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This paper is concerned with the development of adaptive numerical methods for elliptic operator equa-
tions. We are particularly interested in discretization schemes based on wavelet frames. We show that
by using three basic subroutines an implementable, convergent schemecan be derived, which, moreover,
has optimal computational complexity. The scheme is based on adaptive steepest descent iterations. We
illustrate our �ndings by numerical results for the computation of solutions of the Poisson equation with
limited Sobolev smoothness on intervals in 1D and onL-shaped domains in 2D.
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1. Introduction

In recent years, wavelets have been very successfully applied to several tasks. In signal/image analysis/
compression, wavelet schemes are by now already well–accepted and convincingly compete with other
methods. Moreover, wavelets have also been used in numerical analysis, especially for the treatment
of elliptic operator equations. Current interest focuses on the development ofadaptivediscretization
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schemes. Based on the equivalence of Sobolev norms and weighted sequence norms of wavelet expan-
sion coef�cients, convergent adaptive wavelet schemes were designed for symmetric elliptic problems
(see Cohen et al. (2001); Dahlke, Dahmen, Hochmuth and Schneider (1997); Gantumur et al. (2005)) as
well as for nonsymmetric and stationary nonlinear problems(see Cohen et al. (2002, 2003); Gantumur
(2006)).

Although quite convincing from the theoretical point of view, so far the potential of adaptive wavelet
schemes has not been fully exploited in practice for the following reason. Usually, the operator under
consideration is de�ned on a bounded domain or on a closed manifold, so that a construction of a suit-
able wavelet basis on this domain is needed. There exist by now several constructions such as those by,
e.g., Canuto et al. (1999); Cohen and Masson (2000); Dahmen and Schneider (1999a,b); Harbrecht and
Stevenson (2006); Stevenson (2006). Unfortunately, none of these bases seem to be fully satisfactory
in the sense that, besides their relevant virtues, they lackreasonable quantitative stability properties.
Moreover, the constructions in the aforementioned references are all based onnon-overlappingdomain
decomposition techniques, most of them requiring certain matching conditions on the parametric map-
pings, which can be dif�cult to satisfy in practical situations.

One possible way to circumvent this bottleneck is to use a slightly weaker concept, i.e., to work with
(wavelet) frames. In general, a sequenceF = f fngn2N in a Hilbert spaceH is aframefor the Hilbert
spaceH if

AF k f k2
H 6 å

n2N

¯
¯hf ; fni H

¯
¯2 6 BF k f k2

H ; for all f 2 H ;

for suitable constants 0< AF 6 BF < ¥ (see Christensen (2003); Daubechies (1992) for further details).
Every element ofH has an expansion with respect to the frame elements, but thisexpansion is not
necessarily unique. On the one hand, this redundancy may cause problems in numerical applications
since it gives rise to a singular stiffness matrix. On the other hand, it has turned out that the construction
of suitable frames on domains and manifolds is a much simplertask compared to that of constructing
stable multiscale bases (see Dahlke et al. (2004); Stevenson (2003)). The idea is to write the domain
or manifold as anoverlappingunion of subdomains, each of them being the smooth parametric image
of a reference domain. By lifting a wavelet basis on the reference domain to the subdomains, and
taking the union of these lifted bases, a frame is obtained. Due to their nature, we refer to such frames
asaggregated wavelet frames.In recent studies, it has been shown that, despite the singular stiffness
matrix, a damped Richardson iteration can be generalized tothe case of frames in a very natural way
(cf. Dahlke et al. (2004); Stevenson (2003)). Then, by usingthe basic building blocks of the adaptive
wavelet algorithms in Cohen et al. (2002), an implementableand asymptotically optimally convergent
version of this scheme can be constructed.

This paper follows similar lines and can be interpreted as the continuation of the studies in Dahlke
et al. (2004) and Stevenson (2003). Instead of using the classical Richardson iteration, here we are
interested in the steepest descent method. As we will show, with this method again an asymptotically
optimally convergent scheme can be derived. Its main advantage is that it releases the user from the task
of providing a value of the damping parameter, as in Richardson's method, which is close to the optimal
value. This, however, requires an accurate estimate of the largest and smallest non-zero eigenvalues
of the stiffness matrix; in the case of a frame the smallest non-zero eigenvalue is hard to compute.
Although the steepest descent method requires more computational effort per iteration, in our numerical
experiments it is as ef�cient as the Richardson iteration. Moreover, in case the damping parameter in
the Richardson iteration is not chosen optimally, then the steepest descent method can even outperform
the Richardson iteration, see Section 4.

The optimal complexity of the algorithm presented in this paper relies on a technical assumption
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on the boundedness of the orthogonal projector onto the range of the discretization matrix in suitable
Lorenz spaces. Although it has been veri�ed in a special case, the proof of the boundedness property in
its full generality is still an open problem. Nevertheless,the numerical experiments presented in Section
4 strongly indicate that this assumption is really valid.

The steepest descent method for the adaptive solution of in�nite–dimensional systems has also been
studied in Canuto and Urban (2005), however, there the results are restricted to the case of bases,
whereas we are concerned with frames here.

In this paper, we con�ne the discussion to adaptive schemes based on wavelet frames. Nevertheless,
let us mention that the recent studies by Dahlke et al. (2006)and Dahlke et al. (2004), Section 7, show
that the adaptive strategies can also be carried over to biin�nite matrix equations in a Jaffard algebra.
In this setting, the boundedness of the projector stated above can be rigorously proved. Matrices in
a Jaffard class naturally arise in Gabor analysis, samplingtheory, and in the discretization of speci�c
pseudo–differential operators.

This paper is organized as follows. In Section 2, we discuss the range of problems we shall be
concerned with and summarize the basic concepts of frame discretizations. Then, in Section 3, we
introduce the adaptive steepest descent method and establish its convergence and optimality. Finally,
in Section 4, we present numerical experiments for the special case of the Poisson equation on an
interval in 1D and on anL–shaped domain in 2D. The results fully con�rm the expected convergence
and optimality for both the Richardson and the steepest descent iterations. A comparison of the two
schemes is also discussed.

2. Preliminaries

In this section, we brie�y describe the range of problems we shall be concerned with. Moreover, we
recall the basic concepts of frame discretization schemes for operator equations.

We consider linear operator equations
L u = f ; (2.1)

where we will assumeL to be a boundedly invertible operator from some Hilbert space H into its
normed dualH0, i.e.,

kL ukH0 h kukH ; u 2 H: (2.2)

Here à h b' means that both quantities can be uniformly bounded by constant multiples of each other.
Likewise, .̀ ' indicates inequalities up to constant factors. We write out such constants explicitly only
when their values matter. SinceL is assumed to be boundedly invertible, (2.1) has a unique solution u
for any f 2 H0. In the sequel, we shall focus on the important special case where

a(v;w) := hL v;wi (2.3)

de�nes asymmetricbilinear form onH, h¢;¢i corresponding to the duality pairing ofH0andH. We will
always assume thata(¢;¢) is elliptic in the sense that

a(v;v) h kvk2
H ; (2.4)

which is easily seen to imply (2.2).
Typical examples are variational formulations of second-order elliptic boundary value problems on

a domainW ½ Rd, such as the Poisson equation

¡4 u = f in W; (2.5)

u = 0 on ¶W:
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In this case,H = H1
0 (W), H0= H¡ 1(W), and the corresponding bilinear form is given by

a(v;w) =
Z

W
Ñv¢Ñwdx: (2.6)

