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Abstract

This paper is concerned with the characterization of a-modulation spaces by Banach frames, i.e., stable and redundant non-
orthogonal expansions, constituted of functions obtained by a suitable combination of translation, modulation and dilation of a
mother atom. In particular, the parameter o € [0, 1] governs the dependence of the dilation factor on the frequency. The result
is achieved by exploiting intrinsic properties of localization of such frames. The well-known Gabor and wavelet frames arise
as special cases (o = 0) and limiting case (¢ — 1), to characterize respectively modulation and Besov spaces. This intermediate
theory contributes to a further answer to the theoretical need of a common interpretation and framework between Gabor and wavelet
theory and to the construction of new tools for applications in time—frequency analysis, signal processing, and numerical analysis.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Banach frames; Gabor analysis; Localization of frames; «-modulation spaces, wavelets

1. Introduction

The theory of frames, or stable redundant non-orthogonal expansions in Hilbert spaces, introduced by Duffin and
Schaeffer [17], plays an important role in wavelet theory [14—16] as well as in Gabor (time—frequency) analysis [25,
26,35] for functions in L2(R¢). Besides traditional and relevant applications of frames in signal processing, image
processing, data compression, pattern matching, sampling theory, communication and data transmission, recently the
use of frames also in numerical analysis for the solution of operator equations is investigated [10,48]. Therefore, not
only the characterization by frames of functions in L%(RY) is relevant but also that of (smoothness) Banach function
spaces is crucial to have a correct formulation of effective and stable numerical schemes. The concept of Banach
frames as an extension of atomic decompositions in coorbit spaces [22,23] has been already introduced in [34]. This
classical theory by Feichtinger and Grochenig has shown in particular that Gabor and wavelet L>-frames can in fact
extend to Banach frames for modulation [19,30,35,36] and (homogeneous) Besov spaces [32,51,52], respectively.
As a further answer to the theoretical need of a common interpretation and framework between Gabor and wavelet
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theory, the author has recently proposed [20] the construction of frames, which allow to ensure that certain families
of Schwartz functions (atoms) on R obtained by a suitable combination of translation, modulation and dilation

To(f)(t) = f(t — x),
My,(f)(0) =™ (1),
D.(f)®)=a"V2f(t/a), x,o,1€R, acRy,

form Banach frames for the family of L>-Sobolev spaces of any order. In this construction a parameter o € [0, 1)
governs the dependence of the dilation factor on the frequency parameter. The well-known Gabor and wavelet frames
(also valid for the same scale of Hilbert spaces that constitutes an intersection of the modulation and Besov space
families) arise as special cases (¢ = 0) and limiting case (¢ — 1), respectively. Thus, let us call these families
a-Gabor-wavelet frames. In contrast to those limiting cases it is no longer possible to use group theoretic arguments
nor the coorbit space theory can be applied anymore to extend the L?-frame to a Banach frame. A similar approach
was proposed by Hogan and Lakey [40] to construct coherent frames generated by representations of extensions of
the Heisenberg group by dilation. Other contributions due to Weiss et al. [38,39] and Labate [44] developed charac-
terizations of a large class of mixed decompositions in L? as an attempt of a unified approach to Gabor, wavelet and
more general wave packet frames.

New tools for extending an L2-frame to Banach frames and atomic decompositions have been introduced by
Grochenig. The key concept in [36] is the localization properties of the frame with respect to an auxiliary Riesz basis.
The localization is measured by the polynomial or sub-exponential off-diagonal decay of the cross Gramian matrix
of the frame and the Riesz basis. The main result in [36] asserts that a localized frame has canonical dual with the
same localization properties and that the frame extends to a Banach frame and an atomic decomposition for the Ba-
nach spaces for which the reference auxiliary Riesz basis is an unconditional basis. Inspired by this work, the author
showed that the extension of a frame to Banach frames does not depend on localization properties with respect to
any auxiliary Riesz basis, but it can be formulated also as an intrinsic property of the frame [29, Chapter 5]. In par-
ticular, if the frame is intrinsically or self-localized, i.e., if its Gramian matrix has a suitable off-diagonal decay and
there exists a corresponding dual frame with the same property then the frame extends in fact to a Banach frame and
an atomic decomposition for a suitable class of Banach spaces. Based on a rather tricky and technical construction
of an intrinsically localized dual frame, this principle has been applied in [29, Chapter 5] to extend «-Gabor-wavelet
L2-frames to atomic decompositions for a-modulation spaces. These Banach (smoothness) function spaces have been
introduced independently by Grobner [33] and Paivirinta and Somersalo [47] as an “intermediate” family between
modulation and Besov spaces. They appear also as particular cases of the spaces introduced by Holschneider and
Nazaret [42, Section 4.2] and Hogan and Lakey [41, Section 4.5], by retract or pull back methods based on gener-
alized Fourier—Bros—lagolnitzer transforms [6] (or flexible Gabor-wavelet transforms as they are called in [20,29]).
Characterizations of «-modulation spaces by brushlet unconditional bases have been given by Borup and Nelson [5]
and the mapping properties of pseudodifferential operators in Hérmander classes on «-modulation spaces have been
studied by Holschneider and Nazaret [42] and Borup [4], as generalizations of classical results of Cordoba and Fef-
ferman [9].

In this paper we shall present a Banach frame and atomic decomposition characterization of «-modulation spaces,
following the intrinsic localization strategy already suggested in [29, Chapter 5]. The result will be achieved first
by describing functions in «-modulation spaces by means of suitable families of band-limited functions and then
extending the result to o-Gabor-wavelet frames by means of general perturbation principles, here applied exploiting
localization properties of such frames.

The paper is organized as follows. Section 2 recalls the concept of frames in Hilbert and Banach spaces. In partic-
ular, the intrinsic localization of frame theory is discussed as a method to extend frames in Hilbert spaces to Banach
frames. In Section 3 we present «-modulation spaces as a generalization of modulation and inhomogeneous Besov
spaces and the localization principles applied to o-Gabor-wavelet frames to characterize them. We conclude with few
remarks and a characterization of «-modulation spaces by pull back of certain weighted L4 spaces (mixed norm
Lebesgue spaces) by the flexible Gabor-wavelet transform introduced in [20,29,42].
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1.1. Notations

We denote with L? (R) the Lebesgue space of measurable functions on R that are p-integrable and with L%, (R?)
the Lebesgue space of measurable functions f such that fm e LP(R?). Similarly are defined the spaces £}, (Z%) of
weighted p-summable sequences. The space S(R?) is the space of Schwartz functions and its dual S’ (R?) is the space
of tempered distributions. We denote with F the Fourier transform on S’(R?) and with FL? the space of distributions
which are images of L? functions under the action of F, endowed with the natural norm || f || 7rr := || F 11 p- For
positive quantities F and G, we will write F < G whenever F(x) < C - G(x) for some universal constant C > 0
and for any variable x. When F < G and G < F then we will write F < G. For any function g on R we define the
operator v by gv(t) := g(—t) for all r € R. The function sgn(x) =1 if x > 0, sgn(x) = —1 if x <0 and sgn(x) =0
if x = 0. The symbol xg denotes the characteristic function of E C R.

