NUMERICAL SENSITIVITY ANALYSIS FOR THE QUANTITY OF
INTEREST IN PDE-CONSTRAINED OPTIMIZATION
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Abstract. In this paper, we consider the efficient computation of derivatives of a functional
(the quantity of interest) which depends on the solution of a PDE-constrained optimization problem
with inequality constraints and which may be different from the cost functional. The optimization
problem is subject to perturbations in the data. We derive conditions under with the quantity of
interest possesses first and second order derivatives with respect to the perturbation parameters. An
algorithm for the efficient evaluation of these derivatives is developed, with considerable savings over a
direct approach, especially in the case of high-dimensional parameter spaces. The computational cost
is shown to be small compared to that of the overall optimization algorithm. Numerical experiments
involving a parameter identification problem for Navier-Stokes flow and an optimal control problem
for a reaction-diffusion system are presented which demonstrate the efficiency of the method.
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1. Introduction. In this paper we consider PDE-constrained optimization prob-
lems with inequality constraints. The optimization problems are formulated in a gen-
eral setting including optimal control as well as parameter identification problems.
The problems are subject to perturbation in the data. We suppose to be given a
quantity of interest (output functional), which depends on both the state and the
control variables and which may be different from the cost functional used during the
optimization.

The quantity of interest is shown to possess first and, under tighter assumptions, sec-
ond order derivatives with respect to the perturbation parameters. In the presence
of control constraints, strict complementarity and compactness of certain derivatives
of the state equation are assumed; for second order derivatives, stability of the active
set is required in addition. The precise conditions are given in Section 3. The main
contribution of this paper is to devise an efficient algorithm to evaluate these sensi-
tivity derivatives, which offers considerable savings over a direct approach, especially
in the case of high-dimensional parameter spaces. We show that the derivatives of
the quantity of interest can be computed with only little additional numerical effort
in comparison to the corresponding derivatives of the cost functional. Moreover, the
computational cost for the evaluation of the gradient of the quantity of interest is
independent of the dimension of the parameter space and low compared to that of
the overall optimization algorithm. The cost to evaluate the Hessian grows linearly
with the dimension of the parameter space. We refer to Table 3.1 for details.

The parametric derivatives of the quantity of interest offer a significant amount of
additional information on top of an optimal solution. The derivative information can
be used to assess the stability of an optimal solution, or to compute a Taylor expansion
which allows the fast prediction of the perturbed value of the quantity of interest in
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a neighborhood of a reference parameter.

We note that a quantity of interest different from the cost functional is often natural.
For instance, an optimization problem in fluid flow may aim at minimizing the drag
of a given body, e.g., by adjusting the boundary conditions. The quantity of interest,
however, may be the lift coefficient of the optimal configuration. We also mention the
applicability of our results to bi-level optimization problems where the outer variable
is the ”perturbation” parameter and the outer objective is the output functional,
whose derivatives are needed to employ efficient optimization algorithms.

The necessity to compute higher order derivatives may impose possible limitations
to the applicability of the methods presented in this paper. Second order derivatives
of the cost functional and the PDE constraint are required to evaluate the gradient
of the quantity of interest, and third order derivatives are required to evaluate the
Hessian.

Let us put our work into perspective. The existence of first and second order sensitivity
derivatives of the objective function (cost functional) in optimal control of PDEs with
control constraints has been proved in [7,17]. Moreover, [8] addresses the numerical
computation of these derivatives. Recently, the computation of the gradient of the
quantity of interest in the absence of inequality constraints has been discussed in [3].

Problem Setting. We consider the PDE-constrained optimization problem in
the following abstract form: The state variable u in an appropriate Hilbert space
V with scalar product (-,-)y is determined by a partial differential equation (state
equation) in weak form:

a(u,q,p)(¢) = f(¢) VeV, (L.1)

where ¢ denotes the control, or more generally, design variable in the Hilbert space
Q = L?(w) with the standard scalar product (-,-). Typically, w is a subset of the
computational domain §2 or a subset of its boundary 0€2. In case of finite dimensional
controls we set @ = R"™ and identify this space with L?(w) where w = {1,2,...,n} to
keep the notation consistent. The parameter p from a normed linear space P describes
the perturbations of the data.

For fixed p € P, the semi-linear form a(-,-,p)(:) is defined on the Hilbert space
YV x Q x V. Semi-linear forms are written with two parentheses, the first one refers
to the nonlinear arguments, whereas the second one embraces all linear arguments.
The partial derivatives of the semi-linear form a(-, -, p)(+) are denoted by a’, (-, -, p)(, ),
ay(-,p)(,-) etc. The linear functional f € V' represents the right hand side of the
state equation, where V' denotes the dual space of V. For the cost functional (objective
functional) we assume the form

@ _
J(u,p) + S lla =3, (1.2)

which is typical in PDE-constrained optimization problems. Here, o > 0 is a regu-
larization parameter and g € Q is a reference control. The functional J : V x P — R
is also subject to perturbation. It is possible to extend our analysis to more general
cost functionals than (1.2). In particular, only notational changes are necessary if J
contains linear terms in ¢, and if a and § also depend on the perturbation parame-
ter. However, full generality of the cost functional comes at the expense of additional
assumptions which would unnecessarily complicate the discussion.
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In order to cover additional control constraints we introduce a nonempty closed convex
subset Q.4 C Q by:

Qua=1{q€ Q|b_(z) <q(x) <by(z) ae. onw},

with bounds b_ < by € Q. In the case of finite dimensional controls the inequality
b_ < q < by is meant to hold componentwise.

The problem under consideration is to

minimize (1.2) over Quq X V (OP(p))
subject to the state equation (1.1)

for fixed p € P. We assume that in a neighbourhood of a reference parameter py,
there exist functions u = U(p) and ¢ = Q(p), which map the perturbation parameter
p to a local solution (u,q) of the problem (OP(p)). In Section 3, we give sufficient
conditions ensuring the existence and differentiability of these functions. Our results
complement previous findings in [7,10,17].

The quantity of interest is denoted by a functional
I:VxQxP—R. (1.3)
This gives rise to the definition of the reduced quantity of interest ¢ : P — R,
i(p) = I(U(p), Q(p) p)- (1.4)

Likewise, we denote by 7 : P — R the reduced cost functional:
. @ _
i) = J(UP),p) + 5l1QM) —alls. (1.5)

As stated above, the main contribution of this paper is to devise an efficient algorithm
to evaluate the first and second derivatives of the reduced quantity of interest i(p).

The outline of the paper is as follows: In the next section we specify the first or-
der necessary optimality conditions for the problem under consideration. We recall
a primal-dual active set method for its solution. The core step of this method is
described to some detail since it is also used for the problems arising during the sensi-
tivity computation. In Section 3 we use duality arguments for the efficient evaluation
of the first and second order sensitivities of the quantity of interest with respect to
perturbation parameters. Throughout, we compare the standard sensitivity analy-
sis for the reduced cost functional j(p) with our analysis for the reduced quantity of
interest i(p). In the last section we discuss two numerical examples illustrating our ap-
proach. The first example deals with a parameter identification problem for a channel
flow described by the incompressible Navier-Stokes equations. In the second exam-
ple we consider the optimal control of time-dependent three-species reaction-diffusion
equations under control constraints.

2. Optimization algorithm. In this section we recall the first order necessary
conditions for the problem (OP(p)) and describe the optimization algorithm with
active set strategy which we use in our numerical examples. In particular, we specify
the Newton step taking into account the active sets since the sensitivity problems
arising in Section 3 are solved by the same technique.
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Throughout the paper we make the following assumption:

ASSUMPTION 2.1.

1. Leta(-,-,-)(:) be three times continuously differentiable with respect to (u, q,p).
2. Let J(-,-) be three times continuously differentiable with respect to (u,p).
3. Let I(-,-,-) be twice continuously differentiable with respect to (u,q,p).