Thus typicallyH is a Sobolev space. Therefore, from now on, we will always assume thatH andH0,
together withL2(W), form aGelfand triple, i.e.,

H ½ L2(W) ½ H0 (2.7)

with continuous and dense embeddings.
The design of adaptive wavelet or frame schemes in the aforementioned setting starts with a re-

formulation of (2.1) as an equivalent discrete problem on some sequence space`2(N ). However, to
perform this transformation, it will not be suf�cient to work with a simple frame inL2, since the op-
eratorL acts between Sobolev spaces. Similarly to the case of classical wavelets, we need speci�c
norm equivalences of Sobolev norms and weighted sequence norms of frame coef�cients. These can be
realized by the so–called Gelfand frames as introduced in Dahlke et al. (2004). Given a frameF in H ,
one usually de�nes the corresponding operators of analysisand synthesis to be

F : H ! `2(N ); f 7!
¡
hf ; fni H

¢
n2N ; (2.8)

F¤ : `2(N ) ! H ; c 7! å
n2N

cn fn: (2.9)

The compositionS := F¤F is a boundedly invertible (positive and self–adjoint) operator, called the
frame operator, and ˜F := S¡ 1F is again a frame forH , thecanonical dual frame. Then, a frameF
for H is called aGelfand framefor the Gelfand triple(B ;H ;B 0), if F ½B , ˜F ½B 0and there exists
a Gelfand triple

¡
B d; `2(N );B 0

d

¢
of sequence spaces such that

F¤ : B d ! B ; F¤c = å
n2N

cn fn and F̃ : B ! B d; F̃ f =
¡
hf ; f̃ni B £ B 0

¢
n2N (2.10)

are bounded operators.

REMARK 2.1 i) For the applications we have in mind, clearly the case(B ;H ;B 0) = ( H;L2(W);H0),
whereH denotes some Sobolev space, is the most important one. Then,similarly to the case of
a classical wavelet basis, the spacesB d andB 0

d are weighted̀ 2(N )–spaces (see Dahlke et al.
(2004) for details).

ii) It can be shown that Gelfand frames are also Banach framesfor the spacesB andB 0 in the sense
of Gröchenig (1991) (see again Dahlke et al. (2004) for details).

iii) A natural way to construct wavelet Gelfand frames on domains and manifolds is by means of
overlapping partitions of parametric images of unit cubes (see Section 4 and Dahlke et al. (2004);
Stevenson (2003) for details). We call such frames aggregated wavelet frames.

For the transformation of (2.1) into a discrete problem on`2(N ), we have to assume that there
exists an isomorphismDB : B d ! `2(N ), so that its̀ 2(N )–adjointD¤

B : `2(N ) ! B 0
d is also an

isomorphism. Then, the following lemma holds (see Dahlke etal. (2004); Stevenson (2003)).
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LEMMA 2.1 Under the aforementioned assumptions on the frame, as well as (2.3), (2.4) onL , the
operator

G := ( D¤
B )¡ 1FL F¤D¡ 1

B (2.11)

is a bounded operator from̀2(N ) to `2(N ). MoreoverG = G¤, and it is boundedly invertible on its
range ran(G) = ran((D¤

B )¡ 1F).

With
f := ( D¤

B )¡ 1F f ; (2.12)

we are therefore left with the task of solving the following problem:

Gu = f: (2.13)

A natural way to solve (2.13) would be to use a damped Richardson iteration. Indeed, the following
theorem can be shown (Dahlke et al. (2004); Stevenson (2003)).

THEOREM 2.1 LetL satisfy (2.3) and (2.4). Then, withG andf as in (2.11) and (2.12), respectively,
the solutionu of (2.1) can be computed as

u = F¤D¡ 1
B u (2.14)

with u given by

u =

Ã

a
¥

å
n= 0

(I ¡ a G)n

!

f; (2.15)

with 0 < a < 2=kGk`2(N )! `2(N ) .

Observe that (2.15) is just an in�nite damped Richardson iteration

u(i+ 1) = u(i) + a (f ¡ Gu(i)); i = 0;1; : : : ; (2.16)

starting withu(0) = 0. This scheme has been analyzed in Dahlke et al. (2004) and Stevenson (2003). In
this paper, we use a different approach and work with a version of thesteepest descent schemewhich
we describe in the following section.

3. The Steepest Descent Scheme

In this section, we introduce and analyze a steepest descentscheme for the solution of (2.13). In Sub-
section 3.1, we explain the basic setting, and we prove a perturbation theorem for this scheme. Then, in
Subsection 3.2, we derive an implementable version and showits asymptotically optimal convergence.

3.1 Basic Setting

The �rst step is to introduce a natural energy (semi)–norm on`2(N ). In the following, we writek ¢ k
andh¢;¢i for k¢ k̀

2(N ) , or k¢ k̀
2(N )! `2(N ) , andh¢;¢ì

2(N ) , respectively. We sethh¢;¢ii := hG¢;¢iand the

semi–normjjj ¢ jjj := hh¢;¢ii
1
2 . With G† being the Moore-Penrose pseudo inverse ofG, and

Q : `2(N ) ! ranG



6 of 24 S. Dahlke, M. Fornasier, R. Stevenson, T. Raasch, and M. Werner

being the orthogonal projector onto the range ofG, for anyv 2 `2(N ) we have

kG†k¡ 1
2 kQvk 6 jjj vjjj 6 kGk

1
2 kQvk; kG†k¡ 1

2 jjj vjjj 6 kGvk 6 kGk
1
2 jjj vjjj : (3.1)

Then, the steepest descent scheme and its error-reduction in one iterative step read as follows.

PROPOSITION 3.1 Let w be an approximation foru with r := f ¡ Gw 6= 0. Then, withk (G) :=
kGkkG†k, for

w̃ := w+
hr ; r i

hGr; r i
r (3.2)

we have

jjj u ¡ w̃jjj 6
k (G) ¡ 1
k (G)+ 1

jjj u ¡ wjjj :

The proof is a standard argument on the convergence of iterative descent methods. In the following,
we will often user as a shorthand notation for the residualf ¡ Gw.

It is clear that (3.2) cannot be implemented directly since in�nite sequences and biin�nite matrices
are involved. Therefore the challenging task is to transform (3.2) into an implementable version. This
will be done in the next section. One has to replace the in�nite sequences by �nite ones without de-
stroying the overall convergence of the scheme. The basic tool for this is the following perturbation
result.

PROPOSITION3.2 For anyl 2 ( k (G)¡ 1
k (G)+ 1;1), there exists ad = d(l ) > 0 small enough, such that if

kr̃ ¡ rk 6 dkr̃k andkz¡ Gr̃k 6 dkr̃k, then with

w̃ := w+
h̃r ; r̃ i
hz; r̃ i

r̃ ;

we have
jjj u ¡ w̃jjj 6 l jjj u ¡ wjjj ;

andj h̃r ;r̃ i
hz;r̃ i j . 1. If, for someh > 0, in additionkr̃ ¡ rk 6 h , thenk(I ¡ Q)(w̃ ¡ w)k 6 C3h , with some

absolute constantC3 > 0.

