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Abstract

This thesis is concerned with the iterative solution of non-symmetric linear (primal)
systems and the dual systems associated with functional outputs of interest. The
main goal of the work is to arrive at efficient Krylov subspace implementations for the
situation where both primal and dual solutions are needed and accurate predictions
for the functional outputs are desired.

A functional-output convergence result in the context of Krylov subspace methods
is given. It is shown that with an appropriate choice of the starting shadow vector,
methods based on the nonsymmetric Lanczos process obtain iterates giving super-
convergent functional estimates. Furthermore, the adjoint solution may be obtained
simultaneously with essentially no extra computational cost. The proposed method-
ology is demonstrated by the construction of a modified superconvergent variant of
the QMR method.

The class of Krylov subspace methods based on Arnoldi process is also examined.
Although by itself, superconvergence is not naturally present in the Arnoldi process,
primal and dual problems may be coupled in a manner that allows for superconver-
gence. In particular, the proposed methodology is demonstrated by the construction
of a primal-dual coupled superconvergent variant of the GMRES method.

Numerical experiments support the claim of superconvergence and demonstrate
the viability of the proposed approaches.
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Chapter 1

Introduction

The need for the solution of nonsymmetric linear systems arises in a large variety of
situations. Among those is an important class that arise from the numerical solution
of partial differential equations (PDEs) modelling physical problems. For PDEs that
result from engineering analysis and design optimization, the principal quantities of
interest are often functional-outputs of the solution. With appropriate linearization of
the governing equation and the functional output, one often encounters linear systems

for the primal variable x of the form :

Ax =D, (1.1)

and the principal quantity of interest is a linear functional of the form,

JP(x) = g’x. (1.2)
Associated with the functional output of interest, one can consider the adjoint vector

y which is the solution to

ATy —g, (13)
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and the associated dual functional,

J(y) =bly. (1.4)

With the primal and dual functional defined as in (1.2) and (1.4), we have the fol-

lowing equivalence,

JP(AD) = J™M(ATg). (1.5)

The adjoint solution has found a multitude of uses in engineering computational
simulations. For instance, the adjoint can be employed in design optimization to
efficiently calculate the gradients of the outputs with respect to the control factors
(Jameson [25], Reuther, Jameson and Alonso [34], Giles and Pierce [21], Elliot and
Peraire [12], Anderson and Venkatakrishnan [3]). Furthermore, the adjoint solution
can be used to estimate and control errors in functional outputs of computational
simulations (Becker and Rannacher [6], Peraire and Patera [32], Giles and Pierce
[33], Venditti and Darmofal [46, 47, 45]). Motivated by the numerous uses of the
adjoint solution, this thesis is concerned with the situation where solutions for both
the primal and dual problem are required.

The main contributions of this thesis are twofold. Firstly, the simultaneous iter-
ation of both the primal and dual problems is demonstrated to have the benefit of
superconvergence. Secondly, efficient implementations of coupled primal-dual solu-
tions are presented.

Chapter 2 presents the underlying theory of Krylov subspace methods and de-
velops the concept of superconvergent functional estimates in the context of itera-
tive solution of linear systems. In Chapter 3, the nonsymmetric Lanczos process is
presented where it is demonstrated that the dual solution may be simultaneously
obtained with little additional computational costs and superconvergence may be

brought out naturally; a modified superconvergent variant of the quasi-minimal resid-

12



ual method is presented. Finally, in Chapter 4, the Arnoldi process for constructing
orthogonal bases is combined with superconvergence ideas to construct a smoothly
converging primal-dual coupled superconvergent variant of the generalized minimal

residual method.
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Chapter 2

Functional-output Convergence

Results

2.1 Krylov Subspace Methods

In Sect. 2.1.1 the general subspace correction framework is described. Several Krylov
subspace methods are shown to lie in this framework, allowing the functional-output

convergence for those methods to be analyzed in a unified way, given in Sect. 2.2.

2.1.1 Subspace Correction Framework

Consider a sequence of nested finite-dimensional correction and test subspaces,

{0} =Cy CC, C---CCy,

{0}=TCTC - C, (2.1)

with the dimensions indexed by the subscripts. A subspace correction iterative

method for the primal linear system (1.1) obtains iterates x,, satisfying
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X, =Xg+Cy, Cp € Cna

r(x,) Lt, YVt € T, (2.2)

where X is the initial guess and

r’(x,) =b — Ax,. (2.3)

Krylov subspace methods lie in the general framework of subspace correction, limited

mostly to cases C,, = K, (rf, A), where

KCo(rb', A) = span{rf", Arf, - A" 'rb'}, (2.4)

with an exception to this rule being GMERR [49]. We now describe a few commonly

used Krylov subspace methods that fit well into the subspace correction framework.

2.1.2 Methods Based on Arnoldi Process

The Arnoldi process generates an orthonormal basis of /C,,(ry’, A) with the disad-
vantage of entailing linearly growing memory and computational costs per itera-
tion. Amongst Krylov subspace methods, the most reknown are the Full Orthogonal
Method (FOM) [36] and the more stable Generalized Minimal Residual Method (GM-
RES) [38]. Let us consider applying FOM and GMRES to the primal linear system
(1.1). Table 2.1 summarizes the well-known properties of FOM and GMRES [11] in
the framework of (2.2). We note that the GMRES selection of subspaces is equivalent

to minimizing the residual in the case when x,, = xg + ¢, ¢, € KC,,(r(', A).

16



‘ FOM ‘ GMRES
/Cn(rgr,A) ‘ /Cn(rgr,A)

Cn

T, | Kn(ry' A) | AKX, (], A)

Table 2.1: Subspaces for FOM and GMRES

| BiCG | QMR
Co | Kn(rr, A) Ko (r, A)
7;L ICTL(Wh AT) Z/{TL<W17 Qgr7 AT)

Table 2.2: Subspaces for BiCG and QMR

2.1.3 Methods Based on Lanczos Process

Krylov subspace methods based on the non-symmetric Lanczos process requires two
starting vectors. Applied to the primal linear system (1.1), this class of method is
started by taking ry' and an arbitrary initial shadow vector wy, the only require-
ment being wirh" # 0. Biorthogonal bases for two Krylov subspaces are gener-
ated, although only one of which is explicitly used in constructing the iterates x,,.
The best-known methods based on the Lanczos process are Biconjugate Gradients
(BiCG) [13] and more stable Quasi-Minimal Residual method (QMR) [18]. For the
primal linear system (1.1), Table 2.2 summarizes the corresponding subspaces. Note
that U, (wy, Q2 AT) = range(W,,;1 D, 1, () 7'L,) is a n-dimensional subspace of
Knii(wi, AT) and W, 1, D, 11, Q" L, are matrices in the notation of [19]. Many

transpose-free variants of BiCG and QMR have been constructed [16], some of which

will be discussed later.