2. Intrinsically localized frames in Banach spaces
2.1. Frames in Hilbert and Banach spaces

In this section we recall the concept of frames, how they can be used to define certain associated Banach spaces,
and how to obtain stable decompositions in these Banach spaces.
A subset G = {gg,},,cz¢ of a separable Hilbert space H is called a frame for H if

AlFIB < S e P <BISIR, VfeH, (1
nezd

for some constants 0 < A < B < 0.

Equivalently, we could define a frame by the requirement that the corresponding analysis operator C = Cg de-
fined by Cf = ({f, gn)),cz¢ is bounded from H into 02(Z%) or that the synthesis operator D = Dg = C*, Dc =
Znezd cng&n, 1s bounded from £2(Z%) into H and the frame operator S = DC is boundedly invertible (positive and

self-adjoint) on H. The family G=5"1G:=(s"! 8n)nezd 1s again a frame for H. This so-called canonical dual frame
plays an important role in the reconstruction of f € H from the frame coefficients, because we have

f=8ST1r= (S gulen=5""SF =D (f.gn)S gn- @)
nezd neZd

Since in general a frame is overcomplete, the coefficients in this expansion are in general not unique (unless G is a
Riesz basis, we have ker(D) # {0}) and there may exist many possible other dual frames {g,}, <7« in H such that

f=Y (f @nen
neZd

with the norm equivalence || f || < [[{f, 8 )nez || 2. More information on frames can be found in the book [7]. The
concept of frame can be extended to Banach spaces as follows:

Definition 1. A Banach frame for a separable Banach space B is a sequence G = {g,},,cz« in B’ with an associated
sequence space By such that the following properties hold:

(a) The coefficient operator C defined by Cf = ({f, gn),ez¢) is bounded from B into By.
(b) Norm equivalence:

1 Ils = [ (f: 8n)neze | 5, -

(c) There exists a bounded operator R from By onto B, a so-called synthesis or reconstruction operator, such that
R((f’ gn>neZd) = f

A dual concept and a different extension of Hilbert frames to Banach spaces is the notion of an atomic decomposi-
tion.



4 M. Fornasier / Appl. Comput. Harmon. Anal. eee (eeee) eee—eee

Definition 2. An atomic decomposition for a separable Banach space B is a sequence G = {gn},cz¢ in B with an
associated sequence space By such that the following properties hold:

(a) There exists a coefficient operator C defined by Cf = ((f, gx),cz¢) bounded from B into By, where G =
{&n},eza isin B'.
(b) Norm equivalence:

1115 = [ (f: Endnez | 5,

(c) The following series expansion converges unconditionally:

f=_(f8ngn forall feB.

neZd

In the following we discuss under which (sufficient) conditions and for which suitable associated Banach spaces
a Hilbert frame is also a Banach frame and an atomic decomposition. In particular, this problem has motivated the
theory of localized frames recently introduced by Grochenig et al. [2,30,36,37].

2.2. Intrinsic localization of frames

We want to recall here the concept of mutual localization of two frames measured by their (cross-)Gramian matrix
belonging to a class .4 of matrices with suitable off-diagonal decay and mapping properties. The theory of localized
frames has been introduced in [36,37] and recently developed in [2,30,31]. In particular in case A is a suitable spectral
Banach x-algebra, it has been shown that a localized frame can extend to a Banach frame in a natural way for a
large family of Banach spaces together with its canonical dual. We refer to [30,37] for further information where a
characterization of a large class of algebras of this type is presented.

In this paper we shall work with classes of matrices which are not necessarily algebras. As we will see, this will
cause significant technical difficulties for the characterization of Banach spaces, which we can solve only by the use of
the auxiliary construction of simpler frames and the applications of suitable perturbation results [8]. In the following
we require that:

(A0) A C B(£2(Z%)), i.e., each A € A defines a bounded operator on 229,
(A1) Aissolid:i.e.,if A € A and |by| < |ay| forall k,[ € Zd, then B € A as well.

Let us denote wg(x) = (1 + |x|)* for s > 0, the polynomially growing submultiplicative and radial symmetric
weight function on R, A weight m on R is called s-moderate if m(x + y) < wy(x)m(y). In particular, if m is
s-moderate then m~! is also s-moderate and m (x) < wy(x) forall x € R?. As an additional requirement for Banach
space characterizations, we also ask that any A € A extends to a bounded operator from ¢/, to £, for 1 < p < oo and
for suitable s-moderate weights m. By means of the class A, we can now state the general localization concept.

Given two frames G = {gu},cz¢ and F = {fy} <z« for the Hilbert space H, the (cross-)Gramian matrix A =
A(G, F) of G with respect to F is the Z¢ x Z-matrix with entries

anx = (fx, &n)-
A frame G for H is called A-localized with respect to another frame F if A(G, F) € A. In this case we write G ~ 4 F.
If G ~ 4 G, then G is called A-self-localized or intrinsically A-localized.

2.3. Associated Banach spaces

In this subsection, we want to illustrate how A-self-localized frames can characterize suitable families of Banach
spaces in a natural way. In the following we assume s > 0 and m is an s-moderate weight and that A€}, c ¢f
continuously for all p € [1, oo].
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Let (G, é) be a pai~r of dual A-self-localized frames for H with G ~ 4 G. Assume 2 (z4y < ¢2(Z4). Then the
Banach space HPE (G, G) is defined to be

Hn(G.G) =1 feM: f= (f.@ngn ((f8n)),cpa € th(Z7) 3)
neZd
with the norm I f N4z = NS, &n))nezd ller and 1 < p < oo. Since ¢4 (Z%) c £2(Z4), HJ, is a dense subspace of H.

If ¢2(Z%) is not included in £2(Z9) and 1 < p < oo then we define H), to be the completion of the subspace Hq of
all finite linear combinations in G with respect to the norm ||f||H51 = (£, 8n))pezed ll¢p - If p = oo then we take the
weak x-completion of Hy to define 5, .

