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Abstract

Free-discontinuity problems describe situations where the solution of interest is
defined by a function and a lower dimensional set consisting of the discontinuities
of the function. Hence, the derivative of the solution is assumed to be a ‘small’
function almost everywhere except on sets where it concentrates as a singular
measure. This is the case, for instance, in crack detection from fracture mechanics
or in certain digital image segmentation problems. If we discretize such situations
for numerical purposes, the free-discontinuity problem in the discrete setting can
be re-formulated as that of finding a derivative vector with small components at all
but a few entries that exceed a certain threshold. This problem is similar to those
encountered in the field of ‘sparse recovery’, where vectors with a small number
of dominating components in absolute value are recovered from a few given linear
measurements via the minimization of related energy functionals. Several iterative
thresholding algorithms that intertwine gradient-type iterations with thresholding
steps have been designed to recover sparse solutions in this setting. It is natural
to wonder if and/or how such algorithms can be used towards solving discrete
free-discontinuity problems. The current paper explores this connection, and,
by establishing an iterative thresholding algorithm for discrete free-discontinuity
problems, provides new insights on properties of minimizing solutions thereof.
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1 Introduction

1.1 Free-discontinuity problems: the Mumford-Shah functional

The terminology ‘free-discontinuity problem’ was introduced by De Giorgi [21] to in-
dicate a class of variational problems that consist in the minimization of a functional,



involving both volume and surface energies, depending on a closed set K C R?, and a
function u on R? usually smooth outside of K. In particular,

e K is not fixed a priori and is an unknown of the problem:;

e K is not a boundary in general, but a free-surface inside the domain of the
problem.

The best-known example of a free-discontinuity problem is the one modelled by the
so-called Mumford-Shah functional [29], which is defined by

J(u, K) = /Q\K [[Vul* + a(u — g)*] dz + BHTHK N Q).

The set  is a bounded open subset of R?, o, 3 > 0 are fixed constants, and g € L ().
Here H”Y denotes the N-dimensional Hausdorff measure. Throughout this paper, the
dimension of the underlying Euclidean space R? will always be d = 1 or d = 2. In the
context of visual analysis, ¢ is a given noisy image that we want to approximate by the
minimizing function u € WH2(2\ K); the set K is simultaneously used in order to seg-
ment the image into connected components. For a broad overview on free-discontinuity
problems, their analysis, and applications, we refer the reader to [4].

If the set K were fixed, then the minimization of J with respect to v would be a
relatively simple problem, equivalent to solving the following system of equations:

Au = a(u—g), in Q\ K,
0
= -, on 9QU K,

ov

where v is the outward-pointing normal vector at any x € 02 U K. Therefore the
relevant unknown in free-discontinuity problems is the set K. Ensuring the existence
of minimizers (u, K) of J is a challenging problem because there is no topology on the
closed sets that ensures

(a) compactness of minimizing sequences and
(b) lower semicontinuity of the Hausdorff measure.

Indeed, it is well-known, by the direct method of calculus of variations [19, Chap-
ter 1], that the two previous conditions ensure the existence of minimizers. How-
ever, the problem becomes more manageable if we restrict our domain to functions
u € BV(Q) N WH2(Q\ K), and make the identification K = S, where S, is the
well-defined discontinuity set of u. In this case, we need to work only with a topol-
ogy on the space BV () of bounded variation, and no set topology is anymore required.

Unfortunately the space BV (2) is ‘too large’; it contains Cantor-like functions whose
approximate gradient vanishes, Vu = 0, almost everywhere, and whose discontinuity



set has measure zero, H4~1(S,) = 0. As these functions are dense in L?(f2), the prob-
lem is trivialized; see [4] for details.

Nevertheless, it is possible to give a meaningful formulation of the functional J if
we exclude such functions and restrict J to the space SBV() constituted of BV-
functions with vanishing Cantor part. If we assume again K = S, the solution can be
recasted as the minimization of

T(u) = / 1Vul + a(u — )] dz + FHE(S,). (1)
O\ S

The existence of minimizers in SBV for the functional (1) was established by Ambrosio
on the basis of his fundamental compactness theorem in [3], see also [4, Theorem 4.7
and Theorem 4.8].

1.2 TI'-convergence approximation to free-discontinuity problems

The discontinuity set S, of a SBV-function u is not an object that can be easily
handled, especially numerically. This difficulty gave rise to the development of approx-
imation methods for the Mumford-Shah functional and its minimizers where sets are
no longer involved, and instead substituted by suitable indicator functions. In order
to understand the theoretical basis for these approximations, we need to introduce the
notion of I'-convergence, which is today considered one of the most successful notions
of ‘variational convergence’; we state only the definition of I'-convergence below, but
refer the reader to [19, 11] for a broad introduction.

Definition 1.1. Let (X,d) be a metric space! and let f, f, : X — [0,00] be functions
for n € N. We say that (fn)nen I'-converges to f if the following two conditions are
satisfied:

i) for any sequence (x,), C X converging to x,

lim inf £, (2n) > f(2);

i1) for any x € X, there exists a sequence (), C X converging to x such that

limnsup fn(xn) < f(x).

One important consequence of Definition 1.1 is that subject to lower semiconti-
nuity and coercivity conditions, if a sequence of functionals f,, I'-converges to target
functional f, then the corresponding minimizers of f, also converge to minimizers of
f, see [19, Corollary 7.20], see also Proposition 2.5 for an example of such variational

!Observe that by [19, Proposition 8.7] suitable bounded sets X endowed with the weak topology
induced by a larger Banach space are indeed metrizable, so this condition is not that restrictive.



limits.
We define now

— )2
F.(u,v) = /Q [v2|Vu|2 + a(u — 9)2] + g <5|Vv|2 + %) dx (2)

over the domain (L?(Q))?, along with the related functional

F.(u,v) ,ifve WhH3(Q), uv € WH2(Q), and 0 < v < 1,

o0 , else.

i) = { )
Note that at the minimizer (u,v) of J., the function 0 < v < 1 tends to indicate the
discontinuity set S, of the functional (1) as ¢ — 0. In [5] Ambrosio and Tortorelli
proved the following I'-approximation result:

Theorem 1.2 (Ambrosio-Tortorelli '90). For any infinitesimal sequence (gy,)n, the
functional J., (u,v) T-converges in (L?(2))? to the functional

J(w) ,ifv=1,

oo, otherwise.

J(u,v) = { (4)

1.3 Discrete approximation

In fact, the Mumford-Shah functional is the continuous version of a previous discrete
formulation of the image segmentation problem proposed by Geman and Geman in [26];
see also the work of Blake and Zisserman in [8]. Let us recall this discrete approach.
Let d = 2 (as for image processing problems), Q = [0,1]?, and let u;; = u(hi, hj),
(i,j) € Z? be a discrete function defined on €, := QN hZ2 for h > 0. Define
W, (t) = min {tQ, %} to be the truncated quadratic potential, and

Tu(w) = B> > W, <7ui+1’jh_ui’j)

(hi,hj)e,
9 Wi j+1 — Ui j
+ h Z Wh <7h )
(hi,hj)e,
+oah® Y (ui - giy)” (5)
(hi,hj)eQy,

Chambolle [14, 15] gave formal clarification as to how the discrete functional J, ap-
proximates the continuous functional 7 of Ambrosio: discrete sequences can be inter-
polated by piecewise linear functions in such a way as to allow for discontinuities when
the discrete finite differences of the sampling values are large enough. On the basis of
this identification of discrete functions on €2, and functions defined on the ‘continuous
domain’ 2, we have the following result:



Theorem 1.3 (Chambolle ’95). The functional Jp, T'-converges in B(2) (the space of
Borel-measurable functions, which is metrizable, see [15] for details) to

cab _ wl? + alu — )21 de
% (“)‘/Q\su [Vul? + alu — g)?] dx + BC(S.),

as h — 0, where C is the so-called ‘cab-driver’ measure defined below.

Basically C measures the length of a curve only through its projections along hori-
zontal and vertical axes; for a regular C! curve ¢ = ¥([0, 1]), with y(t) = (71(t),72(t)) €
(), we have

1
C(e) = /0 ()] + [14(0)]) dt.

The reason this anisotropic (or, direction dependent) measure appears, in place of the
Hausdorff measure in the Mumford-Shah functional, is because of the approximation of
derivatives by finite differences defined on a ‘rigid’ squared geometry. A discretization
of derivatives based on meshes adapted to the morphology of the discontinuity indeed
leads to precise approximations of the Mumford-Shah functional [16, 10].

1.4 Free-discontinuity problems and discrete derivatives

In the literature, several methods have been proposed to numerically approximate min-
imizers of the Mumford-Shah functional [7, 10, 14, 15, 28]. In particular, a relaxation
algorithm, based essentially on alternated minimization of a finite element approxima-
tion to the Ambrosio and Tortorelli functional (3), leads to iterated solutions of suitable
elliptic PDEs, where the differential part includes the auxiliary variable v which en-
codes and indicates information about the discontinuity set. These implementations
are basically finite dimensional approximations to the following algorithm: Starting
with v© = 1, iterate

n+1l) .

uw( ) .= arg min,ep1.2(0) Je (4, v™)
o = arg mil,epy1.2(q) je(u(mrl)av)-

However, neither has a proof of convergence of this iterative process to its station-
ary points been explicitly provided in the literature, nor have the properties of such
stationary points been investigated, especially in case of genuine inverse problems (see
the discussion in Subsection 1.4.3).

In this paper, we take a different approach and investigate how minimization of the
I-approximating discrete functionals (5) can be implemented efficiently by iterative
thresholding on the discrete derivatives. Unlike the aforementioned approach, we will
be able to provide a rigorous proof of convergence to stationary points, which coincide
with local minimizers of the discrete Mumford-Shah functional. Moreover, we are
able to characterize stability properties of such stationary points, and demonstrate the
stability of global minimizers of the discrete Mumford Shah functional.



Let us recall: the solutions u of a free-discontinuity problem are supposed to be
smooth out of a minimal hypersurface K. This means that the distributional deriva-
tive of w is a ‘small function’ everywhere except on K where it coincides with a
singular measure. In the discrete approximation (5), the vector of finite differences
(wj) = (Hedg—=nd ZlaZ) corresponds to a piecewise constant function that is
small everywhere except for a few locations, corresponding to |w;| > +/3/h, that ap-
proximate the discontinuity set K. So, in terms of derivatives, solutions of (5) are
vectors having only few large entries. In the next section, we clarify how we can indeed

work with just derivatives and forget the primal problem.