In order to establish the optimality system, we introduce the Lagrangian £ :V x Q x
Y x P — R as follows:

Llu,0,7.p) = J(uw,p) + 5 la = llp + £() - alu,0.p) (), (2.1)

where z € V denotes the adjoint state. The first order necessary conditions for the
problem (OP(p)) read:

L (u,q,2,p)(0u) =0 Yéuey, (2.2)
Ly (u,q,2,p) (8¢ —q) >0 Yéq € Qua, (2.3)
L (u,q,2,p)(6z) =0 Véz e . (2.4)

They can be explicitly rewritten as follows:

J, (u,p)(6u) — al,(u,q,p)(du,z) =0 Vou €V, (2.5)
a(q —q,09 — q) — ag(u,q,p)(6g — ¢,2) >0 Vdq € Qua, (2.6)
f(0z) —a(u,q,p)(0z) =0 Véze V. (2.7)

For given u, g, z, p, we introduce an additional Lagrange multiplier x4 € L?(w) by the
following identification:

(1, 0q) == =L} (u,q,2p)(0q)
= —alq - q,0q) + aj(u,q,p)(6q,2) Vg € L*(w).

The variational inequality (2.6) is known to be equivalent to the following pointwise
conditions almost everywhere on w:

o) =b_(2) > 4 <0, (25)
q(z) =by(x) = pn =0, (2.9)
b_(z) < q(x) < by(xz) = u=0. (2.10)

In addition to the necessary conditions above, in the following lemma we recall second
order sufficient optimality conditions:

LEMMA 2.2 (Sufficient optimality conditions). Let x = (u,q, z) satisfy the first order
necessary conditions (2.2)-(2.4) of (OP(p)). Moreover, let al,(u,q,p): V — V' be
surjective. If there exists p > 0 such that

o (@) L <x,p>] (au) -
du dq) | uw ua > p ([[oully, + [|9q|l
(Bu0a) | i alp) (e p)| (g ) = 7 (100l +110lS)

holds for all (6u,dq) satisfying the linear (tangent) PDE

a,, (u, g, p)(ou, ) + aj(u, ¢, p)(dq,0) =0 Yo €V,
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then (u,q) is a strict local optimal solution of (OP(p)).
For the proof we refer to [18].

For the solution of the first order necessary conditions (2.5)—(2.7) for fixed p € P, we
employ a nonlinear primal-dual active set strategy, see [4,12,15,20]. In the following
we sketch the corresponding algorithm on the continuous level:

Nonlinear primal-dual active set strategy
1. Choose initial guess u, ¢°, 2%, u° and ¢ > 0 and set n = 1
2. While not converged

3. Determine the active sets A"l and A"

A" ={zcw|¢g" ' +u" e—b_ <0}

t={zew|" "+ e—by >0}
4. Solve the equality-constrained optimization problem
Minimize J(u",p)+ %Hq" —q|% over Vx Q
subject to (1.1) and to
¢"(@) =b_(z) on A q"(x) = by (z) on A7

with adjoint variable z™
5. Set p" = —a(q" —q) +ag(u”, ", p)(-, ")
6. Set n =n+ 1 and go to 2.

REMARK 2.3.

1. The initial guess for the Lagrange multiplier p° can be taken according to
step 5. Another possibility is choosing u° = 0 and ¢° € Quq, which leads to
solving the optimization problem (step 4) without control constraints in the
first iteration.

2. The convergence in step 2 can determined conveniently from agreement of the
active sets in two consecutive iterations.

Later on, the above algorithm is applied on the discrete level. The concrete discretiza-
tion schemes are described in Section 4 for each individual example.

Clearly, the main step in the primal-dual algorithm is the solution of the equality-
constrained nonlinear optimization problem in step 4. We shall describe the Lagrange
Newton SQP method for its solution in some detail since exactly the same procedure
may be used to solve the sensitivity problems in Section 3, which are the main focus
of our paper.
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For given active and inactive sets A = Ay UA_ and Z = w \ A, let us define the
"restriction” operator Rz : L*(w) — L*(w) by

Rz(q) = q- xz,

where x7 is a characteristic function of the set Z. Similarly, the operators R4, R4,
and R 4_ are defined. Note that Rz etc. are obviously self-adjoint.

The first order necessary conditions for the purely equality-constrained problem in
step 4 are (compare (2.2)—(2.4), respectively (2.5)—(2.7)):

L (u,q,2,p)(0u) =0 Véue, (2.11)

L (u,q,2,p)(6q) =0 Voq € L*(I"), (2.12)

g—b_=0 onA" (2.13)

q—by =0 on A" (2.14)

L (u,q,2,p)(62) =0 Véz eV, (2.15)

with the inactive set 7" = w\ (A" UA" ). Using the restriction operators, (2.12)(2.14)

can be reformulated as
L(u,q,2,p)(Rzn6q) + (q — b—, Ran 0q) + (¢ — by, Randg) =0 Vg € Q.

The Lagrange Newton SQP method is defined as Newton’s method, applied to (2.11)—
(2.15). To this end, we define B as the Hessian operator of the Lagrangian L, i.e.

[’Zu<x’p)("') qu(l’,p)(',') £Zz(w7p)(’)
B(a,p) = | Lgu(x.p)(,)  Lg,(z,p)()  La.(z,p)() (2.16)
‘Cgu(zvp)('v') ‘C/z/q(xvp)('v ) 0

To shorten the notation, we abbreviate x = (u,q,z) and X = V x Q x V. Note
that B(x,p) is a bilinear operator on the space X'. By "multiplication” of B with an
element dx € X from the left, we mean the insertion of the components of §z into the
first argument. Similarly we define the ”"multiplication” of B with an element dz € X
from the right as insertion of the components of dx into the second argument. When
only one element is inserted, B is interpreted as a linear operator B : X — X”’. In the
sequel, we shall omit the (-, -) notation if no ambiguity arises.

In the absence of control constraints, the Newton update (Au,Aq, Az) for (2.11)-
(2.15) at the current iterate (ug, qx, 2k) is given by the solution of

Au L, (zx, p)
B(zy,p) | Aq | = — | Li(zk,p) (2.17)
Az ‘c/ (:Ekn )
With non-empty active sets A™ and A"}, however, (2.17) is replaced by
_ Au L, (T, p)
B(xy,p) | Aq | = = | Rzo Lz, p) + Ran (g —b-) + Ran (gx — by) (2.18)
Az L (zk,p)
where
N id id 0
B(xg,p) = Rzn B(xy,p) Rzn + R» . (2.19)

id id 0
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In other words, B is obtained from B by replacing those components in the derivatives
with respect to the control ¢ by the identity which belong to the active set. In our
practical realization, we reduce the system (2.18) to the control space L?(w) using
Schur complement techniques, see, e.g., [16]. The reduced system is solved iteratively
using the conjugate gradient method, where each step requires the evaluation of a
matrix—vector product for the reduced Hessian, which in turn requires the solution of
one tangent and one dual problem, see, e.g., [13], or [2] for a detailed description of
this procedure in the context of space-time finite element discretization of the prob-
lem. In fact, the reduced system needs to be solved only on the currently inactive
part L2(Z"™) of the control space since on the active sets, the update Aq satisfies the
trivial relation R an (Aq) = Ray (b+ — qx—1)-

The Newton step is completed by applying the update (ug41, qr+1, 2k+1) = (Uk, qk, 2k )+
(Au, Agq, Az).

3. Sensitivity analysis. In this section we analyze the behavior of local optimal
solutions for (OP(p)) under perturbations of the parameter p. We derive formulas for
the first and second order derivatives of the reduced quantity of interest and develop
an efficient method for their evaluation.

To set the stage, we outline the main ideas in Section 3.1 by means of a finite-
dimensional optimization problem, without partitioning the optimization variables
into states and controls, and in the absence of control constraints. To facilitate the
discussion of the infinite-dimensional case, we treat the case of no control constraints
in Section 3.2 and turn to problems with these constraints in Section 3.3. Throughout,
we compare the standard sensitivity analysis for the reduced cost functional j(p) (1.5)
with our analysis for the reduced quantity of interest i(p) (1.4). The main results can
be found in Theorems 3.6 for the unconstrained case and Theorems 3.18 and 3.21 for
the case with control constraints. An algorithm at the end of Section 3 summarizes
the necessary steps to evaluate the various sensitivity quantities.

