Mathematics Enters the Picture

Massimo Fornasier

Abstract Can one of the most important Italian Renaissance fresamhsced in
hundreds of thousand fragments by a bombing during the Se@drld War be
re-composed after more than 60 years from its damage? Camrapastruct the
missing parts and can we say something about their origoiat?

In this short paper we want to exemplify, hopefully effeetivby taking advantage
of the seduction of art, how mathematics today can be appliezhl-life problems
which were considered unsolvable only few years ago.

1 Introduction

During last century, perhaps the dominating direction imitpplied and computa-
tional mathematics was oriented to problems of physics hedztter are expected
to be of fundamental inspiration for the mathematics of tteéstury also. How-
ever, new challenges are now emerging from the engineerartghvand by social
changes motivate@.g, by our interdependence through technology. Actually, the
combination of technological innovations and sophisédatoften interdisciplinary
- mathematical methods allow for advances that were notilplessy traditional
means. As an example of this new trend of applied and conipotdtmathemat-
ics, current developments in image processing hardwaréhendonceptualization
of digital images as mathematical objects have led to anoskm growth of the
interdisciplinary eld of imaging sciences. Mathematidays here a fundamental
role, where applied and computational harmonic analysig, (with the advent of
time-frequency and wavelet analysis) [6], singular PDB&dus of variations, and
geometric measure theory [1] fuse into a new challengingd. &he direct interplay
between mathematical modelling of images and real-lifdiegtons is a continu-
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ous source of new ideas. On the one hand imaging science erpldit success-
fully classical mathematical tools, on the other hand téaroblems inspired new
developments with an impact which often reaches far beybadtiginal scope.
Indeed digital images can serve as a toy-model with a sufttyerich morphology
for sophisticated applications in more complex systemspdreshomena.

In this short contribution we would like to exemplify the @dopment of modern
mathematical models and methods in imaging, inspired bwldife problem in art
restoration. In particular, we highlight the direct intleiyppbetween the application
and mathematical advances.

On March 11, 1944, the Eremitani's church in Padua (Italy} wastroyed in an
Allied air raid along with the inestimable frescoes by Aralidantegnaet al. con-
tained in the Ovetari Chapel. The importance of these fles@® reported by the
effective words of J. W. Goethe in Higlienische Reiseon September 26-27 1786,
on his famous Italian journey, Goethe came to Padua aneditlite church of the
Eremitani. There he saw the frescoes by Mantegna, of the itf&aint James and
Saint Christopher, in the funerary chapel of Antonio degle@ri. He stood before
them “astounded” at their “scrupulous detail, their imagive power, their strength,
and subtlety”. Here he had found one of "the older paintehs) atood behind and
inspired the great Masters of the Italian Renaissance:$Tiart develop after the
ages of barbarisny”

Fig. 1 Fragments of the frescoes contained in the box 31, tray A2.

In the last 60 years, several attempts have been made toeréstopuzzle of the
fresco fragments (Fig. 1) by traditional methods, withoucimsuccess. Most of the
dif culties were because the fragments are “few' (more tB&8A00 though, with an
average surface 6¢hr!) and, eventually, any reconstruction result may appesr ju

1 Tra mistero ed estasi Goethe rimase folgordta Repubblica, August 14, 2006:
http://ricerca.repubblica.it/repubblica/archivigitdbblica/2006/08/14/tra-mistero-ed-estasi-
goethe-rimase-folgorato.html.
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disappointing. However, Cesare Brandi, former Directathef Central Institute for
Restoration in Rome in 1947, came to write “... the imporé&otthe Padua cycle
was such that [...] also the recovery of a sole square deeirhes an impact that
no modesty can hide ...” [3, p. 180]. This sentence clearyshe problem into a
challenging, fascinating, and extraordinary “treasurg’hu

The problem proposed more than 60 years ago and remainetVetiso far has
been eventually challenged and overtaken by means of matieaimethods. Of
course, mathematics cannot substitute the artistic gefiantegna, but the the-
oretical achievements we reached today, surely extraangas well, allow for the
solution of problems considered impossible until now.

We contributed to the development of an ef cient mathensabesed pattern recog-
nition algorithm to map the original position and oriematbf the fragments, based
on comparisons with an old gray level image of the frescorpadhe damage. This
innovative technique allowed for the partial reconstruttf the frescoes. In Sec-
tion 2 we review the relevant features of the method we pregand a few samples
of the results.

