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Introduction

Compressive algorithms (CA) are a new approach to efficient computing and take advantage of the property
of solutions of certain PDEs and variational problems to be characterized by few major features which are
recovered by adaptive nonlinear iterations. CA are fast, tend to use minimal number of degrees of freedom,
and are simple. CA are very successfully applied in several problems. Their numerical analysis is challenging.

Scope of problems

e Optimal adaptive frame solvers (e.g., PDE solutions with limited smoothness): the solution u* has a
compressed expansion u* = » yuyyy wrt. aframe U = {¢} (e.g., wavelets, shearlets) constructed,
e.g., on overlapping domain decompositions |[1-3].

Let Q C R? Lipschitz domain. H Hilbert space, H C Lo(Q) C H' Gelfand triple. £ : H — H’ lin-
ear, elliptic operator. Task: for f € H’, solve adaptively Lu = f, when u has limited Sobolev smoothness.

For the discretization, choose a frame W = {9y} ep for H, ie., Lu* = f=Lu" =f,
| f Lz =< 11 (9)]|g,, in particular F* : by — H :c— W, F: L= (LU, ),
H — 0y u— (u, V) are bounded. f.=(f V).

For H = HS(Q), reference Riesz basis U HS(D), 0= (0,1)% . w [t

overlapping decomposition Q@ = > 1 QK 0 O — Q;, C™- / Q,

diffeomorphisms, m > t; appropriate lifting yields frames W = \AS
:L:l \Ijl \UD \_/(

e Sparse recovery in inverse problems (e.g., image restoration, tomography): the regularized solution is
assumed to have a parsimonious expansion u™ = ) y uy®y wr.t. aframe W = {9y} [4-9], the problem is
regularized by an £1 or TV constraints:

* : 2
u =arg min |Lu—f|54+ 7|ully,, 7>0.
Jmin ([T — 15 4l

o Free-discontinuity problems (e.g., image segmentation, crack identification via Mumford-Shah functional

minimization): the solution u* € SBV () is assumed to be smooth except on a small discontinuity set

Sur [8-9]:
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(approx. via adaptive finite elements).
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General Approach and Tasks

Compressive algorithms are formulated by thresholded gradient iterations [1-3,8-9:

1 u(n—|—1) _ H%(u(n) 4 L;'fb(f . Lnu(n)))’
L, — L,
L v = (7n)n sequence of shape parameters .
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e H. acts componentwise as a thresholding function (e.g., soft, hard,
firm-thresholding), penalizes small/promotes big components, de- ™
pends on the problem, and on the shape parameter +;
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e the operator L is adaptively approximated by Ly;
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Main Task:
[dentify the shape parameters v = (v, ), and adaptive approximations L, which realize the best
trade-off between rate of convergence and complexity.

Accelerations

e [n inverse problems, a concrete recipe [4] to identify good shape parameters v = (v,)p is by construction
of a suitable (convex) set K and a projection map P g such that P (u) = Hy(u), v :=~(K,u). This
leads to the following accelerated projected gradient/steepest descent iteration, which can be several times
faster:

u(TH—l) — PK(u(n) + L;;(f . Lnu(”)))’ 1 P = I/1IR]
L, — L,
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e By splitting the index set A = Ay U A9, domain decomposition/subspace correction strategies [5] can be
formulated:
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e The Poisson equation on the L-shaped domain is solved with optimal rate and complexity by adaptive
wavelet frame algorithms [2-3]:
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Noisy signal Mumford-Shah minimizer via iterative thresholding
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Comparison between original and computed solution Gradient of the computed solution

Future Work

e Rate of convergence and complexity estimates

e Convergence analysis for nonconvex problems, e.g., the Mumford-Shah functional

e Definition and construction of optimal splitting in domain decompositions

e Further accelerations by randomization and probabilistic convergence rate estimates

e Innovative approaches to PDE solution with discontinuous fronts, crack identification in fracture mechan-
1CS.
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