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Abstract

We are concerned with the efficient numerical solution of minimization problems
in Hilbert spaces involving sparsity constraints. These optimizations arise, e.g., in
the context of inverse problems. In this work we analyze a very efficient variant of the
well-known iterative soft-shrinkage algorithm for large or even infinite dimensional
problems. This algorithm is modified in the following way. Instead of prescribing
a fixed thresholding parameter, we use a decreasing thresholding strategy. More-
over, we use suitable variants of the adaptive schemes derived by Cohen, Dahmen
and DeVore [11,12] for the approximation of the infinite matrix-vector products.
We derive a block multiscale preconditioning technique which allows for local well-
conditioning of the underlying matrices and for extending the concept of restricted
isometry property to infinitely labelled matrices. The careful combination of these
ingredients gives rise to a numerical scheme that is guaranteed to converge with
exponential rate, and which allows for a controlled inflation of the support size of
the iterations. We also present numerical experiments that confirm the applicabil-
ity of our approach which extends concepts from compressed sensing to large scale
simulation.

AMS subject classification: 41A25, 65F35, 65F50, 656N12, 65T60.
Key Words: Operator equations, multiscale methods, adaptive algorithms, sparse opti-

mization and compressed sensing, multilevel preconditioning, wavelets, iterative thresh-
olding, restricted isometry property.
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1 Introduction

In this paper we are concerned with the efficient minimization of functionals of the type:

J(u) = |Ku =y} + 20l ({w, 92))rezlley o (2): (1)

where K : X — Y is a bounded linear operator acting between two separable Hilbert
spaces X and Y, y € Y is a given datum, and ¥ := {t¥x}rez is a prescribed countable
basis for X with associated dual ¥ := {¢y} ez. For 1 < p < oo, the sequence norm

1
llly oz = (D lualPan)
with weight o = () )ae7 € R_{. Associated to the basis, we are given the synthesis map
F : 05(T) — X defined by

is the usual norm for weighted p-summable sequences,

Fu:= ZU)\T/J)\, ueﬁg(I). (2)

AEA

We can re-formulate equivalently the functional in terms of sequences in ¢5(Z) as follows:
J(u) := Jo(u) = (K o F)u—yl[5 +2[ull, ,2)- (3)

For ease of notation let us write A := K o F'. Such a functional turns out to be very
useful in many practical problems, where one cannot observe directly the quantities
of most interest; instead their values have to be inferred from their effect on observable
quantities. When this relationship between the observable y and the interesting quantity
u is (approximately) linear the situation can be modeled mathematically by the equation

y = Ku, (4)

If K is a “nice” (e.g., well-conditioned), easily invertible operator, and if the data y
are free of noise, then this is a well-known task which can be addressed with standard
numerical analysis methods. Often, however, the mapping K is not invertible or ill-
conditioned. Moreover, typically (4) is only an idealized version in which noise has been
neglected; a more accurate model is

y=Ku+ e, (5)

in which the data are corrupted by an (unknown) noise e. In order to deal with this type
of reconstruction problem a regularization mechanism is required [27]. Regularization
techniques try, as much as possible, to take advantage of (often vague) prior knowledge
one may have about the nature of u. The approach modelled by the functional J in (1)
is indeed tailored to the case when u can be represented by a sparse expansion, i.e., when
u can be represented by a series expansion (2) with respect to a basis or a frame [9,21]
that has only a small number of large coefficients. In this paper, as in [22], we model the
sparsity constraint by a regularizing ¢;—term in the functional to be minimized; it was
shown in [22] that this assumption does indeed correspond to a regularization scheme,



and it promotes sparse minimal solutions.

It has been recognized for long [17-19] that for a large class of operators, including
integral operators, multiscale bases, such as wavelets, give rise to matrix representations
that are compressible (roughly speaking an infinitely indexed matrix is compressible
when it can be well-approximated by small finitely indexed submatrices) and admit
a simple diagonal preconditioner in the case of elliptic operators. In this paper we
discuss the role of preconditioning in iterative schemes for the numerical minimization
of the functional J associated to ill-posed problems (4). To do that we need first to
address the compressibility of matrices A*A. Then, similarly to the well-posed case, we
propose diagonal and block-diagonal preconditioning strategies of matrix representations
of operators K by means of multiscale bases, such as wavelets. Moreover we investigate
how to take advantage of the compressibility in order to derive adaptive iterations which
tend to work with the minimal number of degrees of freedom. In the following of this
introduction we describe in detail how our paper introduces innovations with respect to
the current state of the art, and, in particular, we clarify how we can develop efficient
preconditioning mechanisms for ill-posed problems, by taking advantage of the expected
sparsity of the minimal solution.

1.1 Iterative thresholding and rate of convergence

Several authors have proposed independently an iterative soft-thresholding algorithm
to approximate minimizers u* := u}, of the functional in (2), see [26,30,44,45]. More
precisely, u* is the limit of sequences u(™ defined recursively by

u™ =, [u + Ay — A Au™ | | (6)

starting from an arbitrary u(®, where S, is the soft-thresholding operation defined by
Sa(u))\ = Sa/\ (U)\) with

r—T T >T
Sr(z)=4 0 lz] <7 . (7)
x+T r< -7

This is our starting point and the reference iteration on which we want to work out
several innovations. Strong convergence of this algorithm was proved in [22], under the
assumption that ||A| < 1 (actually, convergence can be shown also for ||A|| < v/2 [14];
nevertheless, the condition ||A|| < 1 is by no means a restriction, since it can always
be met by a suitable rescaling of the functional J, in particular of K, y, and «). Soft-
thresholding plays a role in this problem because it leads to the unique minimizer of a
functional combining ¢, and ¢;—norms, i.e., (see [8,22])

l,oc) . (8)

Sa(a) = i —al*+2
a(a) argugl};{lz)(!!u all* +2(u

We will call the iteration (6) the iterative soft-thresholding algorithm or the thresholded
Landweber iteration (ISTA).



Recently, also the qualitative convergence properties of iterative soft-thresholding
have been investigated. Note first that the aforementioned condition ||A| < v/2 does
not guarantee contractivity of the iteration operator I — A*A, since A*A may not be
boundedly invertible. The insertion of S, does not improve the situation since S, is
nonexpansive (see (16)), but also noncontractive. Hence, for any minimizer u* (which
is also a fixed point of (6)), the estimate

Hu* . u(n+1)H€2(I) < H(I - A*A)(u* . u(n))HEQ(I) < ”I — A*AHHu* _ u(n)HZg(I) (9)

does not give rise to a linear error reduction. However, under additional assumptions
on the operator A or on minimizers u*, linear convergence of (6) can be easily ensured.
In particular, if A fulfills the so-called finite basis injectivity (FBI) condition (see [3]
where this terminology is introduced), i.e., for any finite set A C Z, the restriction Ay is
injective, then (6) converges linearly to a minimizer u* of J. Here we used the notation
Aj to indicate a submatrix extracted from A by retaining only the columns indexed in
A. The following simple argument shows indeed that the FBI condition implies linear
error reduction as soon as ||A|| < 1. In that case, we have strong convergence of the
u(™ to a finitely supported limit sequence u*. We can therefore find a finite index set
A C 7 such that all iterates u(™ and u* are supported in A. By the FBI condition, Ay is
injective and hence A*A|pxa is boundedly invertible, so that I — A} A, is a contraction
on /3(A). Using
u{""™ =5, (ul” + A3 (v — Axul))

and an analogous argument as in (9), it follows that ||u*—u("+1 lea(z) < vllu*—ul e (2)5
where v = max{|1 — [|(A*Alaxn) L7, | A*Alaxall — 1|} € (0,1). Typical examples
where A = K o F fulfills the FBI condition arise when K is injective and ¥ is either a
Riesz basis for X or a so-called FBI frame, i.e., each finite subsystem of ¥ is linearly
independent. However, depending on A, the matrix A*A[p,a can be arbitrarily badly
conditioned, resulting in a constant error reduction -y, arbitrarily close to 1.

Our first innovation and contribution of this paper is to show that for several FBI
operators K and for certain choices of ¥, the matrix A*A can be preconditioned by a
matrix D~1/2, resulting in the matrix D~1/24* AD~'/2_in such a way that any restriction
(D_l/QA*AD_l/Q)AXA turns out to be well-conditioned as soon as A C 7 is a small set,
but independently of its “location” within Z. Let us remark that, in particular, we do
not claim to be able to have full well-conditioned matrices (as it happens in well-posed
problems [17,18] by simple diagonal preconditioning), but that only small arbitrary finite
dimensional submatrices are indeed well-conditioned. Let us say that we try to promote
a “local” well-conditioning.