3.1. Outline of ideas. Let us consider the nonlinear finite-dimensional equality-
constrained optimization problem

Minimize J(z,p) s.t. g(x,p) =0, (3.1)

where € R” denotes the optimization variable, p € R? is the perturbation parameter,
and ¢ : R” x R? — R™ collects a number of equality constraints. The Lagrangian of
(3.1) is L(z,p) = J(x,p) — 2" g(x,p), and under standard constraint qualifications, a
local minimizer xg of (3.1) at the reference parameter py has an associated Lagrange
multiplier zg € R™ such that

L (0, 20, po) = J4(0,p0) — 29 b (70, po) = 0

) (3.2)
‘Cz(x07 ZOaPO) = g(l’o,po) =0

holds. If we assume second order sufficient conditions to hold in addition, then the
implicit function theorem yields the local existence of functions X (p) and Z(p) which
satisfy (3.2) with p instead of pg, and X (pg) = 2o and Z(py) = 2o hold. Moreover,
(3.2) can be differentiated totally with respect to the parameter and we obtain

<£gm(x07205p0) g;(xo,Po)T> (X/(Po)5p)
g (20, po) 0 Z'(po) op

o Egp($07207p0) 5p

( g5 (w0, po) 6p > (3:3)
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The solution of (3.3) is a directional derivative of X (p) (and Z(p)) at p = pg, and we
note that it is equivalent to the solution of a linear-quadratic optimization problem.
Hence the evaluation of the full Jacobian X’(pg) requires d = dim P solves of (3.3)
with different dp. In our context of large-scale problems, iterative solvers need to be
used and the numerical effort to evaluate the full Jacobian scales linearly with the
number of right hand sides, i.e., with the dimension of the parameter space d = dim P.

We adapt the definition of the reduced cost functional and the reduced quantity of
interest to our current setting, j(p) = J(X(p),p) and i(p) = I(X(p),p). Since we
wish to compare the effort to compute the first and second order derivatives of both,
we begin by recalling the following result:

LEMMA 3.1. Under the conditions above, the reduced cost functional is twice differ-
entiable and

3'(po) 6p = L},(0, 20, po) op
8p" 5" (po) op = op" (L1, (0, 20, 20) X’ (Po) p+ Ly (x0, 20, p0)Z' (po) op
+ ‘CZp(an ZOaPO) 557] .

Proof. We have j(p) = L(X(p),Z(p),p) and hence by the chain rule j'(py) =
L' (x0, 20,p0) X' (po) + L (0, 20,p0)Z" (o) + L}, (0, 20, Po), where the first two terms
vanish in view of (3.2). Differentiating again totally with respect to p yields the
expression for the second derivative. ]

Lemma 3.1 shows that the evaluation of the gradient of j(-) does not require any linear
solves of the sensitivity system (3.3), while the evaluation of the Hessian requires
d = dim P such solves. The corresponding results for the infinite-dimensional case
can be found below in Propositions 3.5 and 3.16 for the unconstrained and control
constrained cases.

We will show now that the derivatives of the reduced quantity of interest i(-) can be
evaluated efficiently, requiring just one additional system solve. This is a significant
improvement over a direct approach, compare Table 3.1.

From a first look at

i'(po) Op = I(x9,p0) X' (po) op + I,,(0, po) op

it seems that the evaluation of the gradient i'(pg) requires d = dim P solves of the
system (3.3). This is referred to as the direct approach in Table 3.1. However, using
(3.3), we may rewrite this as

. _11 (LY (z0, 20, 0) 0D
=m0 5 (S )

where By is the matrix on the left hand side of (3.3). Realizing that I} (xo, po) has just
one row, evaluating the term in square brackets amounts to only one linear system
solve. We define the dual quantities (v,y) by

) ()
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and finally obtain

i (po) 6p = v LY, (w0, 20, p0) 6p + y " L1, (w0, 20, p0) 6p + I} (x0, po) 6p- (3.4)

We refer to this as a dual approach. In our context, By is symmetric and hence the
computation of the dual quantities requires just one solve of (3.3) with a modified
right hand side, see again Table 3.1.

For the second derivative, we differentiate (3.4) totally with respect to p. From the
chain rule we infer that the sensitivities X’(pg) and Z’'(pg) now come into play. In
addition, v and y need to be differentiated with respect to p, but again a duality
technique can be used in order to avoid computing these extra terms. Hence the extra
computational cost to evaluate the Hessian of (-) amounts to d = dim P solves for the
evaluation of the sensitivity matrices X'(pg) and Z’(pg), see Table 3.1. Details can
be found in the proofs of Theorems 3.6 for the unconstrained case and Theorems 3.18
and 3.21 for the case with control constraints.

3.2. The case of no control constraints. Throughout this and the following
section, we denote by py € P a given reference parameter and by xg = (ug,qo, 20) a
solution to the corresponding first order optimality system (2.11)—(2.15). Moreover,
we make the following regularity assumption which we require throughout:

ASSUMPTION 3.2. Let the derivative al,(uo,qo,po) : V — V' be both surjective and
injective, so that it possesses a continuous inverse.

In the case of no control constraints, i.e., Q,q = Q, the first order necessary conditions
(2.11)—(2.15) simplify to

L (u,q,2,p)(0u) =0 Yéuey, (3.5)
Ly (u,q,2,p)(0q) =0 Viq € Q, (3.6)
L (u,q,2,p)(6z) =0 Véz e . (3.7)

The analysis in this subsection is based on the classical implicit function theorem.
We denote by By = B(xo,po) the previously defined Hessian operator at the given
reference solution. For the results in this section we require that By is boundedly
invertible. This property follows from the second order sufficient conditions, see for
instance [14]:

LEMMA 3.3. Let the second order sufficient conditions set forth in Lemma 2.2 hold
at xg for OP(pg). Then By is boundedly invertible.

The following lemma is a direct application of the implicit function theorem (see [5])
to the first order optimality system (3.5)—(3.7).

LEMMA 3.4. Let By be boundedly invertible. Then there exist neighborhoods N (pg) C
P of po and N(zo) C X of zo and a continuously differentiable function (U,Q, Z) :
N(po) — N(zo) with the following properties:

(a) For every p € N(po), (U(p),Q(p), Z(p)) is the unique solution to the sys-
tem (3.5)-(3.7) in the neighborhood N (xy).

(b) (U(po), Q(po), Z(po)) = (uo,qo, 20) holds.
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(¢) The derivative of (U, Q,Z) at pg in the direction 0p € P is given by the unique
solution of

U'(po)(dp) L (w0, po)(-,6p)
By | Q'(po)(dp) | = — | LGp(0,p0)(",6p) | . (3.8)
Z/(p0)<5p) ‘c/z/p(x()apO)(”(Sp)

In the following proposition we recall the first and second order sensitivity derivatives
of the cost functional j(p), compare [17].

PROPOSITION 3.5. Let By be boundedly invertible. Then the reduced cost functional
J(p) = J(U(p),p) + $11Q(p) — qll3 is twice continuously differentiable in N'(po). The
first order derivative at pg in the direction ép € P is given by

7' (po)(6p) = L}, (0, po) (6p). (3.9)
For the second order derivative in the directions of dp and @9, we have

5" (o) (p, 8p) = L1, (w0, p0) (U" (p)(dp), 5p) + L1, (0, po)(Q' () (5p), 5p)
+£zp(x0’p0)( ( )( ) )+[’Zp(xoap0)(6pa (%) (310)

Proof. Since (U(p), Q(p)) satisfies the state equation, we have
i(p) = L{U(p),Q(p), Z(p),p)

for all p € N(po). By the chain rule, the derivative of j(p) reads

j/(Po)@P) = 5;(55071!70)([],(?0)(5]9)) + E;(CCO7P0)(QI(P0)(5P)) + L (3307100)( ( 0)(6p))
(Cﬂo’Po (6p

)(0p).
The three terms in the first line vanish in view of the optimality system (3.5)—(3.7).
Differentiating (3.9) again totally with respect to p in the direction of (5p yields (3.10),

which completes the proof. ]

The previous proposition allows to evaluate the first order derivative of the reduced
cost functional without computing the sensitivity derivatives of the state, control and
adjoint variables. That is, the effort to evaluate j'(pg) is negligible compared to the
effort required to solve the optimization problem. In order to obtain second order
derivative j”(po), however, the sensitivity derivatives have to be computed according
to formula (3.8). This corresponds to the solution of one additional linear-quadratic
optimization problem per perturbation direction dp, whose optimality system is given
by (3.8).

We now turn to our main result in the absence of control constraints. In the following
theorem, we show that the first and second order derivatives of the quantity of interest
can be evaluated at practically the same effort as those of the cost functional. To this
end, we use a duality technique (see Section 3.1) and formulate the following dual
problem for the dual variables v € V, r € Q and y € V:

v I, (g0, u0, o)
B() r = — I;(qU7’LL0,p0) . (3.11)
Y 0
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We remark that this dual problem involves the same operator matrix By as the sen-
sitivity problem (3.8) since By is self-adjoint.