2.2 Adjoint Analysis

For the iterative solution of the linear system (1.1), we have the following a priori

error norm estimate,

17



[ — x| < ATl (2.5)

The above estimate is optimal in the sense that no higher exponent on the residual
norm is possible. Thus, in general the norm of the solution error and arbitrary output
functionals are expected to converge at a rate no higher than that of the residual.
Under the special circumstances that certain functionals of the approximate solution
converge at orders of the residual norm higher than that given by the global error
estimate (2.5), those quantities are said to be superconverging. In particular, an iter-
ative method is defined to be superconvergent if the superconvergence phenomenon
can be demonstrated for arbitrary linear systems and linear functionals. This usage of
the term superconvergence is a carry over of a concept usually used in contexts such
Galerkin finite element methods to describe the convergence of functional estimates
[1, 48]. Note that this phenomenon is distinct from superconvergence as used in [§]
to loosely describe the faster residual convergence when certain projected solutions
are used as initial guess. The question of whether an iterative procedure is super-
convergent may be settled using adjoint analysis. Denote y as an arbitrary adjoint

approximation and r" the corresponding dual residual defined by

=g — ATy, (2.6)

The error in the functional-output provided by a primal iterate x, may be written

as,

TP(x) = TP (xa) = 4 (1T (A7) (27

Using the triangle inequality and taking the infimum over all y, it follows that the

error in the functional output provided by the primal iterates is bounded by the
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following :

=du pr
TP (x) — JP(x,)] < rr;_’in <|yTr$Lr‘ + w» (2.8)

min

where o,;, denotes the smallest singular value of A, satisfying

A
Sp— .1 (2.9)
50 e

As an immediate consequence, for general subspace correction methods (2.2),

1l
JP(x) — JP(x,)] € min ——2—.
|7 (x) ()l < min = -

(2.10)

The above bound suggests that the convergence of functional estimates provided by
subspace correction methods is controlled by the residual norm of the primal iterates
as well as the closeness of approximation the sequence of test spaces for the primal

problem, 7,,, provide for the adjoint solution.

2.2.1 Krylov Subspace Output Convergence Results
In this section, functional-output convergence results for the Krylov methods of

Sect. 2.1 and Sect. 2.2 are obtained by applying the bound (2.10).

FOM In the FOM approach, the bound (2.10) gives,

| Jor(X) — Jor(XP)| < min ||f'duHHrSOM’pr||.
- P - yekn(ry ,A) Omin

(2.11)

Thus, for FOM iterates the functional convergence rate can be determined by the

approximation of the dual problem over the nested subspaces I, (ry’, A) :
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=duj| — . T—
r = min — A . 2.12
= min g A7 (212)

The above minimization problem is equivalent to the orthogonality condition,

L ATIC,(rb, A). (2.13)

The fact that (2.13) implies (2.12) may be shown by the following argument. Denote
¥, as the minimizer corresponding to the minimal residual of (2.12) and y to be an

arbitrary vector in K, (rf", A). Then, we have

lg— ATy|? = llg— ATy —yn) + 3l
= ||g_ATyn||2 —Q(g—AT}_/n,AT(}_/—}_/n))
+ [[AT(y —yu)lI” (2.14)

By the orthogonality condition (2.13), the middle term of the above expression is

zero. Hence, y,, is the minimizer :

lg — ATFI* > g — AT.]* vy € Ka(xf", A). (2.15)

(2.12) is equivalent to solving the dual problem within the framework of a family of
generalized minimum error (GMERR) methods as described by Weiss [49]. Specifi-
cally, a GMERR method applied to the dual system finds iterates ySMERR within the

Krylov subspaces generated by A,

ySMERR €yt AKC, (o, A), (2.16)
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GMERR

n is chosen so that the error norm

where pg is an arbitrary starting vector and y

is minimized,

MERRH —

ly —y$ min )Hy—yH- (2.17)

YEYo +AIC7L (pO 7A

In a manner similar to (2.14), it may be shown that the minimization property (2.17)

is equivalent to the error orthogonality condition,

y — yoMERR | AKC,(po, A), (2.18)

and hence to the residual orthogonality condition,

g — ATySMERR | K, (po, A). (2.19)

Therefore, with the identification pg = ATrh" and y, = 0, the approximation problem
(2.12) is the same as (2.17). The convergence of GMERR for arbitrary py has not
been shown. For the case that py = g, it is known that the subspaces K, (po, A)
form a sequence of convergent approximations for the adjoint solution if and only if
A is normal [10]. In fact, unless A is normal and r§ related to g in some way, the
convergence of (2.12) is expected to be poor. Hence, functional estimates obtained
from FOM iterates are expected to converge at a rate no higher than that of the

residual norm.

GMRES For GMRES, the functional error bound (2.10) is :

[l EES e

| Jor (%) — Jpr(xSMBES) < min (2.20)

" o YEAK, (5" ,A) Omin
Analogous to the FOM case discussed above, for GMRES iterates the convergence

21



rate of functional estimates is controlled by :

duj| — . T~
r = min — A . 2.21
= min, g~ AT (2.21)

In general, the above is not an improvement over (2.12). Hence, the conclusion is
also that the functional estimates obtained from GMRES iterates is only linearly

convergent with the residual norm.

BiCG For bi-conjugate gradients, the functional error bound is,

et ey P

Jo(x) — J XBiCG < min
| pr( ) Pr( n )‘ _yeICn(VIVLAT) Omin

(2.22)

If GMRES is applied to the dual problem (1.3) with the zero vector as the initial

guess, the dual residual norm is minimized,

CGMRES,du . T
r ’ = min — A . 2.23
T, | ek (o AT) g yl| ( )

Hence, if the test space for BiCG is started with w; = g, we have the following bound,

| et

[ Tor () = o (3, 79)] <

n —

2.24

Omin ( )
If A is relatively well-behaved so that the eigenvalue convergence bound is descriptive,
|[rGMRES.du) - converges to zero at a rate bounded by [[rBi€SPr||. This shows that
BiCG with w; = g is superconvergent at double the residual convergence rate for the
functional (1.2). For other choices of test space starting vectors, for example w; = rf’

as is almost always used in implemenetations, superconvergence for J,, does not hold.

