IMA Journal of Numerical Analysi€005) Page 1 of 24
doi: 10.1093/imanum/dri017

Adaptive Frame Methods for Elliptic Operator Equations: The Steepest
Descent Approachs

STEPHAN DAHLKE, THORSTENRAASCH, AND MANUEL WERNERY

Philipps-Universiat Marburg, FB 12 Mathematik und Informatik
Hans-Meerwein Stral3e, Lahnberge, D-35032 Marburg, Gegman

AND
MASSIMO FORNASIERE

Universiia “La Sapienza” in Roma, Dipartimento di Metodi e Modelli Matatici per le
Scienze Applicate
Via Antonio Scarpa, 16/B, I-00161 Roma, Italy

AND
RoB STEVENSONS

Department of Mathematics, Utrecht University
P.O. Box 80.010 NL-3508 TA Utrecht, The Netherlands

[Submitted in February 2006]

This paper is concerned with the development of adaptive numericabaefor elliptic operator equa-
tions. We are particularly interested in discretization schemes based etetvirmames. We show that
by using three basic subroutines an implementable, convergent scharbe derived, which, moreover,
has optimal computational complexity. The scheme is based on adatetdest descent iterations. We
illustrate our ndings by numerical results for the computation of solutidrth® Poisson equation with
limited Sobolev smoothness on intervals in 1D and.eshaped domains in 2D.
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1. Introduction

In recent years, wavelets have been very successfullyappiseveral tasks. In signal/image analysis/
compression, wavelet schemes are by now already well-getapd convincingly compete with other
methods. Moreover, wavelets have also been used in nurhanalysis, especially for the treatment
of elliptic operator equations. Current interest focuseshe development cddaptivediscretization
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schemes. Based on the equivalence of Sobolev norms andteeiggquence norms of wavelet expan-
sion coef cients, convergent adaptive wavelet schemewesigned for symmetric elliptic problems
(see Cohen et al. (2001); Dahlke, Dahmen, Hochmuth and &&#m@997); Gantumur et al. (2005)) as
well as for nonsymmetric and stationary nonlinear problésegs Cohen et al. (2002, 2003); Gantumur
(2006)).

Although quite convincing from the theoretical point ofwieso far the potential of adaptive wavelet
schemes has not been fully exploited in practice for thefalg reason. Usually, the operator under
consideration is de ned on a bounded domain or on a closedfatdnso that a construction of a suit-
able wavelet basis on this domain is needed. There existdyspaoeral constructions such as those by,
e.g., Canuto et al. (1999); Cohen and Masson (2000); Dahm&ehneider (1999a,b); Harbrecht and
Stevenson (2006); Stevenson (2006). Unfortunately, nétieese bases seem to be fully satisfactory
in the sense that, besides their relevant virtues, they feakonable quantitative stability properties.
Moreover, the constructions in the aforementioned refesiare all based aron-overlappinglomain
decomposition techniques, most of them requiring certatching conditions on the parametric map-
pings, which can be dif cult to satisfy in practical situatis.

One possible way to circumvent this bottleneck is to useghtli weaker concept, i.e., to work with
(wavelet) frames. In general, a sequehces f f,gnon in a Hilbert spacéd is aframefor the Hilbert
spaceH if - -

2 Q Thf.fi 2 2 . .
Ar kfki 6 @ hf;faiy “6 Bg kfkf ; forall f2H ;
n2N

for suitable constants® Ar 6 Br < ¥ (see Christensen (2003); Daubechies (1992) for furthaildgt
Every element oH has an expansion with respect to the frame elements, buéxpsnsion is not
necessarily unigue. On the one hand, this redundancy mae gaoblems in numerical applications
since it gives rise to a singular stiffness matrix. On theeotrand, it has turned out that the construction
of suitable frames on domains and manifolds is a much sintplr compared to that of constructing
stable multiscale bases (see Dahlke et al. (2004); Stendi2883)). The idea is to write the domain
or manifold as amverlappingunion of subdomains, each of them being the smooth parametsige
of a reference domain. By lifting a wavelet basis on the mfee domain to the subdomains, and
taking the union of these lifted bases, a frame is obtainege 1 their nature, we refer to such frames
asaggregated wavelet framesn recent studies, it has been shown that, despite the singtiffness
matrix, a damped Richardson iteration can be generalizéigetaase of frames in a very natural way
(cf. Dahlke et al. (2004); Stevenson (2003)). Then, by usiimgbasic building blocks of the adaptive
wavelet algorithms in Cohen et al. (2002), an implementablé asymptotically optimally convergent
version of this scheme can be constructed.

This paper follows similar lines and can be interpreted asctintinuation of the studies in Dahlke
et al. (2004) and Stevenson (2003). Instead of using theicksRichardson iteration, here we are
interested in the steepest descent method. As we will shaw,this method again an asymptotically
optimally convergent scheme can be derived. Its main adgaris that it releases the user from the task
of providing a value of the damping parameter, as in Riclardsmethod, which is close to the optimal
value. This, however, requires an accurate estimate ofattges$t and smallest non-zero eigenvalues
of the stiffness matrix; in the case of a frame the smallesi-zero eigenvalue is hard to compute.
Although the steepest descent method requires more cotigmateffort per iteration, in our numerical
experiments it is as ef cient as the Richardson iteratiororébver, in case the damping parameter in
the Richardson iteration is not chosen optimally, then thepest descent method can even outperform
the Richardson iteration, see Section 4.

The optimal complexity of the algorithm presented in thipgrarelies on a technical assumption
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on the boundedness of the orthogonal projector onto thesrahthe discretization matrix in suitable
Lorenz spaces. Although it has been veri ed in a special dhseproof of the boundedness property in
its full generality is still an open problem. Nevertheldas® numerical experiments presented in Section
4 strongly indicate that this assumption is really valid.

The steepest descent method for the adaptive solution ofta+-dimensional systems has also been
studied in Canuto and Urban (2005), however, there the teesiné restricted to the case of bases,
whereas we are concerned with frames here.

In this paper, we con ne the discussion to adaptive scherassdon wavelet frames. Nevertheless,
let us mention that the recent studies by Dahlke et al. (2a6é)Dahlke et al. (2004), Section 7, show
that the adaptive strategies can also be carried over toid@matrix equations in a Jaffard algebra.
In this setting, the boundedness of the projector statesteaban be rigorously proved. Matrices in
a Jaffard class naturally arise in Gabor analysis, sampliagry, and in the discretization of speci c
pseudo—differential operators.