Typically we consider injective (non local) compact operators K with Schwartz kernel
having certain polynomial decay properties of the derivatives, i.e.,

Ku(x) :/ch(x,g)u(g)dg, z € Q,

for O,Q C R, uw e X := H'(Q), and
|8§8?<I>(x,§)] < Caplr — g)T@FHHAHB) ¢ € R and multi-indexes o, § € N%,
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Figure 1: The path, in the ||z|; vs. ||Kz — y||? plane, followed by the iterates u™ of
three different iterative algorithms. The operator K and the data y are taken from a
seismic tomography problem [37]. The boxes (in both (a) and (b)) correspond to the
thresholded Landweber algorithm. In this example, iterative thresholded Landweber (6)
first overshoots the ¢1 norm of the limit (represented by the fat dot), and then requires a
large number of iterations to reduce |[u(™||; again (500 are shown in this figure). In (a)
the crosses correspond to the path followed by the iterates of the projected Landweber
iteration (which is given as in (10) for 8™ = 1); in (b) the triangles correspond to the
projected steepest descent iteration (10); in both cases, only 15 iterates are shown. The
discrepancy decreases more quickly for projected steepest descent than for the projected
Landweber algorithm. The solid line corresponds to the limit trade-off curve, generated
by u*(a) for decreasing values of @ > 0. The vertical axes uses a logarithmic scale for
clarity.

Moreover, for the proper definition of the discrete matrix A*A := F*K*KF, we will
show that multiscale bases ¥, such as wavelets, do make a good job for us.

1.2 From the projected gradient method to the iterative soft-thresholding
with decreasing thresholding parameter

With such a “local” well-conditioning, it should also be clear that iterating on small sets
A will also improve the convergence rate. Unfortunately, the thresholded Landweber
iteration does not iterate in general on small sets (see also Figure 3 and Figure 4), but it
rather starts iterating on relatively large sets, slowly shrinking to the size of the support
of the limit u*.

Let us take a closer look at the characteristic dynamics of the thresholded Landweber
iteration in Figure 1. Let us assume for simplicity here that oy = @ > 0 for all A € 7.
As this plot of the discrepancy D(u™) = ||[Ku™ —y|2. = ||Au™ — y||Z versus |[u™||;
shows, the algorithm converges initially relatively fast, then it overshoots the value ||u*|;
and it takes very long to re-correct back. In other words, starting from u® = 0, the



algorithm generates a path {u(™; n € N} that is initially fully contained in the ¢;-ball
Bp :={u € l3(A); ||u]jy < R}, with R := ||u*||;. Then it gets out of the ball to slowly
inch back to it in the limit.

The way to avoid this long “external” detour was proposed in [23] by forcing the
successive iterates to remain within the ball Bg. One method to achieve this is to
substitute for the thresholding operations the projection Pp,, where, for any closed
convex set C', and any u, we define Pc(u) to be the unique point in C' for which the
l—distance to u is minimal. With a slight abuse of notation, we shall denote P, by
Pg; this will not cause confusion, because it will be clear from the context whether the
subscript of P is a set or a positive number.

Furthermore, modifying the iterations by introducing an adaptive “descent parame-
ter” 3" > 0 in each iteration, defining u("*1) by

a0+ = B [u) 450 A%y — Au)] . (10)

does lead, in numerical simulations, to much faster convergence. The typical dynamics
of this modified algorithm are illustrated in Fig. 1(b), which clearly shows the larger
steps and faster convergence (when compared with the projected Landweber iteration
in Fig. 1(a) which is for 8™ = 1). We shall refer to this modified algorithm as the
projected gradient iteration or the projected steepest descent (PSD). The motivation of

IKx — ylI?

D> > D>

10 20 [1x]1

Figure 2: Trade-off curve and its approximation with algorithm (11) in 200 steps.

the faster convergence behavior is the fact that we never leave the target ¢1-ball, and
we tend not to iterate on large index sets. On the basis of this intuition we find even
more promising results for an ‘interior’ algorithm in which we still project on ¢1-balls,
but now with a slowly increasing radius, i.e.

D = Py (0 4 504y — Au™))  and RO = (- )R/N (1)



where N is the prescribed maximum number of iterations (the origin is chosen as the
starting point of this iteration). The better performance of this algorithm can be ex-
plained by the fact that the projection Pr(u) onto an ¢1-ball of radius R do coincide with
a thresholding Pr(u) = S, u;g)(u) for a suitable thresholding parameter a = a(u; R)
depending on u and R, which is larger for smaller R [23, Lemma 2]. This in particular
implies that the algorithm (11) iterates initially on very small sets which inflate by grow-
ing during the process and approach the size of the support of the target minimizer u*.
Unlike the thresholded Landweber iteration and the projected steepest descent [22,23],
unfortunately there is no proof yet of convergence of this ‘interior’ algorithm, being a
very interesting open problem.

The second innovation and contribution of this paper is indeed the proposal and
the proof of convergence of an algorithm which mimics the behavior of (11), i.e., it
starts with large thresholding parameters o™ and geometrically reduces them during
the iterations to a target limit o > 0

u(n+1) _ Sa(n) u(n) + A*y — A*Au(n)} . (12)

For matrices A for which the restrictions A*A[pxa are uniformly well-conditioned with
respect to A of small size, our analysis provides also a prescribed linear rate of con-
vergence of the iteration (12). The strategy of choosing slowly decreasing thresholding
parameters is not at all new. Several other contributions, for example [29], proposed
similar approaches. However, none of them quantifies rigorously the convergence im-
provement by relating the rate of convergence with the local conditioning of the matrix
A*A.

1.3 Adaptivity

In the case the action of A cannot be exactly operated, e.g., when A is the forward
solution operator from a partial differential equation, the iteration (12) can not be exactly
implementable. Instead, one will have to replace the exact applications of A and A*
by suitable numerical approximations. In particular, we assume that for any finitely
supported vector w € lo(Z), we are able to compute an approximation of A*Aw. For
this, we will rely on the existence of a numerical routine APPLY which, for given input
data w and € > 0, outputs a finitely supported vector w, such that || A* Aw—wel|g, 1) < €.
We refer, e.g., to [11,46], for concrete examples of such a procedure, when the matrix
A*A can be assumed compressible [17, §9.5], see §4. Moreover, we assume that there
exists a routine RHS which, for given input data e, outputs a finitely supported vector
re such that || A%y —rc|lg,) < e
Instead of (12), we will consider then the numerically implementable algorithm

a® =0, a™ =S8, . (@"W+RHS[A"y,§,|-APPLY[A*A, 4™, ~,]), n=0,1,...,

(13)
with certain vanishing tolerances d,, and ~,. Such an adaptive scheme has been first
proposed in the context of sparse optimization and inverse problems in the paper [31],



“borrowing a leaf” from the analysis of adaptive schemes for well-posed problems [11,12,
15,16,46]; in the present work we would like to greatly extend those preliminary results
and make them more rigorous. More recent contributions, e.g., [2,41], catched also this
idea and proposed similar approaches.

Our final contribution of this paper is the proof of linear convergence of (13) when
the matrix A*A has restrictions A*A|pxa which are uniformly well-conditioned with
respect to A of small size.

1.4 Related work and innovations

There exist by now several iterative methods that can be used for the minimization
problem (3) in finite dimensions. We shall account a few of the most recently analyzed
and discussed:

(a) the GPSR-algorithm (gradient projection for sparse reconstruction), another iter-
ative projection method, in the auxiliary variables x,y > 0 with u = x — y [2§].

(b) the ¢1 — {5 algorithm, an interior point method using preconditioned conjugate gra-
dient substeps (this method solves a linear system in each outer iteration step) [35].

(c) FISTA (fast iterative soft-thresholding algorithm) is a variation of the iterative
soft-thresholding [1]. Define the operator I'(u) = S, (u+ A*(y — Au)). The FISTA
is defined as the iteration, starting for ul® =,

) —1
(n+1) _ (n) 2 == = () _ L (n—1)
u T (u + D) (u u )) ,

where £(7+1) = LI o 4(0) — 1,

Besides iterative solvers, one disposes also of direct methods where the solution can
be in principle found in a finite number of steps, for instance by using the homotopy-
LARS method [26]. As is addressed in the recent paper [38] which accounts a very
detailed comparison of these different algorithms, they do perform quite well when the
regularization parameter « is sufficiently large, with a small advantage for GPSR. When
« gets quite small all the algorithms, except for FISTA, deteriorate significantly their
performances. Moreover, local conditioning properties of the linear operator A seem
particularly affecting the performances of iterative algorithms.

While these methods are particularly suited for finite dimensional problems, we reit-
erate that our goal in the present paper is to produce an effective strategy, for any range
of the parameter «, for a large class of infinite dimensional problems, where we stress
two fundamental ingredients:

e multiscale preconditioning allows for a local well-conditioning of the matrix A and
therefore reproduces at infinite dimension the conditions of best performances for
iterative algorithms;



e adaptivity combined with a decreasing thresholding strategy allow for a controlled
inflation of the support size of the iterations, promoting the minimal computational
cost in terms of number of algebraic equations, as well as the exploitation from the
very beginning of the iteration of the local well-conditioning of the matrix A.

In [41] the authors propose an adaptive method similar to (13) where, instead of the soft-
thresholding, a coarsening function, i.e., a compressed hard-thresholding procedure, is
implemented. The emphasis in the latter contribution is on the regularization properties
of such an adaptive method which does not dispose of a reference energy functional (1)
as it is for (13). We stress that our analysis is mainly addressed to a careful presentation
of the relationship among multiscale preconditioning, adaptivity, and rate of convergence
to minimizers of (1). Moreover, our analysis cannot be straightforwardly generalized to
the algorithm proposed in (13) because we make heavily use of the non-expansiveness
of the soft-thresholding, whereas hard-thresholding operations are expansive.