Numerical evidence for this behavior is shown in a future paper [29].

22



QMR Finally, we examine the convergence bound for QMR,

5 e )]

Jo(x) — J (xR | < min
| Jpr (%) — Jpe(x7)) S p—

(2.25)

Similar to the BiCG case, QMR is not superconvergent if the starting shadow vector
for the non-symmetric Lanczos process w; # g. Convergence of functional esti-
mates is expected to improve significantly if w; = g, as can be seen in some of
the numerical examples presented in Chapter 3. Also in Chapter 3, a metric for
quasi-residual minimization is chosen with demonstrated improved output conver-
gence. Viewed in the framework introduced here, this is equivalent to modifying the

subspace U, (g, 2", AT) through the choice of QF".
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Chapter 3

Simultaneous Primal-Dual

Superconvergent QMR

In this chapter, the QMR algorithm is discussed in detail with the view towards im-
plementation, building on the more abstract description given in the previous chapter.
Firstly, the underlying non-symmetric Lanczos process is presented, showing how the
left shadow vector w; may be chosen arbitrarily. Then, it is shown that besides
the improved functional convergence as already demonstrated, choosing w; = g has
the additional advantage that the dual solution may be obtained simultaneously and
at little extra cost using the same Lanczos process. Lastly, based on the adjoint
analysis already presented, an approach to further improve functional convergence is

developed.

3.1 Nonsymmetric Lanczos Process

The nonsymmetric Lanczos process constructs biorthogonal and A-orthogonal basis
vectors of Krylov subspaces which are then used in methods such as QMR. That is,

it constructs vectors v;’s and w;’s that satisfy the biorthogonality condition

25



O, ™M =mn,
wlv, — (3.1)

0, m#n.
and vectors p; and q; that satisfy the A-orthogonality condition
€n, MM =",

qnAp, = (3.2)
0, m#n.

We use the Lanczos process based on coupled two-term recurrences rather than that
based on three-term recursions as used in [18] since even though they are mathemat-
ically equivalent, the former is numerically more robust than the latter, as observed

n [19]. Also, to simplfy matters the look-ahead process [17] is not included.
e Initialization

— Normalize initial vectors v; and wy.

—Setpp=qp=0, eg=p1 =5 =1,n=1
e At iteration n :

1. If €, = 0, stop. Otherwise compute 6, = wlv,. If §, = 0, then stop.

2. Update

Pn = Vp— pn—l(&nén/en—l)u
Qn = Wp — qn—l(pnén/En—1> (33)

3. Compute

26



€n = QZAPm

Bn = €n/0n. (3.4)
Update
{/n-i-l = Apn - Vnﬁna Pn+1 = ||‘77L+1||>
Wpt1 = ATQn - Wnﬂm £n+1 = HWTL-HH (35)
4. If ppy1 =0 or &,41 = 0, then stop. Else, update
Vpt1 = {’n—l—l/pn—l—lu
Wot1 = Wni1/Eng1 (3.6)

The result of the above iteration may be summarized compactly.

the notation

V, = _Vl Vo -~-Vn},
W, = :Wl Wa -~-Wn],
P, = =Pl P2 "'Pn],
Q. = _Oh q2 Qn}

Then, it may be seen from the Lanczos process that the above

. Firstly, we introduce

(3.7)

satisfies



Wn - Qn]-_‘y_LlUnI‘na
AP, = V,,L,,
ATQn = Wn+1I‘;.|1_1LnI‘n7 (38>

where the matrices I',,, U,, and L,, are defined as

Fn = diag(717 Y2, 77”)7 (39)
1 52(52/61 0 ce 0
0 1 §a03/€2 -+ 0
U.,=0 0 1 0 : (3.10)
0 gn(sn/en—l
0 0 1
Gy 0 0 0
p2 P2 0 0
0 0
L, — ps s ’ (3.11)
0 0 p4 0
0 Bn
i 0 0 Pn+1 |

the scalars ;, d;, €;, p; are constants defined in the Lanczos process, and the constants

7, satisfy the relation

1 j=1,
(3.12)

v
Yi-1pi/& 1 <j<n.
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In the next section, we give a brief description of how QMR uses the Lanczos process

to generate iterates that approximate the linear system (1.1).

3.2 Conventional QMR

At each iteration, QMR seeks an iterate xP* within the Krylov subspace

X, € Xo+span{r), Ar)" A%l ... A" 'rp) (3.13)

With the initial vector taken to be the normalized initial residual, vi = r§ /py,
p1 = ||ry’||, it may be seen from the Lanczos process that

span{vy, vy, -+, v, } = span{ry’, Ar)", A%rb" - A" b (3.14)

Hence, from (3.13) xP" may be written as

X, = %o+ V, U 'z, (3.15)

where the matrices V,,, U,, are defined in (3.7) and (3.10) respectively and the vector

Z, is yet to be determined. Using the identities given in (3.8), it may be seen that

r’ = b—-Ax,
= ry — V,1L,z,. (3.16)

Using the fact that vi = rj)'/p1, and introducing an (n+ 1) x (n+ 1) diagonal weight

matrix QP"

29



QY = diag(w)", wh', -+ L whiy), (3.17)

(3.16) may be written as

-1
ry = Vi (Qgr) (lelfre?H - foann). (3.18)

Finally, z,, is chosen so that the 2-norm of the quasi-residual is minimized :

pwtel ™t — QP L,z (3.19)

Z, = argmin
z

Since the matrix L,, has a bidiagonal structure, the above minimization may be done
recursively, essentially performing QR decomposition of L, using successive Givens
rotations.

The original QMR algorithm is formulated with a diagonal weighting matrix €2,
and convergence has been shown for arbitrary weights wfr # 0 [18]. Extension of the
weight matrix to block diagonal form having upper triangular blocks has also been
done [41]. However, in practice the weight matrix is usually set to unity owing to
the lack of a better choice. Moreover, in practice the two starting vectors are usually
taken to be the same and the fact that the same Lanczos iteration contains a dual
problem is not utilized. The desire of not using A partly led to the development of
transpose-free variants of QMR [14, 20].