1.4.1 The 1D case

Let us assume presently that the dimension d = 1, and the domain Q = [0, 1]. Denote
by u; = u(hit) a discrete function defined on hi € Q, := QN hZ, for h > 0; note that
the vector (u;) € R™ for n = [1/h]. In this setting, the discrete functional (5) reduces
to

R (=)

(hi)eﬂh

+ ha Y (ui—g)*

Since no geometrical anisotropy is now involved (d = 1), it is possible to show that this
discrete functional I'-converges precisely to the corresponding Mumford-Shah func-
tional on intervals [14]. Moreover, the solution to the discrete functional [Jp,(u) may
be found in time polynomial in n = |1/h| using dynamic programming [15].

For (u;)nicq, we define the discrete derivative as the matrix Dy, : R" — R™ ! that

maps (u;)picq, into (%ﬁul) ,, given by
1

-1 1 0 0
Dy = % O -1 1 0 ... 0 ' (6)
0 O -1 1
It is not too difficult to show that
U= D;rthu + ¢,

where D;rL is the pseudo-inverse matrix of Dy (in the Moore-Penrose sense; note that
D;rL maps R"~! into R™ and is an injective operator) and c is a constant vector which
depends on u, and the values of its entries coincide with the mean value i’ hieq, Wi
of u. Therefore, any vector w is uniquely identified by the pair (Dpu,c).



Since constant vectors comprise the null space of Dy, the orthogonality relation <D};Dhu, c) o
0 holds for any vector u and any constant vector c. Here the scalar product (-, ) =
> i, uv; is the standard Euclidean scalar product on R”, which induces the Euclidean

norm [|ullg = (3, uz)l/ ?. We denote 0% the Euclidean space R™ endowed with this

7

norm. Using this orthogonality property, we have that

1D} Dy — D} Dig + (e — )3
= ||D} Dyu— D;EDth%g + [le - Cg”%g

lu - gll%

Hence, with a slight abuse of notation, we can reformulate the original problem in
terms of derivatives, and mean values, by

. p
Tilee) = hallDlz = fIBy + halle gyl + b S min {1,

where z = Dpu and f = D;&Dhg. Of course at the minimizer u we have ¢ = ¢, since
this term in J), does not depend on z. Therefore, ||c — ¢,||3 does not play any role
in the minimization and can be neglected. Once the minimal derivative vector z is
computed, we can assemble the minimal u by incorporating the mean value of g as
follows:

u = D}le + ¢y

1.4.2 The 2D case, discrete Schwarz conditions, and constrained optimiza-
tion

Let us assume now d = 2, and Q = [0,1]>. Denote w; ; = u(hi,hj), (i,j) € Z*, a
discrete function defined on , := QN hZ% n = [1/h], Wj(t) = min{t?, %}, and

Tu(w) = B> > W, <7ui+1’jh_ui’j)

(hi,hj)eQn
Wi i1 — U s
h2 4,j+1 t,J
D <7h
(hlvhj)eﬂh
+ Ao Z (uiyj — gi’j)Q.
(hi,hj)eQ

In two dimensions, we have to consider the derivative matrix Dy, : R™ — R27(n=1) that
maps the vector (4 (i—1)n) = (u; ;) to the vector composed of the finite differences in
the horizontal and vertical directions u, and u, respectively, given by
e T Wit1,5—Uqj - 1 1 - 1
Dyu = |: Uy :| (uﬂC)jJrn(ifl) = (uac)z,] =y t=4L..n=L4L7=1L5...,N
Uy (Uy)jr(n—1)(i—1) = (Uy)ij = =0 i=1,...,n,j=1,...,n—1



Note that its range R(Dj) C R?**™~1 is a (n? — 1)-dimensional subspace because
Dypc = 0 for constant vectors ¢ € R, Again, we have the differentiation-integration
formula, given by

U= D;rLDhu + ¢,

where D;rl is the pseudo-inverse matrix of Dy, (in the Moore-Penrose sense); note that

D;rl maps R(Dp,) injectively into R, Also, ¢ is a constant vector that depends on u,
. . . . . 2

and the values of its entries coincide with the mean value h Z(hi, hj)eq, Ui of u.

Proceeding as before and again with a slight abuse of notation, we can reformulate

the original discrete functional (5) in terms of derivatives, and mean values, by

Tn(ze) = R [aHD};Z _ ij;ﬂ +O[‘|C_Cg||2gg +Zmin{|zi,j|2,%}].

0,

where z = Dpu € R2("=1) and f = DZDhg € R"*. Of course ¢ = cq is again assumed
at the minimizer wu, since this latter term in J;, does not depend on z. However, in
order to minimize only over vectors in RZ*("~1) that are derivatives of vectors in R”Q,
we must minimize J,(z,c) subject to the constraint DhD}:z = z.

Ui j+1 (Ux)i,j+1 Ui +1,j +1
(Uy)i,j (Uy) i,
Ui, j (Ux) i, Ui 1, j

Figure 1: Compatibility conditions of derivatives in 2D.

The 2n(n — 1) linearly independent constraints DhD;rLz = z are equivalent to the
discrete Schwarz constraints?,

(uy)ij + (ua)ij+1 = (uy)it1j + (Ui (7)

that establish the equivalence of the length of the paths from wu; ; to u;y1 41, whether
one moves in vertical first and then in horizontal direction or in horizontal first and
then in vertical direction (see Figure 1).

In short, we arrive at the following constrained optimization problem:

2These discrete conditions correspond to the well-known Schwarz mixed derivative theorem for
which yyu = yzu for any u € C%(Q).



Minimize J,(z) = h? [oz||Tz — f||?n2 + Z” min {|zm-|2, %} ]
2
(8)

subject to Qz =0,

for T = D;rL and Q=7 — DhD;rL. Once the minimal derivative vector z is computed,
we can assemble the minimal u by incorporating the mean value of g as follows:

u:D}TLz—ch.

1.4.3 Regularization of inverse problems by means of the Mumford-Shah
constraint

The Mumford-Shah regularization term
MS(u) = / Vul? + AHEY(S,), )
O\S,

has been used frequently in inverse problems for image processing [22, 32], such as in-
painting and tomographic inversion. Despite the successful numerical results observed
in the aforementioned papers for the minimization of functionals of the type

J(u) = al|Ku — gl[r2() + MS(u), (10)

where K : L?(Q2) — L?(f2) is a bounded operator which is not boundedly invertible,
and g = Ku+n (n is a stochastic noise), no rigorous results on existence of minimizers
are currently available in the literature. Indeed, the Ambrosio compactness theorem
[3] used for the proof of the case K = I does not apply in general. A few attempts
towards using the regularization M.S for inverse problems in fracture detection appear
in the work of Rondi [33, 34, 35], although restrictive technical assumptions on the
admissible discontinuities of the solutions are required.

As one of the contributions to this paper, we show that discretizations of regularized
functionals of the type (10) always have minimizers (see Theorem 2.3). More precisely,
these discretizations correspond to functionals of the form,

Wit 5 — Ui s Wi i1 — U s
Tn(u) == ah?||Ku — 9”522 + h? Z [Wh <%) + Wy <%>} )
(hi,hj)EQp

(11)
with Wj(t) = min {tz, %}, and we prove that such functionals admit minimizers. Note
that the discrete Mumford-Shah approximation (5) can be written in this form. In
the one-dimensional situation, we are able to show that such minimizers, along with
fixed points of our iterative algorithm, will have components that fall either below
one threshold in absolute value, or fall above a second, strictly larger threshold, which

10



depend only on the parameters « and 3, and not on the data (K, g), see Theorem
5.1. Any a priori information concerning these thresholds may thus be incorporated
towards selection of the parameters (o, ). As a consequence of these achievements we
can prove that global minimizers are always isolated, although not necessarily unique,
whereas local minimizers may constitute a continuum of unstable equilibria. Hence,
our analysis will shed light on fundamental properties, virtues, and limitations, of reg-
ularization by means of the Mumford-Shah functional M S, and provide a rigorous
justification of the numerical results appearing in the literature. The model (11) was
considered in the work of Nikolova [30], where she also investigated localization prop-
erties of minimizers, assuming their existence, but without addressing any algorithmic
issues or means for approximating such minimizers.

It is useful to show how the discrete functional (11) can be still expressed in terms
of the sole derivatives for general K. As done before in the case K = 7, and with
the now usual identification u = (Dpu,c), we can rewrite the functional in terms of
derivatives and mean value as follows:

i) = WalKDlz— (g - KO+ 1 min{lP 2L ()

0]

Note that in general we cannot anymore split orthogonally the discrepancy || K D};z —
(g — Kc)||? into a sum of two terms which depend only on derivatives z and mean
value ¢ respectively. Nevertheless, for fixed z, it is straightforward to show that ¢ =
arg min, J, (2, c) depends on z via an affine map. Indeed we can compute

o (K1,9— KD)z) L
| K12 ’

where 1 is the constant vector with entries identically 1. Here we assume that 1 ¢
ker K, which is necessary in order to identify the mean value of minimizers (a similar
condition is required anytime we deal with regularization functionals which depend on
the sole derivatives, see, e.g., [17, 37]). By substituting this expression for ¢ into (12),
it is clear that the minimization of functionals (11) can be reformulated, in terms of
the sole derivatives, as constrained minimization problems of the form (8). Otherwise,
if 1 € ker K, then Jj(z,¢) = Jx(2) becomes a function of the derivative vector z only.

2 Existence of minimizers for a class of discrete free-
discontinuity problems

2.1 A generalization of the Frank-Wolfe theorem and existence re-
sults for inverse free-discontinuity problems

Here and later we use specific symbols associated to our problem.

