- Identity, AxesLabel -» {"f", ( EnzS[f1" // bol dRed) }, PlotLabel » ("Blow-up plot" // bol dBlue)];
SubstratePl ot Large = Pl ot [{S[f1} /. Sol, {f, 0, 10}, PlotRange - All, |mageSize - {300, 150}, DisplayFunction~ Identity, AxesLabel » {"f", ("S[f]" // bol dRed) }. PlotLabel » "Long-time plot"];

Subst r at ePl ot Expand =
Plot [{S[f1} /. sol, {f, 0, 0.2}, PlotRange - All, ImageSize~ {300, 150}, DisplayFunction- Identity, AxesLabel - {"f", ( EnzS[f1" // bol dRed) }. PlotLabel » ("Bl ow-up plot" // bol dBlue)];

Show[G aphi csArray [{{EnzymeSubstrat ePl ot Lar ge, EnzymeSubstrat ePl ot Expand}, {SubstratePl otLarge, SubstratePl ot Expand}}], | mageSi ze » {600, 300}];

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Sif] Long-time pl ot EnzS[f] Bl ow-up pl ot
0.3 0.3
0. 25 0. 25
0.2 0.2
0.15 0.15
0.1 0.1
0. 05 0. 05
> i 6 8 10°f 0.05 0.1 015 0.2t
Sif] Long-ti ne pl ot EnzS[f] Bl ow-up pl ot
1
0.05 0.1 015 o0.2f
0.8 0.98
0.6
0.96
0.4
0. 2 0.94
5 4 6 8 10t 0.92
o « | » | woo| 1of1l
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Michaelis—Menten Kinetics: Asymptotic Analysis

What happens to the solution in the limit ~ e—»0?
I n| 564 : =
Ki neti cParanRepl acelLi st = {klb - 1, k1f » 1, k2f - 1, STotal [0] » 1, e - 10" (-2)};
Sol = NDSol ve[Append[ParanEnzymeCDE /. % {S[O] =1, EnzS[O0] ==O}], {S, EnAzS}, {f, 0, 10}];
EnzymeSubst rat ePl ot Lar ge = Pl ot [{EnzS[f]} /. Sol, {f, 0, 10}, PlotRange- All,
| mageSi ze » {300, 150}, Displ ayFunction- ldentity, AxesLabel - {f ("S[f]" // bol dRed)}, Pl ot Label -» "Long-time plot" ];

EnzyneSubst r at ePl ot Expand = Pl ot [{EnES[f]} /. Sol, {f, 0, 0. 05}, Pl ot Range » Al |, |mgeSi ze » {300, 150},
Di spl ayFunction - Identity, AxesLabel » {"f", ("EnzS[f]1" //boldRed)}, PlotLabel » ("Blow-up plot" //bol dBlue)];
Substrat ePl ot Large = Pl ot [{S§[f1} /. Sol, {f, 0, 10}, PlotRange > All, |nageSi ze » {300, 150},

Di spl ayFunction - Identity, AxesLabel » {"f", ("S[f1" //boldRed)}, PlotLabel » "Long-tine plot"];
Subst rat ePl ot Expand = Pl ot [{S[f1} /. Sol, {f, 0, 0.05}, PlotRange - All, |nmageSize- {300, 150},

Di spl ayFunction - Identity, AxesLabel » {"f", ("EnzS[f]" //boldRed)}, PlotLabel » ("Blow-up plot” //bol dBlue)];
Show[Gr aphi csArray [{{EnzynmeSubst r at ePl ot Lar ge, EnzynmeSubst r at ePl ot Expand}, {SubstratePl otLarge, SubstratePl ot Expand}}], | mageSi ze » {600, 300}1;

©1988-2005 Wolfram Research, Inc. All rights reserved.
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Sif] Long-ti nme pl ot EnzSIf] Bl ow-up pl ot
0.3 0.3
0.25 0. 25
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0. 05
2 4 6 8 10 t 0.01 0.02 0.03 0.04 O. 05f
Sff] Long-time plot EnzS[f] Bl ow-up pl ot
0.01 0.02 0.03 0.04 oO. 05f
0.8 0. 9975
0. 995
0.6 0.9925
0.4 0.99
0. 9875
0.2 0. 985
£ 0. 9825
2 4 6 8 10
o « | » | woo| lof1l
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Michaelis—Menten Kinetics: Asymptotic Analysis

What happens to the solution in the limit ~ e—»07? Need to use singular perturbation analysis , to match outer and boundary layer solution
In 571 =
Ki neti cPar anRepl acelLi st = {klb - 1, k1f » 1, k2f » 1, STotal [0] » 1, e - 10" (-3)};
Sol = NDSol ve[Append[ParanEnzyneODE /. % {S[O] =1, EnzS[0] ==0}], {S, En”zS}, {f, 0, 10}];
EnzynmeSubst r at ePl ot Lar ge = Pl ot [{En‘zS[f]} /. Sol, {f, 0, 10}, Pl ot Range » Al |,
I mageSi ze » {300, 150}, DisplayFunction- Identity, AxesLabel » {"f", ("S[f1" //boldRed)}, PlotLabel » "Long-time plot"];
EnzynmeSubst r at ePl ot Expand = Pl ot [{EnzS[f1} /. Sol, {f, 0, 0.01}, PlotRange~ All, |mageSize - {300, 150},
Di spl ayFunction - Identity, AxesLabel » {"f", ("EnzS[f]" //boldRed)}, PlotLabel » ("Blow-up plot” //bol dBlue)];