3.3 Modifications for Simultaneous Dual Solution

With modifications to the conventional QMR algorithm, the solution of the dual prob-
lem may be found simultaneously with the primal problem using the same Lanczos

process. Firstly, we observe that (3.8) implies not only
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AV, =V, L,U,, (3.20)

but also

AW, =W, I, L,U,T,. (3.21)

This suggests taking the normalized shadow starting vector w; for the Lanczos process

to be

Wy = § & = gl (3.22)
1

It may be observed that in the Lanczos process, given a certain vi, the choice of
w, is arbitrary so long as wlv, # 0. Only in rare circumstances will the non-
orthogonality condition not be satisfied. Note that this is a departure from the
standard implementation of QMR, which chooses the starting vector for the Lanczos

iteration to be wy; = vj.

Similar to the primal iterates, we seek iterates for the dual problem of the form

yn = W,.I'U, 'T, k,, (3.23)

where the vector k, is yet to be determined. Then, the dual residual r" is of the

form
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-1
= WnH(QgU) (glwfue’;“—qur;ianrnkn), (3.24)

where the dual weight parameter matrix Q9" has been introduced. Analogous to
the approach of QMR for the primal problem, k,, is sought to minimize the 2-norm

quasi-residual :

ky, = argmin Guier™ — Qd'r 1 LTk ‘ (3.25)
Note that the term I',};L,T,, in (3.24) is the analog of L, in (3.16). In fact,
B, 0 - 0
& B 0
r,,Lr, = o . . 0|, (3.26)
0+ 0 ]

and comparison with L,, defined in (3.11) shows that I‘;}ranI‘n is just L, with the
replacement p; — ;. Thus, the adjoint iterates y,, may be obtained from the Lanczos
vectors with the same procedure as the standard QMR method for the primal problem

by replacing v, — w;, p; — q; and p; — §;.

3.4 Preconditioning and Superconvergence

For Krylov subspace methods, preconditioning is often necessary for fast and robust
convergence. In this section, a superconvergence strategy for the preconditioned sys-
tem is presented. It is shown that same strategy may be applied to both the primal
and the dual system.

With the use of preconditioners M; and My, the primal problem (1.1) effectively

becomes
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A'x' =b’, where A’ = M;'AM,",
x = Myx,

b = M;'b. (3.27)

The value of the primal linear functional is required to be invariant under the pre-

conditioning transformation, that is,

JP(x) = g’x"g" ¥, (3.28)

thereby obtaining the expression for g’,

g =M;"g. (3.29)

Then, the adjoint for the preconditioned system, y’, is just the solution to

Ay =g (3.30)

From (3.30), it may be verified that

y = Mly. (3.31)

Furthermore, from (3.30) and (3.27),

b’y =b"y'. (3.32)

33



Equation (3.31) shows that the adjoint for the original system (1.3) may be recovered
from that of the preconditioned system by simply multiplying with the matrix M;”
at the end of the iterations. In what follows, we will work exclusively with the

preconditioned systems.

As a means of improving the output superconvergence, we seek to minimize

(Fnr0)' 1) (3.33)

n

where y;,_, is an estimate of the adjoint available at the (n + 1)th iteration and r/,
is the primal residual at the nth iteration, both for the preconditioned system. Note
that the check mark on y, ; is used to differentiate the adjoint estimates that we
use to determine weight parameters and the adjoint estimates carried forward in our
simultaneous primal-dual method.

The above provides a natural scaling for the QMR weight parameters. Specifically,
by letting,

Wit = (Fr) vy, 1<i<n+1, (3.34)

then,

—1
(SI’/rL-‘rl)Tr;f)r = (S’;LH)T {Vl Vg o Vn+1:| (Qﬁr) (pwfreg"m - QEanzn)
-1
- [(y;H)Tvl <y;+1>Tvn+1] (n) (plwffeg"“) - nganzn)

11 ... 1} (plwfreg"“)—ﬂganzn). (3.35)

Thus, with the wj" as chosen in (3.34), the linear error term (3.33) in the linear

functional is approximately equal to the sum of the entries of the primal quasi-residual.

By selecting z, to minimize this weighted primal quasi-residual, the primal iterates
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obtained from our modified QMR approach should more accurately approximate the
linear functional.

However, the scheme as described above could suffer from non-recursivity because
at each iteration n, all weights w}’r, 1 < j < n must be updated and all prior vectors
might need to be stored. To maintain recursivity, we introduce a truncated approxi-
mation to the adjoint, y; ., where the index i is an approximation parameter. We

define y;, ., as

Y. )V Y, ) v ! v,
5’;,n+15 (( H—;) 1)W1+ (( H—;) 2)W2—|—~"+ (( H—;H—l) +1)Wn+17

WiVvi W3 V2 Wat1Vn+l

(3.36)

where we take Y to be the adjoint iterate from the standard QMR algorithm. Al-
though other choices may be thought of, using this truncated approximation, we

have

(Vimr) Vi = (Yi) v (3.37)

Associated with a certain choice of i is the storage needed for the i vectors [p; - - - pil,
each of the dimension of problem size. However, no extra computational work is
required. For the numerical experiments considered here, a small ¢ (= 3) works well
enough.

With y; ., as defined in (3.37), we take the weight parameters to be

w; = (yg,n—l—l)TVj

= (Yi,)"v;. (3.38)

A similar strategy of weight parameter determination may be done for the dual prob-

lem. Analogous to (3.38), we take the dual weights to be
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Wit = (X;+j)ij, (3.39)

where similarly, X; is the primal solution estimate obtained at iteration n using the

QMR method.

It is to be noted that although (3.38) and (3.39) imply forming the QMR iterates
X;L and Y;L and performing inner products for the calculation of each weight, this
is not necessary. Instead, they are equivalently but cheaply calculated from scalars

obtained in the ¢ Lanczos iterations ahead of the current primal and dual iterates.

3.5 Algorithm Implementation

In this section, an implementation of the superconvergent simultaneous primal-dual
QMR (SSQMR) method is described. The Lanczos iteration is carried ¢ steps ahead
of both the primal and dual iterates. Compared to conventional QMR, it requires a
constant extra storage of two sets of vectors P = [p1p2 -+ p;] and Q = [q1 q2 - - - q4]

where each vector is of the same size as b. Additionally, three sets of i scalars need

to be stored : B = [(1fB2 - Bi], p = [p1p2---pi] and & = [§1& -+ &), After

convergence by some criteria, the primal and dual solutions for the original systems
are recovered by observing (3.27) and (3.31). The algorithm for SSQMR is given
below; MATLAB code is given in Appendix A.

