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Lecture 10: Overview

è MATCONT software

− capabilities, examples

− numerical method
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Softwares for Analysis of Dynamical Systems

è AUTO:  Software for Continuation and Bifurcation Problems in ODEs 
− developed from 1980−present, by E. Doedel et al

− widely used in dynamical systems community

− written in Fortran

− website: http : �� indy.cs.concordia.ca�auto

è CONTENT:  Interactive Environment for Studying Dynamical Systems 
− developed from 1995−present, by Y. A. Kuznetsov et al

− written in C

− website: http : �� www.enm.bris.ac.uk�staff�hinke�dss�continuation�content.html

è MATCONT:  Continuation Software 
− developed from 2003−present, by W. Govaerts, Y. A. Kuznetsov et al

− encompasses most features of existing softwares such as AUTO, CONTENT

− new capabilities being developed

− easily used from MATLAB environment

− website: http : �� www.matcont.ugent.be�
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Softwares for Analysis of Dynamical Systems
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Softwares for Analysis of Dynamical Systems
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Simple Analysis with MATCONT: 2D Morris−Lecar System

è Vector field associated with the ODE system:

− passed function handle, @MyML

è init_EP_EP: initialize structure for equilibrium continuation

− from starting equilibrium solution x0

− starting parameter values [30; 6]

− choosing the first, [1], as bifurcation parameter
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Simple Analysis with MATCONT: 2D Morris−Lecar System

è cont: performs continuation 

− using method specified by the @equilibrium function

− specifying the num. of solution points, step size, detect singularities 

è computed solution contained in [x,v,s,h,f]

− x: all the computed points

− s: list of singularity points (H = Hopf, LP = Limit Point)

6

©1988−2005 Wolfram Research, Inc. All rights reserved.



  Ç Å ¡ 7 of  20

Simple Analysis with MATCONT: 2D Morris−Lecar System

è Specifying vector field of ODE:

− @fun_eval

− optional analytical derivatives: @jacobian, @jacobianp, ...
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Simple Analysis with MATCONT: 2D Morris−Lecar System

è computed solution [x,v,s,h,f]

− x: equilibrium solutions and the associated bifurcation parameter
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Simple Analysis with MATCONT: 2D Morris−Lecar System

è computed solution [x,v,s,h,f]

− s: list of singularity points (H = Hopf, LP = Limit Point)

10

©1988−2005 Wolfram Research, Inc. All rights reserved.



  Ç Å ¡ 10 of  20

Continuation of Bifurcation Point

è Having detected bifrucation points (H, LP), what else can we do?

− continuation of bifurcation points

− detection of (higher co−dim) singularity points on bifurcation manifold 

è Singularities on continuation of Limit Point:

− Branching Point (BP), Cusp Point (CP), Bogdanov−Takens (BT), ...

è Singularities on continuation of Hopf:

− Zero Hopf (ZH), Double Hopf (HH), Generalized Hopf (GH), ...
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Continuation of Bifurcation Point

è Detection of (higher co−dim) singularity points on bifurcation manifold

− continuation of bifurcation points

− detection of (higher co−dim) singularity points on bifurcation manifold 
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Limit Cycles from Hopf Bifurcation

è From the 5th singularity point (H), compute the emerging limit cycle by continuing the 1st parameter
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Limit Cycles from Hopf Bifurcation

è init_H_LC

− initialize the computation of limit cycles emerging from Hopf point
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Limit Cycles from Hopf Bifurcation

è Result of continuation: [xlc, vlc, slc, ...]

− list of singular points: slc
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Numerical Algorithm for Solution Continuation and Bifurcation 

è Pseudo−archlength continuation: consider smooth function 

F : Rn+1 ® R
n

we would like to trace the curve given by

F Hx, ΑL = 0

where the scalar Α is a free parameter  

è Main idea: generate a sequence of points 

Xi º Hx i , Αi L, i = 1, 2, ...

such that 

° F HXi L ° � Ε, ° ∆Xi  ° � Ε´

è Suppose at point Xi = Hx i , Αi L we have normalized tangent vector Vi = Hv i , Ηi L:

FX HXi L Vi = 0, ° Vi  ° = 1

è Calculation of next point Xi +1 = Hx i +1 , Αi +1Lconsists of 2 steps:

− prediction of new point

− correction from the predicted point
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Numerical Algorithm for Solution Continuation and Bifurcation

è Predictor step:

 X�i +1 = Xi + h Vi

for some sufficiently small step−size h

This linear approximation takes us off the curve; hence:

è Corrector step: a Newton−like procedure is used;

However, Newton’s method can only be applied to systems with as many equations as unknowns

Need to append a scalar equation, giving rise to system:

9 F HXL = 0
g HXL = 0
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Numerical Algorithm for Solution Continuation and Bifurcation

è How to choose g HXL ? 

− make the direction of the corrector step orthogonal to predictor step 

− g HXL = XX - X�i +1 , V i \
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Numerical Algorithm for Solution Continuation and Bifurcation

è Hence, the corrector steps Xc,k  consist of Newton iterations of the form

Xc,0 = X�i +1

Xc,k +1 = Xc,k - HX
-1  HXc,k L H HXc,k L,

H HXL = JF HXL
0
N, H X HXL = JFX HXL

Vi
T N

è Having found new point Xi +1  on the curve F HXL = 0 , compute new tangent vector Vi +1   that preserves
curve

9 FX HXi +1L Vi +1 = 0
XVi +1 , V i \ = 1
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Numerical Algorithm for Solution Continuation and Bifurcation

è Having traced a curve solving  F Hx, ΑL = 0, we need to detect singularities on the curve (e.g., H

è Method: define smooth scalar test functions Φ HxL which have simple zeros at singularity points of

− e.g., for Limit Point:  Φ HxL = det F X HXL

è Locate singularities by finding the zeros of Φ HxL
 − by e.g., 1−dimensional secant method

 

 è Singularity is detected if:  Φ Hx i L Φ Hx i +1L < 0
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Conclusions

è MATCONT is an ongoing effort, encompasses many capabilities of existing dynamical analysis software

è Build up bifurcation diagram by 

− performing solution continuation, and 

− bifurcation detection

− continuation of bifurcation, and 

− singularity detection

è MATCONT has many other capabilities, including: 

− handling higher co−dimension bifurcations

− computing normal form coefficients
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