This paper is organized as follows. In Section 2, we dischesrange of problems we shall be
concerned with and summarize the basic concepts of franoeetimations. Then, in Section 3, we
introduce the adaptive steepest descent method and sktébliconvergence and optimality. Finally,
in Section 4, we present numerical experiments for the apeeise of the Poisson equation on an
interval in 1D and on ah—shaped domain in 2D. The results fully con rm the expectedvergence
and optimality for both the Richardson and the steepestemhesterations. A comparison of the two
schemes is also discussed.

2. Preliminaries

In this section, we brie y describe the range of problems WWallsbe concerned with. Moreover, we
recall the basic concepts of frame discretization schewresgerator equations.
We consider linear operator equations
Lu=f; (2.2)
where we will assumé.  to be a boundedly invertible operator from some Hilbert sgdcinto its
normed duaH? i.e.,
KL ukpoh kuky; u2 H: (2.2)

Here ah b' means that both quantities can be uniformly bounded by taanisnultiples of each other.
Likewise, . 'indicates inequalities up to constant factors. We writé such constants explicitly only
when their values matter. Sinte is assumed to be boundedly invertible, (2.1) has a uniqugisolu
for any f 2 HC In the sequel, we shall focus on the important special cémezav

a(vyw) := hL v;wi (2.3)
de nes asymmetridoilinear form onH, h¢¢icorresponding to the duality pairing Bi®andH. We will
always assume tha{¢ g is elliptic in the sense that

a(v,v) h kvk3; (2.4)

which is easily seen to imply (2.2).
Typical examples are variational formulations of secondkoelliptic boundary value problems on
a domainW2RY, such as the Poisson equation
i4 u= f in W (2.5)
u = 0 on TW
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In this caseH = H}(W), H%= Hi }(W), and the corresponding bilinear form is given by
VA
a(vw)=  NveNwdx: (2.6)
w

Thus typicallyH is a Sobolev space. Therefore, from now on, we will alwaysimesthatH andH®,
together withL (W), form aGelfand triple i.e.,

H %2 Lo(W) Y2 HO (2.7)

with continuous and dense embeddings.

The design of adaptive wavelet or frame schemes in the atromed setting starts with a re-
formulation of (2.1) as an equivalent discrete problem ames@equence spacg(N ). However, to
perform this transformation, it will not be suf cient to wiomwith a simple frame irL,, since the op-
eratorL acts between Sobolev spaces. Similarly to the case of ctdssavelets, we need specic
norm equivalences of Sobolev norms and weighted sequemoesraf frame coef cients. These can be
realized by the so—called Gelfand frames as introduced hkeat al. (2004). Given a franfe inH ,
one usually de nes the corresponding operators of anadysissynthesis to be

FiH ! (N £7 'hf;faig ¢n2N ; (2.8)
FP:°5(N)! H; c7! & cafn (2.9)
n2N
The compositionS:= F"F is a boundedly invertible (positive and self-adjoint) aer, called the
frame operatoyandF := S 'F is again a frame foH , thecanonical dual frameThen, a framéd-
forH iscalled IzaGeIfand framédgr the Gelfand triplgB ;H ;B 9,if F 4B ,F %B %and there exists
a Gelfand triple B 4; 2(N );B 8 of sequence spaces such that

o a o} ~ ~ i ~ . ¢
F':Bgq! B;Fc= q cfy and F:B ! By, Ff= hf;faigggo
n2N

N (2.10)

are bounded operators.

REMARK 2.1 i) For the applications we have in mind, clearly the ¢@eH ;B 9=( H;L,(W);H9,
whereH denotes some Sobolev space, is the most important one. Singfgrly to the case of
a classical wavelet basis, the spaBegandB § are weighted (N )-spaces (see Dahlke et al.
(2004) for details).

i) It can be shown that Gelfand frames are also Banach frdangbe space8 andB Cin the sense
of Grochenig (1991) (see again Dahlke et al. (2004) for details).

iii) A natural way to construct wavelet Gelfand frames on @ims and manifolds is by means of
overlapping partitions of parametric images of unit cutse®(Section 4 and Dahlke et al. (2004);
Stevenson (2003) for details). We call such frames aggedgativelet frames.

For the transformation of (2.1) into a discrete problem gfN ), we have to assume that there
exists an isomorphist®g : B 4! “2(N ), so thatits'>(N )—adjointDg : "2(N )! Bg is also an
isomorphism. Then, the following lemma holds (see Dahlka.g2004); Stevenson (2003)).
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LEMMA 2.1 Under the aforementioned assumptions on the frame, bhasv€.3), (2.4) orL , the
operator
G:=(Dg)' 'FL F°Dj* (2.11)

is a bounded operator from(N ) to "»(N ). MoreoverG = G", and it is boundedly invertible on its
range rafG) = ran((Dg)! F).
With
f:=(Dg)i Ff; (2.12)
we are therefore left with the task of solving the followingblem:
Gu=f: (2.13)
A natural way to solve (2.13) would be to use a damped Ricloarderation. Indeed, the following
theorem can be shown (Dahlke et al. (2004); Stevenson (2003)

THEOREM2.1 LetL satisfy (2.3) and (2.4). Then, wi® andf as in (2.11) and (2.12), respectively,
the solutioru of (2.1) can be computed as

u= F°Dilu (2.14)
with u given by A I

¥
u= ag(iaG)" f (2.15)
n=0
withO0< a < szGk\z(N ) (N Y-

Observe that (2.15) is just an in nite damped Richardsoratien
u™ D = uD+ af; cu®y; =010 (2.16)

starting withu(® = 0. This scheme has been analyzed in Dahlke et al. (2004) amerSten (2003). In
this paper, we use a different approach and work with a versfdhe steepest descent schemlaich
we describe in the following section.

3. The Steepest Descent Scheme

In this section, we introduce and analyze a steepest desckemme for the solution of (2.13). In Sub-
section 3.1, we explain the basic setting, and we prove aniiation theorem for this scheme. Then, in
Subsection 3.2, we derive an implementable version and ge@gymptotically optimal convergence.