Remark. Under our assumptions we have H% (G, G) =HE (G, G). Under the additional assumption that A is a Banach
x-algebra, the definition of HJ, (G, G) does even not depend on the particular A-self-localized dual chosen and any
other couple (F, F) of A-self-localized dual frames which are localized to G generates in fact the same spaces. See
[30,31] for more details.

Then, it is almost immediate to verify the following statement, see [30].

Theorem 2.1. Assume that (3, G) is a pair of dual A-self-localized frames for H with G ~ 4 G. Then G and its dual
frame G are Banach frames and atomic decompositions for Hb (G, G).

3. a-modulation spaces
3.1. a-modulation spaces as decomposition spaces

In this section we want to recall the definition of «-modulation spaces based on decomposition methods, without
introducing them in full generality. For more details we refer to [18,21,33]. In fact the spaces depend on a parameter
o € [0, 1] which is a “tuning tool” to perform a suitable segmentation (decomposition) of the frequency domain as an
intermediate geometry between that of modulation [19,35] and Besov [32,51,52] spaces.

Definition 3. A countable set Z of intervals I C R is called an admissible covering of R if

(@) R=J;ez 1, and
) #{lel: xel}<2forall x eR.

Furthermore, if there exists a constant 0 < « < 1 such that |I| < (1 + |£])* for all I € Z, and all & € I, then Z,, is
called an a-covering.

For an a-covering Z,, one can identify the constituting intervals by means of two maps.

The position map py from Z to R, py : j — pua(j), and the size map s, from Z to R4, 54 : j — 54(j), so that the
map from Z to Zo, j — Ij, 1j = pa(j) + sgn(pa ()0, so (/)] for pa(j) #0, Ij = [—sa(j), s« (j)] otherwise, is a
bijection.

Example 1. (Feichtinger and Fornasier [20]) For b > 0 and « € [0, 1) an explicit example of an a-covering has been
constructed in [20], by choosing as position and size functions

Pa(j)=SgH(j)((1+(l—a)~b-Ijl)ﬁ—1) “
and

Sa(j)=b~(1+(1—a)~b-(lj|+1))ﬁ, &)
respectively. In particular, for « — 1 we have

T = fsen(D((e"V' = 1) +[0,b" VD] g ) U B[, "]}

is again an «-covering and for b = In(2) is dyadic.
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Without loss of generality, we can assume that, associated to an admissible «-covering Z,, one can construct [18,
Theorem 4.2] a corresponding bounded admissible partition of unity (BAPU) ¥* = {¥/{ };cz, in S(R), i.e.,

(D) supsez, 1¥7 1l FL1 < 00,
(p2) supp(yy) C I forall I € Z,, and

(03) Yjez, Vi (§)=1forall§ €R.
Furthermore we define the segmentation operator P} by

PE(f):=F (Y Ff), [€I,, foral feS R). (6)

In the following we will also write 73;?‘ = P}"j and 1//;?‘ = w;"j.

Definition 4 («-modulation spaces, Grobner [33]). Given 1 < p,g < o0, s e Rand 0 <« < 1, let Z, be an «o-
covering of R and let ¥ be a corresponding bounded admissible partition of unity. Then we define the a-modulation
space M4 (R) for g < oo as the set of tempered distributions f € S'(R) satisfying

1/q
1 gy = ( doIPEnl 0+ |w1|)“’> < 00, (7

1€,

with w; € I for all I € Z,,. For g = oo the definition is adapted substituting the £9-norm with the sup-norm over
I € Z,. Let us denote M,* := M5,

Remark. It is not difficult to check that the definition of M3 (IR) does not depend on the particular choice of
{wr}1ez,. As a canonical choice we can assume wy; = po(j) for I € Z,. Moreover, two a-coverings are equiva-
lent in the sense of [21, Definition 3.3]. A proof of such equivalence, even in higher dimension, can be found in [33].
As a consequence the definition of Mg (R) does not depend on the particular choice of Z, [21, Theorem 3.7] nor
on {P}}rez, [21, Theorem 2.3(B)]. In particular, from formula (4), we can assume, without loss of generality, that

Pa(j) = sen()((A + (1 =) -b-[j)TF — 1), pa(0) =0.

Example 2 (Modulation spaces). For @ = 0 the space Mf,"(; (R) coincides with the modulation space M’ ‘;,’ q(R). We
refer to [19,35] for more details on such spaces. They are naturally related to Gabor (time—frequency) frames, as we
illustrate in the following.

The combination of modulation and translation operators

a(\) =M,Ty for)»:(x,a))eR2 ®)

is called a time—frequency shift. Let X be a relatively separated set in the time—frequency plane R? and let g € L%(R)
be a fixed analyzing function. If the sequence G(g, X') = {w(X)g} cx is a frame for L2(R) then it is called a Gabor
frame if X is aregular lattice, non-uniform or irregular Gabor frame otherwise. If g € S(R) generates a (non-uniform)
Gabor frame G = G(g, X) then for any s > 2 the frame G is intrinsically s-localized, i.e.,

(rWg. g)| ST+ —pul)™", Auped,

and, by [21, Theorem 3.6, Corollary 3.7], it has an intrinsically s-self-localized canonical dual G = {&},.cx. More-
over, it is shown in [30,36] that G and G are Banach frames and atomic decompositions for suitable classes of
modulation spaces. This means that

e the frame expansions
f=Y (fLammg= Y (fm()g)é, ©)
reX reX

converge unconditionally in M, (R);
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e the modulation space M' ;] (R) can be characterized by the frame coefficients as follows

1oty = (@), g ey = 105 7 G8)),

h(X)” (10)
Therefore the spaces HE (G, Q~) and M Is, (R) coincide with equivalent norms, where here we have considered m (1) =
m(x, w) := (14 |w|)® as a polynomial weight depending only on the frequency variable.

Inhomogeneous Besov spaces. For « — 1 the space M}Y,’,}] (R) coincides with the inhomogeneous Besov space
B;, q (R). Refer to [32,51,52] for more details on these classical spaces. It is well known [46] that inhomogeneous
Besov spaces can be characterized by expansions of wavelet frames of the type

G ={Txptkez U{Dy-i TV} jeN, kez,

where ¢ is a smooth refinable function and ¥ is a smooth and rapidly decaying wavelet function with enough vanishing
moments.

An application of the intrinsic localization of frame theory to characterize Besov spaces requires a different measure
of localization. In particular, one should work with exponentially localized frames [2,36] as we will see also in the
following. Therefore we postpone this limiting case to be discussed elsewhere.