THEOREM 3.6. Let By be boundedly invertible. Then the reduced quantity of interest
i(p) defined in (1.4) is twice continuously differentiable in N(py). The first order
deriwative at py in the direction dp € P is given by

i'(p0) (3p) = L1 (20, 0)(v,6p) + L3 (0, p0) (. 5p) + L2, (x0,p0) (3 )
+ I, (uo, o, o) (0p).  (3.12)

For the second order derivative in the directions of dp and (SAp, we have

@'N(po)(&pa ‘%) = <Ua77>1;xv/ + (r, "$>ng/ + <yvg>vaf

Ul(po)((sp) ! Igu(Q@a“OapO) ng(QOvu()apO) I (%7“071’0) U/(pO)((EP)
+1 Q' (po)(dp) I5,(q0, w0, p0)  1,(q0, w0, po) I, ((Jo7uoapo) Q’(pA)(ép)
op I}, (qo, w0, po) I, (qo;uo,po) I (QO,UO,po) op

Here, (n,k,0) € V' x Q' x V' is given by

7 £, 00 3p, 5p)
pol = LgppO( 51?)
o L£7,,0(,dp,p)

L O( 5p,U’ (o) @)Hﬁiﬁ;q )(-, dp, (po)(5p)+£ii;z()( 5p,Z’
L5 (5 0p, U (po) (0p)) + L4 O 6p, Q' (p 0)(0p) + L= 0, 0p,
L2, () (5 0p,U'(po)(dp)) + L2, (-, dp, Q' (po) (dp)
. R "(Po)(dp)
B, () (U (po) (6p)) + BLO(Q' (o) (8p)) + BLO(Z' (po) (6p)) + B;()(5p) Q (po)(6p)
Z'(po)(dp)

REMARK 3.7.

(a) In the definition of (n,k,0) we have abbreviated the evaluation at the point
(z0:p0) by ()-

(b) The bracket (-,-),, . in (8.13) denotes the duality pairing between V and its
dual space V'. For instance, the evaluation of (v,m)y,,, amounts to plugging
in v instead of - in the definition of n. A similar notation is used for the
control space Q.

(¢) It is tedious but straightforward to check that (3.13) coincides with (3.10) if
the quantity of interest is chosen equal to the cost functional. In this case, it
follows from (3.11) that the dual quantities v and r vanish and y = zo holds.

Proof. (of Theorem 3.6) From the definition of the reduced quantity of interest (1.4),
we infer that

i’ (po)(dp) = I, (w0, 90, p0) (U’ (p0)(dp)) + Iy (w0, g0, po)(Q' (o) (6p)) + I;(uO,qo,po()@p))
3.14
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holds. In virtue of (3.8) and (3.11), the sum of the first two terms equals

I, (uo, g0 po)\ £, (0, p0) (-, 0p) v\ (L, (x0,p0)(-,0p)
— | I (wo,q0,p0) | Byt | Lify(xo,p0)(-,0p) | = [ 7 L, (o0, po) (-, 0p)
0 L:/z/p(x(%pO)(‘v(sp) Y Egp(I'Ova)('a(sp)

which implies (3.12). In order to obtain the second derivative, we differentiate (3.14)
totally with respect to p in the direction of dp. This yields

" (po)(dp, op) =

U'(p0)(0p)\ | (1u(d0, 10, p0)  Iliy (a0, 0, p0) 12, qo,umpo)
Q' (po)(0p) I” .(qo, u0, o) I” (20,0, p0)  17,(q0, w0, Po
op I” (90, U0, o) I[/)lq(q o, Po) Ipp 40, U0, Po)
I (uo, go,po)\ (U (po)(3p,p)
+ | Z;(o, 90, po) Q" (po)(0p, dp) | - (3.15)
0 Z"(po)(dp, op)

From differentiating (3.8) totally with respect to p in the direction of 5}), we obtain

U (30) (69, 6p) ;
Bo [ Q"(po)(0p,op) | =— | # |- (3.16)
Z"(po)(dp; op) o
From here, (3.13) follows. 0

The main statement of the previous theorem is that the first and second order deriva-
tives of the reduced quantity of interest can be evaluated at the additional expense
of just one dual problem (3.11), compared to the evaluation of the reduced cost func-
tional’s derivatives. More precisely, computing the gradient of i(p) at py requires only
the solution of (3.11). In addition, in order to compute the Hessian of i(p) at pg, the
sensitivity quantities U’ (pg), Q' (po) and Z'(pg) need to be evaluated in the directions
of a collection of basis vectors of the parameter space . That is, dim P sensitivity
problems (3.8) need to be solved. These are exactly the same problems which have
to be solved for the computation of the Hessian of the reduced cost functional, see
Table 3.1. Note that in the combined effort 1 4+ dim P, ”1” refers to the same dual
problem (3.11) that has already been solved during the computation of the gradient
of i(p). In case that the space P is infinite-dimensional, it needs to be discretized first.
Finally, in order to evaluate the second order Taylor expansion for a given direction

op,

i(po + 3p)  ipo) + i/ (po)(31) + 1" (p0) (50, 3p),

the same dual problem (3.11) and one sensitivity problem (3.8) in the direction of dp
are needed, see Table 3.1.

Note that the sensitivity and dual problems (3.8) and (3.11), respectively, are solved
by the technique described in Section 2. The solution of such problem amounts to the
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TABLE 3.1
Number of linear-quadratic problems to be solved to evaluate the derivatives of j(p) and i(p).

reduced cost functional j(p) reduced quantity of interest i(p)
dual approach direct approach
gradient 0 1 dim P
Hessian dim P 1+ dim P (dim P) (dim P+1)/2

computation of one additional QP step (2.17), with different right hand side. There-
fore, the numerical effort to compute, e.g., the second order Taylor expansion for a

given direction is typically low compared to the solution of the nonlinear optimization
problem OP(py)

3.3. The control-constrained case. The analysis is based on the notion of
strong regularity for the problem OP(p). Strong regularity extends the previous
assumption of bounded invertibility of By used throughout Section 3.2.

Below, we make use of pg € Q given by the following identification:

(ho,0q) = —Lq (20, p0)(dq) Vog € Q. (3.17)

This quantity acts as a Lagrange multiplier for the control constraint ¢ € Q4. For the
definition of strong regularity we introduce the following linearized optimality system
which depends on € = (e%,¢%, %) € V x Q x V:

(LOS(¢))

Ly, (0, o) (du, u — uo) + Ly, (%0, po) (01, ¢ — go)
+L2 (0, p0)(0u, z — 20) + L, (z0,po)(0u) + (€*,0u)y =0 You €V (3.18)
Ly (w0, o) (u — w0, 0q — q) + L, (20, p0) (09 — 4,4 — qo) + L. (0, 0)(6q — ¢, 2 — 20)
+L,(20,10)(0q — q) + (¢,0¢ — ¢) > 0 Vig € Qua (3.19)

L7, (x0,p0)(02,u — ug) + LZ,(20,p0) (2,9 — o)
+L(z0,p0)(02) + (£7,82)y =0 Véz €V (3.20)

In the sequel, we refer to (3.18)—(3.20) as (LOS(¢)).

DEFINITION 3.8 (Strong Regularity). Let py € P be a given reference parameter
and let xo = (uo, qo, 20) be a solution to the corresponding first order optimality sys-
tem (2.5)-(2.7). If there exist neighborhoods N(0) C X = V x Q@ xV of 0 and
N(zg) C X of xg such that the following conditions hold:

(a) For every e € N(0), there exists a solution (u®,q%,2%) to the linearized opti-
mality system (3.18)—(3.20).

(b) (uf,q%, 2°) is the unique solution of (3.18)—(3.20) in N (x).

(c) (u®,q%, 2°) depends Lipschitz-continuously on ¢, i.e., there exists L > 0 such
that

[t =y +[l¢7" — ¢ llo + 27 = 2y < Ller —eafx (3.21)

holds for all e1,e2 € N(0),



14 R. GRIESSE AND B. VEXLER

then the first order optimality system (2.5)—(2.7) is called strongly regular at xg.