3.1 Basic Setting

The rst step is to introduce a natural energy (semi)—norm N ). In the following, we writek ¢ k
andhgg¢ifor k¢k, y, orkCk,(n y1 N ), andhgei, y, respectively. We séth@ti := hG¢¢iand the

semi—nornjj ¢ j := hhm:ii%. With G being the Moore-Penrose pseudo inversé&pénd

Q:"2(N)! ranG
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being the orthogonal projector onto the rang&ofor anyv 2 “>(N ) we have
kG'ki ZkQuk 6 jvjj 6 kGkZkQuk: kG'ki 2jjvj 6 kGvk 6 KGKZjjVij: (3.1)

Then, the steepest descent scheme and its error-reductiom iiterative step read as follows.

PrROPOSITION3.1 Letw be an approximation foun with r := fj Gw 6 0. Then, withk(G) :=
kGkkGTk, for

- hr;ri
= w+ . .
W= w hGr;rlr (3.2)
we have
E L 6 k(G) i 1...u_ Wi -
Jui wj 7k(G)+1m i W

The proof is a standard argument on the convergence ofiteidéscent methods. In the following,
we will often user as a shorthand notation for the residtiplGw.

It is clear that (3.2) cannot be implemented directly sinceite sequences and biin nite matrices
are involved. Therefore the challenging task is to tramsf@.2) into an implementable version. This
will be done in the next section. One has to replace the ie sg&quences by nite ones without de-
stroying the overall convergence of the scheme. The basiddo this is the following perturbation
result.

ProPOSITION3.2 For anyl 2 (fgggii;l), there exists & = d(/ ) > 0 small enough, such that if

ki rk6 dkfk andkzj GfFk6 dkfk, then with

W= we il
. tefi
we have
fui Wi 6 ljui wij;
h;fi -

andj el - 1. If, for someh > 0, in additionkf j rk6 h, thenk(lj Q)(Wi w)k 6 Csh, with some
absolute constai@z > 0.

Proof. Eq. (3.1) implies thabGr;ri h krk?. The rst step is to show that, for a suf ciently smadl
andany < d6 d,
he; i h krk? and  kfkh krk (3.3)

hold. We have
hz;fi = hej GF+ GF;fi 6 kzj GFkkik+ kGrkkik 6 (d+ ka)ka2

and
kfk® h hGF;Fi = hGF | z+ z;Fi 6 KGF | zkkfk+ hz;fi 6 dkFk?+ he;fi;

which implies the rst equivalence in (3.3). The second oma be proved in a similar fashion. From
(3.3), we infer that - -

Ffi herio -

fi' e

;
he; i
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since
e rf;Fiihr;ri+H_rih 11
ke fi' HGriri Mg " hgFi kG
H;fijh r;ri hr;ri . o
= . + - ;rijh z
be; Fi hz; FihGr; ri (MGririih z]
k(i r);ri+ kP ork? hr;ri L . e,
= — + hz;FihGr;ri[hGr'r' fi + hGFj z i+ hG(rj 7);fi]:
Writing h .
h’;FiF_ hr;ri (= H;F o hrgri Ir+ ' Fi il (3.4)
h;fi ' rGrri . kR nerr o hgEc '
we ndthatk%?i hgr””rk dkrk. djui wj,which, together with Proposition 3.1, completes the

proof of the rst statement. » B
From (3.4) andl i Q)r = 0, we have(l | Q)(Wi w)= fr(li Q)(Fi r), which byjjthj. 1
andkl | Qk 6 1 completes the proof of the second statement. o

3.2 Numerical Realization

Obviously, the steepest descent scheme in PropositioreBriot be implemented since neither in nite
sequences nor biin nite matrices can be handled computaliip Therefore our aim is to replace the
scheme (3.2) by an implementable one. The guideline giveRrbposition 3.2 is to approximate the
in nite expressions by nite ones within a certain, suf aidly small, relative tolerance.

In the sequel, we shall make the following basic assumptites$ Sy denote the (nonlinear) sub-
space of »(N ) consisting of all vectors with at most nonzero coordinates. Given2 “»(N ), we
introduce the approximation error

sn(v) = inf kvi wk: (3.5)
w2 Sy

Clearly this in mum is attained fow being a besN-term approximation fow, i.e., a vector fronSy
that agrees witlv in those coordinates on whichtakes itsN largest values in modulus. Such a best
N-term approximation fov will be denoted asy. Note that it is not necessarily unique.
For somes> 0, we assume that
SUpNSsn(u) < ¥: (3.6)
N2N
Eq. (3.6) describes how well the solutiario (2.13) can be approximated by the elementSyafEssen-
tially, (3.6) is a regularity assumption on the exact soluti to (2.1). Indeed, in the case of a wavelet
basis, it is well-known that the convergence order of thé Neserm approximation is determined by
the maximum of the polynomial order and a speci ¢ Besov ragty of the object that we want to
approximate (cf. DeVore (1998)). For aggregated waveteghés the same holds true (see Stevenson
(2003)). Speci cally, wherH is a Sobolev space of orderover ann-dimensional domain, and the
aggregated wavelet frame has ordethens= Qn'—t if not limited by the Besov regularity. Fortunately,
recent studies indicate that for the solution of ellipti@mtor equations this Besov regularity index is
quite large (see, e.g., Dahlke (1999); Dahlke, Dahmen antiag1997); Dahlke and DeVore (1997)),
and, moreover, that in many cases it is much larger than thel®oregularity index that governs the
convergence rate of non-adaptive schemes.
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The concept of bedt—term approximation is closely related to tiveak ;—spacesy(N ). Given
some < t < 2, V(N ) is de ned as

WIN )= fe2 (N )t oy s sg£n1=‘jg(c)j< ¥g; 3.7)
n

wheregy(c) is thenth largest coef cient in modulus of. Then, for eacls> 0,

SupN®sn(v) h jvjw; (3.8)
N

where here, and for the remainder of this papandt are always related according to
H 1 ﬂi 1

t= Z+s
2

The expressioivj-w de nes only a quasi-norm since it does not necessarilyfydtie triangle inequal-
ity. Yet, for eacht in the range & t < 2, there exists &€;(t) > 0 with

. . i ¢ .
v+ wWjw 6 Co(t) jvjw+ jwjw (viw2 (N )): (3.9)

We refer to Cohen et al. (2001) and DeVore (1998) for furthetaids on the quasi—Banach spaces
W
r(N).
For somes® larger than angfor which (3.6) can be expected (i.e> Q'n'—t), we assume the existence
of the following three subroutines:

2 APPLY[w;e€]! ze. Determines, foe> 0 and a nitely supportedv, a nitely supportedze with
kGw| zck 6 € (3.10)

Moreover, for anys< s”, #suppe. . € 1=Sjwj};s, where the number of arithmetic operations

and storage locations used by this call is bounded by som@ubsnultiple of el l*‘jwj«1¥:f+
#suppv + 1.