Unfortunately, the surface covered by the colored fragsienbnly 77m?, while
the original area was of several hundreds. This means theawesconstruct only a
fraction (less than 8%) of this inestimable artwork. In jartar the original color of
the blanks is not known. This begs the question of whethembssible t@stimate
mathematicallythe original colors of the frescoes by making use of the p@kn
information given by the available fragments and the gragllef the pictures taken
before the damage. In Section 3 we review a model recenttiiesiifor the recov-
ery of vector valued functions from incomplete data, witlplagations to the recol-
orization problem. The model is based on the minimizatioa @inctional which
is formed by the discrepancy with respect to the data andiadél total variation
regularization constraints. We present the numericaltiesiof the minimization
problem, and we show the results of the application of thenowebn the real-life
case of the A. Mantegna's frescoes.

The goal of this short paper is to provide a popular desaoripfwith some mathe-
matics to accommodate the legitimate wish of a bit of cogeotpur work on the
Mantegna's fresco restoration, whereas ihdgits aim that of presenting it in very
detail. For that, we refer the interested reader to [3, 4, B, 9, 10, 11, 12, 13, 14,
15].

2 Re-puzzling Mantegna

2.1 Digital images and rotations

In order to understand what mathematics has to do with thedégaa's art, we need
rst to point out the relationship between mathematics aigital images. Roughly
speaking a digital image is a collection of points (pixels)hwdifferent levels of
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brightness located at nodes of a regular grid. The use ofipleithannels allows
further to encode color levels. Hence, an image can be reptes as a numerical
matrix, and, in this form, it can be processed mathemayicsdle Fig. 2. In partic-
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Fig. 2 Digital images are encoded into numerical matrices. Ratatimay produce numerical dis-
tortions.

ular, we can compare images, for instance whether they iandas, by evaluating
thedistancea;; bjjj of the numerical entrieg;) and(bjj) of the corresponding
matrices. Although two images may refer to a photo of the ssubgct, signi cant
disturbance, due to different photographic techniqughbt kxposition etc., may oc-
cur. In particular, the photos of the frescoes are datedad 820 and acquired in
black-and-white with the techniques of that time, wherédesghotos in color of
the fragments were produced in the late-1990s on Kodak ltrer€fore the num-
bers which appears in the corresponding matrices cannaodjed.eVioreover, the
fragments are rotated with respect to their original oaéaon, introducing a further
fundamental element of uncertainty and complexity. Indegations which are not
multiple of 90 on a square grid are affected hliasing In practice if we rotate
a digital image, say, of 45 the resulting matrix contains entries which are only
approximatively close to the original numbers containethematrix of the unro-
tated image, see Fig. 2. Hence, it seems that our "treasotasieally a challenge
which, mathematically speaking, results in the search @warfumbers, only ap-
proximatively given, and encoding the fragment image, i lthige matrix of the
fresco image, independently of a possible mutual rotation.
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2.2 Complexity and computational time

Whatever is the method we choose for evaluatingdtstanceof the numerical

entries of two digital images, for instance whether it is gadle norm, eventually
we have also to face the problem of tbemplexity i.e., the number of algebraic
operations which are needed in order for a computer to ezé¢latcomparison. We
may consider, for example, the followimgivestrategy:

we “transport' the rotated fragment on each position withifresco image;
we rotate the fragmentimage for a suf ciently large numbfenotations accord-
ing to the resolution;

for each position and for each rotation we execute the coisgrarfor instance,
by calculating the maximal distance of the entries mjay  bijj.

The number of positions within the fresco image equals thedsions, sayy M.

In particular, each one of the 12 scenes of the Mantegnasdes is encoded into
a digital image of dimensiorld M 3200 2400 7500000 pixels. Moreover,

if the fragment is represented, for instance, by an imageofa a= 15 15
pixels, we are allowed to consider at least 15 rotations (it makes no sense
to consider more rotations since the resolution is limitdejentually, we need
to compute the maximum of the distances, which has a cosiagfin) 1000
operations. Altogether the search of a fragment on a scetigedfrescoes costs
N M a 2a’log(a) 10" operations. This number has to be multiplied at least
by the number of scengsind further by the number of fragments (c.a. 88000).
Therefore, we have to expect a number of operations of o@fér As of 2008, the
fastest PC processors (quad-core) perform over 37 GFEQRS37 10° oating
point operations per second. Hence, the search of the fratgméth this method
would require at least two years of computational time offstest PC processor
available today. Clearly this strategy cannot be pursuedure in practice a human
operator further needs to visually evaluate the result®titmputation and several
other operations has to be ful lled for the complete idenétion of the fragment
positions with additional time consumption.