3.2. Banach frames and atomic decompositions for o.-modulation spaces
Assume « € [0, 1) and that (py, S¢) is a pair of position and size functions. Given the family
G:=0u(8, PasSa» @) = {Mp,(j) D1 ;) Tak8} jez. ke,  a >0, (11)
we want to illustrate under which (sufficient) conditions on the function g one can ensure that G is a frame for L2(R)
and that G extends also to a Banach frame and an atomic decomposition for a suitable family of Banach spaces. We

want also to show that this class of Banach spaces is in fact constituted by «-modulation spaces. To this end, we
discuss the properties of localization of G and then we apply the principles illustrated in the previous section.

Remark. For o = 0 the size function so(j) = (1+|po(j)|)° = const and the position function pg describes a relatively
separated set. Therefore, for « = 0 the frame G is a Gabor frame. For « — 1, the dilation factor is controlled by

' ' ince 21() 2i 21D g i 2L .
s1(j) < (I +[p1(j)D. Therefore, since () < const, the frame G = {e™ 1D "D ;-1 Tur(e” 19 @)} jez, kez is

just a slight modification of a wavelet type frame.
Let us prove first some useful technical lemmas.

Lemma 3.1. Assume s > 1.

(@) Forany0<é§ <1

/(1 +lx—n) G +1x—ml) " de S8+ In—ml)" forallm,neR. (12)

R
(b) For p > 1 define 2, = {x € R: |x| > p}. Then for any s" > % such that s > s’ + % and for any b > 1 we have

(xa, (b —m) (1 + b =) (14 1x —=ml) ) dx < C,(1+ In—ml)™ forallmneR, (13)

o —

where C, < (pr(l F )26 dx) 12 0 for p — +00. In particular, C, < pl/2= (=51

Proof. The statement (a) can be proved with similar arguments as [36, Lemma 2.2]: Denote A; :={x e R: |n — x| <
Inznzl} and Ay ;=R\ A|.If x € A| then |m — x| > In2m| and
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Jasi=a 4 —myTars (54 52) 7 fr-a) o

< 25< f(1 +xl) ™ dx) (8+1n—ml)™

R

[n—=m]|
= and

If x € A then |n — x| >

[ )= o< (14 |n_2m|>_sf(5+|x—ml)_sdx

R
<258~ (/ 1+ 1x/81)" )(6+|n—m|)_s
R
=2S31—S</(1+|x|)“‘ dx> (+In—m|)~"
R
Therefore we have (12).

Let us prove (b). By assumption we have - 2y ¢ L%, This implies that Ly C L2 , and by Young’s inequality
2 2
st/ *L C LZ;O/’ (14)

where s is the convolution operator. The integral in (13) can be interpreted as a convolution: Writing w” (x)
X8, (bx)w_z(bx), we have

(w2 % w) (0 —m) = /(Xﬂp (bx —m)(L+ [px —n)|) (14 1x —m]) ") dx
R

By the continuous inclusion (14), a possible constant C,, can be given by
Cp= ”w ”Lz lw—s ||L2

The norm is given by

1/2
[, = ( [ 1,1+ 102) 7 (1412 dx)

R

1/2 1/2
:b_1/2</xgp(x)(1 +1xl) (L 1 ) dx> < (f(1+|x|)2(‘ S)dx> :

R 2,

Therefore C, S pl/2=6=sh g

Remark. Before proving the main technical lemma of this paper, it is useful to recall some properties of the funda-
mental operators of translation, modulation and dilation, and of the pairs of position and size functions (py, So) We
are going to consider:

1. With respect to the Fourier transform we have the following relations:
FMy=T,F, FIy=M_F, FD;=D,F forx,weR, acRy,
we have also the following commutation relations:

DTy =T, Dy, TiM,=e "*°M,T, forx,w€cR, acRy.
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2. In the following we will assume that the pairs of position and size functions (py, S¢) We are going to consider
satisfy the following properties for |i| < |j|, i, j € Z:
(ps0) pa(j)j 20;
(psD) [pa(DI < 1pa(DI, () < sa());
(Ps2) pa(i)/sq (i) = c(i)i for a suitable (c(i) — (1 —)) =< li|~! for |i| — oo;

| P50 U —sgn(j))
(PS3) (T lsa ) = 1

Of course, the position and size functions in formulas (4) and (5) fulfill these requirements. In particular for (ps3) it is
sufficient to observe that for x € R
Pa()sa(x — 1) Pa(1)54(0)
xot00 p(x = Dsa(@) " pa(@)sa(D) T

with respect to x is negative for x € [1, +00).

’

f Pa(X)se(x—1)

and that the derivative o PeG=Dsa )

Lemma 3.2. Assume 0 <a < 1, yr, vy > 1, a € [0, 1), and let (py,Sy) be a pair of position and size functions
satisfying properties (ps0)—(ps3).
Let {g¢}eez. { fedeez C L' (R) N C(R) such that

lge)Fge@)| S (1 +1x) " (1+1]el) ™, x weR, (15)
[fe@OF fe@)| S (1+1x) " (1+ o), xo0eR, (16)
uniformly with respect to £ € 7. Then,

(a) we have

(M py () Dy, (-1 Tak 8> M py i) Dy 1)1 Tun 1)

't le_a o, _u
Sa (141 — i) 2T 0 (1 4 max{sa (), 50 () }|ksa () 7! = hsa () ]) 72 a7
foralli, j,h,k €Z,
(b) for a suitable system of segmentation operators {73;?‘} jez (6) associated to a BAPU W% = {w;?‘} jez, we have
|(7D?Mpa(j)Dsa(,/)*1 Tak8j» Mp, i) Dy, (i)-1 Tahfi)}
le_a o, _n
Sa F(141j = i) 2 T9" 70 (1 4 max{sq (), sa ()} [ksa () = hsa(@7'])7? (18)

and
(P§ My, () Dy, (jy-1 Tak 85 P Mp, iy Dy iyt Tan £i)|

<a F(1+1j — i) TS0 (1 4 max{sa (@), sa ()} ksa ()™ — hsa) 1) % (19)

foralli, j,h,k €Z;

(c) let us consider p > 1 and ¢ € C°(R), supp(p) =[—(1 +¢),1 + €], with ¢ = 1 on [—1, 1]. Define (g¢), =
f_l(go(ﬁ)}"gg) a band-limited approximation of g, and gf = g¢ — (g¢)p- For y} >landyr > y} + v +3/2,
ifa=a(p) = p~', then

(M () T (1y=1 4 P (1)1 87 Mpy) Ty 1-1 Dsg i) fi)]

Yt

2 (20)

<D (1+1j — i) 2T 7D (1 4 max{sq (). 50 ()} s ()" — hsa (D))

foralli, j,h,k eZ, where D, — 0 for p — o0, uniformly with respect to i, j, h, k € Z.