2 RHY[e]! fe. Determines, foe> 0, a nitely supportede with kf j fck 6 e. Moreover, for any
s< &% ifu2 "W(N ), then #supfe. € 5 uj‘ltjs, where the number of arithmetic operations and

storage locations used by the call is bounded by some absolitiple ofe 1=Sjuj\1¥=f+ 1.
2 COARSE[w; €]! we. Determines, for a nitely supported, a nitely supportedw,, such that
kwi wek 6 € (3.11)

Moreover, #supp/e . inff N : sy(w) 6 eg, andCOARSE can be arranged to take a number of
arithmetic operations and storage locations that is badibgiean absolute multiple of #suppt
maxf log(el 'kwk); 1g.

UsingthatG: 2(N )! “2(N )isbounded, the propertiesAPPLY andRHS imply the following:

PROPOSITION3.3 Foranys2 (0;s%),G: (N )! "V¥(N ) is bounded. For, := APPLY [w; €] and
fe := RHS[€], we havgzgj-w . jwj-w andjfej-w . juj-w, uniformly overe> 0 and all nitely supported
w.
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Proof.  Since the proof in Stevenson (2003) is incomplete, we irelagroof here. We rst show
that fors2 (0;s%), G:"¥(N )! "¥(N ) is bounded. LeC > 0 be a constant such that fag :=

APPLY [w; €], supfze 6 Ceél 1=Sjwj\l¥?. Letv2 "¥(N ) andN 2 N be given. Fore:= CSjvnj-wNi S, let
Zg := APPLY [vy; €]. Then, by (3.8),
kGvi zgk 6 kGvyi zek+ kGkkvi vnk
. C%jvnjwN! °+ kGKN' Sjvjw . NI Sjvjow:
Since #suppe 6 N, from (3.8) again we infer thgGvj-w . jvj-w.
By using that for anw 2 “¥(N ), and nitely supported, we have
izibw . jviow+ (#supm)®kv zk (3.12)

(Cohen et al.; 2001, Lemma 4.11), for nitely supported e > 0, and withz, := APPLY [w; €], we

havejzej'w . jGWj-w+ (#supee)e6 jGwj-w+ CSwj-w . jwj-w. Similarly, forfe := RHS[e], we have

jfeiy . JGUjy +(#sUpre)®e6 jujy. o
Thanks to the properties GFOARSE we have the following result.

PROPOSITION3.4 Letm> 1 ands> 0. Then, foranye> 0,v2 "¥(N ), and nitely supportedv with

kvi wk6 g
for w := COARSE[mew] we have that
#suppw . el 1=Sjvj};s:
Obviouslykvi wk6 (1+ m)e, and B N
JWisw . jvjowe

Proof. LetN be the smallest integer such that j vk6 (mj 1)efor a besiN—-term approximationy
of v. Then #suppn . € 1:Sjvj\lgs. Furthermorekvy j wk 6 kvy i vk+ kvj wk6 (mj 1+ 1)e= me
and so #sup@w . #supp/n. The last statement follows from an application of (3.12). a

Let us brie y discuss the assumptions we madeA®PLY , RHS andCOARSE. The approximate
matrix-vector producAPPLY can be implemented in the way introduced in (Cohen et al.1 2a04).
Then the question wheth&PPLY has the assumed properties reduces to the question as todib& w
can be approximated by sparse matrices constructed byidmgmall entries. This can be quanti ed by
the concept of”’-compressibility, meaning that @& is s°-compressible, theAPPLY has the assumed
properties with that value of®. For the case of a basis, for both differential operators singular
integral operators, and for suf ciently smooth waveletdshwsuf ciently many vanishing moments in
relation to their approximation order, it was shown in Stesan (2004) tha is s°-compressible with
s” larger than ang= 1=t  1=2forwhichu2 V(N ) can be expected. This result extends to aggregated
wavelet frames (see Stevenson (2003) for details).

Above, we implicitly assumed that the remaining entriesrfrihe sparse approximations fGrare
exactly available. Generally, however, these entries btabe approximated by numerical quadrature.
For the case of a basis, in Gantumur and Stevenson (2006agm veri ed that these remaining entries
can be approximated within a suf ciently small toleranceduadrature rules that, on average over each
row and column, take onl@(1) operations per entry, showing that the “fully discrete”sien of AP-

PLY has the required properties. The development of suitalsteeniaal quadrature is more complicated
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in the case of an aggregated wavelet frame, since in ovénigpggions, pairs of frame elements can be
piecewise smooth with respect to uncorrelated partitiBespite of this, in a forthcoming paper we will
show that relatively easy implementable quadrature sch&xist that realize the abo@(1) condition
in the case of an aggregated wavelet frame as well. In theseitimg of the numerical examples in this
paper, all entries o are exactly available at unit cost, so the question of nwrakguadrature does
not play a role.

ConcerningRHS, for somes< s°, letu 2 “¥(N ). Then Proposition 3.3 shows thit Gu 2
"P(N ) with jfjw . jujw. So (3.8) shows that for ang> 0, there exists afie with kfj fek 6 e and

#supde. € 7 uj};s. The question how to construct suchfain O(ei 5] uj\lgs+ 1) operations cannot
be answered in general, as it depends on the right-hand tsided.

Finally, the routineCOARSE with the aforementioned properties can be based on binanjirtg
(see Barinka (2005); Stevenson (2003) for details).

We are going to solv&u = f with an approximate steepest descent method. UiHess a basis,
G has a non-trivial kernel, meaning that, as with any itemtivethod, a component of the error in a
current approximatiow that is in ke(G) will never be reduced in subsequent iterations. Althougisu
components do not in uence the resulting approximatior F“DiBlw because kQF“DiBl) = ken(G),
in principle they may cause an unbounded increage/p§ as the iteration proceeds, making the cost
of calls of APPLY possibly uncontrollable. Under the assumption given bgleswill nevertheless be
able to control this cost, which allows us to show optimatitghe method.

Assumption 3.5 For anys2 (0;s"), Q is bounded on{'(N ).

This assumption has been veri ed for the special caselhatL,(W), the wavelet bases making
up the aggregated frame drg(W)-orthonormal, and some damping is applied to the waveleds the
interior boundaries, see Stevenson (2003) for details.