Algorithm with Lanczos Forward Index 17 :
e Initialization
— Set initial guesses to be the zero vector : x5’ = xJ" = 0.
— Let p1 = [M'bl, vi = Mi'b/p1. Let & = [[My " gl|, wi = M; g/,
— Check that wlv; # 0, otherwise restart.
— Set po=qo =dy =di"=0.
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Set cff =cll=¢y =1, =98 =0, pi =nd" = —1.
pr __ du __ pr __ du __ pr __ du __
— Set wey, =weyt =1, wAdy =wdyt =0, way, =wn" = —1.

— Initialize vector storage P = [p1ps2 --- p;] and Q = [q1 q2 - - - q;], scalar
storage B =[B1 B2 -+ Bi], p=[p1p2 -+~ pi] and § = [§:1 & - -+ &i].

Set counter values for weight parameter accumulation :

e FORNn=1,2,3,---, DO

1. If ¢, = 0 or 4,, = 0, stop. Otherwise, compute 9, = ngn.

2. Update counter k,, = (k, mod i) + 1. Update vectors

Pn = Vp— pn—l(gn(sn/en—l)a
qdQn = Wu — qn—l(pn(sn/En—l)- (340)

Store P(:, k) = pn, QG kn) = dn.

3. Compute p, = A(M;'p,) and ¢, = M;”q,. Update ¢, = ¢/ p,, and set
ﬂn = Gn/(sn
Update

~ _1~
Vo1 = Ml pn_ﬂnvm

Wo1 = M;T(ATq,) — Baw. (3.41)

Update ppi1 = ||Vaatll, &ns1 = ||[Wnaal|. Store B(k,) = B, p(kn) = pu,
It Pn+1 7& 0 and €n+1 7& 07 update
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Vp+1 = Vn—i—l/pn-‘,—la

Wni1 = ‘;Vn—i-l/gn-‘rb (342)
4. Update
) — Pn+1 WP = 1
" w_ey 1B (wh)

pr
wr, = —WI, 4

w ﬁdu _ £n+1 du _ 1
o wedr, g, " 1+ (w_ydw)
u du gn(w Cdu)
wapt = —wapt G (w el )2 (3.43)

5. Weight parameters w?", ; and wd", ; calculation

it
For h=1:7 DO
IF m(h) = 1 THEN
w_g*" (h) = b, w_d?(h) = 0,waP*(h) =0
w_q¥(h) = 6, w.d(h) = 0,wa®(h) =0
END
IF 1 < m(h) < i THEN
F £ 1 THEN w7 (h) = — (€ fen 107 (h)
w_dP"(h) = wnPw_g* (h) + w_dpr(h)< O w cpr>2
w_r?(h) = w_aP (h) +w_d (h)
[F £ 1 THEN w_g™(h) = —(pubfen 1) (h)
w_d®(h) = w_ndw g™ (h) + w_dd“(h)( 99 cd )2
w_r(h) = wa®(h) + w_d®(h)
END
IF m(h) =i — 1 THEN
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m(h) =2—1i
wgr i+1 =w xdu(h)
wiu i+1 = ,w_xpr(h)

END

END

6. IF n > ¢ THEN

Wi 11P((kn mod i) + 1)

-

ne wit A B((k, mod i) + 1)

A = -

o + (U5_)?

s = o P
T " B((kn mod i) + 1)(c )

L = G o ) 1) ¢ (ﬁ ) .

pr _ Pr
Xn—i - n i—1 + d
pr _ pr
Wn—i = Wp_jn1

Wh— z+1£((k mod Z) + 1)

gdv . =
" wgulcgui 1B((k, mod 7) + 1)
O

+ (99,)?
o &((k, mod 4) + 1)(ca",)?
=t B ey mod 7)1 D, )P

2

d(fizliz = 77211@ (:7(kn mOd 7’) + 1) + <191(’1Lu2 1 n— z) d(fizuz 1
Xglii = Xilii—1+dilii

END

7. FOR h=1:17 DO
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e Obtain primal and dual solutions for the original systems

Primal solution = (M) 'x®",

Dual solution = (M) Txd" (3.45)

n

3.6 Numerical Experiments

The proposed method with weight parameters determined using equations (3.38) and
(3.39) is denoted as Superconvergent Simultaneous QMR (SSQMR). The method
which solves both the primal and the dual problem but with all weight parameters set
to unity is denoted as Simultaneous QMR (SQMR). The conventional QMR method
has unity weights and initial vectors are chosen to be the same : w; = vi. QMR is
separately applied to the primal and dual problems and the results are compared to
SSQMR and SQMR.

For all the examples shown here, the Lanczos forward index 7 for SSQMR is taken
to be 3, since this has been shown to give good results. Also, the initial guesses xj,
and y{, for all the methods are chosen to be the zero vector. No convergence criteria is
used; rather, the number of iteration steps is specified in each case. The test problems
are not excessively large so that the solutions for the linear systems are available up

to level of round-off.

3.6.1 Example 1

In this example, we consider the second order finite difference discretization on a

51 x 51 grid of

1
Vi = Zexp D012 ¢ [0,1] x [0, 1],
T
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ulp = 0, (3.46)

resulting in the matrix A with 12205 non-zero elements. The linear functional is the

discretized approximation of

/0 1 /0 1 u(z, y) sin(rz) sin(ry)dzdy. (3.47)

The left and right preconditioners were obtained from the incomplete LU factorization
of A using a drop tolerance of 2 x 1072, resulting in L and U having 12059 and 12057
non-zero elements respectively.

From Figure 3-1 it may be seen that the primal and dual functional estimates
obtained using standard QMR converge at roughly the same rate as the respective
residual norms, showing that it is not superconvergent. SQMR obtains better func-
tional estimates as a result of the better choice of starting vectors. In fact, the method
appears to exhibit superconvergence. However, the behavior is not very consistent.
On the other hand, SSQMR obtains functional estimates that are consistently super-
converging at twice the order of residual convergence and improvement in functional

estimates over SQMR is clearly seen.