Proof. Eq. (3.1) implies thathGr; r i h krk2. The �rst step is to show that, for a suf�ciently small̄d
and any 0< d 6 d̄,

hz; r̃ i h krk2 and kr̃k h krk (3.3)

hold. We have

hz; r̃ i = hz¡ Gr̃ + Gr̃ ; r̃ i 6 kz¡ Gr̃kkr̃k+ kGr̃kkr̃k 6 (d + kGk)kr̃k2

and
kr̃k2 h hGr̃ ; r̃ i = hGr̃ ¡ z+ z; r̃ i 6 kGr̃ ¡ zkkr̃k+ hz; r̃ i 6 dkr̃k2 + hz; r̃ i ;

which implies the �rst equivalence in (3.3). The second one can be proved in a similar fashion. From
(3.3), we infer that ¯

¯
¯
¯
h̃r ; r̃ i
hz; r̃ i

¡
hr ; r i

hGr; r i

¯
¯
¯
¯ . d;
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since

h̃r ; r̃ i
hz; r̃ i

¡
hr ; r i

hGr; r i
=

h̃r ; r̃ i ¡ h r ; r i
hz; r̃ i

+ hr ; r i
h 1

hz; r̃ i
¡

1
hGr; r i

i

=
h̃r ; r̃ i ¡ h r ; r i

hz; r̃ i
+

hr ; r i
hz; r̃ ihGr; r i

[hGr; r i ¡ h z; r̃ i ]

=
h2(r̃ ¡ r ); r i + kr̃ ¡ rk2

hz; r̃ i
+

hr ; r i
hz; r̃ ihGr; r i

[hGr; r ¡ r̃ i + hGr̃ ¡ z; r̃ i + hG(r ¡ r̃ ); r̃ i ]:

Writing
h̃r ; r̃ i
hz; r̃ i

r̃ ¡
hr ; r i

hGr; r i
r =

hh̃r ; r̃ i
hz; r̃ i

¡
hr ; r i

hGr; r i

i
r +

h̃r ; r̃ i
hz; r̃ i

[r̃ ¡ r ]; (3.4)

we �nd that k h̃r ;r̃ i
hz;r̃ i r̃ ¡ hr ;r i

hGr;r i rk . dkrk . djjj u ¡ wjjj , which, together with Proposition 3.1, completes the
proof of the �rst statement.

From (3.4) and(I ¡ Q)r = 0, we have(I ¡ Q)(w̃ ¡ w) = h̃r ;r̃ i
hz;r̃ i (I ¡ Q)( r̃ ¡ r ), which by j h̃r ;r̃ i

hz;r̃ i j . 1
andkI ¡ Qk 6 1 completes the proof of the second statement. ¤

3.2 Numerical Realization

Obviously, the steepest descent scheme in Proposition 3.1 cannot be implemented since neither in�nite
sequences nor biin�nite matrices can be handled computationally. Therefore our aim is to replace the
scheme (3.2) by an implementable one. The guideline given byProposition 3.2 is to approximate the
in�nite expressions by �nite ones within a certain, suf�ciently small, relative tolerance.

In the sequel, we shall make the following basic assumptions. Let SN denote the (nonlinear) sub-
space of̀ 2(N ) consisting of all vectors with at mostN nonzero coordinates. Givenv 2 `2(N ), we
introduce the approximation error

sN(v) := inf
w2SN

kv ¡ wk: (3.5)

Clearly this in�mum is attained forw being a bestN-term approximation forv, i.e., a vector fromSN
that agrees withv in those coordinates on whichv takes itsN largest values in modulus. Such a best
N-term approximation forv will be denoted asvN. Note that it is not necessarily unique.

For somes> 0, we assume that
sup
N2N

NssN(u) < ¥ : (3.6)

Eq. (3.6) describes how well the solutionu to (2.13) can be approximated by the elements ofSN. Essen-
tially, (3.6) is a regularity assumption on the exact solution u to (2.1). Indeed, in the case of a wavelet
basis, it is well–known that the convergence order of the best N–term approximation is determined by
the maximum of the polynomial order and a speci�c Besov regularity of the object that we want to
approximate (cf. DeVore (1998)). For aggregated wavelet frames the same holds true (see Stevenson
(2003)). Speci�cally, whenH is a Sobolev space of ordert over ann-dimensional domain, and the
aggregated wavelet frame has orderd, thens= d¡ t

n if not limited by the Besov regularity. Fortunately,
recent studies indicate that for the solution of elliptic operator equations this Besov regularity index is
quite large (see, e.g., Dahlke (1999); Dahlke, Dahmen and DeVore (1997); Dahlke and DeVore (1997)),
and, moreover, that in many cases it is much larger than the Sobolev regularity index that governs the
convergence rate of non-adaptive schemes.
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The concept of bestN–term approximation is closely related to theweak` t –spaces̀ w
t (N ). Given

some 0< t < 2, `w
t (N ) is de�ned as

`w
t (N ) := f c 2 `2(N ) : jcj`w

t := sup
n2N

n1=t jgn(c)j < ¥ g; (3.7)

wheregn(c) is thenth largest coef�cient in modulus ofc. Then, for eachs> 0,

sup
N

NssN(v) h jvj`w
t ; (3.8)

where here, and for the remainder of this paper,sandt are always related according to

t =
µ

1
2

+ s
¶ ¡ 1

:

The expressionjvj`w
t de�nes only a quasi-norm since it does not necessarily satisfy the triangle inequal-

ity. Yet, for eacht in the range 0< t < 2, there exists aC1(t ) > 0 with

jv+ wj`w
t 6 C1(t )

¡
jvj`w

t + jwj`w
t

¢
(v;w 2 `w

t (N )) : (3.9)

We refer to Cohen et al. (2001) and DeVore (1998) for further details on the quasi–Banach spaces
`w

t (N ).
For somes¤ larger than anysfor which (3.6) can be expected (i.e.,s> d¡ t

n ), we assume the existence
of the following three subroutines:

² APPLY[w;e] ! ze. Determines, fore > 0 and a �nitely supportedw, a �nitely supportedze with

kGw¡ zek 6 e: (3.10)

Moreover, for anys < s¤, #suppze . e¡ 1=sjwj1=s
`w
t

, where the number of arithmetic operations

and storage locations used by this call is bounded by some absolute multiple ofe¡ 1=sjwj1=s
`w
t

+
#suppw+ 1.

² RHS[e] ! fe. Determines, fore > 0, a �nitely supportedfe with kf ¡ fek 6 e. Moreover, for any
s< s¤, if u 2 `w

t (N ), then #suppfe . e¡ 1=sjuj1=s
`w
t

, where the number of arithmetic operations and

storage locations used by the call is bounded by some absolute multiple ofe¡ 1=sjuj1=s
`w
t

+ 1.

² COARSE[w;e] ! we. Determines, for a �nitely supportedw, a �nitely supportedwe, such that

kw ¡ wek 6 e: (3.11)

Moreover, #suppwe . inff N : sN(w) 6 eg, andCOARSE can be arranged to take a number of
arithmetic operations and storage locations that is bounded by an absolute multiple of #suppw +
maxf log(e¡ 1kwk);1g.