The general proof of the boundedness assumption 3@ isra dif cult open problem. Its validity
can be indirectly veri ed by numerical experiments, like#ie in Section 4. According to (Stevenson;
2003, Remark 3.13), the boundednesQain "}(N ) for all s2 (0;s") is (almost) a necessary require-
ment for the scheme to behave optimally.

Moreover, not restricting our analysis to wavelet framed tndifferential equations, there exist other
frames, for example time—frequency localized Gabor fraaed more generally all intrinsically poly-
nomially localized frames, cf. Dahlke et al. (2004); Foirasind Gidchenig (2005)), for which the
boundedness of the correspond@dpas been proven rigorously (see (Dahlke et al.; 2004, Thedr#&

in Section 7)). Therefore, for speci ¢ operator equatioogtimality of the adaptive algorithm intro-
duced below based on, e.g., Gabor frame discretizationsstised theoretically.

REMARK 3.1 For cases in which Assumption 3.5 might not be valid, @meapply a modi ed algorithm
that contains a recurrent inexact application of a projetdareduce components in K&), similar
to the algorithmmodSOLVE in Stevenson (2003) based on Richardson iteration. Althdog this
algorithm optimal computational complexity can also bevamoeven with a simpler proof, we focus on
the algorithm without this projector, since we expect it &avé better quantitative properties.

Now we are in the position to formulate our inexact steepestent scheme. The rst step is to
establish a routine that computes an approximate residubécurrent approximatiow for u within
a suf ciently small tolerancez such that either, in view of Proposition 3.2, the relativeoein this
approximate residual is below some prescribed tolerahnoe the residual itself, being a measure of the
error inw, is below some other prescribed tolerargceln view of controlling the components of the
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approximations in k€G), the tolerance should be in any way below some third input paramgter

RES[w; x;d;€e]! [F;n]:

z=2
RHS[z=2]; APPLY [w;Zz=2]
n:=kifk+ z6 eor z6 dkik

i R

z:=
do z:
f:
until
THEOREM 3.6 The routindRES has the following properties.
i) [f;n] = RES[w; x; d; €] terminates withn > krk, n & minf x; eg andkrj k6 x.
ii) If, for s6 s< &, with, as alwayst =( 3+ 9)i andt =(5+ 91, u2 Y¥(N ), then
#supd .  minfx;ng mjuj\l¥zv‘°‘+ minf x; ng' =Swj; (3.13)
t
minf x; ngd 4w juSe+ minfx; g1 wjw; (3.14)

and the number of arithmetic operations and storage latatiequired by the call is bounded by
some absolute multiple of

minf x; ng’ 1=sjuj\1¥75+ minf x; ng' S[jwjs + xSS(#suppy+ 1)]:
t

iii) Inaddition, if RESterminates witln > ¢, thenkrj k6 dkik,n6 (1+ d)kfk, andn 6 }T—g’krk.

Proof. Let us start by proving i). If at evaluation of the until-case> dkfk, thenkfk+ z < (di 1+ 1)z.
Sincez is halved in each iteration, we infer that, if not by6 dkik, RESwill terminate bykfk+ z 6 e.
Since after any evaluation @finside the algorithmkf'j rk 6 z, any value ofn determined inside
the algorithm is an upper bound &nk.
If the do—loop terminates in the rst iteration, ther> x. In the other case, |6°'9 := RHS|[z]
APPLY [w; z]. We haveki®dk + 2z > eand 2 > dki°!dk, so that

. . de
il il ~old T .
n>z>(2d"'*+ 2)' *(ki*“k+ 2z) > 5% 24"

and i) is shown.
The next step is to establish part ii). For any nitely supediv, we have

Vw6 (#suppy)™ Sjvjp (3.15)

So forg:= RHS[z], from #supm . Zzi 1=Sjuj?;s andjgj-y . juj-w, we havez(9i Ljgjw . juj?;f. With
z, T, andn having their values at termination, the propertie®\BPLY , cf. Proposition 3.3, now show
that

#supf . Z l:s‘juj‘1;5+ zi 1:5jwj}¥7s;

and
z(ys)i 1JFJ\‘tN . jujivsq_ z(ys)i 1jo“{V:
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Therefore, (3.13) and (3.14) follow from these expressimmse we have shown that& minf x; ng.
When the do—loop terminates in the rst iteration, we hav@ x. In the other case, witfP!d as above,
we havedki©9k < 2z, and so fromkfj 9% 6 z+ 2z, we inferkik 6 ki®k+ 3z < (2di 1+ 3)z, so
thatn < (2di 1+ 4)z.

To complete the proof of ii), it remains to estimate the nunmdyearithmetic operations. Again the
properties ofAPPLY and that ofRHS together with the geometric decreasezahside the algorithm,
imply that the total cost can be bounded by some multiple éfsjuj\l;s+ Zi 1=Sjwj}v7s+ K(#suppv+ 1);
with K being the number of calls &PPLY that were made. Taking into accountt its initial value, ared th
geometric decrease dafinside the algorithm, we haué(#suppv + 1) = Kxi 1=SxS(#suppw + 1) .
zi BSx1(#suppv + 1). Since we have already shown thza& minf x; ng, this completes the proof of

i).
Finally, let us check iii). Suppose thRES terminates witm > e, and thus withz 6 dkfk. Then
obviouslykr i fk6 dkrk.

Fromkik 6 krj Fk+ krk 6 dkik+ krk, we havekik 6 l"ll‘ and so we arrive at = kik+ z 6
(1+ d)kik 6 %’krk. o

The routineRES is the basic building block for our fundamental algorithmiethreads as follows.

Algorithm 1 SOLVE [w;e]! w:

% Input should satisfy > kQuk.

% Let/ andd = d(/ ) be constants as in Proposition 3.2.
% Fix some constants> 1, b 2 (0;1).

% Let K, M be the smallest integers wittf w 6 e, 1 M 6 %ﬂr—gm, respectively.

Wo:=0;, wp:= w
for i:==1to Kdo
Wi = Wi 15 W= bwg 1) X = m % C;3 from Proposition 3.2
while  with [Fi; ni] := RESw;; x;; d]; do
Z = APPLY[F.,dkFik]

' W
T (1+ 3m)kGTk]’ m= (1+3mkGTk

Wi == W+ rhrz. :': Fi
enddo
w; := COARSE[w;; ffg’,vn]
endfor

It turns out that Algorithm 1 indeed converges with the optirarder. This is con rmed by the
following theorem which is the main result of this paper.