11



Notation 2.1. We denote Z, K, K’ countable index sets, ¢o(Z) is the set of square
summable sequences on Z, and ¢5(K), ¢5(K') are defined likewise. For us T : ¢o(Z) —
l5(K) is usually a bounded linear operator. For r > 0 and u € ¢5(Z) fixed we denote
To:={i€Z: |u| <r}andZ; = Z\Zy. Consider the unique decomposition u = ug+u;
into a vector ug supported on Zy and another u; supported on Zj, i.e., the vectors
uy € L2(T) = {u € £y(T) - u; =0, i€ i} and uy € G(T) == {u € l(T) :
u; =0, i€ Ip}. Let P and P+ = T — P denote the orthogonal projections onto
the subspaces £3'(Z) and ¢2°(Z), respectively. We fix the notation for the operators
Ty = TP* and T} = T'P; note that clearly T' = Ty + T} is satisfied. In the following
TlJr will denote the pseudo-inverse operator of 77 in the Moore-Penrose sense. It is
well-known that Py = 11T 1T is the orthogonal projection onto the range of 77.

For this section Z = {1,...,N}, K = {1,...,M}, and £ = {1,..., M'}, so that
lo(T) = €5, lo(K) = £}, and £o(K') = £3". In light of the observations of the previous
sections, we can transform the problem of the minimization of functionals of the type
(10), by means of discretization first and then reduction to sole derivatives, into the
(possibly, but not necessarily) constrained minimization problem:

{Minimize T () = [[ITu = glI7, ) +7 Xier min {Jus?, 72} ].

13
subject to Qu = 0. (13)

Our first result ensures the existence of minimizers for the constrained optimization
problem (13):

Proposition 2.2. Assume r,v > 0, and fix linear operators T : lo(Z) — (5(K) and
Q : Uy(T) — Lo(K'), which are identified in the following with their matrices with respect
to the canonical bases. We also fix g € l2(K). The constrained minimization problem

{Mz’m’mize J(u) = [HTu—gHZQ +721€Imln{\uz’2 2}]

14
subject to Qu = 0. (14)

has minimizers u*.

Proof. We begin by noting that infg,—o J(u) is well-defined and finite, since J > 0
is bounded from below. It remains to show that there exists a vector u* that sat-
isfles J(u*) = infgu—0J(u). Towards this goal, consider the following partition
Z ={U ]}] | of RN indexed by the subsets ZJ of the index set T = {1,2,..., N},
as follows.

Z/II(J)' = {uERN:]ui\§7“,2'€Ié,]uz~]>r,i€1'\1'g}. (15)
The minimization of J subject to Qu = 0 and constrained to the closure of the subset
Z/II(J)' can be reformulated as a quadratic optimization problem, for which the classical
Frank-Wolfe theorem [6] guarantees the existence of a minimizer u(Ij ). Now, since
RN = U;U. ot the minimal value of J subject to Qu = 0 and over all of RY is just the

minimal value from the finite set {J (u( 0)) : j=1,...,2N}; that is,

min J(u) = min J(u(Z}))

Qu=0 irfais

12



and u* = arg ming,—o J (u) = u(arg minzgcz j(u(I(j)))) O

In fact, Proposition 2.2 extends to a much larger class of free-discontinuity type min-
imization problems; by the same reasoning as before, we arrive at the more general
result:

Theorem 2.3. The constrained minimization problem

{ Minimize Jp(u) = [||Tu — 9||?2(/c) + D ier min{|ui|p,rp}]

16
subject to Qu = 0. (16)

has minimizers u* for any real-valued parameter p > 1.

The Frank-Wolfe theorem, which guarantees the existence of minimizers for quadratic
programs with bounded objective function, does not apply to the general case p > 1
where the objective function J, is not necessarily quadratic. Nevertheless, with the
following generalization for the Frank-Wolfe theorem, Theorem 2.3 follows from an
argument similar to that used for Proposition 2.2.

Proposition 2.4. Suppose A is an N x N positive semidefinite matriz, and suppose b
and ¢ are N x 1 wvectors. Suppose also that X is a nonempty convex polyhedral subset
of RN, The convex optimization problem

{ minimize u'Au + blu + > 1<j<n Glugl? (17)

subject to u € X.

admits minimizers for any real parameter p > 1, as long as the objective function is
bounded from below.

For ease of presentation, we reserve the proof of Proposition 2.4 to the Appendix.

From the proof of Proposition 2.2, one could in principle obtain a minimizer for J
by computing a minimizer u(Z)) for each subset Z} C 7 using a quadratic program
solver [6], and then minimizing 7, over the finite set of points {u(IS )} Unfortunately,
this algorithm is computationally infeasible as the number of subsets of the index
set {1,2,..., N} grows exponentially with the dimension N of the underlying space.
Indeed, the minimization problem (16) was recently shown to be NP-hard, as the
known NP-complete problem SUBSET-SUM can be reduced to this problem. This
stands in contrast to the case T = D;rl corresponding to the one-dimensional discrete
Mumford-Shah functional, where minimizers can be found in polynomial time using
dynamic programming algorithms [15]. A complete discussion about the NP-hardness
of (16) can be found in [2].

2.2 A connection to sparse recovery

In Theorem 5.1, we will show that the truncated quadratic regularization term

Zmin{]uiP,rQ}

i€
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promotes segmentation of solutions, in the sense that minimizers of the functional J
without constraints (i.e., @ = 0 in (14)) have components u;, which either are smaller
than a first threshold |u;| < (1 ++)~'/?r, for i € Ty, or larger than a second threshold
lu;| > (14~)"/?r, for i € Z,. If v and r are chosen such that the lower threshold tends
to zero, while the upper threshold stays fixed, then one recovers solutions that tend
to be sparse, or have only a small number of nonzero coordinates. We will say that
a vector u € lo(Z) is K-sparse if it has at most K nonzero coordinates. We use the
counting measure [|ul|g,z) := >_;c7 |[uilo, defined component-wise by

|u| . 0, if U; = 0
1071 1, otherwise

to refer to the number of nonzero coordinates of u. Then we have

Proposition 2.5. Let (1, )nen be a sequence of positive scalars satisfying lim, oo 1, =
0, and fix p > 0. Then the sequence of functionals

50 = ITu =gl + (4 )me{\uz\ ), a8)

I'-converges in lo(Z) (see Definition 1.1) to the sparsity-promoting functional

Jo(u) = |Tu — gll7,uc) + pllulle ). (19)
Furthermore, for a fired K € N, assume that there exists o > 0 for which

ollulleyzy < [Tulleyicy, for all u such that [lullg,z) < K. (20)

llgll? . o
If p > % then there exists a sequence (u")nen of minimizers u™ of J& whose
accumulation points are minimizers of Jy.

Proof. First of all note that p min {|¢|?,rh} = min { 14 1} is an increasing sequence

monotonically converging p01ntW1se to |x|o for all £ € R. Hence, the sequence of
functionals J' is also increasing and monotonically converging pointwise to Jp. The
I'-convergence of 7' to Jp follows directly from Definition 1.1 by noting that in finite
dimensions, |Z| < oo the functionals are continuous. We address now the second part
of the theorem. In order to search for minimizers of Jp” we can restrict the problem
to X = {u € £2(T) : Ty (u) < Jo(0) = HQHZ(K)}' Note that at a minimizer u™ € X the
functional J' can be re-written according to

T ) = [T + Tt = ol + (2 ) Vg 01T (2)

where Zy,Zy, Ty, 11 are defined associated to r,, > 0 and u™ as in Notation 2.1. From
(21) and (20) we deduce
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llgll?
() [Ta] < 29 < K,

n n * 1 n n —
(b) wf = T{(g— Toup) = (TyT1) T (g — Touf) and [[ufleyz) < o TN (gl +
TN e () );

”glﬁg(;c)rrq
)

2 p
(c) HuQHb(I) < CHUBL”ZZO(I < , for a constant C' > 0.

)

Hence u,, = u{y + u} is uniformly bounded with ug — 0 for n — co. We can extract
subsequences of (u, ), which converge to accumulation points. For I'-convergence of VA
to Jo, the accumulation points are necessarily minimizers of Jy, see also [19, Corollary
7.20]. Note that the minimizers of Jy so constructed are K-sparse. O

In this light, the free-discontinuity functional [J, can be viewed as a relaxation
of the sparsity-promoting functional Jp. Note that condition (20) is related to the
concept of restricted isometry property introduced in the context of recovery methods
for sparse vectors from a few linear measurements [13].

3 The minimization problem in a general Hilbert space

The problem we address in the following section is the minimization of the real-valued
functional J? : 5(Z) — R having the form

Tylw) = [Tt = gl% ey +7 3 minfuf?, 17}, (22)
1€
subject to the conditions:
e 7 and K are countable sets of indices, and T : ¢2(Z) — ¢2(K) is a bounded linear

operator, which is in the following identified with its matrix associated to the
canonical basis or any Hilbert basis;

e Asin [20], the operator T has spectral norm ||T'|| < 1. Note that this requirement
is easily met by an appropriate scaling for the functional, i.e., we may have to
consider instead

Tp(u) = 7| Tu—gl7,5c) + 7y Y_ min{|u P, 17}, 7 <1.
€L
Throughout this paper we assume, without loss of generality, that 7 = 1;

e the parameter p is in the range 1 < p < 2. In case the index set 7 is finite, only
the restriction p > 1 is necessary.

The scaled 1D discrete Mumford-Shah functional %jh is clearly a functional of the
form (22) having p = 2, r = \/B/h, v = 1/, index set Z = {1,..., [r?]}, and operator
T= DJ{/TQ :RIP?I=1 5 RI®) | As shown in the Appendix, the operators DI/TQ satisfy
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the uniform bound HDI /TQH < 1/2, independent of dimension, so a scaling factor 7
is not needed in this case. However, we would like to stress a few motivations for
choosing a Hilbert space setting, with countable sets of indexes Z, K, which adds a
level of difficulty to some of our results. On the one hand, we are required to produce
an analysis which is dimension-independent; as mentioned above, the finite dimensional
problem under consideration is NP-hard and therefore it is a very challenging issue in
high-dimension. On the other hand, the countable Hilbert space setting allows us to use
the functional (22) in situations beyond a finite element discretization of the Mumford-
Shah regularization; it can be applied, for instance, as a model for input u € ¢o(7)
representing the coefficient vector of a functional solution with respect to a countable
Hilbert basis, for instance, with respect to wavelets. In fact, while ¢;-minimization
of wavelet coefficients in inverse problems, as analyzed in [20], necessarily promotes
a purely sparse solution, with finitely many nonzero coefficients in u, the truncated
polynomial constraint ), ; min{|u;[?,r?} tends to promote solutions which are only
well-approximated by sparse vectors. In practice the latter regularization property
is much more realistic, and therefore it is of interest to study its properties and its
associated numerical methods.