1.5 Outline of the paper

In Section 2 we collect a few technical results on sparse and compressible vectors as well
as on properties of the soft-thresholding operator. Section 3 is dedicated to the analysis
of the decreasing iterative soft-thresholding algorithm when both exact and adaptive
matrix-vector multiplications are involved and local well-conditioning of the matrix A*A
is assumed. In Section 3 we address the issue of multiscale preconditioning and we show
that for a large class of integral operators it is possible to choose a multiscale basis
for which the resulting discretization matrices can be locally preconditioned by simple
block-diagonal preconditioners. In Section 5 we clarify how preconditioning can be used
in ill-posed problems and how can we take advantage of the sparsity of minimal solutions
and of adaptive matrix-vector multiplications in order to avoid topological issues. Since
our results on the efficiency of the proposed strategy depends on the sparsity of the
minimal solution, in Section 6 we quantify how the support size of minimal solutions
may increase as the thresholding parameter o is made smaller and smaller. We conclude
the paper with Section 7 where we show numerical results which demonstrate and confirm
the theoretical achievements of the previous sections.

2 Technical Lemmas

We are particularly interested in computing approximations with the smallest possible
number of nonzero entries. As a benchmark, we recall that the most economical approx-
imations of a given vector v € ¢5(Z) are provided by the best N-term approzimations
vy, defined by discarding in v all but the N € Ny largest coefficients in absolute value.
The error of best N-term approximation is defined as

on(V) = [V = VNl @) (14)

The subspace of all 5 vectors with best N-term approximation rate s > 0, i.e.,
on(v) < N7% for some decay rate s > 0, is commonly referred to as the weak ¢ space
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(¥(Z), for T = (s + 1)~!, which, endowed with

|V|@(I) := sup (N + 1)°on(v), (15)

becomes the quasi-Banach space (£;(Z),| - |pw(z)). Moreover, for any 0 < € < 2 — 17,
we have the continuous embedding ¢ (Z) — (¥ (Z) — lr4+(Z), justifying why ¢¥(7) is
called weak ¢, (Z).

When it comes to the concrete computations of good approximations with a small
number of active coefficients, one frequently utilizes certain thresholding procedures.
Here small entries of a given vector are simply discarded, whereas the large entries may
be slightly modified. In this paper, we shall make use of soft-thresholding that we already
introduced in (7). It is well-known, see [22], that S, is non-expansive for any a € R_{,

S0 (¥) = Sa(W)llenz) < Iv = Wiy, for all v, w € £5(T). (16)
Moreover, for any fixed x € R, the mapping 7 +— S, (x) is Lipschitz continuous with

|S;(z) — Sy (z)| < |7 —7'], forall 7,7 >0. (17)
We readily infer the following technical estimate.

Lemma 2.1. Assume velbT),afc R such that & = infy ay = infy\ By = 3 > 0,
and define Ag(v) :={A €T : |v)| > a}. Then

1/2
[80(v) = Ss(¥llecr) < (#4a(v))  max for — . (18)
Proof. By (17) we have the estimate

1/2
1Sa(v) =Sg(V)llem) = (ZISM(UA)—SBA(UA)P)

AET
1/2
— ( S (v2) — S, (v2)?
Ae{uel: |v#|>mln{aw3u}}
1/2
= a)\ U)\) Sﬁ,\(,U)\)|2
/\EA
< _
< (#aa ) e o = B
L]
Let v € £¥(7), it is well-known [24, §7]
#Aa(v) < CVIpupa ™, (19)

11



and, for ay = & for all A € Z, we have
T/2 _1—71
Iv = Sa()leaiz) < ClvIhipa' ™2, (20)

where the constants are given by C' = C(7) > 0. Let v € {y(Z) := Nr>ol¥(Z), and
|V|¢, := #supp(v) < co. Then we have the straightforward estimate

BN (V) < Ve (21)
and, for oy = & for all A € Z, we have
1/2 _
IV = Sa()lleyz) < V1@, (22)

which is easily shown by a direct computation. In the sequel, we shall also use the
following support size estimate.

Lemma 2.2 ( [11, Lemma 5.1, formula (5.5)]). Let v € (*(Z) and w € (5(Z) with
[V —Wllg ) <€ Assume o = (ax)rer € R% and infy ay = & > 0. Then it holds

4€? i
#supp Sa(w) < #Aa(w) < —5 +4C|V]gwpa™, (23)

where C = C(1) > 0. In particular if v € y(Z) then the estimate is refined
4e?
#supp Sa (W) < #As(w) < 2 + [Vgo(2)- (24)

Proof. For the reader convenience we include the proof of this simple lemma. We consider
two sets 71 = {A € Z : |wy| > @, and |vy| > a/2}, and Zy = {\ € T : |wy| >
a, and |vy| < @/2}. Then from (19)

#I < #HAET: Vol > @/2} 2CWV]jug)@ " <ACIv[wpa™,

and
(@/2*(#L2) < D [va—wa> <&
AELo
These estimates imply (23), and similarly one gets (24). O

3 Adaptive Iterative Soft-Thresholding

In this section we address first the analysis of the iteration (12) where exact matrix-
vector multiplications involving A*A are assumed to be realizable. In particular, we
will introduce spectral conditions on such a matrix in order to ensure a linear rate of
convergence of the algorithm to a minimizer u*. Then we address a particular example
of the use of the modified iteration (12) for a compressed sensing problem, where A is a
random matrix with Gaussian i.i.d. entries. Local well-conditioning of such matrices is

12



established now for long [6,42]. They do provide a perfect benchmark for our algorithm
which shows a dramatic improvement, in terms of speed of convergence, with respect to
the thresholded Landweber iteration with fixed thresholding parameter «.. In the second
part of the section, we address the problem of the use of such an iteration when inexact
applications of the matrix A*A are necessary and we provide again a fine analysis of the
rate of convergence.

3.1 A variant of iterative soft-thresholding

For the case of exact operator evaluations and threshold parameters o, o™ € RZ | where

a™ > q, e, af\n) > ) for all A € A, and & = infyec7 oy > 0, we consider the iteration

u® =0, u =5 (" + A"y - Au™)), n=01,... (25)

«

which we call the decreasing iterative soft-thresholding algorithm (D-ISTA).

Theorem 3.1. Let ||Al| < v/2 and let @ := (I — A*A)u*+A*y € (¥(T) for some 0 < T <

4 * 12
2. Moreover, let L = L(«) := % + 4C|]ﬁHEw(I)67T, and assume that for S* =

supp u* and all finite subsets A C T with at most #A\ < 2L elements, the operator (I —
A*A)|(s+uA)x(s+uA) B8 contractive on La(S*UA), d.e., ||(I—A*A)|s Urxs0AW]| g (57un) <
Y0l Wlley(suny, for all w € £o(S* U A), or

(I — A*A)[s=unxs=uall < o, (26)

where 0 < v9 < 1. Then, for any vo < v < 1, the iterates u'™ from (25) fulfill
#suppu™ < L and they converge to u* at a linear rate

[l — 0™l z) < V[0 |leyz) = €n (27)
whenever the a™ are chosen according to
ar < al" < ax+ (v = 0)LV2en, for all X € A. (28)

Proof. We develop the proof by induction. For the initial iterate, we have ul®) = 0, so
that # suppu® < L and (27) is trivially true. Assume as an induction hypothesis that
S™ = supp(u™) is such that #S™ < L, and |u* — u(n)”g2(z) < €,. Abbreviating
w( = u + A*(y — Au™), by ||[A*A| < 2 and the induction hypothesis, it follows
that

= w0 = (T = A" )" = a®)|,, ) < 0* =0 gy < ene (29)

Hence, using (23), we obtain the estimate

dep, P
#50) = g supp Sy (W) < Ag(wl™) < — T4l ga™" < L. (30)
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Since also #S5 < L by induction hypothesis, the set A := §() U §(+1) hag at
most 2L elements, so that, by assumption, (I — A*A)|g am) «guae is contractive with
contraction constant vg. Using the identities

Ug am = Sa(Bguam)
= Sa(uguA(n) + AZU,\(”) (y - ASuA(n)uguA(n)))a

and

(n+1)

_ (n)
uSUA(") - Sa(“) (W

n
SuA(n))

= Sy () )+ ALy (= Agupmul) ),

it follows from (16), (18), (9), and o™ > « that

lu* = a4y )

= [[(u* = 0™ g xm ey suaem)

= [[Sa(@sua0) = St (Wooa i) ley(sunm)
< ||Saltguam) — Sa(wg@/\(m)u&(sw\(nn + HSQ(W(;JAW)) — Sam (Wg@A(”>)“£2(SUA(">)

< H(I - A*A‘SUA(”)XSUA(”))(U* - u(n))SUA(”> HZQ(SUA("))

- (#Aa(w(”))) v ( W oy — o I)

< e (et ) (s =)

Using (30) we obtain |ju — u("H)HEQ(I) < Yoen + \/Z(III&XAGA&(W(”)) \ag\n) — oo\\), and,

since the a(™ are chosen according to (28), the claim follows. Ol

3.2 Random matrices, Restricted Isometry Property, and compressed
sensing

In this section we would like to show a comparison of the performances of the algorithm
proposed in (25) and the ones of the iterative soft-thresholding algorithm in a problem of
sparse vector recovery from finite linear measurement data. Let us describe the problem
we would like to solve. Given a rectangular matrix A = {a; € R" : i = 1,..., N}
for n < N and a vector y € R we would like to compute u* € RY with [[u*|ls, =
# supp(u) < N such that

Au* =y,

where
u" = arg min ||z||g,. (31)
Az=y

14



It is known that this problem is in general NP-hard. However, stable recovery proce-
dures with polynomial complexity have been recently proposed [4,5,7,25] under special
conditions on the matrix A. One of the crucial properties for the polynomial complexity
solution of (31) is the so-called Restricted Isometry Property (RIP). We say that A has
the RIP of order k if there is a 0 < v, < 1 such that

(1= w)lualy < [ Axually < (0 +w)lluall?y, (32)

for all u € RY and for all A C {1,...,N} with #A < k. This property essentially
requires that every set of columns with cardinality less than k is approximatively an
orthonormal system. The relationship between RIP property and the stable recovery of
solutions to (31) is provided by the following result.