THEOREM 3.7 i) If w> kQuk, thenw := SOLVE[w; €] terminates witkkQ(uj w)k 6 e.
i) Foranyh 2 (0;s%), lets= &% % t =(3+ 9% and let the constart inside SOLVE satisfy
b < minf L[Cy(1)Ca(t)jl i Qi W% M g:
Then, if for somes2 (0;s*i h],u2 "J(N ), then #suppv. e 1‘ju1 w and, where. w. Kkuk,

the number of arithmetic operations and storage locatieqsired by ‘the call is bounded by some
absolute multiple of the same expression.
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Proof. The rst step is to prove i). Let us consider thf iteration of the for-loop. Assume that
kKQ(uj wi; 1)k6 w; 1 (3.16)

which holds by assumption for= 1. The inner loop terminates after not more théar 1 calls ofRES.
Indeed, suppose that this is not the case, then theMrst 1 calls of RES do not terminate because
the rst condition in the until-clause is satis ed, and soéldrem 3.6 iii), Proposition 3.2, (3.1) and
assumption (3.16) show that tl + 1)th call outputs ax with

1+d +d 1+d

n 6 1 dkf Gwik = kG(u. wi)k 6 —dek2]||u| Wi
1+d 1 +d
6 T dek?I'\"mu,w.l 4 i 1)k
Wi
(1+ 3mkGTk

by de nition of M, which gives a contradiction.
With W; denotingw; at termination of the inner loop, we have by (3.1) and the ertigs ofRES

kQ(ui W)k6 kGTkZjui Wij 6 kGTkkG(ui Wik 6 kG'kn; 6 (3.17)

1+ 3
so that, by the properties @OARSE,
kQ(ui W)k6 %+ frgh = wi;

l+ 3m 1+3m

showing convergence, and by de nition Kfcompletes the proof of the rst statement.

The proof of ii) follows the lines of the proof of (Stevens@®03, Theorem 3.12). In our case where
G has possibly a non-trivial kernel, generally, due to themrim rarfl i Q), we have no convergence
ofwitoufori! ¥, and asaconsequence, we are not able to bpuig by some absolute multiple of
juj-w. Instead we prove a weaker result (3.21), that, howevecesifo conclude optimal computational
complexity. By part i) of Theorem 3.6, Proposition 3.2 ane tte nition of the x;,

k(hi Q)(Wii wi; 1)k6 CgMx; = (3.18)

W
1+3m
SinceQ is bounded oni,, and by Assumption 3.5, it is bounded gy an interpolation argument (cf.
(DeVore; 1998, (4.24))) shows that it is bounded nuniformly int 2 [t;2]. LetN; be the smallest

integer such that
kQui (Qu)nk6 im (3.19)

where(Qu)y denotes the bedi-term approximation foQu. Then, using the assumptiar2 "V'(N ),
(3.8) shows that
N 'l—SQU]w. '1SJUJw,

and so, using (3.15),

(5:5) i

W Quingw . juilE QU -
From (3.17), (3.18) and (3.19), we get

KQu)n +( 17 QWi 1§ Wik 24

iQujw . Uiy (3.20)
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From Proposition 3.4, withr reading agQu)n, + (1§ Q)wj; 1 and by using thatn> 1, it follows that
w; := COARSE[W;; 2™ satis es
jwijw 6 Co(t)j(Qu)n + (17 QQWij 1jow
6 Ca(1)Ca()j(Qu)njw+ Co(t)Co(D)i(1 i Q)jwa wiwij 1w
by (3.9), and so by (3.20),
W jwijw 6 Cluj%e+ Co(t)Ca(0)j(1 i Q)jwa wb ™ W™D Yy, jow
for some absolute constait> 0. The assumption obh made in the theorem shows that
Ci(t)Ca(t)i(1i Q)jwa wb®di 1< 1;

from which we conclude by a geometric series argument that

W i Ui (3.21)

which, as we emphasize here, holds uniformly.iMoreover, knowing this, Proposition 3.4 and (3.20)
show that
#suppwi . w i(Qu)y, +(| | QWi 1w
i 1=si (S=S)|

. W J(QU)N.J w L Qfw wjwi; qfw
w Sjujtes s (3.22)

o]

again uniformly ini.

For any computed in the inner loop, Theorem 3.6 i) shows tkﬁx% . nj. At termination
of the inner loop we have; . w;, whereas for any evaluation BES that does not lead to termination,

Theorem 3.6 iii) and Proposition 3.2 show that

1+d
n 6 1 dkf| Gwik. jui wij 6 jui wij 1§ . w1

We conclude that
nh w;

uniformly ini and over all computations @f in the inner loop.

Inside the body of the inner loop, we have that the toleraacéhk call ofAPPLY satis esdkfik >
1+d by Theorem 3.6 iii) and, by Proposition 3.2, tIp%t—J 1. By (3.21) and the fact that the number
of iterations of the inner loop is uniformly bounded, Theurg.6 ii) shows that

W Ui W e Ui

With this result and (3.22), Theorem 3.6 ii) and the propsr6fAPPLY (with sreading as) show that

i 1=s. i 1=s.

#supdi. w 1-SJUJ i HSUPE . W jUJ W v, Hsuppi . W jUJ
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By using these results concerning the lengths of the sup@ord the'}-norms, again Theorem 3.6
ii) and the properties oAPPLY and COARSE show that the number of arithmetic operations and
storage locations required for the computatiomvpstarting fromw;; 1 is bounded by an absolute mul-

tiple of w/ 1_SJUJ1V_VS+ maxt log(wi 'kwik); 1g. From logwi tkwik) . w Skiik™S . w 1_51\7\I|jl—s
' 1= SJUJ w, as wellas 1 wi =kuk®=s. w 1_S]UJ W by assumption, the geometric decrease ofithe
andWK & e, which, in cas&K = 0, is an assumpt|on the proof is completed. a

REMARK 3.2 In principle, all the building blocks we have developedfar can also be combined
to obtain an adaptive frame version of the conjugate gradilgorithm. However, our rst numerical
experiments indicate that such a method does not reallyfbagmpared to the simpler steepest descent
scheme. A similar observation has also been made in Dahnan(2002) for the case of a basis.