Remark 1. Although we proved the main existence theorem, Theorem 2.2, in the
finite-dimensional setting, we can provide certain examples where free-discontinuity
problems are also guaranteed to have minimizers in the infinite-dimensional setting.
The simplest case is reported as follows. Assume K = Z and T is a bounded di-
agonal operator with respect to the canonical basis; that is, Tu = (a;u;)iez and
a = (a;)ier € lo(Z). In this case, minimization of J, decouples in the variables u;, so
that the computation of the minimizer v* = (u});ez can be solved component-wise by
an application of Proposition 4.3 to the scalar problems

uj = argmin ((ait - g:)? + ymin{|t,17}), €T,
S

and without much trouble one verifies that u* so defined belongs to ¢3(Z). Hence
legitimately we will assume later that global minimizers of 7, can exist also for 7
being a countable set.

4 Aniterative thresholding algorithm for 1D free-discontinuity
inverse problems

In the following, we will not minimize 7, directly. Instead, we propose a forward-

backward or majorization-minimization algorithm of Douglas-Rachford type [27] for

finding solutions to J,, motivated by the recent application of such algorithms for

minimizing energy functionals arising in sparse signal recovery and image denoising
[9, 20]. More precisely, consider the following surrogate objective function,

j;urr(u’ a) = jp(u) — ||Tu — Ta’“?g(lC) + ||u - QHZ(I)’ U, a € EQ(I). (23)
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The surrogate functional J;*"" satisfies j;’“’"’"(u, a) > Jp(u) everywhere, with equality
if and only if u = a, and is such that the sequence

u"t = arg min Ty (u,u™) (24)
u

obtained by successive minimizations of J;*""(u,a) in u for fixed a results in a nonin-
creasing sequence of the original functional J,(u") (see Lemmas 4.1 and 4.2). Moreover,
the functional 75" (u, a) decouples the variables u;, so that ™! = arg min, 5" (u, u™)
reduces to component-wise thresholding.

We will study the implementation and convergence properties of the iteration (24)
as follows:

e in Section 4.1 , we review the standard properties of forward-backward iterations,

e in Section 4.2, we compute u-global minimizers of the surrogate functional J;"" (u, a),
for a fixed,

e in Section 4.3, Section 4.4, and Section 4.5 we show that the sequence (u")nen
defined by (24) will converge to a stationary value u = argmin, J;""" (u, u),
starting from any initial value u° for which J,(u") < oo,

e in Section 5, we show that such stationary values u are also local minimizers of
the original functional 7, that satisfy a certain fixed point condition, and it is
shown that any global minimizer of 7, is among the set of possible fixed points
@ of the iteration (24). By means of the thresholding properties, we also show
that global minimizers of the functional 7, are isolated, and moreover possess a
certain segmentation property that is also shared by fixed points of the algorithm.

4.1 Preliminary lemmas

The lemmas in this section are standard when using surrogate functionals (see [20] and
[9]), and concern general real-valued surrogate functionals of the form

F (uya) = F(u) = |Tu = Tallf, o) + |u = all?, 7). (25)

The lemmas in this section hold independent of the specific form of the functional
F :45(Z) — RT, but do rely on the restriction that |7 < 1.

Lemma 4.1. If the real-valued functionals F(u) and F5“""(u,a) satisfy the relation
(25) and the sequence (u™)nen defined by u™tt = arg min, g, 7y Fo4" (u, u™) is initial-
ized in such a way that F(u’) < oo, then the sequences F(u™) and F¥“ " (u" 1 u™) are
non-increasing as long as | T|| < 1.

Proof. Since ||T']| < 1, also |T*T|| < 1, and so the operator L = /I —T*T is a
well-defined positive operator whose spectrum is contained within a closed interval
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[c,1] that is bounded away from zero ¢ > 0. We can then rewrite F5“" (u" 1 u™) as
Foorr ('t ) = F(uh) + | L(ut = u™)||7, 7, from which it follows that

F(u™h)

IN

F@™ ) + L™ = )7, 0

Il

!
<
3

", (26)
where the second inequality follows from u™*! being a minimizer of F*%" (u,u"™). O
From Lemma 4.1 we obtain the following corollary:

Lemma 4.2. As long as the conditions of Lemma 4.1 are satisfied, one can choose
N € N sufficiently large such that for alln > N, |[u"*! — u"||gy1) <€ dee,

: n+l _  n _
Jimf|u u"|gy(z) = 0.

Proof. From Lemma 4.1, it follows that F(u") > 0 is a nonincreasing sequence, there-
fore it converges, and F(u") — F(u"*!) — 0 for n — oo. The lemma follows from (26),
and the estimates

Fu") = F") > L™ = u),q) = Q= IT) " = a7, ).

0

4.2 The surrogate functional 7;*" and a new thresholding operator

We now develop an explicit representation for the iterative thresholding algorithm,

n+1

u"" = argmin 7" (u, u"),
u

with surrogate functional
T3 (ua) = Tp(w) = 1w = Tallf, ) + lu = allf,z),  ua € (D),

and
To(w) = | Tu = gl o) +7 3 min{fug 7, r7}.

1€
Expanding the squared terms on the right hand side of the expression for J;“",

T (w,a) = |lu— (I —T*T)a+ T*QH?Q(I) + ’yz min{|u;|P, 7P} 4+ C
€T
= Z [(uz —la—T*Ta+ T*g];)? + v min{|us |, ""p}] +C,
€L
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where the term C' = C(T,a,g) depends only on T, a and g¢. It is now clear that the
surrogate functional J;*"" decouples in the variables u;, due to the cancellation of terms
involving HTuH?2 (). Because of this decoupling, global u-minimizers of T (u,a),
for a fixed, can be computed component-wise according to

;= argl;niﬂg (t —[a—T*Ta+T*g);)* +fymin{]t]p,rp}], iel. (27)
€

One can solve (27) explicitly when, e.g., p = 2, p = 3/2, and p = 1; in the general case
p > 1, we have the following result:

Proposition 4.3 (Minimizers of J;*""(u, a) for a fixed).

1. If p > 1, the minimization problem u = argmin, e, (1) J,*"" (v, a) can be solved
component-wise by

Uj :Hp([a—T*Ta—i—T*g]i), 1€X1, (28)
where Hy : R — R is the ‘thresholding function’,

ESH ), A < X (r7,p)

— P 9 — I I

Hy(M) { A, else

Here, F;y1(X) is the inverse of the function Fy(t) = t + % sgn P, and N €

(r,r + LrP~1) is the unique positive value at which

(Fy M) = X2 Ay ()P = . (29)
2. When p =1, the general form (28) still holds, but we have to consider two cases:

(a) If r > ~/4, the thresholding function Hy : R — R satisfies

0, I\ < /2
Hi(A) =3 (IAl=7/2)sgn X, v/2<|N\<r+~/4=X (30)
A, IA| >7r+~/4

(b) If, on the other hand, r < /4, the function Hi satisfies
0, AN=<ar=X
H = 1
1) { XA > AT (31

In all cases, the thresholding function is continuous except at X' (r,~y,p), where it has a
Jump-discontinuity of size 6 = |N — H,(X')| >0 if r,v > 0. In particular, X' > r while
H,(\) <.

We leave the proof of Proposition 4.3 to the Appendix. It will be useful later to extend
the function pr1 at the value p = 1 by the identification F1_1 = S, where

(o Al < v/2
Sy(A) = { (N =7/2)sgn A\, |\ > ~/2,

is the so-called soft-thresholding function [20].

(32)
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Remark 2. In the particular case p = 2 corresponding to Mumford-Shah regular-
ization (13), the thresholding function Hs : R — R has a particularly simple explicit

form: \ 1o
e <
my={ 5 PIE0E

A, else

(33)

In addition to Hy and Hj, the thresholding operator Hs s corresponding to p = 3 /2 can
also be computed explicitly, by solving for the positive root of a suitable polynomial
of third degree. In Figure 2 below, we plot Hs, H3/p, and Hy with parameters r = 1,
v = 1. For general values of p, H, cannot be solved in closed form. However, recall
the following general properties of Hp:

e H, is an odd function,
e Hy,(0) =0, and
e H,(\) = Xonce |\ >r+ %Tp—l'

In fact, we can effectively precompute H, by numerically solving for the value of Hy(\;)
on a discrete set {);} of points A; € (0, 2rP~! +r]. At );, one just needs to solve the
real equation

P, p—1

which can be computed effortlessly via a root-finding procedure such as Newton’s
method: while h; satisfies (hj — A;)? + v(h;)P < 7P, set H,(\;) = hj; once this
constraint is violated, set Hp(\;) = A;j.

To summarize, the iterative algorithm,

vt = argmin Ty (u,u™) (35)
u

can be recast in terms of a component-wise thresholding algorithm,
W= Hy ([ T+ T ), (36)
which, for p = 2, reduces to

et [ (L) (0 =TT+ T, ([t — T Tun + Tl < (14 7)Y
| [ =TT + T g, else

Remark 3. The thresholding function H; corresponding to p = 1 and r < ~/4 is
known as hard thresholding H in the area of sparse recovery, and is equivalently derived
as the thresholding function corresponding to the fy-regularized functional Jy with
p = /7. More generally, one verifies the pointwise convergence of Hy, = Hp(ry,,vn) =
Hy(rp, pra’) to H as rn — 0, reflecting the I'-convergence of their associated function-
als, described in Proposition 2.5.

As convergence of the iterative thresholding algorithm (36) with hard thresholding H
was already studied in [9] (albeit in finite dimension), we omit this case in the sequel.
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Figure 2: The discontinuous thresholding functions Hy, H3/o, and Ha, with parameters
p=1,3/2, and 2, respectively, and r =1, v = 1.

4.3 Fixation of the discontinuity set

To ease notation, we define the operator H : ¢5(Z) — ¢2(Z) by its component-wise
action,
[H(w)]i := Hp([u = T"Tu +T"gli); (37)

the iteration (36) can then be written more concisely in operator notation as
u" T = H(u"). (38)

We omit the dependence of H on the parameters p,r, v, and function g for continuity
of presentation. Furthermore, we assume in the sequel that ||T']| < 1.