Proof. Let us start showing (a), and, in particular, the case j > i > 0; the other cases can be shown with similar
arguments. We observe that
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(M py (1) T (=14 Do (1)1 85> M) Ty (1)1 Dy -1 13|
= UM _tsos (1)~ Tra)) PsaDF 85> M—anse (1)1 Tow(d) D) F 1)

= f(TpamDsa(;)fgj(w))( Ty Dy F fi (@) e 2ri@seD 7 =hsa@™ D)o g 1)

R

Step 1 (Frequency localization). From (21) we have an estimation of (17) in the frequency domain:
|<Mpoz(j)Dsa(j)’l Tak8j> Mpy i) Dy, (1)1 Tahfi)|
< / | Tpu (1) D D F 8 (@) Tpyy ) Ds () F fi (@) | dew
I 12 ® = pa N[\ ®— pa() [\
<f 14 | — == 14 |——= d
~ <Sa(j)sa(i)> R/< ‘ sa(J) D < ’ 8o (i) ) @
1/2 NI\ TV i i i N

=< ) /<1+ ©__ pa)) ) <1+ ©_Sa() _ Sal]) Sui) pald) ) o

Sa(])sa(l) 2 sa(]) sa(]) sa(]) Sq (1) S (i) Sa(]) S (D)

12 NI\ VS i NI\ VS

_ <s (])) <1+‘w_ pd{)‘) (1+Sa(].) w_ Pe® )

5q(1) sa(j) sa(0) sa(J)
_ (sam)m <1+ ‘w_ pau)D‘W(H ‘w_ Pali) )‘Vf o, @)
~ A\ s (D) sa(J) S0 (J)

By property (ps3) we have also that

Pa(j) _ pPall) (l)

$a(j)  Sa (l)
This implies, by property (psl), the following inequality:
Pa(j) _ Pa)| _ Pa(j) _Pa(®) _ Palj) _ pali) _
sa(i)  sa@ | sa() sal) T sa() Sa(h)
An application of Lemma 3.1(a) and this last inequality give

Pali)  pal)
sa(j) sa(J) )

Pa(j) _ Pa(i)
sa(J) s (J)
Pali)  puli)
S (J) Sor (0)

:
)

N 12
Sot(])
M p () Dy iy Tak > Mpo ) D,y Tan fid| S (S (i)) <1+
o

sa(D\'?
S(Sa(i)> <1+

< (1+ |x —y]) forall x, y € R, we have by property (ps2)

| <Mpa<j)Dsa<j>fl Tak8j» Mpq (i) Dy i1 Tan i)
S+ —i)T D14 1j—i)) " =(141j—if) @ 23)
Step 2 (Time localization). From (21) we have an estimation of (17) also in the time domain
[ (M) Dy, jy-1 Tak 8 Mpa i) Dy, iy Tan )|
< (D1 1il) # (D, 5y 11851) ™ (@(ksa (D ™! = hsa(D 7))
< (sa(j>sa(i>)”2f(1 + 52 (N = 20)]) 77 (1 + [sa@)x]) " dux, 24)

R
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where y = a(ksq(j) ™! — hse(i)~!). By a change of variables and Lemma 3.1(a), formula (24) can be expressed and
then estimated by

sa (D)
<sa(z’)) /<1+
R

AN\ 12— ; —Vi
=<Soz(])> [(Soz(l) +|sa(i)y—x|> (1+|x|)—thx
R

] ( 3 x ~—V . v
D\ =5 (L+|x])" dx

s (@) sa(J)
v (Sa DY T (5a DT (50D N
S (U1 —il) (—) : =+ [sa i)y
( ) s (i) sa(i) sa(J) s/
S+ =i T2 (14 [sa()y]) 7 (25)
Step 3 (Time—frequency localization). By combining formulae (23) and (25) and assuming a < 1, we have

2
M (1) Tasa 1k P (18> Mpa ) Taesy (iy-1-0 Dsg i1 1)
S+ 17— i)™ (14 amax|sa (), 50 ()} ksa ()™ = hsa()1]) ™
Sa (41 —il) 9" (1 4 max{sq (i), sa () } ks () ™! = hse () 7']) 7"
In order to show part (b), we observe that
F(PF M) Tarso Gy 4P (-185) = V5 Tpu)M ks ()1 Psu () F 8-
Without loss of generality, by similar arguments as in [18, Theorem 4.2], we can assume w;‘ =sa ()2 Tpq(j) Dsq( j)q);’-‘,
with
¢ (D F% (@) S (14 Ixl) 77 (1 + [o])
for all j € Z and x, w € R. Therefore
f(’leMPa(j)Ta-sa(j)*l-sza(j)’lgj) = Tpu (DM _aksy (j)-1 Dsa () (‘Pj'l]:gj)‘
If |Fgj(w)| S (1 + |w|)~7/, then |(p?[]:gj(a))| < (1 + |w])7Y, uniformly with respect to j € Z. Moreover, by
Lemma 3.1(a), we have
[F @ Fep) | < (14 1xD) 7"

uniformly with respect to j € Z. At this point one can conclude the proof of (b) by an application of (a).
Let us now show the last statement (c). First of all observe that

el

|87 ()] < |ge )| +](g)p )| < |ge )| +

and
p(1+e) (1+¢)
‘f—lgo(;)(x)‘: / w(%)ez’”'“’ww =p f (@)™ doo| < p(1+1px]) "
—p(l1+¢) —(1+¢)

<p(1+Ix])".
By combining these two inequalities and applying Lemma 3.1(a) we have
g7 )| < p(1+1x1) 7" (26)

Moreover, we have also the following estimate in the frequency:

|Fgp ()| = ‘fgz(w)(l — w(%))‘ Sxe,@)(1+ o). 27)
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Estimates (26) and (27) yield
|87 () F gy @) S p(1+1x) " xe,@(1+]0]) ™, xwekR

Similar to the computations done for part (a) of the lemma, one obtains

(M, (j) Dy, jy-1 Tak 8] s Mpa i) Dy, iy-1 Tan 1|

s (j) 1/2/ ( pa(j)>< ‘ pau)DVf( sa(j)‘
< — 1 — 1
(sa(n) J T s L T T |”

if0<i<j,and

(M pq(j) Dy, (jy-1 Tak 85 s Mpy i) Dy, iy-1 Tan fi)|

_ (sa(n)”z/m (saa) (w_ pa<j))>(l+ sa@| pamD‘V
T\ ST ) sa (i) saD | sali)

i. In both cases one can apply Lemma 3.1(b) and conclude, as in Step 1, that

if0<j
I

where C,, S

<
A@uﬂDhUrJ@g?A@MDDMm4zmﬁﬂgcbu44j_i07:mﬂ@

p1/2—(w—y})

