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De
ompositions of Hilbert Spa
es:Lo
al Constru
tion of Global FramesMassimo Fornasier �We introdu
e a de
omposition of a Hilbert spa
e H into a quasi-orthogonalfamily of 
losed subspa
es. We shall investigate 
onditions in order to de-rive bounded families of 
orresponding quasi-proje
tors or resolutions ofthe identity operator. Given a lo
al family of atoms, or generalized basis,for ea
h subspa
e, we show that the union of the lo
al atoms 
an gen-erate a global frame for the Hilbert spa
e. Corresponding duals 
an be
al
ulated in a 
exible way by means of the systems of quasi-proje
tors.De
omposition methods were introdu
ed by Frazier and Jawerth [8℄ in or-der to 
onstru
t wavelet-type bases for Besov spa
es. A general presentation ofthis kind of methods was proposed by Gr�obner and Fei
htinger [4, 6, 9℄ showinghow many di�erent 
lassi
al and widely used Bana
h spa
es (Lp-spa
es, Besovand Triebel spa
es, Modulation spa
es, Wiener Amalgams) 
an be 
onstru
tedby de
ompositions in lo
al subspa
es, 
ontrolled by global norms. Moreover,the resear
h of bases for these spa
es based on de
omposition te
hniques hasgiven extremely fruitful appli
ative results. The paper presents an abstra
t ver-sion of the Gr�obner-Fei
htinger 
onstru
tion for a Hilbert spa
e H as 
ommonskeleton of many interesting atomi
 de
ompositions (wavelets, Gabor frames,Lo
al Fourier basis) and useful tool for de�ning new types of bases [5, 7℄. Theresulting bases are (stru
tured) frames [2, 3℄ for H .Let H be a separable Hilbert spa
e.De�nition 1. A sequen
e ffngn2N � H is a frame for the Hilbert spa
e Hif there exist two positive 
onstants A;B > 0 su
h thatA kfk2 �Xn2N jhf; fnij2 � B kfk2; 8f 2 H : (1)The upper bound in 
ondition (1) is also known as the Bessel 
ondition for thesequen
e ffngn2N and whenever it holds the sequen
e ffngn2N is said to be aBessel sequen
e.�Do
torate in Computational Mathemati
s. The author wants to thank H. G. Fei
htingerfor the fruitful dis
ussions, his valuable suggestions and hospitality of NuHAG (the Numeri
alHarmoni
 Analysis Group, Department of Mathemati
s, University of Vienna) during thepreparation of this work.



276 Lo
al Constru
tion of Global FramesCondition (1) ensures also that the frame operator S : H ! H given bySf =Xn2Nhf; fnifn;is invertible. This implies thatf = SS�1f =Xn2Nhf; S�1fnifn:The sequen
e fS�1fngn2N is again a frame and it is 
alled the 
anoni
aldual frame of ffngn2N with a frame operator S�1. Sin
e a frame is typi-
ally over
omplete in the sense that the 
oeÆ
ient maps f
ngn2N su
h thatf = Pn2N 
n(f)fn are in general not unique, there exist many possible dualsf ~fngn2N � H for whi
h f = Pn2Nhf; ~fnifn. The redundan
y of a frame 
anplay an important role in pra
ti
al problems where robustness and error toler-an
e are fundamental as, for example, denoising, irregular sampling problemsor pattern mat
hing. How to 
al
ulate in eÆ
ient way (approximations of) 
or-responding 
anoni
al duals for general frames is still an open problem [1℄. Thefollowing de
omposition method provides also a novel 
onstru
tion of possibleduals and a useful tool in order to 
he
k whether a system is a frame.De�nition 2. A lo
al 
onstru
tion or de
omposition of the Hilbert spa
eH is a sequen
e fW j gj2Z of 
losed subspa
es of H su
h thatL1) H =Pj2ZW j := fPj2F�Z
jfj : #F <1; fj 2 W j g;L2) There exists N 2 N su
h that for all j 2 Z there exists j� � Z, #j� � Nwith the property thatW i ? W j ; 8i 2 Znj�; #fi 2 Z : j 2 i�g � N:L3) For all possible �nite sequen
es fWi1 ; :::;Wing one hasnXj=1W ij = nXj=1W ij :Assume also the existen
e of a sequen
e of invertible bounded operatorsfDjgj2Z, Dj : H ! H , su
h that Dj(W 0 ) = W j . In su
h a 
ase, in orderto de�ne a de
omposition, it is suÆ
ient to give the 
ouple (W 0 ; fDjgj2Z).In parti
ular, if Dj = Dj , where D : H ! H is a unitary operator, thenwe will say that the de
omposition is 
oherent. One typi
al example is givenby orthonormal wavelet spa
es [3℄. Let us introdu
e now a generalization offrames.De�nition 3. Let W 0 � H be a 
losed subspa
e. A sequen
e f 0kgk2Z� His a lo
al family of atoms for W 0 in H if