At the core of the convergence proof is the fixation of the ‘discontinuity set’, indicated
below by Z7", during the iteration (36), at which point the ‘free-discontinuity’ problem
is transformed into a simpler ‘fixed-discontinuity’ problem.

Lemma 4.4 (Fixation of the index set Z1). Fiz p > 1,r,v € R", and g € l2(K).
Consider the iteration
" = H(u") (39)

and the time-dependent partition of the index set T into ‘small’ set
Iy = {ieZ:|u}| <N -4} (40)
and ‘large’ set

7 = {ieZ:|jull >N} (41)
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where X' = N (r,7,p) is the position of the jump-discontinuity of the thresholding func-
tion and § is the size of its jump-discontinuity, as defined in Proposition 4.3. For
N € N sufficiently large, this partition fizes during the iteration u™** = H(u"); that
is, there exists a set Iy such that for alln > N, Iy =TIy and I =1, := T \ Zp.

Proof. By discontinuity of the thresholding operator H,(\), each sequence component
uf = Hy(" ™~ T T + 7)) (12)
satisfies
() [ul| <N =38 <N(r,p),ifi €Iy, or
(b) |ul'] > N, ifi eI},

Thus, [uf ™ —wul| > 6§ if i € PO IP, or if i € ZP N Z7T!. At the same time, Lemma
4.2 implies
™ — | < " = ulgy ) < e (43)

once n > N(e), and € > 0 can be taken arbitrarily small. In particular, (43) implies
that Zy and Z; must be fixed once n > N(e) and € < 6. O

After fixation of the index set Zy = {i € Z : |ul| < X'}, H(u") = Uz, (u") and Uz, is
an operator having component-wise action

Fy N (I =T*T)yu + T*gli), if i € Zo

Uzl = { (I = T*T)u+T*g) if i € T, (44)

i?
Here, the function Fp*1 is as in Proposition 4.3, with the mentioned extension to soft-
thresholding for p = 1. Again, for ease of presentation, we omit the dependence of Uz,
on the parameters p,r,y, and g. One easily verifies the equivalence

Uz, (v) = arg min jpzo’sw’"(u,v) (45)

uelz(7)

T . :
where 7, """ (u,v) is a surrogate for the convez functional,

T (w) o= [Tu— g7, 000+ D il (46)
i€Zp

That is, fixation of the index set Zy implies that the sequence (u"),eny has become
constrained to a subset of ¢2(Z) on which the map H agrees with a map Uz,, associated
to the convex functional ijO. As we will see, this implies that the nonconvex functional
Jp behaves locally like a convex functional in neighborhoods of fixed points v = H(u),
which includes the set of global minimizers of 7.
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4.4 On the nonexpansiveness and convergence for 7' injective

Given that H(u") = Ug,(u") after a finite number of iterations, we can use tools
from convex analysis to prove that the sequence (u"),cn converges. If the operator
T*T : £s(Z) — ¢5(Z) is boundedly invertible (such as the discrete pseudoinverse D;rl in
the 1D Mumford-Shah approximation) then the mapping Uz, has the nice property of
being a contraction mapping, so that a direct application of the Banach fixed point
theorem ensures exponential convergence of the sequence (u"),cn after fixation of the
index sets.

Proposition 4.5. Suppose T : l2(Z) — (2(K) is a boundedly invertible operator on its
image. In particular, let o > 0 be a lower bound on the spectrum of T*T. Then the

sequence
" = H(u"), (47)

as defined in (38), is guaranteed to converge in norm. In particular, after a finite
number of iterations N € N, this mapping takes the form

N =T (u), meN\{0}, (48)

and the sequence (u™)n,en converges to the unique fized point u of the map Uz,. More-
over, after fixation of the index set Iy, the rate of convergence becomes exponential:

HUNer I ﬂ”@g(l’) _ HU:VZ_r(L)(uN) _ U%(Q)HZQ(I) < (1 — o')m”uN _ ’ELH@(I); m e N \ {O}
(49)

Proof. The proof is straightforward and it is based on the observation that ||[[—T*T|| <
1—0<1, FZ;1 is a nonexpansive map, and eventually the map Uz, with component-
wise action

FA(I —T*T)u+T*g;), ifie€Io

. p ’

Uzl { ((I = T*T)u+T*g),, ifi eIy (50)
is a contraction, with Lipschitz constant (1 — o). O

4.5 Convergence for general operators T

Unfortunately, if 7% is not boundedly invertible (that is, if ¢ = 0), then the map Uz,
is not necessarily a contraction, and we can no longer apply the Banach fixed point
theorem to prove convergence of the sequence (u"),cn. However, as long as ||T]| < 1,
we observe by a more detailed inspection of the proof of Proposition 4.5 that Uz, is still
non-expansive, meaning that for all v,v" € £2(Z), |[Uz, (v) =Uz, (v')[lez) < [v=2"lle5(2)-
The following Opial’s theorem [31], here reported adjusted to our notations and con-
text, gives sufficient conditions under which non-expansive maps admit convergent
successive iterations:

Theorem 4.6 (Opial’s Theorem). Let the mapping A from lo(T) to l5(Z) satisfy the
following conditions:
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1. A is asymptotically regular: for all v € lo(Z), [[A" T (v) — A™(0)|lgyz) — O for
n — oo;

2. A is non-expansive: for all v,v" € l2(T), |A(v) — AW )lez) < v —Vley@)s
3. the set Fix(A) of the fixed points of A in lo(Z) is not empty.

Then, for all v € l2(ZT), the sequence (A™(v))nen converges weakly to a fized point in
Fix(A).

In fact, we already know that Uz, is asymptotically regular, in addition to being non-
expansive - this follows by application of Lemma 4.1 and Lemma 4.2 to the functional
‘7%’0. Thus, in order to apply Opial’s theorem, it remains only to show that Uz, has a
fixed point; that is, that there exists a point u € ¢5(Z) for which

U= UIO (’L_l,)

In more detail, we must prove the existence of a vector u € ¢5(Z) satisfying the condi-
tions

o = (BT, e -

((I—T*T)a—i—T*g)i, if ¢ € 7y,
corresponding to the Euler-Lagrange equations for a minimizer of the convex problem
(46). We remind the reader that until now, all of the results of Section 4 remain valid in
the infinite-dimensional setting |Z| = co. From this point on, however, certain results
will only hold in finite dimensions; for clarity, we will account each such situation
explicitly.

Proposition 4.7. If 1 < p < 2, there exist global minimizers of the convex functional,

7w = 1Tu—=glg, 00+ D lul?, (52)
i€Zp

and any minimizer u of j%’o satisfies the fized point relation u = Uz, (w). In finite
dimensions |Z| < oo, the result also holds for p > 2.

Proof. In the finite-dimensional setting, minimizers necessarily exist for all p > 1
according to Proposition 2.4, which generalizes the Frank-Wolfe theorem. We now
consider the general case. Consider the unique decomposition v = ug + w1 into a
vector ug supported on Zy and another u; supported on 7, according to Notation 2.1.
The functional (52) can be re-written with this decomposition according to

I1, (o + ) = | Touo + Tren = g1z, + Vluolz, (53)
P

where HZHZZO (T (ZiGIO |zi ]p) P 5 the ¢,-norm on vectors supported on Zy.
P

)
Note that we can compute u; = Tf(g — Toug) and Py = TlTlJr is the the orthogonal
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projection onto the range of T} in ¢2(K) (not to be confused with P, which operates
on the space £5(Z)). Let P{- = Z — Py be the orthogonal projection in ¢5(K) onto the
orthogonal complement of the range of Tj. Minimizers of the functional F : £2°(Z) —
R* defined by

Fv) = |Tov+Pilg — Tov) = gllf, i) +llvl? o)

= [1Kv = yll7, ) +’YHUH (54)

()
with K := Pi-Tp, and y := Pi-g, will yield minimizers of jfo. Functionals of the form
(54) were studied in [20]; there, it is shown that as long as 1 < p < 2, F has minimizers,
and any minimizer v can be characterized by the fixed point relation

v =F, W([(I - K*K)v+ K*y);), i€ To. (55)

(Recall that F,'! is the inverse of the function F,(t) =t + 2 sgnt[t[’~! for p > 1 and
it coincides with the soft-thresholding S, (32) for p=1.)

In the finite-dimensional setting |Z| < oo, the Euler-Lagrange equations corresponding
to minimizers of the convex functional F as in [20] imply the same fixed point relation
(55) also, for all p > 1. Making the identification 4y = v and u; = Tf(g — Tyv),
and rewriting K = Pi-Tp, and y = Pitg, the relations (55) imply the full fixed point
characterization (51). O

Remark 4. The necessary restriction p < 2 in the infinite dimensional setting |Z| =

was only used in the proof of Proposition 4.7, where it was needed in [20] to prove the
existence of minimizers of functionals F of the form (54). Given additional require-
ments on T, this restriction can be relaxed. For instance, if T is also a bounded
operator from £4(Z) to ¢2(Z) for some ¢ > 2 then the existence of minimizers is guar-
anteed also for 1 < p < ¢. In this case we could consider a minimizing sequence (v¥)
for F which is bounded in E%O (Z). Therefore, there exists a subsequence (v**) which
weakly converges in K%O (Z) to a point v*, implying weak convergence of the sequence
Kvkr in £5(K); note that (Kv*r w)g, s, = <Ukh’K*w>£g°x€ZP’ for 1/p+1/p' =1. By

Fatou’s lemma we obtain F(v*) < liminf;, F(v**) and v* is a minimizer of F.
Combining the results from this section, we obtain:

Theorem 4.8. Suppose 1 < p < 2. Starting from any u® satisfying Jp(uo) < 00, the
sequence (u™)pen defined by u™ ™t = H™(u®) as in (38) will converge weakly to a vector
u € l5(T) that satisfies the fixed point condition,

1|l = N(r,y,p), ifi € Ty ={j € T:|u;| > r}
2. |u;| < FyYN) <N =4, forp>1,ifiely={jel:lu|<r}, and
3. (a) If p>1:
) v _ [0, if ui| = N
[T (Q—TU)L —{ Fy(w;) —ui,  if |Jug] <N =46
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(b) Ifp=1andr >1/4:

[T*(g = Tw)], € [=7/2,7/2), || <~/2

(T*(g —Tw)|, =v/2sgn s, /2 < || <r+~/4. (57)
|T*(g — Tu)|, =0, |w;| > r+ /4.