‘(Mpu(j)Dsa(j)*lTakgf’ Mpm(i)Dsa(i)*lTahfiH So(l+1j—il) T (V[_lm(

Again, combining the last expressions we have

((Mp,(j) Dy, )1 Tak 8l s Mpg i) Dy, iy Tahfi>|2

0
5o ()

;
<1+‘a)

_—
) do,

_ Pa (@)
8o (1)

< pCpa 7 (141 — i) T07 777 (1 4+ max{sa (), 50 ()} [ksw () ™" = hsa )™ [) 7"

-1

Since we assume a = a(p) < p~ ', one finally has

(M p, () Dy, -1 Takgf, Mp, i) Dy, iy-1 Tahfi)’2

< PPIIITID (11— i) T (1 maxsu (), 0 ()} s () = s 71) 7

and Df) = p3/2+7’_(yf_y.,f) — Oforp— +oo. O

Inspired by the results of the previous technical lemma we state the following definition.

(28)

—Yr
) do,

. Moreover, proceeding as in Step 2, and using the estimation (26), one obtains

1+ ‘max{sa(i), Sa(j)}yy)_%‘

Definition 5. For « € [0, 1), y, n > 1, we define the class of the (e, y, n)-off-diagonal-decaying matrices Ay, , on

72 x 77 as follows. A matrix A = (@jk,in)i,jhkez € Aa,y,y if and only if

lajkinl <K(1+ (1 —a)|j— il)‘ﬁ (1 + max{se (i), sa ()} ksa ()N ™" = hsa (™) 7",

for a suitable constant K > 0 which is independent of 7, j, h, k € Z.

Remark. Observe that, for o = 0, this class of matrices is a Banach x-algebra, see [36,37,43], typically arising in the
localization theory of Gabor frames, see Example 2 and [30]. It is also known that, for the case o« — 1, the matrices

localized by

geanl < Ke (1 4+ maxfel e ke — el ]) "

cannot form an algebra, see, for example, [10,45]. This class of matrices typically arises in the localization theory of
wavelet frames. In general, for « € (0, 1) it is not yet known whether A, , , can be an algebra. Interesting related

results can be found in [42].
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In order to use the localization concept for the characterization of Banach spaces, we should show that the matrices
belonging to the class Ay, 5., can be bounded on suitable weighted £7 (Z?) spaces.

Proposition 3.3. Let a € [0, 1), y, n > 1 be fixed. Then any matrix A € Ay (1—a)y., extends to a bounded operator
from 0272y 10 08 (77) for all p € [1, oo] and for any s-moderate weight m(j, k) := m(j), depending only on the
first index, 0 < s < y — 1. Moreover, one can estimate the operator norm by ”A”lﬁ,—%lfl < K, where K is the constant
appearing in Definition 5.

Proof. We first show that A is bounded on Z}n (Z*) and on L (Z?%), and then we conclude by interpolation the bound-
edness on % (Z%). For ¢ € Z,; (Z%), we have

||AC||/@}n(ZZ)
SK DY < D+ 1j—il) 77 (1 + max{sa Q). s ()} [ksa () —hso,(i)—1|)"’|ci,h|>m(j)
Jj.k€Z \i,heZ
=Ky Y (1+1j— i|)—ym(j)<z<z(1 + max{sq (i), 5o (j) }[ksa ()" —hsa(i)—1|)‘">|ci,h|>
Joi h k
SKY Y (1+1j —i|)Vm<j)(Z< /(1 + max{sq (i), 50 (j) } x50 () ™ —hsa<i)1|)”dx>|c,-,h|>
joi h \ g

<K ;lZ(l +1j - i|)‘ym<j><z< /(1 - |x|)‘”dx) |ci,h|)

h \gr
SKY D (1+1i—il)” (Z |cl~,h|)m(j).
joi h
Let us denote d; := (Zh |ci.nl). Of course d = (d)iez € @}n (Z) and by [36, Lemma 2.3]
lAclly < K Z(Z(l +1j— il)ydi>m(j> SKY dim(j)=Kllcllg 2.
- ,

i J

Similarly one can show the boundedness on £5° (Z*).Forc € 0 (Z%), we have

1Acl o z2) S K i‘j‘;( Do (117 —il) (1 + max{sq i), 50 ()} [ksa ()" = e ()7 })"|c,-,h|>m<j>
JREEN i her,

<K squ(l +1j— il)_ym(j)(sgp Z(l + max{sq (i), Sa(j)HkSa(j)_l

J i h
— hsg (i)™} |)"7|c,~,h|>.

Since we have already shown that

sup > (1 +max{sq (1), sa (/) } ks ()~ = hsa ) ) " <1,
L

then
el S K sup (117 = il) 7 m(( supleinl).
i 5 h

Again, let us denote d; := (sup, |c; »|). Of course d = (d;);cz € £5°(Z) and by [36, Lemma 2.3]
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lAcley S K su_p(Z(l +1j— i|)‘yd,->m(j> < K supdjm(j) = K |lcllgso (22
J J

i

One concludes the proof by interpolation of €5, (Z?) spaces [3]. O

Finally, we have developed all the technical tools in order to show the main result about Banach frame and atomic
decomposition for a-modulation spaces as follows.

Assume s > 0 and « € [0, 1). We say that g € L' (R) N C(R) is (s; a)-localized, if, for some y} >2(1+ ﬁ) +
==V Ve > 2,and yy > V} +y +3/2,

g Fg@)| S (1+1x) " (1+]el) ™, xwekR (29)

Of course, Schwartz functions are (s; «)-localized for all s > 0 and all @ € [0, 1).

Theorem 3.4. Let o € [0, 1), s € R. Assume that g € L'(R) N C(R) is (|s|; a)-localized, Fg(w) # 0 for w € 20 =
[—1, 1] and that (py, S¢) is a pair of position and size functions satisfying conditions (ps0)—(ps3). Then, there exists
0 < ap < 1 small enough such that for all 0 < a < ag the family

G :=0u(8, PasSa, @) = (Mp, (jy D1 () Tuk 8l jez. kez (30)

(@) isa .Aa )4 -self-localized frame for LZ(R);

N A=t

(b) is an atomic decomposition for the a-modulation space M;+a(l/p_l/2)’a forall p e[1, oc;

(c) is a Banach frame for the o-modulation space M;+a(]/p71/2)’a forall p e[1,00].

