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Forward Bifurcation
Consider models of cellular processes by systems of first-order or-
dinary differential equation: denoting x and α as the biochemical
concentrations and parameters, respectively, the time evolution
of x is given by ẋ = f(x, α). Bifurcation analysis maps param-
eter values→ bifurcation diagram. Via the bifurcation diagram,
the parameter space is partitioned into ”qualitatively different”
regions.
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Bifurcation for mammalian G1/S module [8]

Inverse Bifurcation
Inverse Problems is a field of applied mathematics where one
looks for causes of observed or desired effects [2]. Mathemati-
cally, inverse problems may be formulated in terms of operator
equations of the form: determine q ∈ Q from y ∈ Y , such that

F (q) = y,

where F : Q → Y is a (in general, nonlinear) parameter-to-
output map acting between Hilbert spaces Q and Y . Such prob-
lems are typically ill-posed and hence regularization techniques
have to be developed [2]. The aim of inverse bifurcation analysis
is to map the geometry of bifurcation diagrams → biochemical
parameters (see [1,5,6] for applications in biology; refer to [3,7]
for various applications of bifurcation control in engineering).
Such problems may be broadly divided into two classes:

• design type, e.g. finding parameter configurations so that the
distance to bifurcation is as large as possible

• identification type, e.g. finding parameter configurations such
that the bifurcation diagram exhibits desired behavior.

To reverse-engineer gene regulatory systems, we focus on the
latter type.

Sparsity-promoting regularization
Mathematical techniques, called regularization methods, have to
be used to cope with the ill-posedness of inverse problems [2].
While stabilizing ill-posed problems, regularization methods typ-
ically bias the solution. Depending on the mathematical prop-
erties of the problem and the application of interest, different
regularization techniques may be appropriate. Does one want to
obtain a solution of the minimum Euclidean norm? Or is it more
desirable to obtain a solution that is sparse, i.e., has as few non-
zeros as possible? For biological applications, sparsity is useful
when one wishes to identify a small number of parameters whose
variation can be mapped to a wide range of system behavior.
To obtain sparse solutions via gradient-based methods, we con-

sider differentiable penalty functions the form

lp,ǫ(x) =
∑

i

(x2
i + ǫ)p/2, 1 ≥ p > 0, ǫ > 0,

where ǫ is used to remove non-differentiability at xi = 0. Note
that for p < 1, the above functional is non-convex.

Comparison of l2 and lp,ǫ functionals
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Hierarchical identification strategy
In general there are multiple distinct solutions to inverse bifur-
cation problems; hierarchical strategy identifies a sequence of
parameters, of possibly increasing cardinality.

Alg: HIER-PARAM-IDENT(α0
s, MaxLev, p,ǫ)

• Initialize: s← {1, · · · , m}, Iidentified← ∅

•For j = 1, · · · , MaxLev

– Irem← s \ Iidentified

– Solve αj
Irem

← ConMin(α0
Irem

, p, ǫ)

– Ij ← {i : |(αj
Irem

)i| >
√

ǫ}
– Iidentified← Iidentified ∪ Ij

End

•Return {α1
I1
, α2

I2
, α3

I3
· · · }

Mammalian G1/S module
The model of the mammalian G1/S transition by Swat et al. [8]
consists of 9 chemical species, 25 reactions and 40 parameters,
representing the transcription factor families AP-1, E2F, pRB,
and cyclin/cyclin-dependent kinase complexes cyclin D/Cdk4,6
and cyclin E/Cdk2 To carry out inverse analysis, we consider
constrained optimization problems of the following form:

ConMin(αs, p, ǫ) : min
αs

lp,ǫ

(

αs − α∗s
α∗s

)

subject to SN1(αs) = SN∗1
SN2(αs) = SN∗2,

where the following 3 modes of geometric variation are mapped
to the parameter space:

•Elongating saddle-node nose: SN∗1 ← SN1 + d

•Moving saddle-nodes right: SN∗1 ← SN1 + d, SN∗2 ← SN2 + d

•Decreasing bistability: SN∗2 ← SN2 + d
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Sparsity vs. l2 regularization

The hierarchical, sparsity-promoting regularization strategy iden-
tifies the following parameters:

Case \ Param. Level j = 1 Level j = 2 Level j = 3

Elongating kp ↓ 14.3% k34 ↑ 31.7% φAP-1 ↓ 20.9%
SN1 nose Km2 ↑ 6.4% φE2F1 ↑ 7.3%

Moving Km4 ↑ 269.3% J11 ↑ 191.7% k2 ↓ 39.9%
SN1,2 right kp ↑ 17.3% φE2F1 ↓ 11.7%

Km2 ↓ 10.3%

Decreasing J11 ↑ 128.5% k1 ↑ 169.1% k2 ↓ 43.7%
bistabiliy kp ↑ 33.8% Km2 ↓ 21.7% φE2F1 ↓ 28.3%

J12 ↓ 20.1%

These correspond to the following species interactions:

d

dt
[pRB] = k1

[E2F1]

Km1 + [E2F1]

J11

J11 + [pRB]

J61

J61 + [pRBp]
− k16[pRB][CycDa] + k61[pRBp]− φpRB[pRB],

d

dt
[E2F1] = kp + k2

a2 + [E2F1]2

Km2
2 + [E2F1]2

J12

J12 + [pRB]

J62

J62 + [pRBp]
− φE2F1[E2F1]

d

dt
[CycDi] = −k34[CycDi]

[CycDa]

Km4 + [CycDa]
+ · · ·

d

dt
[CycDa] = k34[CycDi]

[CycDa]

Km4 + [CycDa]
+ · · · .

Circadian Rhythm
In the study of circadian rhythms an important biological ques-
tion is how the constancy of period arises, with respect to varia-
tions in biochemical parameters and environmental factors (e.g.,
temperature compensation). The forward analysis entails the
continuation and bifurcation of limit cycles, which may be for-
mulated as boundary value problems on the unit circle. Adjoint
method for sensitivity analysis has been carried out to enable in-
verse analysis for the location of limit point for cycles (LPC) and
total variation (TV) of period:

min
α

TV(period− 24hr) + µ‖α− α∗‖lp,ǫ
s.t. LPCleft ≤ αleft, LPCright ≥ αright

Together with sparsity regularization, this may be used to deduce
influential parameters and infer biological design principles under-
lying gene regulatory systems. The following shows the result of
inverse analysis for a Leloup and Goldbeter model for circadian
rhythm in Drosophila [4].

Analysis for constancy of oscillation period
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