Note that (uo, qo, z0) solves (3.18)—(3.20) for e = 0. It is not difficult to see that in
the case of no control constraints, i.e., @ = Q,q4, strong regularity is nothing else than
bounded invertibility of By which we had to assume in Section 3.2. In the following
lemma we show that strong regularity holds under suitable second order sufficient
optimality conditions, in analogy to Lemma 3.3. The proof can be carried out using
the techniques presented in [21].

LEMMA 3.9. Let the second order sufficient optimality conditions set forth in Lemma 2.2
hold at xy for OP(po). Then for any ¢ € X, (3.18)-(3.20) has a unique solution
(u®,q%,2%) and the map

Xoer (u5,q¢%,2%) e X (3.22)

1s Lipschitz continuous. That s, the optimality system is strongly regular at xg.

In the next step, we proceed to prove that the solution (uf,q®,2%) of the linearized
optimality system (3.18)—(3.20) is directionally differentiable with respect to the per-
turbation €. To this end, we need the following assumption:

ASSUMPTION 3.10. At the reference point (uo, qo, 20), let the following linear operators
be compact:

1. Vouw— agu(uoﬂo,po)('auaZO) €Q
2. Q3 q v ag,(uo,q0,p0) (" ¢, 20) € Q'
3. Voz— a;(uo,(onpo)('az) €9

REMARK 3.11. The previous assumption is satisfied for the following important
classes of PDE-constrained optimization problems on bounded domains Q C R?,
de{1,2,3}:

(a) If (OP(p)) is a distributed optimal control problem for a semilinear elliptic
PDE, e.g.,

—Au= f(u)+q on Q

with V = H(Q) and Q = L*(Q), then al), = a);, = 0 and a}, is the compact
injection of V into Q.
(b) In the case of Neumann boundary control on 09, e.g.,

0
—Au=f(u) onQ and —u=gq on O,
on
we have V = H'(Q) and Q = L*(8Q). Again, al), = a)), = 0 and a, is the
compact Dirichlet trace operator from V to Q.
(¢) For bilinear control problems, e.g.,

—Au=qu+ f on

with V = H} (), Q = L2(Q) and an appropriate admissible set Quq, we have
ag, = 0. Moreover, the operators u — ag, (uo, qo, po)(-,u, 20) = (uz0,-) and
z — ay(uo,qo,20) = (uoz,-) are compact from V to Q' since the pointwise

product of two functions in V embeds compactly into Q.
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(d) For parabolic equations such as
uy = Au+ f(u) +q

with solutions in V = {u € L*(0,T; H}(Q)) : vy € L*(0,T; H1(2)} we have

aly, = ay, =0 and af, is the compact injection of V into Q = L*( x (0,T)).

(e) Finally, Assumption 3.10 is always satisfied if the space Q is finite-dimensional.
This includes all cases of parameter identification problems without any ad-
ditional restrictions on the coupling between the parameters q and the state
variable u. For instance, the Arrhenius law leads to reaction-diffusion equa-
tions of the form

—Au = f(u) + e on Q

with unknown Arrhenius parameter q € R.

For the following theorem, we introduce the admissible set @ad, defined as
Ouwi={G € Q:b_(z) < {(x) <by(x) ae. onw}
with bounds

b (@) {0 i uo(2) # 0 or golx) = b_(z)

—oo  else

- {o if puo(x) # 0 or qo(z) = by (x)

+oo else.

THEOREM 3.12. Let the second order sufficient optimality conditions set forth in
Lemma 2.2 hold at xo for OP(py) in addition to Assumption 3.10. Then the map
(3.22) is directionally differentiable at € = 0 in every direction dc = (0¥, §e4,0e*) €
X. The directional derivative is given by the unique solution (4, q) and adjoint variable
Z of the following linear-quadratic optimal control problem, termed DQP (d¢):

. 1, (L (xo,p0) L (z0,p0)) (@ I A< g
Minimize 3 (u q) <£Zu($o7po) E;’Z(wmpo) g + (@, 0e")y + (g, 0¢7)
(DQP(d¢))

subject to g € @ad and
a;(um qo,pO)(ﬁ’, ¢) + a’/q(u()qu?pO)(Qa ¢) + (6527 ¢) =0 fOT’ all ¢ ev.

The first order optimality conditions for this problem read:

E{u/,u («T07PO)(5U7 ﬁ') + EZq(x()apO)((sua (j
+L (z0,p0)(0u, 2) + (6", 6u) =0 Vou eV (3.23)
LZq(anpO)(aa §q - é) + ‘C;/q(x()apO)(Jq - (jaé
+‘C:]/z(x07p0)(5q - (jv 2) + (65[13 5(] - Cf
‘C,z/u(x()?pO)((SZv ﬁ’) + ‘C/zlq(x()?pO)((SZa (j

+(6e%, 6z

>0 Vige Qug (3.24)

—_ — — — D T

=0 VézeV. (3.25)
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Proof. Let e = (6%,de4,0e7) € X be given and let {r,,} C RT denote a sequence
converging to zero. We denote by (un,qn, 2,) € X the unique solution of LOS(e,,)
where €, = 7,0c. Note that (uo, qo, 20) is the unique solution of LOS(0) and that
(Un, qn, 2n) — (o, Go, 20) strongly in X'. From Lemma 3.9 we infer that

Up — UQ dn — 40

Tn

Zn — 20

+

+\

%

Tn n

% Q

This implies that a subsequence (still denoted by index n) of the difference quotients
converges weakly to some limit element (4, q,2) € X. The proof proceeds with the
construction of the pointwise limit g of (¢, — qo)/7n, which is later shown to coincide
with §. It is well known that the variational inequality (3.19) in LOS(e,) can be
equivalently rewritten as

qn(x) = H[b,(w),lur(x)] (dn(x)) a.e. on w, (326)

where IIj,_ ()5, ()] is the projection onto the interval [b_(z), by (z)] and

_ 1
dn =q+ a (a;/u(u()aq()ap())('aun — Uo, ZO) + a;/q(uo, 1107]70)(‘7% — qo, ZO)
"‘a;(UOaCIOva)(‘»Zn) _5;17,) S Q (327)

The linear operators in (3.27) are understood as their Riesz representations in Q.
Similarly, we have qo(z) = jy_ (1), (a)] (do(x)) a.e. on w, where

_ 1
do=q+ &CL;(U(), q0,P0) (", 20) € Q. (3.28)

Note that d,, — dy strongly in Q since the Fréchet derivatives in (3.27) are bounded
linear operators. From the compactness properties in Assumption 3.10 we infer that

dn —d -

0L strongly in @, where

Tn
~ 1 R N ~
d= a (a:]/u(u07 quPO)('v u, ZO) + a/q/q(u(), QOaPO)('v q, ZO) + a;(“o» qupO)('v Z) - 5€q> .

By taking another subsequence, we obtain that d,, — do and (d,, — do) /7 — d hold
also pointwise a.e. on w. The construction of the pointwise limit

i(@) = lim 2@ 0@

n— 00 Tn

uses the following partition of w into five disjoint subsets:

w=w Uwl U\wi) Uwy U (W \wy) (3.29)

where
w={recw: b (z)<qgx)<by(z)} (inactive) (3.30a)
wi ={r €w : po(x) >0} (upper strongly active) (3.30b)
wh={recw: qz)=0by(z)} (upper active) (3.30¢)
wy ={x €w : po(z) <0} (lower strongly active) (3.30d)
w={rew: qlz)=0b_(x)} (lower active). (3.30€)
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The Lagrange multiplier po belonging to the constraint gy € Quq defined in (3.17)
allows the following representation:

Ho = Oz(do — qo). (331)

Note that the five sets in (3.29) are guaranteed to be disjoint if b_(z) < by (z) holds
a.e. on w. However, one can easily check that ¢ is well-defined also in the case that
the bounds coincide on all or part of w. We now distinguish 5 cases according to the
sets in (3.29):

Case 1: For almost every x in the inactive subset w!, we have go(z) = do(z) and
qn(z) = dy(x) for all sufficiently large n. Therefore,

g(z) = lim w = dA(ac)

n— o0 Tn

Case 2: For almost every = € wi, po(x) > 0 implies do(z) > qo(x) by (3.31). There-
fore, go(z) = by (x) and d,,(z) > go(x) for sufficiently large n. Hence ¢, = by (x) for
these n and

i) = lim () —90@)

n— o0 Tn

=0.