2.3 A clever solution: circular harmonic expansions

As explained above, the request of a fast algorithm excltltesnplementation of
any comparisopixel-by-pixelbnd suggests that methods based on series expansions
can be more ef cient. Circular Harmonic decompositionsénfound a relevant role
in pattern matching because of their rotation invarianet-&eerability) properties

2 Actually the fresco area is much larger and it contains aldicorations of the vault and large
portions of destroyed frescoes belonging to the side cHapkb

8 2007 CPU Charts”. Tom's Hardware (2007-07-16). Retrievazh 2008-07-08:
http://www.tomshardware.com/reviews/cpu-charts-20644-36.html.
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and their effective and successful optical implementat[@h Compactly supported
Circular Harmonics (CH) arise as natural solutions of thplaee eigenvalues prob-
lem on a disk under Dirichlet conditions [16], and they afates to relevant phys-
ical problems with rotation invariant symmetries. In fegitice the Laplacian com-
mutes with rotations, CH are also eigenfunctions of anytimtaoperator.

Fig. 3 Real part of a few compactly supported CH, ordered by andalsscissa) and radial (ordi-
nate) frequencies, depending respectively on the parasrat® Z andn 2 N.

We denote in the following by.P(W) the Lebesgue space pfsummable func-
tionsonW RY. AssumeWy, R?is a disk of radiug> 0. The system of Circular
Harmonic functions o is de ned in polar coordinates by

Cm; . i
emna(r; q) = ?Jm(lm;nr:a)e'mq; m2Z; n2N, @)

whereJy's are Bessel functions of the rst kind of order2 Z, (jmn)n2n IS the se-
guence of their positive zeros [17], agd, is a normalization constant. We summa-
rize their relevant properties [16]: (i) CH constitute athonormal basis for?(W4);
(ii) ] CH are characterized by speciadial andangularfrequencies depending on
the parametens andmrespectively, see Fig. 3; (iii) Ld®,; be the rotation operator
of anglea, i.e., in polar coordinateR, f(r;q) = f(r;q + a), for all functionsf on
W4. Then CH are eigenfunctions of any rotation operasetf¢steerabilityproperty)
(2]

Ra€mna = emd €mn;a; 2

forallm2 Z;n2 N. The use of CH allows us to simplify the problem by elimingtin
an explicit search of the mutual rotation. Indeed, if we (xte)pose an image by
means of CHj.e, f = &, fmn€mna, Where foryn = hf;emnai-2 = &j; f.JW”,
one can rotate it just by multiplying the moments by unitaigyeavalues of the
rotation operator (2): _
Rqf é €™ frynemna: (3
mn

wn

The approximation symbol “” is due to discretization [9]. See Fig. 4 for an exam-
ple of image (de)composition. Hence, the decision of whretthe imagesf andg
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Fig. 4 Example of a (de)composition of an image by means of Cirddemonics.

are one the rotated of the other stems from checking thaalmsr?::—fr”] are equal to

€M for all m> 0. Hence, usingn> 0, one de nes inductively the procedure for an
implicit approximated calculation of optimal anglket somem> 0, one assumes that
a rst determination of the optimal angle, say, 1 a, is given maybe by means
of some calculations on previous coef ciems= &n, fknOkn; k= 1;::;m 1. Then
one computes the next approximation/correction of thenogatangle using the next
(independent) complex vectay, just rotating back it o, 1, i.e., multiplying vy
bye (M Dam 1 and settinga ~ am = argle (™ Dam 1yy. An initial approxima-
tion from which to start can be deduced framwheneverf andg can be “close
enough' up to rotation, see Fig 5.

e

Fig. 5 Iterative angle computation by means of the vectrd he straight line indicates the right
angle. The vectovy are re-aligned and normalized to form the matching coentie

The componentdy,, of the fragments andyn of the frescoes are compared
at each positions by “transporting' the fragment via a dati@n executed by FFT
(fast Fourier transform). Also this operation is very fastlaeduce signi cantly the
computational cost. The re-aligned summation of the coxmlenbersy by means
of the computed anglesy, and the normalization of the resulting vector de nes a
complex number called theatching coef cientsee Fig. 5. Its length represents
the degree of similarity of the fragment with respect to thderlying fresco image
independently of mutual rotation. The highest matchinglmafound by searching
the map of correspondence, Fig. 6. In Fig. 7 we show a sampleeofesults due
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Fig. 6 We associate the length
of the matching coef cient to
each corresponding position
of the fresco. This operation
de nes themap of correspon-
dence The location with the
largest value of the length of
the matching coef cient is the
most probable location of the
fragment.

to the computer-assisted restoration. For more shots d&oariation we refer to the
book [5] and to the web-site@ww.progettomantegna.it

Fig. 7 On the left the scene “St. James Led to Martyrdom” with a feagifnents localized by the
computer assisted recollocation. On the right, we pointguérticular of the scene.