Subst r at ePl ot Lar ge = Pl ot [{S[f]} /. Sol, {f, 0, 10}, Pl ot Range » Al |, | mageSize » {300, 150},
Di spl ayFunction - Identity, AxesLabel » {"f", ("S[f1" //boldRed)}, PlotlLabel » "Long-time plot"];
Subst r at ePl ot Expand = Pl ot [{S[f]} /. Sol, {f, 0, O. 01}, Pl ot Range » Al l, | nageSi ze » {300, 150},

Di spl ayFunction - Identity, AxesLabel » {"f", ("EnzS[f1" //boldRed)}, PlotLabel » ("Blow-up plot" //bol dBlue)];
Show[Gr aphi csArray [{{EnzyneSubstrat ePl ot Lar ge, EnzyneSubstr at ePl ot Expand}, {SubstratePl otLarge, SubstratePl ot Expand}}], | mageSi ze » {600, 300}];
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Sif Long-time pl ot EnzS[f] Bl ow-up pl ot
0.3 0.3
0.25 0.25
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
5 i 6 g8 10t 0.002 0. 004 0. 006 0. 008 0. 01f
§if o .
1[ 1 Long-ti me pl ot EnzS[f] Bl ow-up pl ot
00020, 004 0. 006 0. 008 0. 01f
0.8 0. 9995
o6 0.999
: 0. 9985
0.4 0.998
o 0.9975
0.997
5 . < = 0. 9965
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Regular Perturbation Analysis

Singular perturbation involves more complex ideas; start off with regular perturbation analysis.
Suppose we want to solve the ODE:

In| 260] : =
ODESys = {X” [t] +eX [t]? +X[t] ==0, X[0] =1, X’ [0] = 0};
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where we know that e is very small (0 < e <« 1). Can we use the smallness of € to obtain approximate solutions?
Since e enters the equation as a small parameter, consider:

Inl 261]: =
MaxQr der
MaxOrder = 2;  xtest[t_] := Z e X[t
i=0
Inl 263 : =

Expansi onODE = CDESys /. {x[t_] -» xtest[t], Derivative[n_]1[x][t_] - Derivative[n][xtest][t]}; %// Col unmmForm

Qut | 264| =
X[O)J[t]+ex[1][t] +e2x[2][t] +e (X[0]) [t] +ex[1]'[t] +<—:2x[2}’[t])2+x[0]”[t] +eX[1]7[t] +e2 x[2]7[t] =
X[0][0] +ex[1][0] +€2 x[2][0] ==

X[0]"[0] +ex[1]"[0] +€2x[2]"[0] =0

Now lets look at equation for each order of €

In| 265]: =

eOrder = 0;

Order 0ODE = Thread[ Coefficient [ Map[# // First & Expansi onODE], €, eOrder], Map[# // Last & ExpansionODE] ] ]
Qut| 266| =

(X[0O][t] +X[0]”[t] =0, x[0][0] =1, Xx[0]"[0] == 0}

In|267]:=

eOrder = 1;

O der 10DE = Thread [ Coefficient [ Map[# // First & Expansi onCDE], €, eOder], Map[# //Last & Expansi onODE] | ]
Qut | 268| =

2

{X[11[t] +x[0)7 [t]7 +x[1]"[t] =0, X[1][0] =1, x[1]"[0] = O}

In| 269]: =

eOder = 2;

O der 20DE = Thread [ Coefficient [ Map[# // First & Expansi onODE], €, eOrder], Map[# // Last & ExpansionODE] ] ]
Qut| 270| =

(X[2][t] +2X[0] [t ]X[1] [t] +X[2]”[t] =0, x[2][0] =1, x[2] [0] = 0}
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Regular Perturbation Analysis

Now we can solve the expansion equations at each order:

In| 333 :=
Order0Sol n = NDSol ve[Order 0OODE, x[0], {t, O, 1}71;
Pl ot [x[O][t] /. Order0Soln, {t, 0, 1},

PlotStyl e -» {Hue[0.8], Thickness[0.01]}, Frame » True, PlotRange > All, Axes - None];
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In| 335]: =
Order1Sol n = NDSol ve[Order 10DE /. Order0Sol n, x[1], {t, O, 1}71;
Plot [x[1][t] /. Order1Soln, {t, O, 1},

PlotStyl e » {Hue[0.8], Thickness[0.01]}, Frane - True, PlotRange- All, Axes - None];