If the index set |Z| < oo is finite dimensional, the theorem holds for all p > 1.

Proof. By Lemma 4.4, the iteration step u" ™! = H(u™) becomes equivalent to a step
of the form u"*! = Uz, (u™) after a finite number of iterations N € N. By Lemma 4.4
and Proposition 4.3, the subset Zg C Z separates Z in the sense that, for all n > NV,

o W < F V) SN -5 ifie Ty,
o [ul| >N, ifieZ; =T\T.

That the sequence (u"),en converges to a fixed point of the map Uz, follows from
Opial’s theorem applied to the map Uz,:

1. the asymptotic regularity of Uz, is a consequence of Lemmas 4.1 and 4.2;
2. the nonexpansiveness of Uz, follows from the proof of Proposition 4.5, and
3. Theorem 4.7 guarantees that the set of fixed points of Uz, in ¢3(Z) is nonempty.

The limit u of the sequence (u™) will satisfy the fixed point conditions (51). Since weak
convergence implies component-wise convergence, it follows for all i € Z that

lu;] = lm |u}
< N=90 (58)
and, analogously for i € Z;, the lower bound |u;| > A holds. O

Remark 5. When p = 2, we recover the fixed point condition
either [@;] > (1+7)"2r, or else |a;] < (1+7)/?r.

Thus, any prior knowledge about these threshold levels can be incorporated in selecting
the parameters v and r.

5 On Minimizers of J,

We are now in a position to explore the relationship between limit vectors u of the
iterative thresholding algorithm (38) and minimizers of the free-discontinuity functional
J¥ (22). First of all let us make a few considerations. Due to the separation of the
entries of any fixed point @, such that @, <X —d0 <r < X < @; fori € Iy and j € 7)
(see Proposition 4.3), we have also Zo = {i € Z: |u;| <r} and Iy = {j € T : |uj| > r}
for all u € B(u,¢), where B(u,¢) is a ball around an equilibrium point « of radius € > 0
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sufficiently small. On this neighborhood B(1, ) of u, the functional 7, is convex. Since
@ is obtained as the limit of a sequence (u") in B(u,¢) for which the sequence J,(u")
is nonincreasing, one would expect that @ minimizes J,(u™) within this neighborhood,
hence it is a local minimizer. Moreover, following the proof of Theorem 5.1 below, we
see that J), is in fact strictly convex for p > 1 whenever 4 = u* is a global minimizer,
since the restriction of T to the subspace (2'(Z) C £o(Z) of vectors with support in
71 must be an injective operator in this case. Hence a global minimizer is necessarily
isolated. More precisely we have the following result.

Theorem 5.1. Let us denote Fix(H) the set of fized points of H, or satisfying the fixed
point relation of Theorem 4.8, 4 the set of global minimizers of J,, and £ the set of
local minimizers of J,. Then we have the following set inclusions

¢ C Fix(H) C £. (59)

Moreover, a global minimizer u* € ¢ is isolated as soon as one of the following condi-
tions is satisfied

e p>1;

e p =1 and the operator PllTo is injective, where Py and Ty are defined depending
on u* as in Notation 2.1.

The proof of Theorem 5.1 is rather long and we defer it to the Appendix. We
illustrate some of the findings in Figure 3, which shows how different starting points u”
of the iteration "' = H(u") may converge to different fixed points or local minimizers
of J,. The sets of initial points converging to the same local minimizer, shown in
different colors in the figure, can be disconnected, i.e., they may be formed by the
union of disjoint ‘islands’. As it is shown in the bottom-right box of Figure 3 we
cannot ensure that local minimizers are isolated if 7" has a nontrivial null-space; in this
case, local minimizers may form continuous sets, whose main directions are determined
by the eigenvectors (indicated in the figure with arrows) which span the kernel of 7'.

6 2D free-discontinuity inverse problems and a projected

gradient method

As presented in Subsection 1.4.2, the minimization of the discrete functionals for 2D
free-discontinuity inverse problems has the general form

{ Minimize J,(u) := ||Tu — 9”?2(;@ + v > ier min {Ju; [P, 7P}

subject to Qu =0, (60)

where Q : ¢5(Z) — ¢2(K') is a suitable bounded linear operator.

We can not directly generalize the analysis of the previous sections to (60), as the
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introduction of surrogate functionals does not decouple the constraint Qu = 0. How-
ever, when the index set 7 is finite dimensional, we can still say something. For ease
of presentation, we will assume p = 2 throughout this section.

First, recall that the partition argument of Theorem 2.3 guarantees that the constrained
minimization problem (60) has a minimizer. Again, one could in theory obtain such
a minimizer by computing a minimizer u(Zy) for each subset Zyp € Z = {1,2,..., N}.
Of course, such an algorithm is computationally infeasible as the number of subsets of
the index set {1,2,..., N} grows exponentially with the dimension N of the underlying
space.

We propose instead the following more practical projected gradient algorithm: for
any initial u, iterate

u'Th = Prero) [Ha(u™ + T (g — Tu™))], (61)

where Pyer(g) is the orthogonal projection onto the null-space of Q. This projection
can be easily computed explicitly by

Prero = I—Q7Q
I— Q00" o,

where the latter equality holds whenever @ is a full-rank matrix, as the one associated
to the Schwarz conditions (7). The analysis of the algorithm (61) is beyond the scope
of this paper; nevertheless, note that locally around any minimizer, the functional 75 is
convex, and that projected gradient iterations are well-known methods for constrained
minimization of (non-smooth) convex functionals, see for instance [1].

7 Numerical Experiments

7.1 Dynamical systems, stability, and equilibria

Iterative thresholding algorithms have a natural interpretation as discrete-time dy-
namical systems with nonsmooth right-hand-side, and can be associated to continuous
dynamical systems of the type:

u(t) = F(u(t),t)
= 7(Hp(u(t) +T"(g — Tu(t))) —u(t)), t>ty, 7>0.

The study of the existence, uniqueness, stability, and long-time behavior of these ODE’s
is of fundamental interest in order to clarify also the stability properties of iterative
thresholding algorithms. Indeed, other than soft-thresholding iterations [20], the corre-
sponding right-hand-side is not Lipschitz continuous and can even be discontinuous, as
is the case of free-discontinuity problems. In [12, 23] conditions are established for the
existence, uniqueness, and continuous dependence on the initial data (at finite time)
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of solutions of dynamical systems with discontinuous right-hand-side. However, very
little is known about long-time properties of such dynamical systems and about the
nature of their equilibrium points.

For several continuous thresholding functions, such as the ones introduced in [20, 25,
24], one can easily show, for instance by means of I'-convergence arguments, that equi-
librium points depend continuously on the parameters of the thresholding, see, e.g.,
Proposition 2.5 and also [24, Theorem 5.1]. Nevertheless, for discontinuous threshold-
ing functions H), such as those studied in this paper, sudden bifurcation phenomena
and instabilities do appear in general. Figure 3 shows that multiple equilibrium points
can exist for these thresholding operators and their number may depend discontin-
uously on the thresholding shape parameters. Moreover, as established in Theorem
5.1, global minimizers of 7, are always stable equilibria and isolated points, while lo-
cal minimizers can be unstable equilibria and form a continuous set, as shown in the
bottom-right box of Figure 3.

7.2 Denoising and segmentation of 1D signals and digital images

In this subsection, we are concerned with numerical experiments in the use of an
iterative thresholding algorithm for the minimization of

N
Jo(u) = | Dfu—gll?, + 7> min{u?, r?}, (62)
i=1

modelling problems of denoising and segmentation.

In Figure 4 and Figure 6 we show the results of applying the iterative thresholding
algorithm (36) and the projected gradient algorithm (61) respectively. In Figure 5 we
show a comparison of the use of the thresholding Hs and the soft-thresholding S., (32)
associated to the minimization of functionals with ¢;-constraints,

N
Trv(u) = [ Dju—gll, + 7> Juil. (63)
=1

In this case the iterative thresholding algorithm, as analyzed in [20], reads as follows:
Wt =S (" + T (g — Tu™)),

where S, is defined component-wise S,(v) = (Sy(vi))iez. While J> promotes the
minimization of the Mumford-Shah constraint MS and piecewise smooth solutions,
Jrv promotes the minimization of a total variation constraint [36], which is also well-
known to produce (almost) piecewise constant solutions with a perhaps unwanted
‘staircase effect’; see also [17, Section 4] for details.
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Figure 3: We show patterns in R? formed by initial points u® colored according to
the corresponding equilibria computed as limits of the iterative thresholding algorithm
(36). For invertible 2 x 2 squared matrices T, the equilibria are isolated and the region
of initial points for which (36) converges to a given equilibrium point do partition the
space into sets which might be disconnected. Structures of the partition generated by
different matrices T" are exemplified in the top boxes and in the bottom-left one. In
the bottom-right box we show the pattern related to iterations where the 2 x 2 squared
matrix 7" has nontrivial null-space. We can see again that global minimizer are isolated
and correspond to the points on the axes, whereas local minimizers are continuously
distributed along an affine space generated by the kernel of T'. It is not difficult to
show that this structure always occurs for such matrices.
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Original noisy 1D signal Computed denoised 1D signal

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 ‘ . : : : 0 ‘ : : : :
0 50 100 150 200 250 0 50 100 150 200 250
Comparison of the noisy and the denoised signals Discrete derivative of the computed denoised signal
200
1
!
100
0.8
0.6 0
0.4 “ \(
-100
0.2
0 -200
0 50 100 150 200 250 0 50 100 150 200 250

Figure 4: We show the application of the iterative thresholding algorithm (36) for the
classical denoising problem of 1D signals where K = [ in (11), and hence T' = D,t.
The thresholding parameters used for the numerics are » = 2.2 and v = 0.002.
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Computed denoised 1D signal by iterative thresholding Computed denoised 1D signal by iterative soft-thresholding

L to minimize the Mumford-Shah functional L to minimize the total variation of the signal
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
00 56 160 150 260 250 00 56 160 150 260 250