Using thatG : `2(N ) ! `2(N ) is bounded, the properties ofAPPLY andRHS imply the following:

PROPOSITION3.3 For anys2 (0;s¤), G : `w
t (N ) ! `w

t (N ) is bounded. Forze := APPLY[w;e] and
fe := RHS[e], we havejzej`w

t . jwj`w
t andjfej`w

t . juj`w
t , uniformly overe > 0 and all �nitely supported

w.
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Proof. Since the proof in Stevenson (2003) is incomplete, we include a proof here. We �rst show
that for s 2 (0;s¤), G : `w

t (N ) ! `w
t (N ) is bounded. LetC > 0 be a constant such that forze :=

APPLY[w;e], suppze 6 Ce¡ 1=sjwj1=s
`w
t

. Let v 2 `w
t (N ) andN 2 N be given. For̄e := CsjvNj`w

t N¡ s, let
zē := APPLY[vN; ē]. Then, by (3.8),

kGv ¡ zēk 6 kGvN ¡ zēk+ kGkkv ¡ vNk

. CsjvNj`w
t N¡ s+ kGkN¡ sjvj`w

t . N¡ sjvj`w
t :

Since #suppze 6 N, from (3.8) again we infer thatjGvj`w
t . jvj`w

t .
By using that for anyv 2 `w

t (N ), and �nitely supportedz, we have

jzj`w
t . jvj`w

t + ( #suppz)skv ¡ zk (3.12)

(Cohen et al.; 2001, Lemma 4.11), for �nitely supportedw, e > 0, and withze := APPLY[w;e], we
havejzej`w

t . jGwj`w
t +( #suppze)se 6 jGwj`w

t + Csjwj`w
t . jwj`w

t . Similarly, for fe := RHS[e], we have
jfej`w

t . jGuj`w
t + ( #suppfe)se 6 juj`w

t . ¤
Thanks to the properties ofCOARSE we have the following result.

PROPOSITION3.4 Letm> 1 ands> 0. Then, for anye > 0, v 2 `w
t (N ), and �nitely supportedw with

kv ¡ wk 6 e;

for w := COARSE[me;w] we have that

#suppw . e¡ 1=sjvj1=s
`w
t

:

Obviouslykv ¡ wk 6 (1+ m)e, and
jwj`w

t . jvj`w
t :

Proof. Let N be the smallest integer such thatkvN ¡ vk 6 (m¡ 1)e for a bestN–term approximationvN

of v. Then #suppvN . e¡ 1=sjvj1=s
`w
t

. FurthermorekvN ¡ wk 6 kvN ¡ vk+ kv ¡ wk 6 (m¡ 1+ 1)e = me,
and so #suppw . #suppvN. The last statement follows from an application of (3.12). ¤

Let us brie�y discuss the assumptions we made onAPPLY, RHS andCOARSE. The approximate
matrix-vector productAPPLY can be implemented in the way introduced in (Cohen et al.; 2001, x6.4).
Then the question whetherAPPLY has the assumed properties reduces to the question as to how well G
can be approximated by sparse matrices constructed by dropping small entries. This can be quanti�ed by
the concept ofs¤-compressibility, meaning that ifG is s¤-compressible, thenAPPLY has the assumed
properties with that value ofs¤. For the case of a basis, for both differential operators andsingular
integral operators, and for suf�ciently smooth wavelets with suf�ciently many vanishing moments in
relation to their approximation order, it was shown in Stevenson (2004) thatG is s¤-compressible with
s¤ larger than anys= 1=t ¡ 1=2 for whichu 2 `w

t (N ) can be expected. This result extends to aggregated
wavelet frames (see Stevenson (2003) for details).

Above, we implicitly assumed that the remaining entries from the sparse approximations forG are
exactly available. Generally, however, these entries haveto be approximated by numerical quadrature.
For the case of a basis, in Gantumur and Stevenson (2006a,b) it was veri�ed that these remaining entries
can be approximated within a suf�ciently small tolerance byquadrature rules that, on average over each
row and column, take onlyO(1) operations per entry, showing that the “fully discrete” version ofAP-
PLY has the required properties. The development of suitable numerical quadrature is more complicated
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in the case of an aggregated wavelet frame, since in overlapping regions, pairs of frame elements can be
piecewise smooth with respect to uncorrelated partitions.Despite of this, in a forthcoming paper we will
show that relatively easy implementable quadrature schemes exist that realize the aboveO(1) condition
in the case of an aggregated wavelet frame as well. In the nicesetting of the numerical examples in this
paper, all entries ofG are exactly available at unit cost, so the question of numerical quadrature does
not play a role.

ConcerningRHS, for somes < s¤, let u 2 `w
t (N ). Then Proposition 3.3 shows thatf = Gu 2

`w
t (N ) with jfj`w

t . juj`w
t . So (3.8) shows that for anye > 0, there exists anfe with kf ¡ fek 6 e and

#suppfe . e¡ 1=sjuj1=s
`w
t

. The question how to construct such anfe in O(e¡ 1=sjuj1=s
`w
t

+ 1) operations cannot
be answered in general, as it depends on the right-hand side at hand.

Finally, the routineCOARSE with the aforementioned properties can be based on binary binning
(see Barinka (2005); Stevenson (2003) for details).

We are going to solveGu = f with an approximate steepest descent method. UnlessF is a basis,
G has a non-trivial kernel, meaning that, as with any iterative method, a component of the error in a
current approximationw that is in ker(G) will never be reduced in subsequent iterations. Although such
components do not in�uence the resulting approximationw := F¤D¡ 1

B w because ker(F¤D¡ 1
B ) = ker(G),

in principle they may cause an unbounded increase ofjwj`w
t as the iteration proceeds, making the cost

of calls ofAPPLY possibly uncontrollable. Under the assumption given below, we will nevertheless be
able to control this cost, which allows us to show optimalityof the method.

Assumption 3.5 For anys2 (0;s¤), Q is bounded oǹw
t (N ).

This assumption has been veri�ed for the special case thatH = L2(W), the wavelet bases making
up the aggregated frame areL2(W)-orthonormal, and some damping is applied to the wavelets near the
interior boundaries, see Stevenson (2003) for details.

The general proof of the boundedness assumption 3.5 onQ is a dif�cult open problem. Its validity
can be indirectly veri�ed by numerical experiments, like those in Section 4. According to (Stevenson;
2003, Remark 3.13), the boundedness ofQ on`w

t (N ) for all s2 (0;s¤) is (almost) a necessary require-
ment for the scheme to behave optimally.
Moreover, not restricting our analysis to wavelet frames and to differential equations, there exist other
frames, for example time–frequency localized Gabor frames(and more generally all intrinsically poly-
nomially localized frames, cf. Dahlke et al. (2004); Fornasier and Gr̈ochenig (2005)), for which the
boundedness of the correspondingQ has been proven rigorously (see (Dahlke et al.; 2004, Theorem 7.1
in Section 7)). Therefore, for speci�c operator equations,optimality of the adaptive algorithm intro-
duced below based on, e.g., Gabor frame discretizations, isjusti�ed theoretically.

REMARK 3.1 For cases in which Assumption 3.5 might not be valid, one can apply a modi�ed algorithm
that contains a recurrent inexact application of a projector to reduce components in ker(G), similar
to the algorithmmodSOLVE in Stevenson (2003) based on Richardson iteration. Although for this
algorithm optimal computational complexity can also be shown, even with a simpler proof, we focus on
the algorithm without this projector, since we expect it to have better quantitative properties.

Now we are in the position to formulate our inexact steepest descent scheme. The �rst step is to
establish a routine that computes an approximate residual of the current approximationw for u within
a suf�ciently small tolerancez such that either, in view of Proposition 3.2, the relative error in this
approximate residual is below some prescribed toleranced, or the residual itself, being a measure of the
error in w, is below some other prescribed tolerancee. In view of controlling the components of the
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approximations in ker(G), the tolerancez should be in any way below some third input parameterx .