Theorem 3.2 ( [13]). Let A be a matriz with the RIP of order 2k for vor < v/2 — 1.
Then, for any u € RN, the decoder

Ay) := i
(v) =arg  min z],,

1s such that
Hu - A(Au)Hél < Co—k(u)flv

where op(u)x = ||u — ugl|x, and uy is the best k-term approximation of u in norm X.
In particular, if #suppu < k then op(u)y, = 0.

We shall now have a simple reformulation of the RIP in order to show how it does
fit with the proposal of algorithm (25), see [6, Definition 1.2].

Proposition 3.3. The following conditions are equivalent:
(i) A has the RIP property of order k and constant ~yj;

(ii) the symmetric matriz A* A|axa is positive definite with eigenvalues in [1—~;, 1+g],
forall A C{1,...,N} with #A < k;

(i1i) the matriz (I — A*A)|axa has spectral norm ||(I — A*A)|axa|l bounded above by
Vi, for all A C {1,... N} with #A < k.

Note that the equivalent condition (iii) above is precisely the one requested in (26).
The key question is, given a fixed n, N, how large can we take k and still have matrices
with the RIP property of order k. It was shown in [6] as well as in [25] that certain
families of random matrices will, with high probability, satisfy the RIP of order k with
constant v < o < 1, for a prescribed =y independent of N, provided the upper bound
k < CQW. In particular, the entries of A can be generated as realizations of i.i.d.
Gaussian and Bernoulli variables with a proper normalization. See [42] for further in-
sights.
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In practice we will never be in the idealized situation of the problem (31) and noise
will affect the data y. In this case, one may want to solve instead the following problem

argmin [[ul|,~ subject to [[Au —y|[g <¢, or

ucRN !
argmin || Au — y|7 + 2a[u v, (33)
ueRN

for a suitable & = a(€) depending on the noise level e. Note that problem (33) coincides
precisely with the minimization of a functional of the type (3). Moreover, we have the
following regularization result.

Theorem 3.4 (Theorem 1 [4]). Let k be such that ysi + 3var < 2. Then for any vector
u supported on A with #A < k, and any perturbation e = Au — y with HeHgg <'e, the
solution u* of (33) obeys

la—uly < ke,

where the constant ¢, may only depend on 4.

With these results at hand, we are in the situation of estimating the relevant pa-
rameters in order to apply Theorem 3.1 and proceed to a numerical comparison of the
algorithm D-ISTA in (25) and the iterative soft-thresholding ISTA. In Figure 3 we show
the behavior of the algorithms in the computation of a sparse minimizer u* for A being
a 500 x 2500 matrix with i.i.d. Gaussian entries, o = 1073, 79 = 0.1 and v = 0.95. In
Figure 4 we show the behavior of the algorithms in the same situation but for param-
eters o = 1074, 49 = 0.01 and v = 0.998. In both the cases, related to small values of
a (we reiterate that a small range of « is the most crucial situation for the efficiency
of iterative algorithms, see §1.4), ISTA tends to iterate initially on vectors with a large
number of nonzero entries, while D-ISTA inflates slowly the support size of the itera-
tions to eventually converge to the right support of u*. The iteration on an inflating
support allows D-ISTA to take advantage of the local well-conditioning of the matrix A
from the very beginning of the iterations. This effect results in a controlled linear rate
of convergence which is much steeper than the one of ISTA. In particular in Figure 4
after 1500 D-ISTA has correctly detected the support of the minimizer u* and reached
already an accuracy of 107%-5, whereas it is clear that the convergence of ISTA is simply
dramatically slow. The following sections are devoted to extend these results to infinite
dimensions, by employing proper preconditioning and adaptivity strategies.

3.3 Iterative Thresholding with Inexact Operator Evaluations

In the case of A being the forward solution operator, e.g., from a partial differential
equation, iteration (25) will not be implementable as it is. Instead, one will have to
replace the applications of A and A* by suitable approximations. In order to control
the resulting additional approximation errors, we assume that for any finitely supported
vector w € lo(Z), we are able to compute an approximation of A*Aw. In particular, we
will rely on the existence of a numerical routine APPLY which, for a given input data
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Figure 3: We show the behavior of the algorithms ISTA and D-ISTA in the computation
of a sparse minimizer u* for A being a 500 x 2500 matrix with i.i.d. Gaussian entries,
a =1073, 9 = 0.1 and v = 0.95. In the top left figure we presents the dynamics of
the algorithms in the plane [[ulls, — log(||Au — y||3). On the bottom left, we show the
absolute error to the precomputed minimizer u* with respect to the number of iterations.
On the bottom right we show how the size of the supports of the iterations grow with
the number of iterations. The figure on the top right shows the vector u*, and the
approximations due to the algorithms. In this case both the algorithms approximate
with very high accuracy the minimizer u* after 1800 iterations.

w and € > 0, outputs a finitely supported vector w, such that [[A*Aw — w|[s,) < e
Moreover, we assume that there exists a routine RHS which, for given input data e,
outputs a finitely supported vector re such that [|A*y —re|[s,1) < €

Instead of (25), we consider the implementable algorithm

a9 =0, a" =8, (@"W+RHS[A"y,d,]-APPLY[A*A, 4™, ~,]), n=0,1,...
(34)
with certain tolerances d, and ~,. We call this iteration the adaptive iterative soft-
thresholding algorithm (A-ISTA). As we shall see, the proof of Theorem 3.1 still works
also in the case of inexact operator evaluations.

Proposition 3.5. Let ||A|| < V2 and let u := (I — A*A)u* + A*y € (¥(T) for some
0<7<2 Assume0 <y <y<A<landp>-—s, ie., %—i—% < 1. Moreover, let L =

1—

2
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Figure 4: We show the behavior of the algorithms ISTA and D-ISTA in the computation
of a sparse minimizer u* for A being a 500 x 2500 matrix with i.i.d. Gaussian entries,
a=10"% ~y = 0.01 and v = 0.998. In the top left figure we presents the dynamics of
the algorithms in the plane [Julls, — log(||Au — y||3). On the bottom left, we show the
absolute error to the precomputed minimizer u* with respect to the number of iterations.
On the bottom right we show how the size of the supports of the iterations grow with
the number of iterations. The figure on the top right shows the vector u*, and the
approximations due to the algorithms. In this case D-ISTA detects the right support of
u* after 1500 iterations, whereas ISTA keeps dramatically far behind.

~ 4 1+~ * (|2
L(a) = % + 4C'H1_1||Z;U(I)@_T, and assume that for S* := suppu* and all

finite subsets A C T with at most #A < 2L elements, the operator (I — A*A)|s+uaxS*uA
is contractive on l2(S*UA), i.e., [|(I — A*Al)s-uaxs AW |leo(s+un) < Y0lIWllep(s+un), for
all w e la(S*UA), or

(I — A" A)[s-uaxs=uall < 0- (35)
If 6, = v = 6’5;1 and &, = 7" ||u*||gy (1), then the iterates (34) fulfill

#suppu™ < L and |Ju* — ﬁ(”)HZQ(I) < €p. (36)

Proof. Since 0(®) = 0 and & = [|u*|, (1), it suffices to discuss the n-th iteration step.
We abbreviate w(™) := (I — A*A)a™ + A%y and W) := 4 + RHS[%H] -
APPLY[A"A, 0™, %], Using [[A*A|| < 2 and the induction hypothesis, it follows
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that
[o =& |yzy < [|(1 — A" A)(u* - ﬁ(n))HeQ(I) ot < (L )é, (37)
and

o= w o < || - A"A)u" —a < (38)

N
By an application of (23) we obtain

4[(1+7/p)En—1]?