Proof. The statement (a) is a direct consequence of an application of [20, Theorem 1] and Lemma 3.2(a). Let us show
(b) and (¢).

The proof is developed as follows: First we show that for a band-limited approximation g, of g the system

Gu(8ps Pas Sa, a) forms a Banach frame and an atomic decomposition for Mf,w(l/ p=1/2). and then we extend the

result to Gy (g, pa, Sa, @) by the application of the perturbation results [8, Theorems 2.2 and 2.3].
Denote A := Aayl—Ta(yf_%yt)’y%. Let us consider p > 1 and ¢ € C°(R), supp(p) = [—(1 + &), 1 + ¢], with
¢ =1 on [—1,1]. Define g, := ]—'_l(go(;)}'g) a band-limited approximation of g and g :=g — g,. If f €
Mls,+a(l/ p=l/ 2)")‘(R) then, for j € Z, 77;‘ (f) is an L?(R) band-limited function and, by classical theorems on se-
ries expansions of band-limited functions (see also [24], [28, Example 5]), there exists a = a(p) =< p~! such that
PYS) =D (P f Mpy(jy Dyt 5y Tak @0 )M po () D1 ;) Tak 8o G3D
keZ

where g, = ag is a well-decaying band-limited dual function with 7gFg = 1 on §29. Moreover, we have
e -
sa ()2 | PFONG = DI P Mpyy Dy ) Tako)| (32)
keZ

for p < oo and similarly we have the equivalence for p = oo. In particular, since 73;?‘ f is band-limited and recalling

that a = a(p) < p~ !, we have
D N PIMp(y Dyt 5y Tak@o)l” = D I(DsatyM—p(yP5) £ Taro)|
keZ keZ

=a” Y |(Dsy(hyM—p,(yP§) f % &" (ak)|”
keZ

S M (Dsu(yM=p(pPH) F 87| S s ()T IPE O
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uniformly with respect to p > 1 (see also [24], [20, Theorem 4, Remark 2], [28, Example 5]). Here we have used the
fact that for an LP-band-limited function A, ||(h(ak))rezller < Ca='/P I7]l ». The usual modifications apply for the
case p = 0o. By an application of [20, Theorem 1] or [28, Theorem 14 and Corollary 17], the systems

Gp = Mp, (D1 Tak8odjez. ke and G 1= {P{Mp, Dy TakBp) sz gen (33)

constitute a dual pair (G,, ép) of frames for L?(R). By Lemma 3.2(a), (b) G, and g} are A-self-localized and
Gp~A C;p. Therefore, by Proposition 3.3, it makes sense to define the abstract Banach space H,’,Zw (Gp, Gp), where

mso(j, k) i =mso(j) =0+ A —a)|j]) o . By Definition 4 and (32), we have the equivalence of norms
”f” A+a(———)a = ” ((f P MPOt(J)Dsa (j)Takgp»j,keZ ||Zf:,5_a(22) = ||f“7'lr’:l&a(gp,g~p)' (34)

. . . . . . sta(s=h),

It is not difficult to see that the space of linear combinations of elements of G,, is in fact dense in M ;, T2 (R) and
= +a(L-1), . . . .

hence we have Hf,im (G, Gp) = M:, R (R). In particular, by Theorem 2.1, G, is an atomic decomposition and a

+a(g—3%)

’a . ~
(R). Recall here that g” = g —g,,. Since ||({f, P?Mpa(j)DS(;l(j)Takgp))j’kGZ”Zz&a @?)
< B £l o +a( L dyas where B > 0 is uniform with respect to p, to show (b) it is sufficient to verify that for all £ > 0

Banach frame for M ;

there ex1sts 0o > 0 such that for all p > pg, a = a(p) < ,o_1 and for any finite sequence ¢ = (cj k) j kez of scalars

Y cikMp,yDyoijy Targ” o <elellg, - (35)

. 1
J+a(ﬁ—§).a

Jj.keZ M,

Then one can apply [8, Theorem 2.3]. By the equivalence of norms (34) for some fixed p* > 1 we have

. . P
> CjeMp(pDogryTarg”™| |
j.keZ M, P

~
=~

< Z ¢jk{Mp,(p Dyt ;) Takg” P MpOt(i)D‘yal(,-)Tahép*))
i,h

JokeZ 7
By an application of Lemma 3.2(c) and Proposition 3.3 we have
Z ijkMPa(j)Dsa—l(j)Takgp el L)
j.keZ M, 72
Le_a o, 0 . . o T4
<D, ( S (1 = il) 2T (14 max(sa (), 50 ()} [ksa () = hsa ()7]) T2 |cj,k|>
JjkeZ ihllef,
S/ D,OHC”@,’,’”,M
Since D, — 0 for p — +o00, one shows (35).
Let us show (c). First we have to observe that, by a direct computation, the operator S defined by
S =) ¢jaPiMp (D1, Tk (36)
Jj.keZ
: poo +a(y—1) . .
is bounded from ¢, , into M, p (R) uniformly with respect to p > 0 and a = a(p). Indeed, we have
P )4
p ~ . spta(l-5%5)
||S(C)|| A+O((1 7)0, = Z P;x/( Z Cjak’P?MPot(j)Dsal(j)Takgp) (1 + |pa(]/)|) :
®)  jez j.keZ p
. +a(l-5
= 2| PP My (D ) (ch kTakgp> (14 [P 702
J' ezl jeZ keZ
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p

L2 PP Mpaw')Dsu(j)(ZCf,kTak§ﬂ> (1+]pa (i) 70D
Jj'€Z j: PI‘?‘PJE",;éo o )
p
ST X )| ek (a0
j'€Z j: PJ‘?‘PJE"/;éO keZ »
p
= Z Z SOl(j)pTi2 aZC,j,kTakg (l + |pa(j/)|)5p+a(1—§)
J'€L j: PEPE#0 o ,

xp+a(1—§)

< 3 s T alejn]

J'€L j: PP

Sa Y |kl oizymsaiH? <lel?, .
j’eZ ms, o

ZJ(Z)(I +[pa (/1))