Case 3: For almost every = € wt \ wi’, we have qo(z) = by (7) = do(z).

(a) If d(z) > 0, then d,(z) > by (x) for sufficiently large n. Therefore, g, (z) =
by (z) for these n and hence g(z) = 0.

(b) Ifd(x) = 0, then (¢n(2)—qo(x)) /7 = min{0, d,, (z)—by ()} /7™ for sufficiently
large n, hence g(z) = 0.

(¢) If d(z) < 0, then dy, () < by () and hence g, (z) = dy, () for sufficiently large
n. Therefore, §(x) = d(z) holds.

Case 3 can be summarized as

d@) = tm 2O =0E) o ).

n—oo Tn
Case 4: For almost every = € w; , we obtain, similarly to Case 2,

7(x) = lim 4n(2) = qo(x)

n— 00 Tn

=0.
Case 5: For almost every « € w™ \ wy , we obtain, similarly to Case 3,

i) = tim ©EZ0@) 0, d@))

n— o0 Tn

Summarizing all previous cases, we have shown that
q(z) = H[E, ()b ()] (ci(x)) (3.32)
We proceed by showing that

dn — 40

Tn

— g strongly in Q@ = L?*(w). (3.33)



18 R. GRIESSE AND B. VEXLER

From the Lipschitz continuity of the projection I, it follows that

dn — 40 ~ 1 A
] 0 _; \ L (Mg, (dy) — To,,(do)) — T (d)
Tn Q Tn 1o)
< d, — do

n

+ lldlle — 2[ld|l o
o

From Lebesgue’s Dominated Convergence Theorem, (3.33) follows. Consequently, we
have ¢ = . The projection formula (3.32) is equivalent to the variational inequality
(3.24). Using the equations (3.18) and (3.20) for (un,@n, 2,) and for (ug, qo, 20), We
infer that the weak limit (a,q, 2) satisfies (3.23) and (3.25). It is readily checked
that (3.23)—(3.25) are the first order necessary conditions for (DQP(d¢)). In view of
the second order sufficient optimality conditions (Lemma 2.2), (DQP(d¢)) is strictly
convex and thus it has a unique solution. In view of Assumption 3.2 and (3.25), we
obtain

Up — UO ~
—Uu

dn — 4o ~
- —4q
Tn

<c|

Tn

1% Q

where C' is independent of n. Hence @ is also the strong limit of the difference quotient
in V. The same arguments holds for 2. Our whole argument remains valid if in the
beginning, we start with an arbitrary subsequence of {7, }. Since the limit (4, §, 2) is
always the same, the convergence extends to the whole sequence. 0

From the previous theorem we derive the following important corollary. The proof
follows from a direct application of the implicit function theorem for generalized equa-
tions, see [6, Theorem 2.4].

COROLLARY 3.13. Under the conditions of the previous theorem, there exist neigh-
borhoods N(po) C P of po and N(zo) C X of ¢ and a directionally differentiable
function (U,Q,Z) : N(po) — N (zg) with the following properties:

(a) For every p € N(po), (U(p),Q(p), Z(p)) is the unique solution to the sys-
tem (2.5)—(2.7) in the neighborhood N (x).

(b) (U(po), Q(po), Z(po)) = (u0,q0, 20) holds.

(¢) The directional derivative of (U,Q,Z) at po in the direction op € P is given
by the derivative of € — (u®,q%,2%) at € = 0 in the direction

L, (3307190)( ,5p)
Je = E” »(T0,00) (- 0p) | (3.34)

(l’oapo)( p)
i.e., by the solution and adjoint (4,4, %) of DQP(de).

We remark that computing the sensitivity derivative of (U, @, Z) for a given direction
dp amounts to solving the linear-quadratic optimal control problem DQP(d¢) for e
given by (3.34). Note that this problem, like the original one OP(py), is subject to
pointwise inequality constraints for the control variable. Due to the structure of the
admissible set Q,4, the directional derivative of (U, @, Z) is in general not a linear
function of the direction dp, but only positively homogeneous. Note however if the
admissible set Q4 is a linear space (which follows from a condition known as strict
complementarity, see below), then the directional derivative becomes linear in the
direction (i.e., it is the Gateaux differential).
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DEFINITION 3.14 (Strict complementarity). Strict complementarity is said to hold
at (xo,po) if

{v€w: @) € {b(2),bi(2)} and po(x) = 0}

is a set of measure zero.

A consequence of the strict complementarity condition is that the sensitivity deriva-
tives are characterized by a linear system of equations set forth in the following
lemma. We recall that B was defined in (2.19) and that R; denotes the multi-
plication of a function in L?(w) with the characteristic function of the inactive set
wl={zew:b_(z) <qz) < by(z)}, see Section 2.

LEMMA 3.15. Under the conditions of Theorem 3.12 and if strict complementarity
holds at (xo,po), then the directional derivative of (U,Q,Z) is characterized by the
following linear system of equations:

_ U’(po)(dp) L, (T0,p0)(+,p)
B(xo,p0) | Q' (po)(dp) | = — | RiLy,(0,p0)(+6p) | - (3.35)
Z'(po)(0p) L7, (x0,p0) (-, 0p)

Moreover, the operator B(Io,po) : X — X' is boundedly invertible.

Proof. In virtue of the strict complementarity property, the admissible set @ad defined
in Theorem 3.12 becomes

Qua = {d € Q + dlw) = 0 where go(x) € {b—(2),by ()} }.

Consequently, the variational inequality (3.24) simplifies to the following equation for

Q' (po)(9p) € Dua:

L4u(z0,p0)(5, U (po)(dp)) + LG4 (20,p0) (g, Q' (po) (9p))
+ L;/z(x07p0)(6q7 Z/(po)(ép)) = _Lgp(x07p0)(6q76p) vaq S @adv
which is equivalent to the middle equation in (3.35). The first and third equation
in (3.35) coincide with (3.23) and (3.25), which proves the first claim. From Theo-

rem 3.12 we conclude that B (20, po) is bijective. Since it a continuous linear operator
from X — X', so is its inverse. d

We are now in the position to recall the first and second order sensitivity derivatives
of the reduced cost functional j(p), compare again [17]. Note that we do not make
use of strict complementarity in the following proposition.

PROPOSITION 3.16. Under the conditions of Theorem 3.12, the reduced cost functional
. « _
i(p) = J(U(p).p) + 5lQ(P) —dlla

is continuously differentiable in N'(po). The derivative at py in the direction dp € P
is given by

3'(p)(dp) = L}, (20, p0)(dp). (3.36)
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Additionally, the second order directional derivatives of the reduced cost function j
exist, and are given by the following formula:

3" (p0) (8p, 8p) = L11 (0, p0) (U (p0)(5p), 3p) + L1y, (0, po)(Q' (po) (Jp), 5p)
+ L2, (20, 0)(Z' (po) (8p). 6p) + L1y, (x0, po) (p, 6p).  (3.37)

Proof. As in the unconstrained case there holds:

7' (p0)(6p) = L3, (z0,0) (U’ (p0)(dp)) + L (w0, o) (Q' (po) (9p))
+ L% (20,0)(Z'(po)(8p)) + Ly, (20, p0) (dp)-

and the terms £], and £/, vanish. Moreover,

L (w0, p0)(Q'(po)(0p)) = —(10, Q' (po)(dp) = 0

since Q’(po)(dp) is zero on the strongly active set and po vanishes on its complement.
The formula for the second order derivative follows as in Proposition 3.5 by total
directional differentiation of the first order formula. ]

REMARK 3.17. We note that the expressions for the first and second order derivatives
in Proposition 3.16 are the same as in the unconstrained case, see Proposition 3.5.