# supp(a™) = # supp S (W) < =

+4Cafpwa".
Note that

(1+79/p)en1 = (1+7/0)7" u*len
(1 +3/p) "] 1(2)

IN

Hence # supp(a(™) < L, and similarly we obtain also # supp Sy (wW) <L < L. We
can restrict the iterations onto small sets of entries and use (35) to obtain

Hu* _ Sa(”) (W(n))HZQ(I) < Yén.-

So the claim follows from

[u* = 2"y < u® = Sem (W)l + 1Sam (W™) = Sy (W) lg, )
<yl + 22
= (% + %)gn—kl
< gn—|—1~

4 A Multilevel Preconditioning

We discussed in §3.2 that finite dimensional matrices with an optimal restricted isometry
property exist. Unfortunately, for compact operators in Hilbert spaces, the uniform
contractivity assumption fails to hold in general. Indeed anytime we represent such
operators with respect to a quasi-diagonalizing basis (which is the one we would prefer in
order to maximally sparsify the matrix), then the diagonal entries of the resulting matrix
will decay according to the behavior of the spectrum of the operator. As a remedy, we
suggest a rescaling strategy which essentially consists of a block-diagonal preconditioning
of certain classes of such operators, which include several concrete and interesting cases
(see §4.2). Note that in general a block-diagonal preconditioning is indeed usually quite
effective when the matrix representation of an operator with respect to a given basis is
diagonal dominant, with diagonal entries decreasing to zero.
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4.1 Block-diagonal preconditioning implies a Restricted Isometry Prop-
erty for infinite matrices

Throughout this section, we have to be more specific concerning the operator K and the
generating system WU = {¢\}rcz. Typically, we shall be concerned with the following
situation. Let us assume that the Hilbert space X and its dual X', together with Lo (£2),
Q C RY, forms a Gelfand triple

X C Ly(Q) c X' (39)

and that the operator K is a bounded linear operator from X’ to Lo(2). Then, the
operator K*K is a well-defined, bounded operator from X’ to X. Moreover, we assume
that the generating system is given by a compactly supported basis or a frame of wavelet
type [10, §2.12] for Ly(€2). In this case, the index \ = (4, k, e) typically encodes several
types of information, namely the scale j € Z, often denoted by ||, the spatial location
k € Z%, and the type of the wavelet indexed by e. We refer to [10,11] for more details on
the notation. Within this setting, we shall make the following technical assumptions:

e The entries in the stiffness matrix of K*K satisfy the following decay estimate

9—slIA—lullg—o (IAl+]ul)

K*K < : .
(K" Kx, ¥u)| < 1 (1 + 20D dist (€2, 0y))

(40)

where c1,s,0,7 € Ry, r > d and 1, denotes the support of 1),,.

e For the diagonal entries, i.e., for 4 = A, we require an additional estimate from
below,
(K" Ky, iha)| = en27 271 (41)

e For the same scale, i.e., for |u| = |A|,A = (|\|, k, e), u = (|A|, k', €'), we assume that

3 9—20A|

\(K*wa,%)l < m

(42)

Remark 4.1.

i.) At first sight, the conditions (40), (41) and (42) seem to be rather restrictive. However,
in §4.2 we present some nontrivial examples for which condition (40) is indeed satisfied,
whereas the others may be checked case by case.

i1.) For the special case o = 0, the estimate (40) usually holds for zero order operators
with Schwartz kernels. The parameters s and r depend on the smoothness of the wavelet
basis, the mapping properties of the underlying operator and on the number of vanishing
moments of the wavelet basis. Typically, increasing the smoothness and the number of
vanishing moments produces larger values of r and s. We refer to [17] for details.

With the assumptions above, we can now prove the following theorem
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Theorem 4.2. Let A*A = F*K*KF = ((K*Kv¥x,Yu))xpuez denote the stiffness matriz
of K*K. Let D? = ((K*Ktx,¥u))|\=|ul=j denote the diagonal block of A*A corre-
sponding to the refinement level j, and let D® denote the block diagonal matriz Db =
(DS, D8, ...). Suppose that (40), (41), and (42) are satisfied with cg > c3/(r —d). Then
there exists a constant C' = C(c1,co,c3,7,d) such that for each finite set A C I with
|A| < 25C~" the sub-matriz (D?)~Y2 A* A (D®)~1/2)|sxa satisfies

I(1 — (D*)~H2A* A(DP)72) | axall < C27°|A| (43)

and 14+ C2-%[A|
DY) V2 A% A (DY) 2| p) <t 2 AL 44
K(D") (D°)"Flaxa) < 7= CoA| (44)

Remark 4.3. i) Obviously, Theorem 4.2 implies that for increasing values of s (which
can, e.g., be achieved by increasing the smoothness of the wavelet basis), larger in-
dex sets A can be used.

it) In Theorem 4.2, we have been purposely not very precise concerning the concrete
value of C' for ease of presentation. It depends on all the various parameters, and
these relationships will become clear in the proof of Theorem 4.2.

i11) In the proof of Theorem 4.2, we will ignore the dependence on the type of the
wavelets, i.e., on the parameter e, since this dependence only produces an additional
constant.

i) The use of a diagonal preconditioner works as well in practice, see §7.1 and Figure
9. Unfortunately, Gerschgorin’s theorem is too pessimistic in this case to allow us
for an estimate of the type (43).

Proof of Theorem 4.2. The proof is essentially based on Gerschgorin’s theorem, see,
e.g., [32, Theorem 7.2.1]. The first step is to estimate the decay of the entries of (D;?)*l/Z.
To this end, we will use the following theorem which has been proved by Jaffard [34],
see [34, formula (7)] in particular.

Theorem 4.4. Let A= (ay )y jreza be a symmetric matriz satisfying || Al <1 and

|ak7k/| < ( c (45)

1+ |k — K|
Then the entries of B = (by )y prezd, B = A™1, satisfy

Cs )\min (A) -1

bpp| < —F—"7—.
el W - wy

(46)

Moreover, the entries of BY/? = (b’t/ZQ)kjEZd satisfy

Ce Amin (A) —1/2

b2 < .
bl < T k= wyr

kK
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To apply Theorem 4.4, we need to estimate the minimal eigenvalue of D? = ((D?)/\:X)I/\\:\NIZJ' =
(4, o)k wrezd, A= (4, k), N = (j, k). By Gerschgorin’s theorem, we may conclude that

Awin = min {df 3 | |} (48)

k' £k

By using (41) and (42) we obtain

A s
diy = Z \dk Wl Z 27— Z |dk k!
k' #k k' £k
Y c3 2_20j
> 92 2jo _ R S
> arh Ay
> (CQ _ rc_?’d)z—% —: ¢y 270

Consequently by (47), we get for (Db) 1/2 = (dfc ) the estimate

Ccg 2jg

dy ;. _—. 49
| < T =y )

The next step is to estimate one entry of (D?)~1/2A*A(D?)~'/2. For simplicity, let us
assume that || > [A]. We get

(DY ADN) ] = | YD (DD ATA DY) ),
IX=IA]
= | 0 O Y (A A (DY)
[M[=IA] ' 1=ul
< 3 D IDIA A (D)L
1! |=[ul IN]=]A

Recall that for compactly supported wavelets supp(y) C 2~k 4 2= Q, where Q is a
suitable cube centered at the origin [10, §2.12]. Combining this observation with (49),
(40) and the fact that |u] > |\|, we obtain by setting X = (|A[, k'), i/ = (|u], ')

9lAle 2=slIA=[ull g=a(|Al+u)

e v | |Z| I; b |k R (14 2]z Wa = gy O
o—sl|Al=|ull 9—alul )
Z Z & . (Db,l/g)'
W |=|pl & I+ k=K])r(1+ |k -2~ |M|+\>\|l/|)r W
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Invoking the fact that the matrices satisfying (45) form an algebra, see again [34], and
using (49) for another time yields

9=slIAl=lull 9—olul cg 2011
DPY-1/2 4% A( Dby-1/2 < €10 R
|((D%) (D)) aul < ; (1 + [k — 2=+ (T4 | =1))"
1
< 9= s|IA[=[ull K
1

< 9= s|Al=[ull -
>~ C10C8 ; (1 + ‘l/ _ l|)r
< 02 sl lull
The case [A| < |p| can be treated similarly, hence
(DY) 2ATADY) )\l <C275 AL # Jul. (51)
Now another application of Gerschgorin’s theorem yields

Amin (DY) 7V2A* A (DY) 7125 0) = 1 — C27%|A|
and (52)
Amax((D?) V2 A* A (DY) V2|0 0n) < 14+ C278|A|.

Consequently,
(7 = (D)7 2A*AD") ) asxall = Amax((I = (DP) 72 A AD)72)|pxa)
= 1= Auin((I — (DY) "V24*A(DY)"Y2) |5 0a)
< C27°A]
and

Amax (DY) "2 AT A (DY) 2 |5n) _ 1+ C27°(A|

by—1/2 4+ by—1/2 _

U
Remark 4.5. Note that from (50) we have also (for |\ < |u|),
|((Db)_l/QA*A(Db)—l/Q)/\’N} < 2SIl Z e |u|+l/\11’]) NG
sy e 2_”&%’)“1 P
S Y !k—2”+|A|w!)’“1(1+2“*'M\w—”)?"dx
— combgabi [ o i TRCRTEETTIS

o (d—5)|\|~|u]
< C : :
= Y 5 omin ALY 2=k — 2-Jug[)r
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This means that for s > d the preconditioned matriz ((D?)~1/2A* A(D?)~1/2) is a zero-
order operator, see the details in [17, formula (9.4.10)]. In particular this matriz is
compressible in the sense described in [17, §9.5]. For such matrices, an efficient APPLY
routine, as required in §3.3, is provided, see [11,46].