The first and the last inequality hold because the sum over {;: PJ‘?‘ PJ‘.’i # 0} is uniformly finite. Moreover, we have

used || D" diTuk&llp S a'’P=1|d||¢». Then it is sufficient to observe as before that for all & > 0 there exists po > 0
s+a(%—%),a

such that for all p > po, and a = a(p) < p~! and for all f M,
[Cf- Moy D1y Tas") il e, SENFN svach—re (37)
p

since [ = Zi,h cj M a(i)Dsgl(i)Tl‘hgﬂ* with ”C”‘ZZS,Q = ||f||MHa<%7%),a. These conditions are then enough to ap-
4

ply [8, Theorem 2.2]. O

Remarks. 1. In the proof of the previous theorem we have used the rather general and abstract results [8, Theorems 2.2
and 2.3]. Of course, it is possible to keep the argument more concrete. In particular, it is not difficult to show that the
operator

Sof =Y (fPIMp,(n Dyt jy Tak&p)Mpu () Dyt Tak8
J.k

1 1
a(d-1)a

+
is bounded on M; i . By Lemma 3.2 and Proposition 3.3 one can even show that for p > 0 large enough

”I - Sp”Meroc(%f%),a*)M?»a(%f%).a <L

p );

+a(3—3)@

This implies that S, is boundedly invertible for p > 0 large enough and that for all f € M; we have the

unconditional convergent expansion

—1 —1\* ~
f=5p5, fZZ(f’ (Sp ) P?Mpa(j)Dsa—l(j)TakgP>MPa(j)Ds;1(j)Takg-
J.k

2. The assumption Fg # 0 on £29 = [—1, 1] is technical and it is essentially a non-vanishing condition. We expect
that it can be removed.

3. Theorem 3.4 is a generalization of [35, Theorem 13.5.3] and [36, Theorem 5.2] (see also [30]), corresponding to
the case o = 0, where Gabor frame characterizations of modulation spaces have been given. We conjecture that The-
orem 3.4 can be formulated for the case « — 1 to characterize inhomogeneous Besov spaces Bf,_l/ p=l/ 2(IR). Since
limy_1mg o (j, k) = e’lJ1, we expect that the extension of our theory to the case a — 1 should involve exponentially
localized frames as described in the previous Remark, see also [36]. Interesting results in this direction have been
suggested by Cordero and Grochenig [2] for the wavelet frame characterization of homogeneous Besov spaces.

4. Theorem 3.4 extends to the frame characterization of M5 (R) for p # g, just considering Zf;’fa spaces instead

of Zﬁ,s‘a. In fact, similarly to Proposition 3.3 and by applying standard arguments of complex interpolation of mixed

norm sequence spaces [3], matrices in Ay, (1—qa)y,5 are also bounded on E,’;fa (Zz) for suitable s.
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5. Lemma 3.2 is strongly dependent on the particular geometry of the a-covering determined by (py, ) on the real
line. We expect that the approach illustrated in this paper can be useful also for a frame characterization of M;,’fz (RY)
for d > 1, with major technical difficulties.

3.3. a-modulation spaces and time—frequency transforms

In several relevant contributions, for example [1,6,9,20,27,29,40-42,49,50], an “intermediate” time—frequency
transform between wavelet and short time Fourier transform is considered.

Assume « € [0, 1] and ¢ > 0. For any g € L*(R) \ {0} and for f € L2(R) we define the flexible Gabor-wavelet
transform (or a-transform) by

V(N w) =, TxMch(l+|a)\)’°‘g):/f(t)TxMch(l-i-\wD*O‘g(t)dta x,weR. (38)
R

The transform can naturally extend to distributions whenever g € S(R). For & = 0 the transform Vg"‘ coincides with the
well-known short time Fourier transform, while for @ = 1 it is a slight modification of the wavelet transform. In partic-
ular, the intermediate case o = 1/2 is the Fourier—Bros—Iagolnitzer transform [6]. In [42, Theorem 4.4] Holschneider
and Nazaret proved a characterization of L?-Sobolev spaces by pull back techniques based on «-transforms. For a
suitable choice of g € S\ {0} (for example the Gaussian) we have

f € H*(R) ifand only if Vg"‘ (f)e Lﬁl (Rz), 39)
where m(x, w) = (1 + |w|)*, x, w € R. In particular the following equivalence of norms holds:
1y =< Ve | 12 gy forall £ € H (R). (40)

Inspired by this characterization, they introduce a more general class of Banach spaces [42, Definition 4.7]. For a
suitable choice of a Banach function space B on the time—frequency plane R? one can define the space of distributions
on R given by

B(R) ::{feS/(]R): V;‘(f)eB}, 41
endowed with the retract norm
IfllB® = |V ()] 5- (42)
A similar approach can be found in [41, Section 4.6] where generalizations of modulation spaces are introduced
by Hogan and Lakey.

We want to observe here that, for the choice of B as a certain weighted Lebesgue mixed norm L?-9 space, the cor-
responding B(R) space is an a-modulation space. In fact, since f € M} 5 (R) if and only if  f € D(Z,, FL?, ),
the decomposition space subordinate to the covering Z,, with local component FL?, and global component €7, (Z,)
(see [18,21,33] for details), by an application of [18, Theorem 4.3] one can show the following:

Theorem 3.5. Assume s € R, ¢ € [0, 1] and 1 < p, g < 0o. For a suitable band-limited g € S(R) \ {0}

My Ry = { f e S'®R): VE(f) € LI (R?)). 43)
Moreover, the norm of M;,ﬁ,a(l/ =1/ 2)")‘(]R) can be equivalently expressed by
a/p 1/q
||f||M;Ea<1/q_./z>,a(R) = </< /|V;(f)(x,w)}l’dx> (1+ o)™ da)> (44)
R ‘R

forall f € M;La(l/q_l/z)’a(R). For p - g = 0o the usual modifications apply.

A detailed discussion on the relations between continuous and discrete characterization of «-modulation spaces is
given in [11], in the context of recent generalizations of the coorbit space theory [12,13,31].
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Fig. 1. «-modulation spaces.

3.4. Equivalence of frames and o-modulation spaces

As we have seen, qualities of frames can be observed by studying their associated Banach spaces. Therefore, the
“differences” between associated Banach spaces can be considered as a “measure” of the different analysis that two
frames perform. The results in this paper can be interpreted as a qualitative study of the “degree of difference” of the
analysis performed by Gabor and wavelet frames (Fig. 1).

Let us conclude recalling in the following some of the relevant results related to inclusions of «-modulations
spaces, investigated by Grobner [33]:

Theorem 3.6. If 1 < p,g <00, s eRand 0 < o) <oy < 1 then

My 2 (R) € My (R), hw@, 45)

M;’»?II (R) CM;’:;(Z(IR)7 S’:s—(l —_ l/q)(az_al). (46)
In particular, for ap = 1 and a1 =0,

By (R) c M5, (R). (47
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