We now turn to our main result in the control-constrained case, concerning the dif-
ferentiability and efficient evaluation of the sensitivity derivatives for the reduced
quantity of interest (1.4). We recall that in the unconstrained case, we have made use
of a duality argument for the efficient computation of the first and second order deriva-
tives, see Section 3.2. However, in the presence of control constraints, this technique
seems to be applicable only in the case of strict complementarity since otherwise, the
derivatives (U'(po)(dp), & (po)(dp), Z' (po)(dp)) do not depend linearly on the direction
dp. In analogy to (3.11) and (3.35), we define the dual quantities (v,7,y) € X by

. v Iz/;,(quU/OapO)
B(zo,po) | 7| = — | Brl(q0,u0,p0) | - (3.38)
y 0

THEOREM 3.18. Under the conditions of Theorem 3.12, the reduced quantity of in-
terest i(p) is directionally differentiable at the reference parameter py. If in addition,
strict complementarity holds at (zo,po), then the first order directional derivative at
po in the direction dp € P 1is given by

l/(po)(ép) = ‘CZP(m()’pO)(ﬂ’ 529) + Eillp(w07p0)(RIF7 6]?) + £lzlp($07p0)(?77 6p)

Proof. The proof is carried out similar to the proof of Theorem 3.6 using Lemma 3.15.
0

Our next goal is to consider second order derivatives of the reduced quantity of in-
terest. In order to apply the approach used in the unconstrained case, we rely on
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the existence of second order directional derivatives of (U,Q@,Z) at pg. However,
these second order derivatives do not exist without further assumptions, as seen from
the following simple consideration: Suppose that near a given reference parameter
po = 0, the local optimal control is given by Q(p)(x) = max{0,z + p} € L*(w) for
x €w=(-1,1) and p € R. (An appropriate optimal control problem (OP(p)) can be
easily constructed.) Then Q'(p)(z) = H(x + p) (the Heaviside function), which is not
directionally differentiable with respect to p and values in L?(w). Note that the point
x = —p of discontinuity marks the boundary between the active and inactive sets of
(OP(p)). Hence we conclude that the reason for the non-existence of the second order
directional derivatives of ) lies in the change of the active set with p.

The preceding argument leads to the following assumption:

AssuMPTION 3.19. There ezists a neighborhood N'(py) C P of the reference param-
eter py such that for every p € N(po), strict complementarity holds at the solution
(U(p), Q(p), Z(p)), and the active sets coincide with those of (uo, qo, 20)-

REMARK 3.20. The previous assumption seems difficult to satisfy in the general case.
However, if the control variable is finite-dimensional and strict complementarity is
assumed at the reference solution (ug, qo, 20), then Assumption 3.19 is satisfied since
the Lagrange multiplier u(p) = —L,(U(p), Q(p), Z(p),p) is continuous with respect to
p and has values in R™.

We now proceed to our main result concerning second order derivatives of the reduced
quantity of interest. In the theorem below, we use again () to denote evaluation at
the point (xg,po)-

THEOREM 3.21. Under the conditions of Theorem 3.12 and Assumption 3.19, the
reduced quantity of interest i(p) is twice directionally differentiable at py. The second

order directional derivatives in the directions of op and 5}) are given by

’L'”(po)(ép, SE)) = <57 77>V><V’ + <777 "{>Q><Q’ + <y’ U>V><V’

U/(po)(ép) ! Li/u(qmu()vp()) qu(q()vu()va) I (QO7U0»P0) U/(pO)(/P)
+ | Q'(po)(dp) 17, (qo, w0, p0) I, (qo, w0, po) I (QO,UO7P0) Q' (po)(op)
op I5.(q0, w0, po)  1p,(qo, w0, o) I (40, U0, o) Sp
(3.40)
Here, (n,k,0) € V' x Q' x V' is given, as in the unconstrained case, by
] upp O 5:1))
<) = | Eg0cam o
g L7,0(- 0p, op)
£, 0 0p,U"( po) 0p)) + Ll (3, Q' (o) (5p) + L1y ), p, Z' (po) (3p)
L5 () (5 0p, U (po) (0p)) + Lipg (5 6p, Q' (po) (0p) + L. ()(-, 6p, Z' (po) (dp)
L7, 0p,U'(po)(dp)) + L2, () (- 0p, Q" (po) (dp)
~ _ _ _ [ Upo)(ép)
+ B'()( "(p )(517))+B;()(Q'(po)(5p))+B;()(Z/(po)(5p))+B{7()(5p)) Q' (po)(9p)
Z'(po)(dp)
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Proof. The proof uses the same argument as the proof of Theorem 3.6. Note that in
view of Assumption 3.19, B(U(p), Q(p), Z(p),p) is totally directionally differentiable
with respect to p at pg. In the direction dp, the derivative is

B,()(U'(po)(0p)) + B,()(Q (p0)(6p)) + BL()(Z' (po)(0p)) + By()(9p)-
Due to the constant active sets, these partial derivatives have the following form:

B id id
B,() = Ry By, (z0,p0) Ry ,
id id

etc. In view of the bounded invertibility of é(mo,po), see Lemma 3.15, the second
order partial derivatives of (U, @, Z) at pg exist by the Implicit Function Theorem.
They satisfy the analogue of equation (3.16). d

We conclude this section by outlining an algorithm which collects the necessary steps
to evaluate the first and second order sensitivity derivatives j'(po) dp and j” (po)(dp, Ip)
as well as ¢'(po) dp and " (po) (p, @9) for given Op, (SAp € P. We suppose that the orig-
inal optimization problem (OP(p)) has been solved, e.g., by the primal-dual active
set approach in Section 2, for the nominal parameter py. We denote by A4 and Z the
active and inactive sets belonging to the nominal solution (ug,qp) and adjoint state
zp. For the definition of E(xo,po) appearing in equations (3.35) and (3.38), we refer
to (2.19).

Evaluation of sensitivity derivatives

1. Evaluate j'(pg) dp according to (3.36)

2. Compute the sensitivities U’(pg)dp, Q'(po)dp and
Z'(po) 0p from (3.35)
Evaluate j”(po)(dp, 5})) according to (3.37)
Compute the dual quantities (v,7,y) from (3.38)
Evaluate '(pg) dp according to (3.39)

IR

Compute the sensitivities U’(pg) (5Ap, Q' (po) 5}) and
Z'(po) op from (3.35)

7. Compute the auxiliary quantities (1, x,0) from (3.41)

8. Evaluate i (po)(dp, op) according to (3.40)

4. Numerical Examples. In this section we illustrate our approach using two
examples from different areas. The first example is concerned with a parameter iden-
tification problem for the stationary Navier-Stokes system. No inequality constraints
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are present in this problem, and first and second order derivatives of the quantity
of interest are obtained. In the second example, we consider a control-constrained
optimal control problem for an instationary reaction-diffusion system subject to an
infinite-dimensional parameter, which demonstrates the full potential of our approach.

4.1. Example 1. In this section we illustrate our approach using as an example
a parameter identification flow problem without inequality constraints. We consider
the configuration sketched in Figure 4.1.

15
Xéz IZ

N

3 Ole & I;

T
10

Fic. 4.1. Configuration of the system of pipes with measurement points

The (stationary) flow in this system of pipes around the cylinder T'¢ is described by
incompressible Navier-Stokes equations, with unknown viscosity ¢:

—qAv+v-Vo+Vp = f in Q
Vv = 0 in Q,
v = 0 on I'gyUT¢,
v = vy, on Iy, (4.1)
qg—z —pn = an on I
95, —pn = 0 on TIj.

Here, the state variable u = (v, p) consists of the velocity v = (v',v?) € H}(Q)? and
the pressure p € L?(2). The inflow Dirichlet boundary condition on I'; is given by
a parabolic inflow v;,. The outflow boundary conditions of the Neumann type are
prescribed on T's and T'3 involving the perturbation parameter 7 € P = R. (unlike
previous sections, we denote the perturbation parameter by 7 to avoid the confusion
with the pressure p.) Physically, the perturbation parameter 7 describes the pressure
difference between I'y and T's, see [11] for detailed discussion of this type of outflow
boundary conditions. The reference parameter is chosen my = 0.029.

The aim is to estimate the unknown viscosity g € Q = R using the measurements of
the velocity in four given points, see Figure 4.1. By the least squares approach, this
results in the following parameter identification problem:

4 2
Minimize Z Z(vj(«fi) — )2+ ag?, subject to (4.1).
i=1j=1
Here, v are the measured values of the components of the velocity at the point &;
and « is a regularization parameter. For a priori error analysis for finite element
discretization of parameter identification problems with pointwise measurements we
refer to [19].
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The sensitivity analysis of previous sections allows to study the dependence on the
perturbation parameter 7. To illustrate this, we define two functionals describing the
possible quantities of interest:

Il(%CI) =4q, IQ(U,C]) :Cd(u)a

where ¢;4(u) is the drag coefficient on the cylinder I'c defined as:

ca(u) = ¢ / n-o-dds, (4.2)
Te

with a chosen direction d = (1,0), given constant cg, and the stress tensor o given by:

o= g(Vv + (Vo)T) — pI.