Theorem 4.2 is very well suited for classical integral operators with Schwartz kernels
such as potential operators, see §4.2.1 for details. However, we would like to treat also
slightly different situations like the ones described in §4.2.2 which includes, for instance,
the Biot-Savart operator. To this end, we have to slightly modify our assumptions as
follows:

e The entries in the stiffness matrix of K*K satisfy the following decay estimate

9-slIA=lullg—o min(|Al|ul)

HEEYx Yull < (1 4 2min(ALD dist (€2, Q)" 9)
where c1,s,0,7 € Ry, r > d.
e For y = )\, we require
(K Ka, 3] 2 e2277 . (54)
e For |u| = |A|, we assume that
(K Kb, )] < (1i3\ir_j|:’\)7" (55)

With these assumptions, we obtain the following theorem, whose proof can be performed
by following the lines of the proof of Theorem 4.2. Therefore, we omit the details.

Theorem 4.6. Let A*A = F*K*KF = ((K*Kvx,¢.u))xuez denote the stiffness matriz
of K*K. Suppose that (53), (54), and (55) are satisfied with ca > c3/(r—d) and s > o /2.
Then there exists a constant C = C(cy,co,c3,7,d) such that for each finite set A C T
with |A] < 25C~1 the sub-matriz ((D®)~Y/2 A*A (D) ~1/2)|axa satisfies

11 = (D")2ATAD") 7V ]l < 270724 (56)

and

—(s—0/2)
K((Db)—l/Q A* A (Db)_1/2|A><A) < 1+C2 ‘A‘

: 57
T 1-C2-6-9/2|A (57)

4.2 Operators which allow for an effective block-diagonal precondition-
ing

We consider now classes of operators with property (40) and (53), respectively. We shall

mainly discuss two important families of examples.
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4.2.1 Integral operators with Schwartz kernels

In this section, we are concerned with a large class of operators of negative order which
allows for suitable preconditioning techniques. As we shall see, the classical layer poten-
tial operators such as the single and double layer potentials fall into this category. As
usual, we are concerned with a Gelfand triple

X C Ly(Q) C X', (58)

where here in particular X is a Sobolev space on a domain or a closed manifold €2, i.e.,
X = HY(Q), X’ = H~(Q). We consider a bounded operator S : H~'(Q) — H'(Q) of
the form

(Su)(z) = /Q (. Eu(€)de, T e, (59)

where we assume that the kernel ® is of Schwartz type, i.e,

]8?8?@(m,§)\ < o plz — &|7@HAHAHBD ¢ € R, and multi-indexes o, § € N¢. (60)

We are interested in solving operator equations of the form Su = f. In practice, due
to noisy data, it might happen that the right—hand side is not contained in H*(£2), but
only in L9(2). Therefore we consider the problem

Ku=fe€ L), Ku(x)= /Qtﬁ(x,f)u(é)dﬁ, x € Q. (61)

We changed purposely the symbol S — K of the operator in order to point out its
different action, in particular, its image space. We want to discretize (61) by means of
a tight wavelet frame {1y} ez on Q. We do not enter into the details of these bases; we
will just assume a few useful properties, which we describe in a simplified form for ease
of presentation (valid for = [0, 1]9):

(i) as already recalled before, the index A = (|A], k, e) encodes several different prop-
erties, respectively, the scale |\|, the spatial location k € R?, and the wavelet label
e (without loss of cogency in the following we ignore this latter parameter);

(ii) Qy :=supp(¥y), || ~ 2~ we can also assume for simplicity that Q) c 27Nk +
2~ Q, where Q is a suitable cube centered at the origin [10, §2.12];

(i) [ 9r(€)dE =0, a=0,...,d" € N;
(1) [[$allee < C 292

Actually the latter two conditions implies the more general cancellation property [17,
formula 9.3.4] [43]:

/ﬂ ¢<£>w<£>df' < ¢ a2 MWZHID) ) a1 0,
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which we may want to assume directly for more general domains 2. It can be shown
that if (60) holds, then the decay of the entries (K, 1)) is typically governed by the
following basic estimate

2= nlIAI=IA1D)

(1 + 2min(|)\|7|ﬂ|)dist(9)\/7 Q)\))

2NN (Ko, )| < © (62)

d+2m—2t’
where n depends on the mapping properties of S and the smoothness of the wavelet frame
whereas m is related with the number of vanishing moments d*, see, e.g. [19,20,43] for
details. Equation (62) means that the matrix (20N HADD (K vy, 40)]))awver is contained
in the Lemarié algebra M which is the class of all matrices N = (n) x)a yez such that

9=nlIA= N

: _ forall \, N €71, 63
1_|_2m1n(|>\‘v|ﬂ|)dist(Q>\/,Q)\)) ' ( )

[nan| < C(

for some constant C' and suitable parameters r > d and n > d/2. We refer to [36]
for further information concerning this class. Due to the usual norm equivalences of
wavelet bases or frames, the discretization of (61) leads to the following biinfinite matrix
equation on fs:

(FoKoF*oD Yu= F(f). (64)

where D = diag(2~YM, X € Z) and F denotes the analysis operator associated with the
tight frame, i.e.,

F(v) := ((v; ¥a))rez-
We refer to [15] for details. Now the fundamental estimate (62) implies that
D !FoKoFoD '=MeM
and hence
FoKoF*oD ! =DM.
The Lemarie algebra is stable under taking adjoints, therefore
D 'FoK*o F*D™! = M* € M.
Since we are working with a tight frame, this yields:
D '(K*Ka, va))avezD™ = D 'oFoK*KoF*oD™!
= D 'oFoK*oF*)o(FoKoF*oD™!)
= M*DDM. (65)
Since DD = diag(2%\l, \ € 7), we may estimate |(M*DDM), y/| < ([M*M), /|, being

M* M € M, also the product M*M € M, maybe with a slightly smaller parameters
r’ <rand n’ <mn. Altogether, we arrive at
9= [[AI=IAN]) 9 —2t(IN[+]A])

[(K*Kyipy)| < O’ . : =, for all NN eT,
(1 + 2mm(|/\|’|“|)d18t(9)\/, Q)\))

i.e., (40) holds.
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4.2.2 Integral operators with respect to disjoint domains

Throughout this section let us assume that we are given an operator K
Ku(e) = [ @@ Qu©)d, e,
Q

for 0, Q c R, two relatively compact domains such that dist(Q,Q') =46 >0, u € X :=
HY(Q), and @ : 2 x Q — R. We will again assume that the kernel ® is of Schwartz type,
i.e., (60) holds.

Lemma 4.7. The operator K*K has again a smooth kernel W : Q x  — R such that

|8§‘8?\If(77,§)| < capln— §|_(d+2t+min{|a|’|ﬁ|}), t € R, and multi-indezes o, € N%.
(66)

Proof. Let us express K*K in integral form:

ki) = [ o) ( [ e ouec) o

_ A(/ﬁ@(w,n)@(m,ﬁ)dw) w(€)de.

=V (n,£)

Hence, we have the derivative estimates

0907w (n,€)| < éaﬁ¢(w,n)ﬁf@(w,£>)dw

< [ €0,aC0,8
Q
< O,

Thus, by using the fact that m < ﬁﬁ, for [n — x| > 6,/ — x| > 0, we
immediately obtain (66). O

x — n|~@2tHaD g _ ¢~ (dH2415D) gy

For the proper definition of the discrete matrix A*A := F*K*KF, we will use again
multiscale bases ¥ = {¢)} for L2(Q2) as introduced in §4.2.1.
We develop @ into power series around the point £y € Q,:

Ox,8) = > @6 — &) + Rarsa(2,&,8),
|B|<d*+1
where
d*+1
8!

Rgep1(2,60,8) = >

|8l=d*+1

1
(e 50)6/0 (1— )"0 (x, & + (& — &))dt,
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the remainder. For £ € ), we have the estimates

d*+1 -
Baa(o, 60,6l < | 32 =5 l6 =&l sup 0/ (w,6)]
Bl=d+1 ey
. _ * d*+1 *
< copdist(z,2y) (d+2t+d"+2) Z Al |5—fo|d i
|B|=d*+1
By the latter estimates, we have
K@l = |[ owon©d]
A
. . * d*+1 *
< copdist(w, Q)7 > 1= & e (©)lde.
SN PandPi

By the basic properties of wavelets

[ 16—l un@ide = [ 1€~ &l une)dg

Q) R4

< C’/ 19~y g +H19d/2Pg=dN gy < crg—IN(@/24+d"+1),
Q
Finally this implies
[Kx(z)| = ‘ / i)(w,ﬁ)w(f)dé‘ < Co g2 WU+ D dist (2, )7 (HH20H4H2),
Q

Thus, by using the fact that m < C’xﬁﬁ, for |n — x| > 0,|¢ — x| > §, we show
immediately, for A # u,

@Al = | [ (Koa@) (K (e))da

C(’mg(IAIJru)(d/Qer*H)/ diSt(xuQ)\)i(d+2t+d*+2)dist(1‘,Qu)f(d+2t+d*+2)

/

IN

2= lIAl=lpll(d/2+d" +1) gmin{|A[,|u[} (2t —d*)

C -
b (2mint ALl dist (Qy, ©,)) T2

so that (53) holds.