17

0.9¢

0. 8¢

0.7

0.5¢

0 0.2 0. 4 0.6 0.8 1
In[33/7]:=
Order 2Sol n = NDSol ve[Order 20DE /. Order0Sol n /. Order1Sol n, x[2], {t, O, 1}7;
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Regular Perturbation Analysis

Lets compare the expansion solution with the solution for the original ODE system:

In| 362 : =
ODESol n = NDSol ve[CDESys /. {e -> 0.1}, x, {t, 0, 1}1;
ODESol nPl ot =Pl ot [x[t] /. CDESoln, {t, O, 1}, PlotStyle - {Hue[0.3], Thickness[0.01]},
Frame -» True, PlotRange - All, DisplayFunction- Identity, Axes - None];

Expansi onCDESol nPl ot = Pl ot [xtest [t] /. (Join[{e -> 0.1}, Order0Soln, OrderlSoln, Order2Soln] //Flatten), {t, 0, 1},
Pl ot Styl e - {Hue[0.8], Thickness[0.01]}, Franme - True, PlotRange-» All, DisplayFunction- ldentity, Axes - Nonel;

Show[ {ODESol nPl ot, Expansi onODESol nPl ot }, Di spl ayFuncti on - $Di spl ayFuncti on];
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Regular Perturbation Analysis

Lets compare the expansion solution with the solution for the original ODE system:

In| 366] : =
ODESol n = NDSol ve [ODESys /. {e -> 0.01}, x, {t, 0, 1}1;
ODESol nPl ot =Pl ot [x[t] /. CDESoln, {t, O, 1}, PlotStyle - {Hue[0.3], Thickness[0.01]},
Frame -» True, PlotRange - All, DisplayFunction- Identity, Axes - None];

Expansi onCDESol nPl ot = Pl ot [xtest [t] /. (Join[{e -> 0.01}, Order0Soln, Orderl1Soln, Oder2Soln] //Flatten), {t, 0, 1},
Pl ot Styl e - {Hue[O0.8], Thickness[0.01]}, Frane - True, PlotRange - All, DisplayFunction- Identity, Axes - None];

Show[ {ODESol nPl ot, Expansi onODESol nPl ot }, Di spl ayFuncti on - $Di spl ayFuncti on];
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Regular Perturbation Analysis

Lets compare the expansion solution with the solution for the original ODE system:

In| 358]: =
ODESol n = NDSol ve [ODESys /. {e -> 0.001}, x, {t, 0, 1}1;
ODESol nPl ot =Pl ot [x[t] /. CDESoln, {t, O, 1}, PlotStyle - {Hue[0.3], Thickness[0.01]},
Frame -» True, PlotRange - All, DisplayFunction- Identity, Axes - None];

Expansi onCDESol nPl ot = Pl ot [xtest [t] /. (Join[{e -> 0.001}, Order0Soln, OderlSoln, Oder2Soln] //Flatten), {t, 0, 1},
Pl ot Styl e - {Hue[0.8], Thickness[0.01]}, Frame -» True, PlotRange - All, DisplayFunction- Identity, Axes - None];

Show[ {ODESol nPl ot, Expansi onODESol nPl ot }, Di spl ayFuncti on - $Di spl ayFuncti on];
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Michaelis—Menten Kinetics: Asymptotic Analysis

1N 10/3]:=
CDESys = Append [Par anEnzymeCDE /. {klb - 1, kif » 1, k2f -» 1, STotal [0] » 1}, {5[0] =1, EnzS[0] =0}] // Flatten

Qut| 1073| =
(EnzS[f] (2+8[]) +c ENZS [£] == S[f], ENzS[E] (1+S[f]) =S[f] +S [, S[0] =1, EnzS[0] =- 0}
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Read in the PerturbationODE package, that does the perturbation analysis automatically

1N 10/5]: =
<< Perturbati onOCDE. m

Inl 1099 : =
Order Li st = Pol yOr der Li st [CDESys, {81f1. EnAzS[f]}, €, 1];

(» e: zeroth order equation x)
O derList[[1]] // Col umForm

Qut| 1100| =
2 EnzS[0] [f] + EnzS[0] [f] S$[0] [f] = $[0] [f]

EnzS[0] [f] + EnzS[0] [f] S[0][f] = S[0] [f] +S[0] [f]

$[0][0] =
EnzS[0] [0] =
Inl 1101 : =

(» e: first order equation x)
OrderList[[2]] // Col umForm

Qut| 1101 =
EnzS[0] [f] + 2 EnzS[1] [f] + EnzS[1] [€] S[0] [f] + ENzS[0] [f] S[1] [€] = S[1][f]
EnzS[1])[f] + EnzS[1][f] S[0] [f] + ENzS[0] [f] S[1][f] = S[l}’ (£] +8[1][f]
S[(1]([0] =
EnzS[1][0] =

Conclusion: the expansion equations are not well-formed, ODE systems!
In fact, need to do asymptotic matching
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Singular Perturbation

—Construct inner, or singular solution : boundary layer
—Construct outer, or quasi—steady state solution

—Matching condition: solution is continuous going from inner to outer solutions
—Obtain the composite solution, which is wuniformly valid approximation for all time
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