3.6.2 Example 2

In this example, the linear system considered is one arising from a first order back-
ward Euler implicit scheme for solving a first order upwind discretization of the two-
dimensional compressible flow Euler equations using the NASA Langley unstructured
flow solver FUN2D [2]. The specific problem is the transonic flow around the NACA
0012 airfoil (freestream Mach number of 0.8 and 1.25 degrees angle of attack). The
mesh is composed of 1980 triangular elements with 990 nodes. The linear output is
the airfoil drag functional linearized about the current iterate.

The matrix A has 108532 non-zero entries. The left and right preconditioners were

obtained from the incomplete LU factorization of A using a drop tolerance of 1072,
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resulting in L and U having 88253 and 93588 non-zero elements respectively. Again,
from Figure 3-2 we observe that the functional error convergence slopes of SSQMR are
roughly twice that of conventional QMR, confirming the prediction made regarding
superconvergence. In this example, the functional error of SQMR is close to that of
SSQMR, showing that the unity parameter happens to be quite a good choice in this
case. Still, SSQMR consistently gives better functional estimates than SQMR.
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Chapter 4

Coupled Primal-Dual
Superconvergent GMRES

GMRES [38] has found widespread use because of its robustness and its residual min-
imization property. However, as demonstrated in Chapter 2, it is not superconvergent

since the sequence of test spaces 7, do not approximate the adjoint well.

A way to make the adjoint Krylov subspace available is to iterate the dual problem
in parallel with the primal. However, taking the adjoint Krylov subspace as the test
space for the primal problem could result in the loss of desirable properties such as
smooth, robust residual convergence. Hence, the approach proposed here is to use the
same test space as conventional GMRES, but seek the norm-minimizing primal iterate
within the correction space whose residual is orthogonal to the adjoint approximation
of the previous iteration. In this way, the smooth residual convergence behavior of
GMRES is largely retained while attaining superconvergence. The same strategy

described above for the primal problem is also applied to the adjoint.

In the following section, a primal-dual coupling strategy is proposed. Then, casting
the Krylov subspace constrained minimization problem in the form of Arnoldi vectors,
it is shown how the modification for superconvergence involves solving an equality
constrained least squares problem. Finally, an algorithm implementation for the

coupled superconvergent GMRES (CSGMRES) is given.
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4.1 Coupling Strategy for Superconvergence

Consider the primal and dual system, (1.1) and (1.3). Applied to the primal and dual
problem, GMRES at every iteration count n solves the n-dimensional linear least

squares problems for the respective iterates,

xGMRES - —  arg min ||b — A,
xeCy”

GMRES
n

= arg min [|g — ATy, (4.1)
yecdn

where the correction spaces for the primal and dual problems are

CP" =y + K,(rd, A), C =xo + K, (rd", A7), (4.2)

The proposed approach is a constrained minimization statement. That is, it locates

minimizers,
xCSOMRES  —  are min ||b — Ax||, s.t. (b — Ax)TySS¢MRES — ()
xeChT
yu M= arg min [lg — AT, st (g - ATy) I =0, (43)
yecs

4.2 Arnoldi Process and Equality Constraint

Arnoldi process applied to each of the primal and dual problem produces orthonormal
basis vectors of the respective Krylov subspaces, V,, = [vy, vo, -+, v,,] and W,, =

(W1, wWo, - -+, W,| satisfying the relations
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AV, = V, . H”
AT™W, = W, H 4.4
+ n

where HP*, H" are the (n + 1) x n upper Hessenberg matrices associated with the
primal and dual Arnoldi process respectively. Since the nth primal and dual iterate
are in the respective subspaces, they may be written in the form

Xp = X0 + Vnkm

Using (4.4) it is evident that with the iterates denoted as above, the residuals are

P =V, (8e!T — HPk,,),

rdt = W, (p%el™ — HI,), (4.6)
where 8P = ||rb'||, S = ||rd4||. Since the columns of V,,,; and W,,,; are orthonor-
mal, the GMRES iterates may be chosen with

KGNS — g min | 3776y — HK

1GMRES — arg min |pMe Tt — HIM|. (4.7)

Let us now look at the problem of determining k,, 1, for CSGMRES strategy, (4.3).
Define the n x 1 vectors p,, and q, by
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b = (FE) VI, y e

qn = (I:Idu)TWz_’_lXCSGMRES. (48)

and define the scalars c,, d,, as

Cp = (ySSi}MRES)T[_Sr’ dn = (XSS?MRES)T du (49)
Then, the CSGMRES strategy is equivalent to the respective n-dimensional least

squares problem with a one-dimensional constraint,

ki, SEMRES = arg min [|67el ! — HYK|, st pik = cn,
LSS = argmin | 3% ey ™! — M, st agl = d (4.10)

4.2.1 Algorithm Implementation

A number of different methods exist to solve the equality constrained least squares
(LSE) problems (4.10) [27, 22, 23, 28]. However, we note that our LSE problems have
certain features. Firstly, the matrices HP* and H" are upper Hessenberg matrices,
therefore it is simple to perform QR factorization using successive Givens rotations,
as is done in Saad’s original implementation of GMRES [38]. Moreover, we note that
while the vectors p,,q, and scalars c,, d, may be quite different at each iteration,
the matrices HP" and HI" are merely updated by appending columns. Therefore,
it is desirable to implement the successive LSE problems (4.10) based on successive
Givens rotations of matrices HP" and H" and then make the necessary adjustments

to enforce the equality constraints.
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In [24], a method of solving LSE was derived using the method of Lagrange mul-
tipliers. Specifically, the primal LSE problem is equivalent to solving the extended

system

@y p, | [e] [ Te @)
pl 0 A Cn . .