Example 4.8. In this example we deal with operators which appears in magnetic to-
mography. In such applications, one is interested to reconstruct a current distribution
density in volume, provided a few external measurements of the generated magnetic field.
The procedure usually does not furnish a full measurement of an external magnetic field,
but only of its normal component at an external surface, e.g., as in magnetoencephalog-
raphy, on a helmet out of the head (see [33]). In order to obtain a model easily tractable,
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but still sufficiently realistic, we assume that a vector valued current density j is confined
in a spherical volume Q. If e.(x) is the radially oriented unit vector at point x ¢ €2, then
B, (x) :=B(x) - e,(x) is given by

Mo [ 3O X (=9 ena)

4T Jo |z — &3

(Kj)(@) = Bu(a,) 3 (67)
This formula relates the normal component of the magnetic field directly to the current
density j. Thanks to well-known results in potential theory, the normal component of
the magnetic field on an external surface uniquely determines the magnetic field out of
the volume as soon as the current flur on the volume surface is known. In this case the
measurements of B, on an external surface are a sufficient information to determine the
whole magnetic field.
Since the Biot-Savart operator can be expressed as
. po [ () x (z—¢) / .
B(x = — | —=——5dE = V. ®(z X d

where ® is the single layer potential kernel ®(z,&) = Z—ﬁﬁ, x # &, then B, can
be shown to have a kernel which fulfills the assumptions (60), and therefore it has an
associated compressible matriz A*A. We refer to [31] for more details.

0 1000 2000 3000 4000 5000 B . .
nz = 1994348 ’ 0.5 0 05

Figure 5: Right: Compressed matrix A*A associated to the Biot-Savart operator in
_ L

2D, i.e., B(z,j) := fQ %j(&)df, Q) C R?, with respect to Daubechies wavelets with

d* = 4 vanishing moments. We retain only the entries which exceed 1076. Only the

5.97% of the matrix is non-zero. Left: 2D model of a magnetic tomography. Sensors

are distributed on a semicircle around the area where current densities are distributed.

5 Reduction to a Finite Dimensional Problem

5.1 Reformulation of the problem after preconditioning

In this section we would like to show how preconditioned matrices can be indeed em-
ployed in the adaptive iteration (34). We start first by reformulating the functional J
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as follows:

J(u) = [l[Au—y[3 + 2a]ullyq
= [|ADTV2 D 2a —y|} + 20| D~ D 2|y, 1)

=z =Z

= [[AD" Pz —y|} + 22| D2y, (7) = TP (2).
Hence,

argminJ(u) = D™Y2 [ argmin JP(z) | .
uels(7) z2€D1/205(T)

Here, we assume that D'/2 : (y(T) — D'/?05(T) is a suitable preconditioning matrix
which has a well-defined formal inverse D~1'/2 on its image D/2(5(Z). Moreover, we
also assume that this matrix D'/2 is symmetric, block-diagonal, diagonal dominant, in
the sense that ||D_1/2z||gl(1) ~ | diag(D_l/Q)zHgl(I) for all z € ¢y(Z), and with positive
diagonal elements decreasing to zero, so that the diagonal entries of its inverse D~1/2
do increase to infinity. Moreover, since the treatment of the term ||D~/?z|| ¢,(7) can be
difficult in practice, for the sake of simplicity we may want to exploit the approximation
|]D*1/2zHgl(I) ~ | diag(Dil/Q)zHgl(I), and, with a slight abuse, we re-define

JP(2) = |AD™ 2% — y|} + 2lal, 2

cding(D~1/2)
which is again in the form (3). The use of a diagonal preconditioner is also justified by
the numerical evidences we reported n §7.1 and Figure 9.

We provided examples of such matrices D'/2 in 84, and we have also observed in
Remark 4.5 that, when used, they produce preconditioned matrices D~1/2A*AD~1/2
which represents zero-order operators. In particular, in these cases, D~ Y2A*AD~1/2 is
a bounded operator on ¢5(Z), a so we will consider it throughout this section. However,
in our discussion we will not be too concerned with the topology where the minimization
argmin,, J (z) should take place, because we will clarify below that, due to the threshold-
ing action, this apparently infinite dimensional problem is actually a finite dimensional
one. Hence no topological issue have to be taken into account.

5.2 Equivalence of the infinite dimensional problem to a finite dimen-
sional one

Let us consider z* = argmin, J”(z) = D'/?u*. Since u* is a finitely supported vector
and DY/? is a block-diagonal matrix, then also z* is a finitely supported vector. Let
A = supp(z*) and A° C 7 any finite subset of indexes sufficiently large, and A C A°. We
want to emphasize that we know the existence of the set A°, but we shall not define it
precisely a priori.

It is clear that the finite vector z*|so is also a minimizer of the functional

TP ne(2) := [(AD™?)| oz — y[|§ + 20 diag(D™"/?) x| ¢, (ae), (68)
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Figure 6: Scheme of approximate matrix-vector products Bv, provided by the APPLY
subroutine. The entries of v are multiplied with adaptively compressed columns of
B. Large entries of v meet only slightly compressed columns, whereas small entries
are multiplied with strongly compressed columns or are even discarded. In case that
B = (D )*A*AD~! and v = z("), the support of the output may exceed A°.

defined for z € RA°, which is a finite dimensional space. Here, we used the notation
T'|pe to indicate a matrix for which all the columns indexed in Z \ A° are deleted.

5.3 The adaptive numerical solution of the finite dimensional problem
equals the one of the infinite dimensional problem

Note that now the infinite dimensional optimization problem has been reformulated in
this way into a finite dimensional one, for which the norm-topology on the solution space
RA° is not a relevant issue anymore. Let us assume, for instance, that the topology on
RA° is simply the Euclidean. In such topology the adjoint operator of AD~Y/ 2|po s
given simply by the transposed matrix. This implies that the minimizer z*|yo may be
computed via the following iterative thresholding algorithm:

2" = Sy giag(p12) 0 (2" + (ADTV) iy — (DTVPATAD T2 espez™)), (69)
where the rate of convergence of the iterations is now governed by the conditioning of
the iteration matrix D~Y/2A4*AD~Y/ 2| AoxAe, Which is precisely the one we analyzed in
Theorem 4.2.

Of course, the iteration (69) cannot be implemented, unless we know a priori precisely

the set A°, which is, as previously noted, out of our capability. Nevertheless, in the
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following we want to show that the implementation of the adaptive algorithm (34),
where the iteration matrix A*A is substituted by D™1/24*AD~/2 and the thresholding
operations are suitably adapted to S, ) diag(D—1/2) will turn out to be equivalent to
applying the same algorithm to the resolution of the problem of minimizing the functional
JP|po in (68), as we were perfectly in possession of A°. In this preconditioned context
we will denote by z(™) the iterations of the adaptive algorithm and by z* the minimizer,
or fixed point of (69) in finite dimensions.

In particular, we will show that the use of the APPLY routine to approximate
the matrix-vector multiplication involving D~Y2A4*AD~1/2 or D=2 A* AD~1/?| jo po is
simply equivalent, despite the fact that A° is not given to us. Actually, it turns out
that we can chose A° D ;2 A" where A = supp(i(”)) is the support of the nt’-
iteration. Therefore, the adaptive algorithm will construct for us the set A°.

5.4 The procedure APPLY and its role in the reduction to finite di-
mensions

In order to clarify our argument we need to have a more precise understanding of the
functioning of the APPLY routine. In particular, for helping the explanation we refer
us to Figure 6. For the precise definition of APPLY we refer the reader to [11,46].

First of all, the main assumption for the efficient use of APPLY is the compressibil-
ity of the matrix D~Y/2A4*AD~1/2. As shown in Remark 4.5 we can assume for several
interesting cases that D~1/24*AD~1/2 is indeed a compressible matrix. Hence we are
indeed allowed to consider this procedure, and not only we can assume D~/2A4* AD~1/2
bounded on /2, but also on ¢¥ for 0 < 7 < 2 (compressible matrices have this bounded-
ness property [11,46]).

The procedure APPLY receives as an input a finite vector z(™ and then it re-
orders its entries by their magnitude in absolute value. Of the columns corresponding
to the largest entries of z(") APPLY selects and activates around the diagonal a larger
number of row-entries, simply by setting to zero the other ones, whereas for the smallest
entries of z(™ only a fewer number of row-entries will be used. The height of the
partial columns depends on the accuracy we want eventually to achieve. Note that
such accuracy increases during the iteration of the algorithm (34). The higher the
accuracy, the larger will be the height of the partial columns. This partial columns
so constructed are then multiplied by the vector z(™. The resulting vector w(™ of
these partial columns-vector multiplications is an approximation of the matrix-vector
multiplication D~1/24*AD~/2z( Moreover, w(™ is again a finite vector. However,
it is clear that when the requested accuracy will be very fine, the height of the columns
will also be very large and therefore the support of the resulting vector will necessarily
exceed the set A°. Let us assume now that A° is sufficiently large so that, at the very
beginning, none of the first, say, N** iterations did exceed, after APPLY, the set A°.
Hence, without loss of generality we may assume that UnNzoA(") UsS* C A°. We would
like to show now that, thanks to the action of the thresholding operator, A c A° for
all m > N as soon as A° was chosen sufficiently large. Hence, regardless of the size of the
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support of the resulting vectors after an application of the APPLY routine on iterations
n > N, the thresholding will produce the restriction of the output of APPLY to A°.
Hence, it would be as APPLY was outputting directly on A°.