RES[w;x ;d;e] ! [r̃ ;n]:

z := 2x
do z := z=2

r̃ := RHS[z=2] ¡ APPLY[w;z=2]
until n := kr̃k+ z 6 e or z 6 dkr̃k

THEOREM 3.6 The routineRES has the following properties.

i) [r̃ ;n] = RES[w;x ;d;e] terminates withn > krk, n & minf x ;eg andkr ¡ r̃k 6 x .

ii) If, for s6 �s< s¤, with, as always,t = ( 1
2 + s)¡ 1 and �t = ( 1

2 + �s)¡ 1, u 2 `w
t (N ), then

#supp̃r . minf x ;ng¡ 1=sjuj1=s
`w
t

+ minf x ;ng¡ 1=�sjwj1=�s
`w

�t
; (3.13)

minf x ;ng( �s=s)¡ 1jr̃ j`w
�t

. juj �s=s
`w
t

+ minf x ;ng( �s=s)¡ 1jwj`w
�t
; (3.14)

and the number of arithmetic operations and storage locations required by the call is bounded by
some absolute multiple of

minf x ;ng¡ 1=sjuj1=s
`w
t

+ minf x ;ng¡ 1=�s[jwj1=�s
`w

�t
+ x1=�s(#suppw+ 1)]:

iii) In addition, if RESterminates withn > e, thenkr ¡ r̃k 6 dkr̃k, n 6 (1+ d)kr̃k, andn 6 1+ d
1¡ d krk.

Proof. Let us start by proving i). If at evaluation of the until-case, z > dkr̃k, thenkr̃k+ z < (d¡ 1+ 1)z .
Sincez is halved in each iteration, we infer that, if not byz 6 dkr̃k, RESwill terminate bykr̃k+ z 6 e.

Since after any evaluation ofr̃ inside the algorithm,kr̃ ¡ rk 6 z , any value ofn determined inside
the algorithm is an upper bound onkrk.

If the do–loop terminates in the �rst iteration, thenn > x . In the other case, let̃rold := RHS[z ] ¡
APPLY[w;z ]. We havekr̃oldk+ 2z > e and 2z > dkr̃oldk, so that

n > z > (2d¡ 1 + 2)¡ 1(kr̃oldk+ 2z ) >
de

2+ 2d
;

and i) is shown.
The next step is to establish part ii). For any �nitely supportedv, we have

jvj`w
�t

6 (#suppv) �s¡ sjvj`w
t : (3.15)

So forg := RHS[z ], from #suppg . z ¡ 1=sjuj1=s
`w
t

andjgj`w
t . juj`w

t , we havez ( �s=s)¡ 1jgj`w
�t

. juj �s=s
`w
t

. With
z , r̃ , andn having their values at termination, the properties ofAPPLY, cf. Proposition 3.3, now show
that

#supp̃r . z ¡ 1=sjuj1=s
`w
t

+ z ¡ 1=�sjwj1=�s
`w

�t
;

and
z ( �s=s)¡ 1jr̃ j`w

�t
. juj �s=s

`w
t

+ z ( �s=s)¡ 1jwj`w
�t
:
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Therefore, (3.13) and (3.14) follow from these expressionsonce we have shown thatz & minf x ;ng.
When the do–loop terminates in the �rst iteration, we havez & x . In the other case, with̃rold as above,
we havedkr̃oldk < 2z , and so fromkr̃ ¡ r̃oldk 6 z + 2z , we inferkr̃k 6 kr̃oldk+ 3z < (2d¡ 1 + 3)z , so
thatn < (2d¡ 1 + 4)z .

To complete the proof of ii), it remains to estimate the number or arithmetic operations. Again the
properties ofAPPLY and that ofRHS together with the geometric decrease ofz inside the algorithm,
imply that the total cost can be bounded by some multiple ofz ¡ 1=sjuj1=s

`w
t

+ z ¡ 1=�sjwj1=�s
`w

�t
+ K(#suppw+ 1);

with K being the number of calls ofAPPLY that were made. Taking into account its initial value, and the
geometric decrease ofz inside the algorithm, we haveK(#suppw + 1) = Kx ¡ 1=�sx1=�s(#suppw + 1) .
z ¡ 1=�sx1=�s(#suppw + 1). Since we have already shown thatz & minf x ;ng, this completes the proof of
ii).

Finally, let us check iii). Suppose thatRES terminates withn > e, and thus withz 6 dkr̃k. Then
obviouslykr ¡ r̃k 6 dkr̃k.

Fromkr̃k 6 kr ¡ r̃k + krk 6 dkr̃k + krk, we havekr̃k 6 krk
1¡ d , and so we arrive atn = kr̃k + z 6

(1+ d)kr̃k 6 1+ d
1¡ d krk. ¤

The routineRES is the basic building block for our fundamental algorithm which reads as follows.

Algorithm 1 SOLVE [w;e] ! w:
% Input should satisfyw > kQuk.
% Let l andd = d(l ) be constants as in Proposition 3.2.
% Fix some constantsm> 1, b 2 (0;1).
% Let K, M be the smallest integers withbKw 6 e, l M 6 1¡ d

1+ d
b

(1+ 3m)k (G) , respectively.

w0 := 0; w0 := w
for i := 1 to K do

w̄i := wi¡ 1; wi := bwi¡ 1; xi := wi
(1+ 3m)C3M % C3 from Proposition 3.2

while with [r̃ i ;ni ] := RES[w̄i ;xi ;d; wi
(1+ 3m)kG†k

], ni > wi
(1+ 3m)kG†k

do

zi := APPLY[r̃ i ;dkr̃ ik]
w̄i := w̄i +

h̃r i ;r̃ i i
hzi ;r̃ i i

r̃ i

enddo
wi := COARSE[w̄i ;

3mwi
1+ 3m]

endfor

It turns out that Algorithm 1 indeed converges with the optimal order. This is con�rmed by the
following theorem which is the main result of this paper.

THEOREM 3.7 i) If w > kQuk, thenw := SOLVE[w;e] terminates withkQ(u ¡ w)k 6 e.

ii) For anyh 2 (0;s¤), let �s= s¤ ¡ h
2 , �t = ( 1

2 + �s)¡ 1, and let the constantb insideSOLVE satisfy

b < minf 1; [C1( �t )C2( �t )jI ¡ Qj`w
�t ! `w

�t
]2(s¤¡ h )=h g:

Then, if for somes2 (0;s¤ ¡ h ], u 2 `w
t (N ), then #suppw . e¡ 1=sjuj1=s

`w
t

and, whene . w . kuk,
the number of arithmetic operations and storage locations required by the call is bounded by some
absolute multiple of the same expression.
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Proof. The �rst step is to prove i). Let us consider theith iteration of the for-loop. Assume that

kQ(u ¡ wi¡ 1)k 6 wi¡ 1; (3.16)

which holds by assumption fori = 1. The inner loop terminates after not more thanM + 1 calls ofRES.
Indeed, suppose that this is not the case, then the �rstM + 1 calls ofRES do not terminate because
the �rst condition in the until-clause is satis�ed, and so Theorem 3.6 iii), Proposition 3.2, (3.1) and
assumption (3.16) show that the(M + 1)th call outputs ani with

ni 6
1+ d
1¡ d

kf ¡ Gw̄ik =
1+ d
1¡ d

kG(u ¡ w̄i)k 6
1+ d
1¡ d

kGk
1
2 jjj u ¡ w̄i jjj

6
1+ d
1¡ d

kGk
1
2 l M jjj u ¡ wi¡ 1jjj 6

1+ d
1¡ d

kGk
1
2 l MkGk

1
2 kQ(u ¡ wi¡ 1)k

6
wi

(1+ 3m)kG†k

by de�nition of M, which gives a contradiction.
With ŵi denotingw̄i at termination of the inner loop, we have by (3.1) and the properties ofRES

kQ(u ¡ ŵi)k 6 kG†k
1
2 jjj u ¡ ŵi jjj 6 kG†kkG(u ¡ ŵi)k 6 kG†kni 6

wi

1+ 3m
; (3.17)

so that, by the properties ofCOARSE,

kQ(u ¡ wi)k 6 wi
1+ 3m + 3mwi

1+ 3m = wi ;

showing convergence, and by de�nition ofK completes the proof of the �rst statement.
The proof of ii) follows the lines of the proof of (Stevenson;2003, Theorem 3.12). In our case where