The first step is to solve the unconstrained least-squares problem for k',

[ e s = o () e, (412

which may be done in the usual manner of QR decomposition by succesive Givens

rotations on HP',

pr

QY H = ", (4.13)

where RP" is n xn and upper triangular. Also, the right hand side of (4.12) transforms

to

Qe = | " |, (4.14)

where sP" is an n X 1 vector and the last entry of the above vector is ignored, hence

not shown. k¥ is then obtained by,

K = (Rgr>_1s$f. (4.15)

49



Then, writing

_1.1s pr
k, =k, +z,

(4.16)

the problem (4.11) is equivalent to determining zP". It may be seen that the equation

of the first block row of (4.11) is automatically satisfied if zP* is of the form zP" = jP* A,

where jP' satisfies the equation

() "B g =

The value for A is determined by the equation

R L

n

After some algebraic manipulations,

T1,1s _
ro_ Cn_pnkn r ! T
o = () (Re) e

where tP" is defined as

-T
6 = (RY) pa

4.2.2 CSGMRES Algorithm

e Initialization
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— Obtain initial guesses x¢ and yy. Compute
X, = Myxg, yh = M]yo. (4.21)

— Compute initial preconditioned residuals

’

r? = M (b— Axg), r=M,;"(g— ATyo). (4.22)

— Let pPr = ||r,0pr||, Y = ||rgv|. Normalize : v = r;)pr/ﬁpr, w, = rgv/pdu,
e FORN=1,2,3,---, DO

— Primal Arnoldi
Vo, = M;'AM; v,,.
HP (i,n) = (Vp,vy),i=1,2,---  n.
Vo = Vi — 2 HY (6, n)v;
HY (n+ 1L,n) = [V .

Vg1 = V1 /HY (0 + 1, ).

— Dual Arnoldi
W, = M TATM [ Tw,,.
H(i,n) = (W,,w;),i =1,2,--- ,n.
W = W — S F G )
HY (n 4+ 1,m) = [[Waa .

Wii1 = Wt /Hi (0 + 1,n),

— Primal LSE
Pn = (HY) (Viy ), e = BPViy, o
Obtain QP*, RP" with a Givens rotation on HP".
Obtain sP* from (Qgr)Tﬁprel.
Kb = (Rgf>_1sgr, e = (Ry) b
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Ky = Kb+ (bt ) () T

— Dual LSE
a4, = (H) (WX, ), dy = BUwWix],_;.
Obtain QI R4 with a Givens rotation on HI.
Obtain s from (Qg“)Tﬁduel.
1= (Re) st e = (RE) g
L, =15+ (i) (Rgu)_ltgu.

— Form iterates

x, =X, + V,ky,
Y =Yo + W,l,.
e Obtain solutions to original systems
x, = M 'x;,

Yn = Ml_TY;L-

4.3 Numerical Experiments

CSGMRES is applied to the same preconditioned primal and dual problems as those
given in Sect. 3.6.1 and Sect. 3.6.2.

4.3.1 Example 1

From Figure 4-1, it is seen that both the primal and dual iterates provide functional
estimates that initially appear to converge faster than the respective residual norms,
indicating that the test spaces provide good approximations to the corresponding dual
problem. This may be seen as a consequence of the problem matrix being symmetric.
However, GMRES is clearly not superconvergent and CSGMRES iterates provide
significantly better functional output estimates. Also, note that after the few initial
iterations, the residual norms of GMRES and CSGMRES exhibit very similar residual

convergence behavior.
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4.3.2 Example 2

The results of this example are shown in Figure 4-2. It can be seen that the conver-
gence of functional estimates obtained from conventional GMRES iterates is linear in
the respective residuals. Again, the improvement in functional estimates provided by
CSGMRES iterates is apparent, while the smooth residual norm convergence behavior

is maintained.

53



0 Comparison of Primal Linear Functional Error Comparison of Dual Linear Functional Error

10 = ‘ ‘ 10 : ‘
T~ —— CSGMRES \ —— CSGMRES
N — — GMRES S| — - GMRES
102} \\ | 107 N 1
\ X
” \ 10’4 L ~ N 4
10 L \ N g \
\
= \\ =10° ¢ e~ ]
20°} S ] = v N
e AN = \
'—; \\ "_I:Clo_8 1 v
: |
x -8 Ay o
»—2 10 \] '—2 10_10
-10
10 1 1072} }
-12
10 °f 1 10741
5 10 15 20 5 10 15 20
Iteration Number Iteration Number
Comparison of Primal Residual Norm 0 Comparison of Dual Residual Norm
‘ : : 10 ‘ : :
—— CSGMRES —— CSGMRES
100 — — GMRES — - GMRES
$- < -1 \
10 "¢ E
A N
~
~N
10" N ; 107} :
-3
= -2 =10 "¢ E
E_Lolo 3 1 g}_o
‘5-;: " %;C].O_A' 4
—10 E =
10°} :
107} ;
10°F .
10} ;
L L L L 10_7 3 L L L L N
5 10 15 20 5 10 15 20
Iteration Number Iteration Number

Figure 4-1: Plots from CSGMRES Example 1 : Poisson problem
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Chapter 5

Conclusions and Future Work

Using adjoint analysis, the convergence of functional estimates using iterates obtained
from several Krylov subspace methods is studied. Analysis shows that for methods
based on the non-symmetric Lanczos process, an appropriate choice of the initial
shadow vector allows the attainment of superconvergence for a chosen functional out-
put. Moreover, this choice allows for the simultaneous solution of the dual problem
associated with the output. A superconvergent QMR for primal-dual solutions is
constructed and demonstrated to be a viable approach. Krylov methods based on
the Arnoldi process are shown to lack superconvergence. However, with appropriate
coupling of primal and dual problems, superconvergent variants may be constructed.
The viability of such an approach is demonstrated by the construction of a supercon-
vergent variant of GMRES.

The potential benefits of the proposed simultaneous primal-dual strategy to the

general nonlinear setting remains a topic for further research.
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Appendix A

SSQMR MATLAB code

function
[flag,pr_soln,du_soln,pr_res_norm,du_res_norm,pr_func_est,du_func_est]

= SSQMR(A,b,g,iter,i,M1,M2)

b_norm = norm(b);
g_norm = norm(g);
x_pr = zeros(length(b),1);
x_du = zeros(length(b),1);

v = M1\b;

rho = norm(v);
v = v/rho;

w = M2'\g;

zeta = norm(w);
w = w/zeta,

p = zeros(length(

b
q = zeros(length(b),1);
d_pr = zeros(length(b),1);

d_du = zeros(length(b),1);

).1);
1)

c_pr = 1,
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c_.du = 1;

epsilon = 1,

theta_pr = 0;
theta_du = 0;
eta_pr = —1;
eta_du = —1;

w_c_pr = 1;
w_c_du = 1;
w_theta_pr = 0;
w_theta_du = 0;

w_eta_pr = —1;

w_eta_du = —1;

k =

for h =1:1i
m(h) = 2 — k;

end

for n = 1 : iter

delta = w'x*v;

if abs(delta) < le—14 | abs(epsilon) < le—14

flag =1
break

end

k = mod(k,i) + 1;

p = v — px(zetaxdelta/epsilon);

q = w — gk(rhoxdelta/epsilon);
P(:k) = p;
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Q(:k) = q;

p_tilde = Ax(M2\p);

g_tilde = M1'\q;

epsilonl = q_tilde'*p_tilde;

beta = epsilonl/delta;

v_tilde = M1\p_tilde — betaxv;

w_tilde = M2'\(A'xq_tilde) — betaxw;