Discrete derivative computed by iterative thresholding Discrete derivative computed by iterative soft-thresholding

to minimize the Mumford-Shah functional to minimize the total variation
200 200
100 100
-100 -100 y
-200 -200
0 50 100 150 200 250 0 50 100 150 200 250

Figure 5: A comparison of the denoising of the signal in Figure 4 by means of the al-
gorithm (36) and by iterative soft-thresholding [20] applied to discrete derivatives. We
can appreciate how the algorithm (36) promotes piecewise smooth solutions, whereas
the iterative soft-thresholding promotes the total variation minimization with the in-
troduction of a ‘staircase effect’. The thresholding parameters used for the numerics
are r = 2.2 and vy = 0.002 for (31), and v = 0.002 for the soft-thresholding (32).
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Noisy image Segmented image

Minimizer of the Mumford-Shah functional
computed by iterative thresholding
N ]

Figure 6: We show the application of the projected gradient algorithm (61) for the
classical denoising problem of digital images where K = I in (11), and hence T' = D};.
The thresholding parameters used for the numerics are » = 5 and v = 0.005, and the
image size is 80 x 80. The anisotropic effects of (8) are clearly visible, suggesting that
for more effective image denoising, iterative thresholding on an isotropic (or direction-
independent) variant of the 2D Mumford-Shah functional should be studied; see [16, 10]
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7.3 Inverse problems

As already mentioned in Subsection 1.4.3 the Mumford-Shah term MS(u) = [q, g, |Vul?+

BHITL(S,) is also used for regularizing inverse problems involving operators 7" which
are not boundedly invertible. In this section we present two numerical experiments
on the use of algorithms (36) and (61) for 1D interpolation (Figure 7) and for 2D
inpainting (Figure 8) respectively. In this case the operator T is a multiplier by a
characteristic function of a subdomain, i.e., Tu := xp - u, for D C §; see [22] for other
numerical examples previously obtained with the Mumford-Shah regularization.

Interpolation of the signal computed with the iterative Interpolation of the signal computed with the iterative
thresholding to minimize the Mumford-Shah functional soft-thresholding to minimize the total variation
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 - - - 0 - - -
0 50 100 150 200 250 0 50 100 150 200 250

Discrete derivative of the interpolation computed by

Discrete derivative of the interpolation computed by minimizing the total variation
minimizing the Mumford—Shah functional
50 50
0 0
-50 -50
-100 -100
-150 -150
0 50 100 150 200 250 0 50 100 150 200 250

Figure 7: Interpolation of an incomplete signal by means of the Mumford-Shah regu-
larization and the total variation minimization provided by respective iterative thresh-
olding algorithms. The red interval is the region where no information on the original
signal is provided. The thresholding parameters used for the numerics are r = 2.2 and
~v = 0.002 for (31), and = 0.002 for the soft-thresholding (32).

In Figure 7 we show the reconstruction of the noiseless signal of Figure 4 provided
information only out of the interval [100,150] which has to be restored. On the left
boxes we show the results due to algorithm (36) and on the left ones the solution
computed by iterative soft-thresholding. In the former the solution is again piecewise
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smooth and in the latter a (almost) piecewise constant solution is instead produced.

Original image with a missing part Derivative of the computed inpainted image

Computed inpainted image by minimization of the
Mumford—Shah functional via iterative thresholding Original image without missing part

Figure 8: Inpainting of a binary image by means of algorithm (61). The occluded
discontinuity is correctly recovered as already observed in [22]. The thresholding pa-
rameters used for the numerics are r = 8 and v = 0.0001, and the image size is 40 x 40.

In Figure 8 we show the inpainting of a binary image with a missing information
right at its center which is occluding precisely a discontinuity. As already shown in
[22] the inpainting process produces minimal length connections of the discontinuity
set as long as the inpainting region, i.e., the missing part, is not too large.

8 Appendix

8.1 Proof of Proposition 2.4

First, we recall Weierstrass’” Theorem, which is used in the proof of Proposition 2.4
below, see also [19, Theorem 1.15].

Theorem 8.1 (Weierstrass’ Theorem). The set of minima of a convez function f over
a subset X C RYN is nonempty and compact if X is closed, f is lower semicontinuous
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over X, and the function f, given by

j::{f(x) ifrv e X, (64)

o0 otherwise,

is coercive, i.e., for every sequence (xy) C X s.t. ||z| — oo, we have limy_,o f(x) =
0.

The following two lemmas will be helpful in the proof of Proposition 2.4.

Lemma 8.2. Let F'(u) be a convex function defined on RN having the general form
F(u) = |[u"Au+bu+37 ooy cj|uj|p} , for some p > 1, where A is a N x N matriz,

be RN, and the c;j’s are scalars. Fix x and d in RN, If F is bounded above and below
on the ray {x +td,t > 0}, then F is constant on the line x + td.

Proof. Let u(t) = F(z+td), and note that p is convex because F' is convex. Moreover,
p has the general form p(t) = P(t) + 321 <<y ¢j|2; + td;[P where P(t) is a polynomial
in ¢ of order at most 2. Without loss of generality, suppose 0 < pu(t) < 1 for all values
of t € RT. Then there exists a sequence of points (t,)nen, tn — oo for n — oo, for
which u(t,) is a convergent sequence; let us denote the limit of this sequence by 7.

1. Case 1: 1 < p < 2. To repeat,

nh—%lo w(ty) = nlggo P(ty,) + Z cjle; + tad;i|? = 1. (65)
1<j<N
Since 0 = limy, o () /12, it follows that all coefficients in u(t) of degree 2 must
vanish. In turn, then, 0 = lim,, o pu(t,)/th, has the implication that for each
J, one of the coefficients ¢; or d; must vanish as well. Following in the same
manner, we conclude that all linear coefficients in p(t) also vanish, leaving only
the possibility that p(t) = v is a constant function.

2. Case 2: p > 2: The proof in this case is identical to that of the previous case,
and as such we leave the details to the reader.

0

Lemma 8.3. Suppose F is a convex function defined on RN that is bounded from
below, and has the property that if F is bounded above on a ray {x +td,t € RT}, then
F' is constant on the line x + td. Then if F' is constant on the line x 4+ td, F is also
constant on any parallel line y + td.

Proof. Let p(t) = F(x + td) which by assumption is a constant function u(t) = =,
and let v(t) = F(y + td). Fix t € R*, and let z be the point z = z + 2(y — z), i.e.
Y= %x + %z By convexity of F', we have that

1 1 1 1
Fy+td) = F(iz + 5@+ 2td)) < SF(z) + 5u02t) = a, (66)
for a constant a. It follows that F' is bounded above by « on the ray {y+td:t € R},
from which it follows, by assumption, that F'is constant on the line y + td. U
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We now prove Proposition 2.4. Choosing 29 € X, we define the (nonempty) set
M:=Xn{zecRY:F(z) < F(xo)}. (67)

Obviously, the set M is convex and closed. By assumption, F' is bounded from below
on X and hence on M. Therefore, if M is bounded, then Weierstrass’ Theorem yields
the desired result.

We assume now that M is unbounded. As a convex, unbounded set, it follows that
M must contain a ray r = {z +td : t € R"}, see [18]. Denote by rq1,79,...,7; a set
of J rays in M corresponding to linearly independent directions di,...,dy. Without
loss, we assume J sufficiently large that the direction d associated to any ray r in M
can be expressed as a linear combination of the di,...,d;. Applying Lemma 8.2 to
F which is bounded on M by construction, it follows that F' is constant on each of
the the rays r; = z; + td;. From Lemma 8.3, we have also that F' is constant along
any line parallel to these rays; that is, for any x € RY, F is constant on the line
{x +td;, t € R}. We then deduce by convexity that F' is bounded above along any
line z+td for d € Y = span{dy, ....,d;}, which implies by Lemma 8.2 that F'is constant
on such a line. We thus project X onto the subspace of R that is orthogonal to Y
call this subspace X.

From the foregoing arguments, we have

inf F(u) = inf F 68
inf (u) Inf (u) (68)

As X is still a convex polyhedral set, and by construction M = X N {z e RN : F(z) <
F(z0)} contains no rays, Weierstrass’ Theorem yields the desired result.

8.2 On uniform boundedness of || D] ||

The aim of the second part of the appendix is to prove the uniform bound HD}:H <1/2
eluded to in Section 3. Again, ||A|| denotes the spectral norm of the matrix A, and
D;rl :R"~! — R" is the pseudo-inverse of the discrete derivative matrix D}, as given by
(6), with the identification n = [1/h]. From the expression for Dj,, and the knowledge
that DhD;rl = I is the identity operator and D};Dh = (D};Dh)* is self-adjoint, the
n x (n — 1) matrix D;rl is identified as follows:

—-(n-1) —-(n-2) —(n-3) ... ... -1
1 -n-2) —(n—-3) ... ... -1

D — % ! 2 —(n'— 3) e 71 (69)
1 2 3 n—1
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It is well-known that the spectral norm of an m x n matrix can be bounded by the
more manageable entry-wise Frobenius norm, according to

S aisl (70)

i=1 j=1

[Al < [[AllF =

As such, we need only to bound the sum of the squares of the entries of D}TL. The sum
St = Z?:_ll |dy,j|* over entries in the first row of D;rL is given by .} = (n —1)(2n —
1)/(6n3), using the familiar formula Zj\;l j* = $N(N+1)(2N+1). The analogous sum

over entries in the j** row of D}TL is seen inductively to satisfy S = A % + J(Jn—g”
The total sum ., = Z?:l S is then .7, = % — 6%, and we arrive at the desired
uniform bound:
1
ID < Vit < —= < 172 (71)

V6

8.3 Proof of Proposition 4.3

In order to help the reading of the current proof, as well as the proof of Theorem 4.8,
we report in Table 1 the notation of the functions used in the proof of Proposition 4.3
for the definition of H,.

Lp((t, A) | = —N)? + vy min{[t]P,rP}

Gp(t,\) | = (t = N2+t

E,(t =1+ Lsgnt|t] ', p>1

Sp(N) [ =Gp(F, TN, A) = (B, ') = N2 +[F, )P, p > 1
H,(\) = arg ming>g Ly (¢, A) for general A >0, p > 1

= arg ming<<, Gp(t,\) = F, '(\) for 0 < A <r
_ { F (V) i Gp(Fy (V) A) < yr?

p

A olse for A > r.