G has possibly a non-trivial kernel, generally, due to the errors in ran(I ¡ Q), we have no convergence
of ŵi to u for i ! ¥ , and as a consequence, we are not able to boundjwi j`w

t by some absolute multiple of
juj`w

t . Instead we prove a weaker result (3.21), that, however, suf�ces to conclude optimal computational
complexity. By part i) of Theorem 3.6, Proposition 3.2 and the de�nition of thexi ,

k(I ¡ Q)(ŵi ¡ wi¡ 1)k 6 C3Mxi = wi
1+ 3m: (3.18)

SinceQ is bounded oǹ2, and by Assumption 3.5, it is bounded on`w
�t , an interpolation argument (cf.

(DeVore; 1998, (4.24))) shows that it is bounded on`w
t , uniformly in t 2 [ �t ;2]. Let Ni be the smallest

integer such that
kQu ¡ (Qu)Ni k 6 wi

1+ 3m; (3.19)

where(Qu)N denotes the bestN-term approximation forQu. Then, using the assumptionu 2 `w
t (N ),

(3.8) shows that
Ni . w¡ 1=s

i jQuj1=s
`w
t

. w¡ 1=s
i juj1=s

`w
t

;

and so, using (3.15),

w( �s=s)¡ 1
i j(Qu)Ni j`w

�t
. juj( �s=s)¡ 1

`w
t

j(Qu)Ni j`w
t . juj( �s=s)¡ 1

`w
t

jQuj`w
t . juj �s=s

`w
t

: (3.20)

From (3.17), (3.18) and (3.19), we get

k(Qu)Ni + ( I ¡ Q)wi¡ 1 ¡ ŵik 6 3wi
1+ 3m:
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From Proposition 3.4, withv reading as(Qu)Ni + ( I ¡ Q)wi¡ 1 and by using thatm> 1, it follows that
wi := COARSE[ŵi ;

3mwi
1+ 3m] satis�es

jwi j`w
�t

6 C2( �t )j(Qu)Ni + ( I ¡ Q)wi¡ 1j`w
�t

6 C1( �t )C2( �t )j(Qu)Ni j`w
�t
+ C1( �t )C2( �t )j(I ¡ Q)j`w

�t Ã `w
�t
jwi¡ 1j`w

�t

by (3.9), and so by (3.20),

w( �s=s)¡ 1
i jwi j`w

�t
6 Cjuj �s=s

`w
t

+ C1( �t )C2( �t )j(I ¡ Q)j`w
�t Ã `w

�t
b ( �s=s)¡ 1w( �s=s)¡ 1

i¡ 1 jwi¡ 1j`w
�t

for some absolute constantC > 0. The assumption onb made in the theorem shows that

C1( �t )C2( �t )j(I ¡ Q)j`w
�t Ã `w

�t
b ( �s=s)¡ 1 < 1;

from which we conclude by a geometric series argument that

w( �s=s)¡ 1
i jwi j`w

�t
. juj �s=s

`w
t

; (3.21)

which, as we emphasize here, holds uniformly ini. Moreover, knowing this, Proposition 3.4 and (3.20)
show that

#suppwi . w¡ 1=�s
i j(Qu)Ni + ( I ¡ Q)wi¡ 1j1=�s

`w
�t

. w¡ 1=s
i

¡
w( �s=s)¡ 1

i

£
j(Qu)Ni j`w

�t
+ jI ¡ Qj`w

�t ! `w
�t
jwi¡ 1j`w

�t

¤¢1=�s

. w¡ 1=s
i juj1=s

`w
t

; (3.22)

again uniformly ini.

For any computedni in the inner loop, Theorem 3.6 i) shows that wi
(1+ 3m)kG†k

. ni . At termination
of the inner loop we haveni . wi , whereas for any evaluation ofRES that does not lead to termination,
Theorem 3.6 iii) and Proposition 3.2 show that

ni 6
1+ d
1¡ d

kf ¡ Gw̄ik . jjj u ¡ w̄i jjj 6 jjj u ¡ wi¡ 1jjj . wi¡ 1:

We conclude that
ni h wi ;

uniformly in i and over all computations ofni in the inner loop.
Inside the body of the inner loop, we have that the tolerance for the call ofAPPLY satis�esdkr̃ ik >

dni
1+ d by Theorem 3.6 iii) and, by Proposition 3.2, thatj h̃r i ;r̃ i i

hzi ;r̃ i i
j . 1. By (3.21) and the fact that the number

of iterations of the inner loop is uniformly bounded, Theorem 3.6 ii) shows that

w( �s=s)¡ 1
i jr̃ i j`w

�t
. juj �s=s

`w
t

; w( �s=s)¡ 1
i jw̄i j`w

�t
. juj �s=s

`w
t

:

With this result and (3.22), Theorem 3.6 ii) and the properties ofAPPLY (with sreading as �s) show that

#supp̃r i . w¡ 1=s
i juj1=s

`w
t

; #suppzi . w¡ 1=s
i juj1=s

`w
t

; #suppw̄i . w¡ 1=s
i juj1=s

`w
t

:
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By using these results concerning the lengths of the supports and thè w
�t -norms, again Theorem 3.6

ii) and the properties ofAPPLY and COARSE show that the number of arithmetic operations and
storage locations required for the computation ofwi starting fromwi¡ 1 is bounded by an absolute mul-
tiple of w¡ 1=s

i juj1=s
`w
t

+ maxf log(w¡ 1
i kŵik);1g. From log(w¡ 1

i kŵik) . w¡ 1=�s
i kŵik1=�s . w¡ 1=�s

i jŵi j
1=�s
`w

�t
.

w¡ 1=s
i juj1=s

`w
t

, as well as 1. w¡ 1=skuk1=s . w¡ 1=s
i juj1=s

`w
t

by assumption, the geometric decrease of thewi ,
andwK & e, which, in caseK = 0, is an assumption, the proof is completed. ¤

REMARK 3.2 In principle, all the building blocks we have developed so far can also be combined
to obtain an adaptive frame version of the conjugate gradient algorithm. However, our �rst numerical
experiments indicate that such a method does not really pay off compared to the simpler steepest descent
scheme. A similar observation has also been made in Dahmen etal. (2002) for the case of a basis.

4. Numerical Experiments

After the construction of a convergent and asymptotically optimal steepest descent algorithm, we now
investigate the practical applicability of the scheme. Moreover we want to compare it with the adap-
tive scheme based on the damped Richardson iteration. The version of the latter scheme appearing in
Dahlke et al. (2004); Stevenson (2003) has been proven to converge and, under Assumption 3.5, to be
also asymptotically optimal. Unfortunately its concrete implementation has shown it to be rather inef-
�cient and therefore not well suited for comparisons. For this reason, we will compare the results of
our adaptive frame algorithmSOLVE with those obtained with the Richardson iteration based method
from Cohen et al. (2002). This scheme can be shown to convergealso in the case of a wavelet frame
discretization, but a proof of its optimality has not been achieved yet. Nevertheless we will see that it
is in fact optimal in practice. Again the routinesRHS, APPLY, andCOARSE are the basic building
blocks for its implementation which reads as follows.