4. Numerical Experiments

After the construction of a convergent and asymptoticafitiral steepest descent algorithm, we now
investigate the practical applicability of the scheme. dter we want to compare it with the adap-
tive scheme based on the damped Richardson iteration. Thmwef the latter scheme appearing in
Dahlke et al. (2004); Stevenson (2003) has been proven tweops and, under Assumption 3.5, to be
also asymptotically optimal. Unfortunately its concratglementation has shown it to be rather inef-
cient and therefore not well suited for comparisons. Fdstteason, we will compare the results of
our adaptive frame algorithlBOLVE with those obtained with the Richardson iteration basedouet
from Cohen et al. (2002). This scheme can be shown to conesgen the case of a wavelet frame
discretization, but a proof of its optimality has not beehiaced yet. Nevertheless we will see that it
is in fact optimal in practice. Again the routin€HS, APPLY, andCOARSE are the basic building
blocks for its implementation which reads as follows.

Algorithm 2 CDD2SOLVE [h:€]! w:

% Input should satisfhh > kQuk.

% De ne the parameteraop := m andr := ';Eg;jr 1
% Letq and K be constants wittr K < g < 1=2.

w:=0;
while h> edo
for j:=1to Kdg , o
W= W+ aop RHS[ZA]i APPLY[w; 2]
endfor
h = 2r¥h=q;
w = COARSE[w;(1; qg)h];
enddo

For the discretization we use aggregated wavelet framesitabte overlapping domain decomposi-
tions, as the union of local wavelet bases lifted to the sotains. As such local bases we use piecewise
linear and piecewise quadratic wavelets with complemgrttaundary conditions from Dahmen and
Schneider (1998), with order of polynomial exactndss2 ord = 3 and withd = 2 ord = 5 vanishing
moments respectively. In particular, we impose here homage boundary conditions on the primal
wavelets and free boundary conditions on the duals. We sl the algorithms on both 1D and 2D
Poisson problems.
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Exact Solution

FIG. 1. Exact solution (solid line) for the one—dimensional exnyeing the sum of the dashed and dash—-dotted functions.

4.1 Poisson Equation on the Interval

We consider the variational formulation of the followingoptem of order 2= 2 on the intervaW =
(0;1), i.e.,n= 1, with homogenous boundary conditions

i S f onW u(0)= u(l)= O: (4.1)
R
The right-hand sidé is given as the functional de ned bf(v) := 4v(%)+ Olg(x)v(x)dx where
a(x) = i 9p>sin(3px) i 4:

The solution is consequently given by
Ya

W= s+ 2 i x2103)

2(1i %2 x2[3:1

see Figure 1. As an overlapping domain decomposition wesgido= W4 [ Ws, whereWs = (0;0:7)
andW =( 0:3;1). Associated to this decomposition we construct our aggtedrwavelet frames just as
the union of the local bases. It is shown in Dahlke et al. (208tevenson (2003) that such a system is
a (Gelfand) frame foHj(W) and that it can provide a suitable characterization of Bepaces in terms
of wavelet coef cients. On the one hand, the solutiois contained irtHg" (W) only fors< % This
means that linear methods can only converge with limite@or@n the other hand, it can be shown that
u2 Bi(L: (W) foranys> 0, 1=t = sj 1=2, so that the wavelet frame coef cienisassociated withi

de ne a sequence inY for anys< Q'nl—‘ (see DeVore (1998); Stevenson (2003)). This ensures that th
choice of wavelets with suitable ordéican allow for any order of convergence in adaptive scherkes li
that presented in this paper, in the sense that the er@{Ns 5) whereN is the number of unknowns.
Due to our choice of piecewise linear wavelets with order 2, the optimal rate of convergence is
expected to be= QnL‘ = 1. We will show that the numerical experiments con rm thipegted rate.
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FiG. 2. Left: Convergence histories §OLVE andCDD2SOLVE with respect to CPU time. Two tests f@DD2SOLVE with
different xed damping parameters are shoviRight: Convergence histories with respect to the support sizesofé¢hnands.

We have tested the adaptive wavelet algoritt@RD2SOLVE with parametersiop ¥4 0:52, g =
2=7,K = 83, and with initialh = 64:8861, andSOLVE with parametersl = 1, m= 1:0001,b = 0:9,
M= Cz=1,K= 134, w = 64:8861. The parameteid;Cz have been chosen so as to produce an
optimal response of the numerical results. The numericallte in Figure 2 illustrate the optimal
computational complexity of the two schemes. In particuer show that for a suboptimal choice of the
damping parametea = 0:26 agp: ¥40:52 in this speci ¢ testSOLVE outperformsCDD2SOLVE.

In practice, the wrong guess of the damping parameter cangpal convergence and/or optimality.

In order to reduce computational time, we have implementedching strategy for the entries of
the stiffness matrix involved. Due to limited memory resms one is then forced to x in advance a
certain maximal number of frame elements which can be takeraiccount during the iteration process,
which means that we are solving a truncated problem. Thush&computation of the residuals, only
wavelets up to a xed scale are used. For small accuraciesadtually computed residuals may then
deviate from the true ones. This effect shows up in the CP\@ tiistories displayed in Figure 2 for
small error tolerances. However, we observe that the incgeof the truncation is almost negligible in
the 1D-case, since here the nest re nement level can beathasry high.

Finally, Figure 3 illustrates the distribution of the aetiwavelet frame elements used by the steepest
descent scheme, each of them corresponding to a coloureahgée The two overlapping subintervals
are treated separately. For both patches one observehéteadaptive scheme detects the singularity of
the solution. The chosen frame elements arrange in a tkeestliucture with large coef cients around
the singularity, while on the smooth parts the coef cients aniformly distributed, and along a xed
level they are of similar size here.