3 Image recolorization

It is evident the sparsity of the re-placed fragments. Thisat a failure of the
proposed method but it is because the fragments cover onfy? #%&rsus an orig-
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inal surface of several hundreds. A perhaps ungenerousatiai* would argue
that, despite the call by Cesare Brandi to the challengimgidure hun?, this was
not a successful restoration and the placed fragments strésjuspended confetti”
(Arturo Carlo Quintavalle, Corriere della Sera, DecembkeP006). However, this
rushed judgment does not take into account what we coul@eebiy re-positioning
also a few fragments: “... In many cases, also one modesttiézbfragment is able
to color all the picture where it belongs: in a some sensdfiighs as it developed
harmonics ...” (Cesare Brandi [3, p. 180]). Indeed, thisasjust a Brandi's poetic
hope or a mere imaginative effort, but a concrete possibliy using the informa-
tion provided by the few placed color fragments and the gesglb of the photo of
the fresco prior to the damage, it is possible to use mathesregain in order to re-
color completelythe frescoe® Note that this re-colorization is the most faithful we
can hope to achieve, since for most of the frescoes theretiscord of any color
reproduction, and the colors we use are those diffused franfragments which
have still the original Mantegna's colors.

Fig. 8 Estimate of the nonlin-
ear curvel from a distribution
of points with coordinates
given by the linear combina-
tion x1r + xog+ x3b of the

(r;g; b) color fragments (ab-
scissa) and by the correspond-
ing underlying gray level of
the original photographs dated
to 1920 (ordinate).

This innovative mathematical technique gets its insprafrom physics: it is
common experience that in an inhomogeneous material Héagek anisotropically
from heat sources; the mathematical (partial differepéglations that govern this
phenomenon are well-known. In turn similar equations camnde to diffuse the
color (instead of the heat) from the “color-sources', whach the placed fragments,
keeping into account the inhomogeneity due to the gradjotaded by the known
gray levels. We describe formally the model as follows. Aoc@nage can be mod-
eledasafunction: W R?! R2, sothat, to each “pointk 2 Wof the image, one
associates the vecta(x) = ( r(x);g(x);b(x)) 2 RS of the color represented by the
different channels, for instance, red, green, and blue graglevel of an image can
be described as non-linear projection of the color@; g;b) := L(xir + xog+ x3b),
(r;g;b) 2 RS, wherexy; xo;x3> 0, X1+ X2+ x3= 1, andL: R! R is a suitable

41l nto restauro del Mantegna agli OvetariArturo Carlo Quintavalle, Corriere della Sera,
December 11 2006:

http://archiviostorico.corriere.it/2006/dicembre/bto _restauradel Mantegnaagli_.co.9.061211052.shtml
5 ... the importance of the Padua cycle was such that [...}aistecovery of a sole square decimeter

has an impact that no modesty can hide ...” [3, p. 180].

6 Actually, in the work [11], it has been shown that it is sukcit to have only the 3% of color
information randomly distributed, in order to recover wgitod delity the color of a whole image!
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non-negative increasing function. For example Fig. 8. dless the typical shape of
anL function, which is estimated by tting a distribution of defrom the real color
fragments, see Fig. 7. The recolorization is modeled as thamam (color image)

Fig. 9 The rst column illustrates two different data for the resoation problem. The second
column illustrates the corresponding recolorized solutio

solution of the functional
Z z Z 3 ‘

Fw=m ju® u¥jifdx+ jL (u(x) wx)j’dx+ & jNu (xjdx (4)
WhD D W21

where we want to reconstruct the vector valued funation( ut; u?;u®) : W R2?!
R3 (for RGB images) from a given observed couple of color/geel functions
(u;v). The observed functiomis assumed to represent correct informatimg, the
given colors, orWhD, andvthe result of theonlinear projectior. :R®! R, e.g,
the gray level, oD. See [8, 10, 11, 12] for further mathematical details, ard i
for a sample of the mathematical recolorization.
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