Algorithm 2 CDD2SOLVE [h ;e] ! w:
% Input should satisfyh > kQuk.
% De�ne the parametersaopt := 2

kGk+ kG†k¡ 1 andr := k (G)¡ 1
k (G)+ 1.

% Letq and K be constants with2r K < q < 1=2.

w := 0;
while h > e do

for j := 1 to K do

w := w+ aopt

³
RHS[ r j h

2a K ] ¡ APPLY[w; r j h
2a K ]

´
;

endfor
h := 2r Kh=q;
w := COARSE[w;(1¡ q)h ];

enddo

For the discretization we use aggregated wavelet frames on suitable overlapping domain decomposi-
tions, as the union of local wavelet bases lifted to the subdomains. As such local bases we use piecewise
linear and piecewise quadratic wavelets with complementary boundary conditions from Dahmen and
Schneider (1998), with order of polynomial exactnessd = 2 ord = 3 and withd̃ = 2 or d̃ = 5 vanishing
moments respectively. In particular, we impose here homogenous boundary conditions on the primal
wavelets and free boundary conditions on the duals. We will test the algorithms on both 1D and 2D
Poisson problems.
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FIG. 1. Exact solution (solid line) for the one–dimensional example being the sum of the dashed and dash–dotted functions.

4.1 Poisson Equation on the Interval

We consider the variational formulation of the following problem of order 2t = 2 on the intervalW =
(0;1), i.e.,n = 1, with homogenous boundary conditions

¡ u00= f onW; u(0) = u(1) = 0: (4.1)

The right-hand sidef is given as the functional de�ned byf (v) := 4v( 1
2) +

R1
0 g(x)v(x)dx, where

g(x) = ¡ 9p2sin(3px) ¡ 4:

The solution is consequently given by

u(x) = ¡ sin(3px)+
½

2x2 ; x 2 [0; 1
2)

2(1¡ x)2; x 2 [1
2;1]

;

see Figure 1. As an overlapping domain decomposition we chooseW = W1 [ W2, whereW1 = ( 0;0:7)
andW2 = ( 0:3;1). Associated to this decomposition we construct our aggregrated wavelet frames just as
the union of the local bases. It is shown in Dahlke et al. (2004); Stevenson (2003) that such a system is
a (Gelfand) frame forHt

0(W) and that it can provide a suitable characterization of Besovspaces in terms
of wavelet coef�cients. On the one hand, the solutionu is contained inHs+ 1

0 (W) only for s< 1
2. This

means that linear methods can only converge with limited order. On the other hand, it can be shown that
u 2 Bs

t (Lt (W)) for anys> 0, 1=t = s¡ 1=2, so that the wavelet frame coef�cientsu associated withu
de�ne a sequence iǹw

t for anys< d¡ t
n (see DeVore (1998); Stevenson (2003)). This ensures that the

choice of wavelets with suitable orderd can allow for any order of convergence in adaptive schemes like
that presented in this paper, in the sense that the error isO(N¡ s) whereN is the number of unknowns.
Due to our choice of piecewise linear wavelets with orderd = 2, the optimal rate of convergence is
expected to bes= d¡ t

n = 1. We will show that the numerical experiments con�rm this expected rate.
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FIG. 2. Left: Convergence histories ofSOLVE andCDD2SOLVE with respect to CPU time. Two tests forCDD2SOLVE with
different �xed damping parameters are shown.Right: Convergence histories with respect to the support size of the iterands.

We have tested the adaptive wavelet algorithmsCDD2SOLVE with parametersaopt ¼ 0:52, q =
2=7, K = 83, and with initialh = 64:8861, andSOLVE with parametersd = 1, m= 1:0001,b = 0:9,
M = C3 = 1, K = 134, w0 = 64:8861. The parametersM;C3 have been chosen so as to produce an
optimal response of the numerical results. The numerical results in Figure 2 illustrate the optimal
computational complexity of the two schemes. In particular, we show that for a suboptimal choice of the
damping parameter (a ¤ = 0:2 6 aopt ¼ 0:52 in this speci�c test)SOLVE outperformsCDD2SOLVE.
In practice, the wrong guess of the damping parameter can even spoil convergence and/or optimality.

In order to reduce computational time, we have implemented acaching strategy for the entries of
the stiffness matrix involved. Due to limited memory resources one is then forced to �x in advance a
certain maximal number of frame elements which can be taken into account during the iteration process,
which means that we are solving a truncated problem. Thus, for the computation of the residuals, only
wavelets up to a �xed scale are used. For small accuracies, the actually computed residuals may then
deviate from the true ones. This effect shows up in the CPU time histories displayed in Figure 2 for
small error tolerances. However, we observe that the in�uence of the truncation is almost negligible in
the 1D–case, since here the �nest re�nement level can be chosen very high.

Finally, Figure 3 illustrates the distribution of the active wavelet frame elements used by the steepest
descent scheme, each of them corresponding to a coloured rectangle. The two overlapping subintervals
are treated separately. For both patches one observes that the adaptive scheme detects the singularity of
the solution. The chosen frame elements arrange in a tree–like structure with large coef�cients around
the singularity, while on the smooth parts the coef�cients are uniformly distributed, and along a �xed
level they are of similar size here.

4.2 Poisson Equation on the L-shaped Domain

We consider the model problem of the variational formulation of Poisson's equation in two spatial
dimensions:

¡ Du = f in W; uj¶W = 0: (4.2)

The problem will be chosen in such a way that the application of adaptivealgorithms pays off most, as
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FIG. 3. Distribution of active wavelet frame elements inW1 andW2.
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FIG. 4. Exact solution (left) and right–hand side for the two–dimensional Poisson equation in anL–shaped domain.

is the case for domains with reentrant corners. Here, the reentrant corners themselves lead to singular
parts in the solutions, forcing them to have a limited Sobolev regularity, even for smooth right–hand
sides f . For instance, considering theL-shaped domainW = ( ¡ 1;1)2n[0;1) £ [0;1), and f 2 L2(W),
the solutionu is known to be of the form

u = kS + ū;

whereū 2 H2(W) \ H1
0 (W), k is a generally non-zero constant, and, with respect to polarcoordinates

(r;q) related to the reentrant corner,

S (r;q) := z (r)r2=3sin(
2
3

q);

wherez 2 C¥ (W) is a cut-off function. We useS as exact solution, which is shown together with the
corresponding right–hand side in Figure 4. It is well-knownthatS 2 Hs(W) for s< 5=3 only, but it is
contained in every Besov spaceBs

t (Lt (W)) , wheres> 0, 1=t = ( s¡ 1)=2+ 1=2 (see Dahlke (1999)).
As has been previously noted, the convergence rate of a uniform re�nement strategy is determined by
the Sobolev regularity of the solution, while in the contextof adaptive schemes it depends on the Besov
regularity (cf. Dahlke, Dahmen and DeVore (1997)). In particular, considering piecewise quadratic
approximation, the best possible convergence rate in theH1(W)-norm for uniform re�nement strategies
is O(N¡ ( 5

3 ¡ 1)=2), with N being the number of unknowns, whereas our adaptive frame scheme gives the
optimal rateO(N¡ 1). The latter can be shown, in view of our assumptions on theAPPLY routine,
provided that the wavelets used in the construction of the aggregated frame are smooth enough and have
suf�ciently many vanishing moments (see Stevenson (2003) for a detailed discussion of this relation).