For the discretization of the state equation we use conforming finite elements on a
shape-regular quadrilateral mesh 7. The trial and test spaces consist of cell-wise
bilinear shape-functions for both pressure and velocities. We add further terms to
the finite element formulation in order to obtain a stable formulation with respect to
both the pressure-velocity coupling and convection dominated flow. This type of sta-
bilization techniques is based on local projections of the pressure (LPS-method) first
introduced in [1]. The resulting parameter identification problem is solved by New-
ton’s method on the parameter space as described in [3] which is known to be mesh-
independent. The nonlinear state equation is likewise solved by Newton’s method,
whereas the linear sub-problems are computed using a standard multi-grid algorithm.
With these ingredients, the total numerical cost for the solution of this parameter
identification problem on a given mesh behaves like O(NN), where N is the number of
degrees of freedom (dof) for the state equation.

For the reduced quantities of interest i1 (7) and is(7w) we compute the first and second
derivatives using the representations from Theorem 3.6. In Table 4.1 we collect the
values of these derivatives for a sequence of uniformly refined meshes.

TABLE 4.1
The values of i1(m) and its derivatives on a sequence of uniformly refined meshes

cells  dofs i1(m) i (m) iy ()

60 270 1.0176e-2 -3.9712e-1  1.4065e-1
240 900  1.0086e-2 -3.9386e-1 —3.2022e-1
960 3240 1.0013e-2 -3.9613e-1 -8.5278e-1

3840 12240 1.0003e-2 -3.9940e-1 —-1.0168e-0
156360 47520 1.0000e-2 —4.0030e-1 —1.0601e-0

In order to verify the computed sensitivity derivatives, we make a comparison with
the derivatives computed by the second order difference quotients. To this end we
choose ¢ = 10~* and compute:

’il(ﬂo + 5) — Qil(ﬁo) + il(Tfo — 8)
52

iy = 2Tt 6)2_5”(% —9) adi =

)
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TABLE 4.2
The values of i2(m) and its derivatives on a sequence of uniformly refined meshes

cells  dofs ia(m) i5(m) i ()

60 270 3.9511le-1 -13.4846  9.89988
240 900  3.9106e-1 —13.8759 —4.09824
960 3240  3.9293e-1 -13.8151  16.5239
3840 12240 3.9242e-1 -13.7357  19.3916

15360 47520 3.9235e-1 -13.7144  19.9385

by solving the optimization problem additionally for # = myp —e and m = mg + . The
results are shown in Table 4.3.

REMARK 4.1. The relative errors in Table 4.3 are of the order of the estimated finite
difference truncation error. We therefore consider the correctness of our method to
have been verified to within the accuracy of this test. The same holds for Example 2

and Table 4.4 below.

TABLE 4.3
Comparison of the computed derivatives of i) (I =1,2) with difference quotients, on the finest grid

R R dc 7;/ . R ddl 70//
1 i di =— iy ddi, i
1

1 -0.399403 -0.399404 2.5e—6 -1.01676 -1.01678 2.0e—5
2 -13.73574 -13.73573 —T7.3e-7 19.3916 19.3917 5.2e—6

4.2. Example 2. The second example concerns a control-constrained optimal
control problem for an instationary reaction-diffusion model in 3 spatial dimensions.
As the problem setup was described in detail in [9], we will be brief here. The reaction-
diffusion state equation is given by

(1)t = D1Aci — kiciep in Q x (0,7), (4.3a)
(Cg)t = DQAC2 — /{26102 in Q x (O,T), (43b)
where ¢; denotes the concentration of the i-th substance, hence u = (¢1,c2) is the
state variable. € is a domain in R?, in this case an annular cylinder (Figure 4.2), and

T is the given final time. The control ¢ enters through the inhomogeneous boundary
conditions

(901 o .

Dy =0 indQx (0.7), (4.4a)
802 .

D287 = q(t) Oé(t, l‘) m 896 X (07 T)7 (44b>
(902 .

Dy =0 in (02 09) x (0,7), (4.4c)

and « is a given shape function on the boundary, modeling a revolving nozzle on the
control surface 92, the upper annulus. Initial conditions

c1(0,z) = co(x) in Q, (4.5a)
c2(0,2) = coo(x) in Q (4.5b)
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are also given. The objective to be minimized is

1 T
J(c1,c2,q) = 5/ a1 ler(T, ) — eir|? + az |ea(T, ) — car|* dz + %/ lg — qa|*dt
Q 0

—I-é max {O,/OT q(t)dt — qc}3,

i.e., it contains contributions from deviation of the concentrations at the given termi-
nal time T from the desired ones ¢;7, plus control cost and a term stemming from a
penalization of excessive total control action. We consider here the particular setup
described in [9, Example 1], where substance ¢; is to be driven to zero at time T
(i.e., we have a; = 1 and as = 0) from given uniform initial state ¢;9p = 1. This
problem features a number of parameters, and differentiability of optimal solutions
with respect to these parameters was proved in [10], hence, we may apply the results
of Section 3. The nominal as well as the sensitivity and dual problems were solved
using a primal-dual active set strategy, see [9,15]. The nominal control is depicted in
Figure 4.2. One clearly sees that the upper and lower bounds with values 5 and 1,
respectively, are active in the beginning and end of the time interval. All computa-
tions were carried out using piecewise linear finite elements on a tetrahedral grid with
roughly 3300 vertices, 13200 tetrahedra and 100 time steps.

ol ()
z-axis
©

F1G. 4.2. Optimal (unperturbed) control q (left) and computational domain (right)

Since the control variable is infinite-dimensional and control constraints are active
in the solution, the active sets will in general change even under arbitrarily small
perturbations, hence second order derivatives of the reduced quantity of interest i(p)
may not exist (see the discussion before Asumption 3.19).

We choose as quantity of interest the total amount of control action

T
I(u,q) = /O o(t) dt.

In contrast to the previous example, we consider now an infinite-dimensional param-
eter p = cig, the initial value of the first substance. After discretization on the given
spatial grid, the parameter space has a dimension dim P = 3300. A look at Table 3.1
now reveals the potential of our method: The direct evaluation of the derivative i’'(pg)
would have required the solution of 3300 auxiliary linear-quadratic problems, an un-
bearable effort. By our dual approach, however, we need to solve only one additional
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such problem (3.38) for the dual quantities. The derivative '(pg) is shown in Fig-
ure 4.3 as a distributed function on 2. In the unperturbed setup, the desired terminal

0

y-axis A BRI

Fic. 4.3. Gradient of the quantity of interest

state ¢ (T) is everywhere above the desired state ¢y = 0. By increasing the value of
the initial state cqg, the desired terminal state is even more difficult to reach, which
leads to an increased control effort and thus an increased value of the quantity of in-
terest. This is reflected by the sign of the function in Figure 4.3, which is everywhere
positive. Moreover, one can identify the region of ) where perturbations in the initial
state have the greatest impact on the value of the quantity of interest.

In order to check the derivative, we use again a comparison with a difference quotient
in the given direction of p = 1. Table 4.4 shows the analogue of Table 4.3 with
e = 1072 for this example.

TABLE 4.4
Comparison of the computed derivatives of i with difference quotients

. . -7-/
i di di—i

i/

0.222770 0.222463 —1.4e-3

5. Conclusion. In this paper, we considered PDE-constrained optimization prob-
lems with inequality constraints, which depend on a perturbation parameter p. The
differentiability of optimal solutions with respect to this parameter is shown in The-
orem 3.12. This result complements previous findings in [7,17] and makes precise the
compactness assumptions needed for the proof.

We obtained sensitivity results for a quantity of interest which depends on the optimal
solution and is different from the cost functional. The main contribution of this paper
is to devise an efficient algorithm to evaluate these sensitivity derivatives. Using a
duality technique, we showed that the numerical cost of evaluating the gradient or the
Hessian of the quantity of interest is only marginally higher than the evaluation of
the gradient or the Hessian of the cost functional. The small additional effort is spent
for the solution of one additional linear-quadratic optimization problem for a suitable
dual quantity. A comparison with a direct approach for the evaluation of the gradient
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and the Hessian revealed the tremendous savings of the dual approach especially in the
case of a high-dimenensional parameter space. Two numerical examples confirmed the
correctness of our derivative formulae and illustrated the applicability of our results.
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