Massimo Fornasier 277	1) There exists a sequen
e f
kgk2Z� (W 0 )0 and ~B > 0 su
h thatf =Xk2Z
k(f) 0k; Xk2Zj
k(f)j2 � ~B kfk2; 8f 2 W 0 : (2)	2) There exists B > 0 su
h thatXk2Zjhf;  0kij2 � B kfk2; 8f 2 W 0 : (3)Remark. Sin
e 
k 2 (W 0 )0, for all k 2 Z, there exists ~ 0k 2 W 0 su
h that
k(f) = hf; ~ 0ki. We 
all f ~ 0kgk2Z a dual of the lo
al family f 0kgk2Z. Underthe assumptions (2) and (3), there exist A; ~A > 0, su
h that for all f 2 W 0A kfk2 �Xk2Zjhf;  0kij2 � B kfk2;~A kfk2 �Xk2Zjhf; ~ 0kij2 � ~B kfk2:In parti
ular, f ~ 0kgk2Z is a frame for W 0 .De�nition 4. Given a de
omposition (W 0 ; fDjgj2Z) of H we will 
all asystem of bounded quasi-proje
tors or a bounded resolution of the identity anyset P = fPjgj2Z of operators su
h that Pj : H ! W j , andP1) Pj2ZPj = IH ;P2) Pj2ZkPjfk2 � C2 kfk2;The system is said to be self-adjoint and 
ompatible with the 
anoni
al pro-je
tions ifP3) Pj = P �j 8j;P4) Pj Æ �Wj = Pj 8j, where �Wj is the 
anoni
al proje
tion on W j .Proposition 1. Given a de
omposition (W 0 ; fDjgj2N) of H su
h that�Wj (W i ) � W i TW j and [�Wi ; �Wj ℄ = �Wi�Wj � �Wj�Wi � 0 8i; j, one 
analways 
onstru
t a system P = fPjgj2Z with properties (P1-P4). In fa
t, if �nis the sequen
e of bounded operators given byIH � �n = nYj=0(I � �Wj );then Pn = �n � �n�1 = �Wn n�1Yj=0(IH � �Wj ); n > 0; P0 = �0;de�nes a system of bounded quasi-proje
tors.



278 Lo
al Constru
tion of Global FramesLemma 1. Let (W 0 ; fDjgj2Z) be a de
omposition of H and assume thata system of bounded quasi-proje
tors P = fPjgj2Z with the property of beingself-adjoint and 
ompatible with the 
anoni
al proje
tions is given. Then, forall f 2 H , C1 kfk2 �Xj2ZkPjfk2 � C2 kfk2:A more abstra
t 
lass of resolutions of the identity 
an be derived as follows:Proposition 2. Given a de
omposition (W 0 ; fDjgj2Z) of the Hilbert spa
eH , the operator S�(f) = Pk2Z�Wk (f) is positive, self-adjoint and invertible.Hen
e, the operators given by Pj = �WjS�1� ; j 2 Z, are a system of quasi-proje
tors with P�j = S�1� �Wj 8j, and for all f 2 H ,C1 kfk2 �Xj2ZkPjfk2 � C2 kfk2: (4)Moreover, if [�Wj ; �Wi ℄ � 0 8i; j, then the system has also properties (P3-P4).Proof. Cotlar's lemma and L2) ensure that S� is a well de�ned 
ontinuousoperator and that the 
onvergen
e of the series is in the strong operator topol-ogy. Let us 
onsider Vn =Pnj=0 W j and let Pn be the set of the permutationson f0; :::; ng. For all k 2 f0; :::; ng one 
an de�ne the equivalen
e relation onPn given by � �k �0 $ f�1; :::; �kg = f�01; :::; �0kg:Let [Pn℄k = Pn= �k and de�ne the setsQk;� := (W �1 + :::+ W �k )?\W �k+1 \ :::\W �n ;for all k 2 f0; :::; ng and � 2 [Pn℄k, where \?" is taken in Vn. The spa
es Qk;�are 
losed and su
h that Vn =Lk;�2[Pn℄k Qk;� . Hen
e, for all f 2 Vn one haskfk2 = Xk;�2[Pn℄k k�Qk;�fk2:Moreover, Qk;� TW j 6= 0 if and only if Qk;� � W j . Let us de�ne the setQj := f(k; �) : � 2 [Pn℄k;Qk;� � W j g:One has k�Wjfk2 = X(k;�)2Qj k�Qk;�fk2and Xk;�2[Pn℄k k�Qk;�fk2 � nXj=0 X(k;�)2Qj k�Qk;�fk2 = nXj=0 k�Wjfk2:



Massimo Fornasier 279By property L2) and by de�nition, one has that #fj : Qk;� � W j g � N andthen nXj=0 X(k;�)2Qj k�Qk;�fk2 � N Xk;�2[Pn℄k k�Qk;�fk2:Hen
e, for all n 2 N and all f 2 Vn ,kfk2 � nXj=0 k�Wj (f)k2 � Nkfk2: (5)Clearly, Vn � Vn+1 and H = Sn2NVn (L1). For all n 2 N and all f 2 H onehas by (5) k�Vnfk2 � nXj=0 k�Wj (�Vnf)k2 � Nk�Vnfk2: (6)Sin
e W j � Vn for all j 2 f0; :::; ng then �Wj (�Vnf) = �Wj (f). By taking thelimit for n!1, (6) extends tokfk2 �Xj2N k�Wj (f)k2 � Nkfk2;for all f 2 H . Hen
e the operator S� is positive, self-adjoint and invertible andf = S�S�1� f =Xj2Z�Wj (S�1� f)(P1). Moreover, formula (4) holds (P2). Observe now that S�1� 
ommutes with�Wj if and only if S� 
ommutes with �Wj . In parti
ular, if [�Wj ; �Wi ℄ � 0, thenS� 
ommutes with �Wj for all j and hen
e P�j = Pj (P3), and Pj(�Wj ) = Pj(P4).Theorem 1. Consider a de
omposition (W 0 ; fDjgj2Z) of H su
h that thereexist two positive sequen
es (�j)j2Z, (�j)j2Z with �j � �j , for j ! 1, andsu
h that �j kfk2 � kDjfk2 � �j kfk2; 8f 2 W 0 ;8j 2 Z:Assume also that a system of bounded quasi-proje
tors P = fPjgj2Zwith prop-erty (4) is given. Let f 0kgk2Z � H be a lo
al family of atoms for W 0 in H .Then, for all f 2 H , f =Xj2ZXk2Zhf; P �j (D�1j )� ~ 0kiDj 0k: (7)Moreover, if 
Pk;j(f) = hf; P �j (D�1j )� ~ 0ki, then the sequen
e 
P(f) = (
Pk;j(f))j;k2Zhas the property that for all �j � �j � �jk
P(f)kl2�1=2j (Z�Z) � kfk:



280 Lo
al Constru
tion of Global FramesIf f�� 12j Dj 0kgj;k2Z is a Bessel sequen
e for H (B), then f�� 12j Dj 0kgj;k2Z is aframe for H and the 
onvergen
e of the sums in (7) is un
onditional. More-over, if f 0kgk2Z is a frame for W 0 and �j � �j � �, then 
ondition (B) isautomati
ally veri�ed.Proof. First of all, observe that if f 0kgk2Z� H is a lo
al family of atomsfor W 0 in H , then fDj 0kgk2Z� H is a lo
al family of atoms for W j in H . Byproperty P1), for all f 2 H , f =Pj2ZPjf . Sin
e Pjf 2 W j one hasPjf =Xk2ZhPjf; (D�1j )� ~ 0kiDj 0kwhi
h implies f =Xj2ZXk2Zhf; P �j (D�1j )� ~ 0kiDj 0k:Moreover,Xj2ZXk2Zj
Pk;j(f)j2�j =Xj2ZXk2ZjhPjf; (D�1j )� ~ 0kij2�j� ~BXj2ZkPjfk2�j ��1j � C ~BC2 kfk2:The lower bound estimate 
an be derived analogously. If f��1=2j Dj 0kgj;k2Z isa Bessel sequen
e for H , one has immediately that f�� 12j Dj 0kgj;k2Z is also aframe for H : in fa
t,kfk4 = � Xk;j2Z
Pk;j(f)� 12j �� 12j hf;Dj 0ki�2 � C ~BC2 kfk2 Xk;j2Zjhf; �� 12j Dj 0kij2:Assume, now, that f 0kgk2Z is a frame for W 0 . As a 
onsequen
eXj2ZXk2Zjhf;Dj 0kij2 = Xj2ZXk2Zjh�Wj (f); Dj 0kij2� � BXj2Zk�Wj (f)k2 � � BN kfk2:Hen
e, fDj 0kgj;k2Z is a Bessel sequen
e for H .The abstra
t de
omposition of Hilbert spa
es te
hnique makes easier to
he
k whether a system is a frame: under 
onditions whi
h ensure the existen
eof a lo
al family of atoms, it is suÆ
ient to verify that the (global) system isa Bessel sequen
e. The 
onstru
tion improves 
exibility in the possible 
hoi
eof duals, depending only on the 
hoi
e of suitable systems of quasi-proje
torsand lo
al duals. Appli
ations are given in order to derive 
exible intermediateGabor-wavelet frames in �-Modulation spa
es [5, 9℄ and in [7℄ where lo
alCir
ular Harmoni
 frames are used for eÆ
ient 2D pattern mat
hing of digitalimages.
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