More generally, assumingf is suf�ciently smooth, with piecewise polynomial approximation of
orderd, a further expansion ofu into more singularity functions associated to the corners of the domain
shows that with the adaptive scheme the optimal rateO(N¡ (d¡ 1)=2) is reached, whereas with uniform
re�nement strategies the rate is always restricted toO(N¡ ( 5

3 ¡ 1)=2).
For our numerical experiments, we will use an aggregated wavelet frame. WithW1 = ( ¡ 1;0) £

(¡ 1;1), W2 = ( ¡ 1;1) £ (¡ 1;0), and2 = ( 0;1)2, let ki be af�ne bijections between2 andWi (i = 1;2).
For Y 2 being a piecewise quadratic wavelet basis forH1

0 (2 ), whered = 3 andd̃ = 5, we setF =
[ 2

i= 1ki(Y 2 ). Although this construction is in the spirit of that from Dahlke et al. (2004) and Stevenson
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FIG. 5. Approximations and corresponding pointwise errors produced by the adaptive steepest descent algorithm, using piecewise
quadratic frame elements.Upper part: Approximations with 167, 898, and 2351 frame elements.Lower part: Approximations
with 2934, 3532, and 4648 frame elements.
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FIG. 6. Convergence histories ofSOLVE andCDD2SOLVE with respect to CPU time using piecewise quadratic frame elements
(d = 3, d̃ = 5).

(2003), we cannot conclude from the theory developed there thatF is actually a frame. The dif�culty
is that there does not exist a partition of unity with respectto the open coveringW1 [ W2 of W. The
non-overlapping parts ofW1 andW2 are in�nitely close at the reentrant corner. We give a directproof
that neverthelessF is a frame.

Using thatki(Y 2 ) are frames (even bases) forH1
0 (Wi), it is suf�cient to show that

kuk2
H1(W) h inf

u12H1
0 (W1);u22H1

0 (W2);u= u1+ u2

ku1k2
H1(W1) + ku2k2

H1(W2) ;

uniformly in u 2 H1
0 (W). Let f : [0; 3p

2 ] ! R> 0 be a smooth function withf (q) = 1 for q 6 p
2 and

f (q) = 0 for q > p. Writing u = u1 + u2 whereu2(x;y) = u(x;y)f (q(x;y)) with (r(x;y);q(x;y)) being
the polar coordinates of(x;y) with respect to the reentrant corner, we have thatui 2 H1

0 (Wi) (i = 1;2).
SinceW is a Lipschitz domain, withd(x;y) denoting the distance of(x;y) 2 W to the boundary, we
know that foru 2 H1

0 (W), d¡ 1u 2 L2(W) with kd¡ 1ukL2(W) . kukH1(W) , uniformly in u (see (Grisvard;
1985, Theorem 1.4.4.4)). Since furthermore

Ñ(uf ) = f Ñu+
u
r

µ
¡ sin(q)

¶ f
¶q

;cos(q)
¶ f
¶q

¶ T

;

andr(x;y) > d(x;y), we conclude thatkuikH1(W) . kukH1(W) uniformly in u, which completes the proof
of F being a frame forH1

0 (W).
We have tested the adaptive wavelet algorithmsCDD2SOLVE with parametersaopt ¼ 0:15, q =

2=7, K = 80, and with initialh = 70:1, andSOLVE with parametersd = 1, m= 1:0001,b = 0:9,
M = C3 = 1, K = 150,w0 = 70:1.

In Figure 5 we show some of the approximations and the corresponding pointwise differences to the
exact solution produced by our steepest descent scheme using piecewise quadratic frame elements. The
numerical results in Figure 6 illustrate the optimal convergence of the two schemes.

REMARK 4.1 For the damped Richardson and the steepest descent schemes, optimality has been the-
oretically proven only under Assumption 3.5. As was previously mentioned, according to (Stevenson;
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2003, Remark 3.13), the boundedness ofQ on`w
t (N ) for all s2 (0;s¤) is (almost) a necessary require-

ment for the scheme to behave optimally. So our numerical results can also be seen as a possible indirect
con�rmation of such boundedness.

REMARK 4.2 In order to improve the approximation properties of the frame algorithms considered, one
may think of imposing a tree structure onto the set of active frame elements. For the case of Riesz bases,
it has been shown in Cohen et al. (2003) how to modify the main proceduresCOARSE andAPPLY to
end up with a numerical scheme which realizes the tree approximation rateN¡ s under slightly stronger
regularity assumptions onu. However, the generalization of these ideas to the setting of frames is
beyond the scope of this paper.

5. Conclusion

In this paper we have presented a new optimally convergent adaptive scheme for the numerical solu-
tion of elliptic operator equations, based on redundant frame discretizations. The scheme is based on
approximated iterations of steepest descent type. We have shown that the search of the damping param-
eter can be executed adaptively at each iteration, allowingfor better practical usability compared to the
damped Richarson iteration. There, the optimal damping parameter can often only be guessed, since
the estimation of the lowest non–zero eigenvalue of the stiffness matrix is dif�cult in the case of frame
discretizations. The use of frames instead of Riesz bases does not spoil the optimal convergence of the
scheme that can be theoretically proved and numerically veri�ed. Moreover, the construction of wavelet
systems on domains with complicated geometry is extremely simpli�ed by considering frames instead
of Riesz bases. The numerical implementation is also signi�cantly simpli�ed.

The results included in Oswald (1997a,b) illustrate that frames can be naturally used for domain de-
composition methods, where the overlapping patches inducea Schwarz alternating iteration. Together
with adaptive schemes and the implementation of well-conditioned high order bases (Bittner (2006);
Gori et al. (2004); Primbs (2006)), we expect that this line of research will produce a signi�cant break-
through for numerical schemes based on frame decompositions.
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Gröchenig, K. (1991). Describing functions: atomic decompositions versus frames,Monatsh. Math.112(1): 1–42.
Harbrecht, H. and Stevenson, R. (2006). Wavelets with patchwise cancellation properties,Math. Comp.75(254): 1871–

1889.
Oswald, P. (1997a). Frames and space splittings in Hilbert spaces,Survey lectures on multilevel schemes for elliptic

problems in Sobolev spaces. http://www.faculty.iu-bremen.de/poswald/bonn1.pdf.
Oswald, P. (1997b). Multilevel frames and Riesz bases in Sobolev spaces,Survey lectures on multilevel schemes

for elliptic problems in Sobolev spaces http://www.faculty.iu-bremen.de/poswald/bonn2.pdf.
Primbs, M. (2006).Stabile biorthogonale Spline-Waveletbasen auf dem Intervall, PhD thesis, Universität Duisburg-

Essen.
Stevenson, R. (2003). Adaptive solution of operator equations using wavelet frames,SIAM J. Numer. Anal.

41(3): 1074–1100.
Stevenson, R. (2004). On the compressibility of operators in wavelet coordinates,SIAM J. Math. Anal.35(5): 1110–

1132.
Stevenson, R. (2006). Composite wavelet bases with extended stability and cancellation properties,Technical

Report 1345, Utrecht University. To appear in SIAM J. Numer. Anal.