4.2 Poisson Equation on the L-shaped Domain

We consider the model problem of the variational formulatad Poisson's equation in two spatial
dimensions:

i Du= finW, ugqw=0: 4.2)

The problem will be chosen in such a way that the applicatfosdaptivealgorithms pays off most, as
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FIG. 3. Distribution of active wavelet frame elementsAg and Ws.
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Exact Solution Right Hand Side

FiG. 4. Exact solution (left) and right—hand side for the twarensional Poisson equation in Brshaped domain.

is the case for domains with reentrant corners. Here, thena® corners themselves lead to singular
parts in the solutions, forcing them to have a limited Sobokgularity, even for smooth right—hand
sidesf. For instance, considering theshaped domaitV= (i 1;1)?n[0;1) £ [0;1), and f 2 Ly(W),
the solutionu is known to be of the form

u= kS +u;

whereu2 H2(W)\ H3(W), k is a generally non-zero constant, and, with respect to malardinates
(r; g) related to the reentrant corner,

S (1) = 20 sin5a);

wherez 2 C¥(W) is a cut-off function. We us8 as exact solution, which is shown together with the
corresponding right—hand side in Figure 4. Itis well-knalwatS 2 HS(W) for s< 5=3 only, but it is
contained in every Besov spaBg(L: (W), wheres> 0, 1=t = (sj 1)=2+ 1=2 (see Dahlke (1999)).
As has been previously noted, the convergence rate of aromii® nement strategy is determined by
the Sobolev regularity of the solution, while in the contekadaptive schemes it depends on the Besov
regularity (cf. Dahlke, Dahmen and DeVore (1997)). In martr, considering piecewise quadratic
approximation, the best possible convergence rate il #f§&/)-norm for uniform re nement strategies

is O(Ni (3i D=2), with N being the number of unknowns, whereas our adaptive franenselgives the
optimal rateO(Ni 1). The latter can be shown, in view of our assumptions onARELY routine,
provided that the wavelets used in the construction of tiyeeggted frame are smooth enough and have
suf ciently many vanishing moments (see Stevenson (2008afdetailed discussion of this relation).
More generally, assuming is suf ciently smooth, with piecewise polynomial approxation of
orderd, a further expansion af into more singularity functions associated to the cornéte@domain
shows that with the adaptive scheme the optimal @i (9 D=2) js reached, whereas with uniform
re nement strategies the rate is always restricte® (i Gi D=2y,
For our numerical experiments, we will use an aggregatecelgaframe. With4 = (j 1;0) £
(i L1, We=(i L,1)E (; 1,0),and2 =(0;1)?, letk; be af ne bijections betweeB and W (i = 1;2).
For Y2 being a piecewise quadratic wavelet basisHg(2), whered = 3 andd = 5, we setF =
[ i2: 1ki(Y2). Although this construction is in the spirit of that from Diedaet al. (2004) and Stevenson
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FiIG. 5. Approximations and corresponding pointwise errors peed by the adaptive steepest descent algorithm, usingysEze
quadratic frame element&lpper part: Approximations with 167, 898, and 2351 frame elemehtswer part: Approximations
with 2934, 3532, and 4648 frame elements.
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FiG. 6. Convergence histories BOLVE andCDD2SOLVE with respect to CPU time using piecewise quadratic frame elesnen
(d=3,d=5).

(2003), we cannot conclude from the theory developed theret is actually a frame. The dif culty
is that there does not exist a partition of unity with resgedhe open covering4 [ Ws of W. The
non-overlapping parts df4 and W4 are in nitely close at the reentrant corner. We give a dingetof
that nevertheless is a frame.

Using thatki(Y 2) are frames (even bases) fag( W), it is suf cient to show that

kuk? h inf kup k2 + kupk
HIW o) iz MW= ur sy T M)

2 .
H(wp)
uniformly inu 2 H(}(W). Letf :[0;2%2]! Rsq be a smooth function witti (q) = 1 for g 6 £ and
f(q)= 0forg> p. Writing u= u; + uz whereuz(x;y) = u(xy)f (g(xy)) with (r(x;y); g(xy)) being
the polar coordinates dk;y) with respect to the reentrant corner, we have th&t H&(V\,{) (i=12).
SinceW s a Lipschitz domain, wittd(x;y) denoting the distance dk;y) 2 W to the boundary, we
know that foru2 H3(W), di 'u2 L*(W) with kd' tuki ) . Kukyz(yy, uniformly inu (see (Grisvard;
1985, Theorem 1.4.4.4)). Since furthermore

H r

N(uf) = fNu+$ i sin(q)g—;;cos(q)g—; ;

andr(x;y) > d(x;y), we conclude thaktuiky1 .y . Kuky1(y, uniformly inu, which completes the proof
of F being a frame foH3(W).

We have tested the adaptive wavelet algoritt@RD2SOLVE with parametersiop ¥4 0:15, g =
2=7, K = 80, and with initialh = 70:1, andSOLVE with parametersl = 1, m= 1:0001,b = 0:9,
M=Cz=1,K=150,wp = 70:.1.

In Figure 5 we show some of the approximations and the caoreipg pointwise differences to the
exact solution produced by our steepest descent schentepisoewise quadratic frame elements. The
numerical results in Figure 6 illustrate the optimal cogesrce of the two schemes.

REMARK 4.1 For the damped Richardson and the steepest descentes;tmptimality has been the-
oretically proven only under Assumption 3.5. As was preslgumentioned, according to (Stevenson;
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2003, Remark 3.13), the boundednesQain "¥(N ) for all s2 (0;s") is (almost) a necessary require-
ment for the scheme to behave optimally. So our numericaltsesan also be seen as a possible indirect
con rmation of such boundedness.

REMARK 4.2 In order to improve the approximation properties of tiaerfe algorithms considered, one
may think of imposing a tree structure onto the set of acti@me elements. For the case of Riesz bases,
it has been shown in Cohen et al. (2003) how to modify the maingturesCOARSE andAPPLY to

end up with a numerical scheme which realizes the tree appedion rateN' S under slightly stronger
regularity assumptions on. However, the generalization of these ideas to the settfrfgames is
beyond the scope of this paper.

5. Conclusion

In this paper we have presented a new optimally convergeayitae scheme for the numerical solu-
tion of elliptic operator equations, based on redundamhéaiscretizations. The scheme is based on
approximated iterations of steepest descent type. We avensthat the search of the damping param-
eter can be executed adaptively at each iteration, allofaingetter practical usability compared to the
damped Richarson iteration. There, the optimal dampingmater can often only be guessed, since
the estimation of the lowest non—zero eigenvalue of thinss matrix is dif cult in the case of frame
discretizations. The use of frames instead of Riesz bas=s it spoil the optimal convergence of the
scheme that can be theoretically proved and numericallyederMoreover, the construction of wavelet
systems on domains with complicated geometry is extrenigiplsed by considering frames instead
of Riesz bases. The numerical implementation is also sagmitly simpli ed.

The results included in Oswald (1997a,b) illustrate thatrfes can be naturally used for domain de-
composition methods, where the overlapping patches ind®ehwarz alternating iteration. Together
with adaptive schemes and the implementation of well-dimd high order bases (Bittner (2006);
Gori et al. (2004); Primbs (2006)), we expect that this liheesearch will produce a signi cant break-
through for numerical schemes based on frame decompasition
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