BETA(k) = beta;

RHO(k) = rho;

ZETA(k) = zeta; 60
rhol = norm(v_tilde);

zetal = norm(w_tilde);

v = v_tilde/rhol,;

w = w_tilde/zetal,;

w_theta_prl = rho/(w_c_prxbeta);

w_c_prl = 1/sqrt(1+(w_theta_prl)~2);

w_eta_pr = — w_eta_pr#(rhox(w_c_prl)~2)/(betax(w_c_pr)~2);

w_theta_dul = zeta/(w_c_duxbeta);

w_c_dul = 1/sqrt(1+(w_theta_dul)"2);

w_eta_du = — w_eta_dux(zetax(w_c_dul)~2)/(betax(w_c_du)"2); 70

for h=1:1i

if m(h) ==

w_q_pr(h) = delta; w_d_pr(h) = 0; w_x_pr(h) = 0;
w_q-du(h) = delta; w_d_du(h) = 0; w_x_du(h) = 0;

end

if (1 <=m(h)) & (m(h) <1i)
ifn"=1

w_q-pr(h) = —(zetaxdelta/epsilon)+w_q_pr(h); 80
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w_d_du(h) = w_eta_dusw_q_du(h) + w_d_du(h)*(w_theta_dusw_c_dul)"2;
w_x_du(h) = w_x_du(h) + w_d_du(h);
end
90

if m(h) == i-1

m(h) = 2—i;
omega_prl = w_x_du(h);
omega_dul = w_x_pr(h);
end

end

rho = rhol;

zeta = zetal;

epsilon = epsilonl; 100
w_c_pr = w_c_prl;

w_c_du = w_c_dul;

w_theta_pr = w_theta_prl;

w_theta_du = w_theta_dul;

if n ==1i-1

omega_pr = omega_prl;
omega_du = omega_dul;
end
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if n >=1i

theta_prl = omega_pr1*RHO(mod(k,i)+1)/(omega_prsc_pr«BETA(mod(k,i)+1));
c_prl = 1/sqrt(1+(theta_prl)~2);

eta_pr = — eta_pr«RHO(mod(k,i)+1)*(c_prl)~2/(BETA(mod(k,i)+1)*(c_pr)~2);
d_pr = eta_pr«P(:;; mod(k,i)+1) + (theta_prsc_prl)~2sd_pr;

X_pr = x_pr + d_pr;

omega_pr = omega_prl;

theta_pr = theta_prl;

c_pr = c_prl;

120
theta_dul = omega_dul*ZETA(mod(k,i)+1)/(omega_duxc_duxBETA(mod(k,i)+1));
c_dul = 1/sqrt(1+(theta_dul)"2);
eta_du = — eta_duxZETA(mod(k,i)+1)*(c_dul)~2/(BETA(mod(k,i)+1)*(c_du)"2);
d_du = eta_duxQ(:,mod(k,i)+1) + (theta_duxc_dul)~2xd_du;
x_du = x_du + d_du;
omega_du = omega_dul;
theta_du = theta_dul;
c_du = c_dul;

pr_soln = M2\x_pr; 130
du_soln = M1'\x_du;

pr_res_norm(n—i+1) = norm(b—Asxpr_soln)/b_norm;

du_res_norm(n—i+1) = norm(g—A'*du_soln)/g_norm;

pr_func_est(n—i+1) = g'*pr_soln;

du_func_est(n—i+1) = b'*du_soln;

end

for h =1:1i
m(h) = m(h)+1;

end 140
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end

flag = 0;
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Appendix B

CSGMRES MATLAB code

function

[pr_soln,du_soln,pr_res_norm,du_res_norm,pr_func_est,du_func_est]

= CSGMRES(A,b,g,iter,M1,M2)

b_norm = norm(b);

g_norm = norm(g);
precond_b = M1\b;
precond_g = M2'\g;
beta_pr = norm(precond_b);
beta_du = norm(precond_g);
V(:,1) = precond_b/beta_pr;
W(:,1) = precond_g/beta_du;

for n = 1 : iter

u = MI\(A*(M2\V(:n)));
v = M2'"\(A"*(M1'"\W(:,n)));
fori=1:n

H_pr(i;n) = V(:,i)'*u;

u = u — H_pr(in)*V(:,i);
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Hodu(in) = W(i) #o;
v = v — H_du(i,n)*W(:,i);

end

H_pr(n+1,n) = norm(u);
V(:,n+1) = u/H_pr(n+1n);
H_du(n+1,n) = norm(v);

W(:n+1) = v/H_du(n+1,n);

el = zeros(n+1,1);
el(l) = 1,

if n ==
p = H_pr'+V'xg;
k = p'\g'*precond_b;
q = H_du'*W'xb;
1 = q'\b'#*precond_g;
[Q-pr,R-pr] = qr(H_pr);
[Q-du,R_du] = qr(H_du);
else

p = H_pr'*(V'xy);

30

40

[Q-pr,R_prk] = lse(Q-pr,R_pr,H_pr,beta_prxel,p,y'*precond_b) ;

q = H_du'*W'xx;

[Q_du,R_du,]] = Ise(Q_du,R_du,H_du,beta_duxel,q,x'*precond_g) ;

end

x = V(:,Im)xk;

y = W(;, 1)l
pr_soln = M2\x;
du_soln = M1'\y;

50
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pr_res_norm(n) = norm(b—Asxpr_soln)/b_norm;
du_res_norm(n) = norm(g—A"'+*du_soln)/g_norm;
pr_func_est(n) = g'*pr_soln;

du_func_est(n) = b'*du_soln;

end

60

function [Q,R k] = lse(Q,R,H,beta_el,p,c)

[m,n] = size(H);

R(m,n—1)=0;

Q(m,m)=1;

[QR] = grinsert(Q,R,n,H(:,n));

s = Q'*beta_el;

k ls = R\s;

t = R'\p; 70
k = k.Is + ((c—p'*k_1s)/norm(t) "2)*(R\t);
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