Table 1: Notation of the functions involved in the definition of H), as in the proof of
Proposition 4.3.

Consider the functions
Ly(t,\) = (t — \)? +ymin{[t|P, r}, (72)

and
Gp(t,\) = (t — N2+ t]P. (73)

The proof reduces to solving for

Hpy(\) = arg min Ly(t,\) (74)
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as a function of A € R. Since L,(t,\) = Ly(—t, —\), the function H,()\) will be odd,
and since also H,(0) = 0, we can, without loss of generality, restrict the domain of
interest to A > 0. On this domain, H,(\) = arg minscgr Ly(t, \) is nonnegative, since
Ly(t,\) < Ly(—t,\) when t > 0 and A > 0. Hence, we can restrict the minimization
of Ly(t,\) tot > 0.

It will be convenient to split the proof into two cases: 1 < p and p = 1.

1.

We first analyze the case 1 < p.

Note that
inLy(t,\) = in(t — \)?
argmin Ly(t, A) argmin(t — )
= max{\, 1}, (75)

so that the minimization (74) naturally splits into the following two cases:

(a) If X <r, the minimizer has to be searched in [0, 7], hence

_ ; _ 1
H,(\) = arg Join. Gp(t,\) = F, 7 (A) <A (76)

where Fp_l()\) is the functional inverse of the increasing, and continuous

function
Fy(t) =t + % sgnt[t]’~". (77)

(b) On the other hand, if A > r, the minimizer has to be searched in [0, ],
hence

FYN), if Gp(F7Y (), \) <P
Hp()\) — { )\f? ( ) elsep( p ( ) )— )

By implicit differentiation of the functional relation F,(F,'(X)) = A, it is clear

that the functions Fp_l()\) and Sp(A\) = Gp(Fp_l()\),)\) are strictly increasing

functions in A. Indeed, we have the bounds

-1
0< %Fp_l()\) — (E)F ) = (1 + L(p; ) (Fp‘l(A))p‘2> <1,
and
d 0 _ d __ 0 _
LS00 = 2 G(Fy )N s By )+ Gy V), )
= (B () = )+ pr(Fy TN By () — 20RO - A)
= 21 W) 0= B0+ g B O 0 2
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since 0 < %prl()\) <1, and

0< FH(A) <A (78)

Also observe that Fp_l(r + %rp—l) =r, and Sy(r+ %Tp—l) = ~vrP + %ﬂp# >
~rP. This leads us to immediately conclude that

(i) If XA <r, then Hy(X) = F, 1(A) (from (76)).

(i) fA>7r+ %rp_l, then S,(\) = Gp(Fp_l()\), A) > 1P, so that H,(\) = A
(iii) Since Sp(r) < 4rP while Sy(r + 2rP~1)) > 4P, the intermediate value
theorem implies the existence of a unique value X' = X (r, v, p) lying strictly
within the interval (r,r?~!(22 + 727P)) at which
Sp(X) =7, (79)
and

P

ESLN) A< N
{ A A> N (80)

At X, Hp(N') = argming>q Ly(t, \') is not uniquely defined and is realized
at F7'(X) and at X. In this case, we identify H,(XN) = F, () for the
sequel; as will be made clear, this will not cause problems in the ensuing
analysis. Finally, note that

(iv) At X, the function H), has a discontinuity § = X — Hy(\') that is strictly
positive, as long as r,v > 0. Indeed, on the one hand, we know that X' > r,
on the other hand, H,(X') < r. This follows because H,(X') = F; *(X), and

(Fy H)P < (FH ) = A2 Al B H P = Sp(N) = P

2. The analysis of the case p = 1 is left to the reader since it follows a similar
argument as for p > 1.
8.4 Proof of Theorem 5.1

The proof will be much simplified by the following lemma which characterizes vectors
such as u that satisfy the fixed point relations (56) or (57):

Lemma 8.4. If u and v are such that
T (w4 v,0) = ol ) > T (u, ) = TP (), (s1)
then Jp(u +v) > Jp(u).
Proof. For any u and v, the following holds because || L|| < 1:
Tyl +0) = T3 (w+ 0,0) = [ Lol ) > T3 (ot v) = ol (52)
If in addition w and v satisfy (81), then the desired result is achieved by virtue of the
equality J;“TT(U, u) = Jp(u). O
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Let us show now the proof of Theorem 5.1. We address first the inclusion Fix(H) C
Z. By Lemma 8.4, it suffices to show that at a fixed point u defined by (56) or (57),
any perturbation 6h € £5(Z) with norm |6k, )y < min{ [N (r, p) —r], [r — H,(\')]} will
satisfy

T3 (@ + Sk, @) — T3 (@, 0) > ISR, z)- (33)

After expanding the left-hand-side above, the inequality (83) is seen to be equivalent
to

2> Shi[T*(Ta—g)li+7 [min{\ai + 0hi|P, P} —min{|a|P, P} > 0. (84)
€L 1€

At this point, it is convenient to consider the summation over i € Zy and ¢ € Iy
separately.
By Lemma 4.4, the first summand above vanishes over Z; and

1. if1 < p, then ZiEI oh; [T*(Tﬂ — g)]z = — Ziel’o oh; sgn ﬂz%’ﬂz ’pfl;

2. ifp=1,then ) ;7 6h;[T*(Tu—g)); = —v/2 ZieIg Oh; sgn ai+ZiEIg Shi[T*(Tu—
9)li-

With respect to the second summation, observe from Proposition 4.3 that for all 1 <
p, |a;| > N(r,p) > r for i € Iy, so that this summation vanishes over Z; for any
perturbation dh satisfying the component-wise inequality |dh;| < N (r,p)—r. Similarly,
|u;| < Hp(N') < rfor i € I, so that for any perturbation dh satisfying component-wise
|0h;| < min{[X (r,p) — ], [r — Hy(X)]}, we have that

3 [min{\ai + h; P, 7P} — min{|a yp,rp}} =5 @i+ b — [wP. (85)
i€ i€Zo
The desired result follows if we can show that
1 1<p<2: [|u+ 6h|P — |w;P — Shiplsgna;]|u|P~1] > 0, for all i € Zg
2. p=1:

(a) |6h; + ;| — |u;| — 6hi[sgnw;]] > 0 for all i € I3, and
(b) 6h;[T*(Tu— g))i + |dhs| > 0, for all 7 € Z.

The inequality in 2(b) follows directly from Lemma 4.4; by symmetry, 1 and 2(a) follow
if, for any u > 0,

min [f(v) == |u + v|f —uP — puP~'v] = min (u + v)? —uP — puP v > 0. (86)
veER v>—u

When p = 1, the right-hand-side is identically zero and the result holds. When 1 <
p < 2, differentiating the right-hand-side gives that f(v) has a local minimum at v = 0,

41



at which f(0) = 0, and, at the endpoint, f(—u) = (p — 1)uP~! > 0. We address now
the inclusion ¢ C Fix(H). Assume u* € ¢, then

Ty () = Jp(w”) < Jylu)
< Jp(w) + llu — w7y ) — 1T = Tu|[Z, ) = T (u,u).

Hence, u* is also a minimizer of J;*""(-,u*). By using Proposition 4.3 we eventually
obtain u* = u € Fix(H). We now would like to show that any v* € ¢ is isolated. For
this purpose, consider again the partition of the index set Z into Zp = {i € Z : |u]| < r}
and 7; = {¢ € 7 : |u}| > r} as in Notation 2.1, and note that |Z;| < oo, or else J,(u*)
would not be finite.
By minimality of u*, if we fix w§, the vector u] satisfies uj = arg mimzE D Tp1(2),
where

T (2) = |Tiz = (9 = Toup) |7,y + 7 D_ minflz[", 7}, (87)

€71

Since all coefficients in u} have absolute value |(u});| > r, the vector u} also minimizes
the functional

1712 = (9 — Toud) 17, (x0) (88)

or, else, the vector z* minimizing (88) would satisfy J,1(2*) < Jp,1(u}), contradicting
the minimality of uj. In fact, u] must be the unique vector minimizing (88). For, if
another vector u' also minimized (88), then the operator 77 would have a nontrivial
null space containing the span of some nonzero vector v, so that all vectors in the
affine space {u} + tv : t € R} would be minimal solutions for (88). In this case, we
would have also the freedom of choosing from this affine subspace a vector v/ having
one coefficient ] satisfying |u;| < r. But such a vector v’ satisfies 7, 1(v') < Jp.1(u7),
contradicting the minimality of uJ.

It follows that the operator 77 must have trivial null space, and u] is the unique
minimal least squares solution to (88), well-known to be explicitly given by

-1
uf =T (g — Toug) = (TYT1) " T; (g — Tous), (89)

so that Tjuj is the unique orthogonal projection of (¢ — Toug) onto the range of T7.
More explicitly we have that P, = TlTlT = Ty (T} Ty) "7 is the orthogonal projection
onto the range of 77, due to the non-triviality of the null space of T, and Thu] =
Pi(g — Toug). Now, on the other hand, by observing that any optimal variable u; for
fixed up depends on wug via the relationship (89), we easily infer that the vector wu
minimizes

To0) = P (Tov = 97, + Y minfluil, 7}, (90)
1€Zo

where Pll denotes the orthogonal projection operator onto the orthogonal complement
of the range of T7.
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Consider the convex functional,

F(v) = ||Pi-(Tov = 9)ll7, () + ||v||§zo(z (91)

)’
and note that J(u) < F(u), while at the same time J7(ug) = F(up) by virtue of
the fact that |uf| < r for i € Zp. For p > 1 it follows that w§ is also the unique

minimizer of F, due to the strict convexity of || - H’Z 7 7y’ We conclude that for any fixed
P

admissible Zy and Z;, a global minimizer v* = u*(Zy,Z) is uniquely identified. Since
global minimizers u* are also a fixed points of H, they do satisfy a strict separation
of the entries supported on the sets Zy and Z; respectively, hence such sets are stable
under small perturbations of u*. We conclude that in a neighborhood of u* there are
no other global minimizers, because the sets Zy and Z7 cannot change there. For p =1
we can guarantee the isolation of a global minimizer when PllTo is injective, implying
again the strict convexity of (91).
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