Theorem 5.1. For convenience of notations let us fix M = D=Y/2A*AD~1/2 and P =
D=Y2A*. We can also assume ||M|| < 2 without loss of generality (remind that M is
a bounded operator on l3(Z) as well as on (¥ (Z)). Moreover, as a technical assumption
we require that Py € (2(Z) N LY (Z), for 0 < 7 < 2. Let us assume that we are also
in the conditions of applicability of Proposition 3.5 for the convergence of the algorithm
(34) applied for the minimization of the finite dimensional functional (68), but actually
without restricting yet neither the matrices nor the vectors to any set A° a priori fized.
We define z .= z* + (Py — Mz*) € l5(Z) and

A° =UN_ A U ST U As(2),

where N € N 1is such that
|z* — 2| <&y <, (70)

for

(1 + 1) e+d<a <inf diag(D1/2)A> , 0>0. (71)
P AET

(We recall the notations A™ = supp(z™), S* = supp(z*), and As(zZ) = {N €T : 6 <
+ (Py — Mz*)»}. The constant p is as in Proposition 3.5.)
Then the supports of the iterations never exceed A°, i.e.,

A c A°, for all n > 0.

Proof. Note that A < A°, for all n < N by definition of A°. Let us assume that
n > N. Let A ¢ A°, hence A ¢ S* = supp(z*), and \Zg\n)| < e. Moreover, we have

|l2* + Py — Mz* — (2'") + RHS|[5,] — APPLY [M, 2", ,])
< ||zt + Py — Mz — (z<">+Py Mz™)|
+ (@™ + Py — M2™) — (2" + RHS[5,] - APPLY[M, 2™, %)) |
<

s+p:<1+p>s (72)

Since z* is a fixed point of (69) (in the finite dimensional environment) we have
25+ (Py — Ma"),| < adiag(D~1/2),.

If |25 + (Py — Mz*),| <6, then from (72) and (71) we obtain also
1
(2™ + RHS[6,] — APPLY[M, 2™, v,]) | < (1 + > e+
p

< o (a0, < o v,
S
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Hence if\nﬂ) = 0. Moreover, since z* is a finite dimensional vector, M is a bounded
operator on ¢5(Z), and Py € l5(Z), then z := z* + (Py — Mz*) € {5(Z) and therefore

As(z) ={Ne€T:6<z\+ (Py— Mz"),\},

has finite cardinality. Hence, if eventually we define now A° = U,]LOA(”) US* U As(z)
then we have that A™ < A° for all n > 0. ]

Remark 5.2. 1. We remark that in the previous theorem the boundedness properties of
the matriz M = D=2 A*AD=Y2 on ly(T) and (¥(T) play a crucial role. These prop-
erties are ensured by the compressibility of M as mentioned in Remark 4.5. Therefore,
neither for every operator K nor for any preconditioning matrices DY/? we can expect
Theorem 5.1 to hold.

2. Preconditioning might create some topological troubles and complicate significantly
the setting where the algorithm (34) can work. In simple words Theorem 5.1 establishes
that for operators and block-diagonal preconditioning as in §4 the use of the adaptive
algorithm (34) to compute a sparse solution u* is allowed and it will converge as expected,
because in practice it will behave as being used for a finite dimensional problem, although
the finite dimensional reference space is built on the fly.

6 Convergence to Compressible and Sparse Solutions

In this section, for the sake of simplicity, we assume a) = & for all A € Z. Hence,
we may assume that @ = @ is a scalar. The analysis we developed so far is valid
when the parameter « is not too small. Indeed, we may expect that for a becoming
smaller, the support of the minimizer u}, of J, (as in (3)) is becoming also larger and
larger. Therefore, we have to expect that the property (26) deteriorates in the sense that
Y = Yo(a) — 1 for @ — 0. In this section we would like to explore the main features of
such limit behavior.

6.1 Convergence to compressible solutions

Theorem 6.1. Assume ||A|| < V2 and that there exists a compressible solution u° €
02(Z), for 0 < T < 2, such that Au® = y. Let us define the function
I —A*A)(u}, —u° Sunp(u* YUSupn(1®
P(a) = It ) (e = W)l a(ouppug ump(at)) (73)
[uf, —u Heg(z)

The function T is certainly bounded above by 1; here we assume that T'(a) < 1. Then
we have the following estimates:

(i) there exist a constant C' = C(1) such that

* o o|T/2 1-7/2.
g, —u®|ley(z) < mm \gg al (74)
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(ii) for another constant C' = C'(1) > 0 we have

4C?
5+ 4c'> (o (75)

#supp(u,,) < (u_w

Proof. Let us write
W — 0 = S — AT AW, + A" AW) - Sq(u®) + S (u) — u’,

Then, from (16) and (20), we have the estimates

IN

”Sa(uz - A*AUZ + A*Auo) - SOé(uo)”supp(ug)Usupp(uO) + HS(X(UO) - uOHZQ(I)
< I - A" A)(u, — u®) + Clue [ el =72

[ug, — u®lley )

[l (supp(uz)Usupp(u°))
* (e} (e} 2 —

< T()uf — vl + Clu® [ al =72,

The latter estimate immediately shows (i). Note now that

* * * * o * * o c o|T T
0, — A" A+ A%) =0y = 0= A" AN =0 ) < ol 72

A straightforward application of (23) yields

* 4C2]u°|zwa2_7 /0| —T
#supp(uy) < W +4C" [’

4C?
e 4 ! o Tw —’7"
(e + 1) ko
This concludes the proof of (ii). O

6.2 Convergence to sparse solutions

Corollary 6.2. Under the hypothesis and notation of Theorem 6.1, assume now that u°
is a sparse solution, i.e., u® € £y(Z) := Nr>ol¥(Z), and |u°|y, = #supp(u®) < oo. Let
us denote S° = supp(u®) and [u°|y(7) := #5°. We define the function ¥ : N — Ry by

S(k):= sup ||(I — A" A)|(Auso)x(ause)ll- (76)
ACT,#A<k

Then we have the following estimates

(i)

* e] 1 o]
e e L (77)
(i1
* 4 o
# supp(uy,) < <(1F(a))2 + 1> u®l4(7); (78)
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(iii) the function T fulfills the following functional inequality

oo (b))

Proof. The estimates (i) and (ii) follows immediately from Theorem 6.1 by taking the
limit 7 — 0 (see formulas (21) and (22); note the modification of the constants for 7 = 0
in Lemma 2.2). The estimate (iii) follows from (ii) by observing that, by definition,
[(e) < (7 supp(uy)). -

Remark 6.3. 1. An estimation of the values that the function I' can realize allows
for a more precise understanding of the rate of convergence (77) and of the support
bound (78). This can be achieved by estimating the spectrum of the operator K by
assuming additional smoothing properties, as it is done in [22, Proposition 4.7]. For
general operators K little can be said: the functional inequality (79) establishes a bound
on the range of the values that the function I' can realize, as soon as . is given. In
fact, the function . can be heuristically estimated by means of Montecarlo experiments.
Therefore the values x € [0, 1] for which

= (|(@= 1))

are admissible values of I' when a sparse solution u® with \u°|g0(1) = of exists. In Figure

Cooo
N DO 0
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WAUION00O

0 100200300400500 0 0.20.40.60.8 1

Figure 7: On the left we show a plausible function . which grows moderately for small
values, whereas it saturates to 1 rather quickly for large values. On the right we show the
corresponding S-shaped function . (Kﬁ + 1) o J) for o/ = 5, and we highlight
the locations where this function is larger than the identity function. These locations
correspond to admissible values of I'.

7 we show an example where a plausible function 7 is given, and the values x € [0, 1]
where v < . (L(ﬁ + 1) 424) holds. Note further that inequality (79) to estimate
I'(«) can be re-used in the previous estimate of the support (78). Hence, we can iterate
formula (79) with this additional estimation of the support. This iteration can produce

a gain of information in certain cases. Unfortunately, it seems that not much more can
be said a priori about I'(«v) in such an abstract setting.
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6.3 Equivalent conditions for the uniform linear convergence of the
algorithms as a — 0.

We conclude this section with a result which establishes conditions for a uniform behavior
of algorithms (25) and (34) as a — 0.

Corollary 6.4. Assume that there ezists u® € o(Z) such that Au® =y, and
11— A"Alpxall <70 <1 (80)

for all A C T such that #A < (ﬁ + 2) [u®|go(z)- Then the following conditions are
equivalent:
(a) SuPq>0 F(Oé) <7 < 1;

(b) g, converges linearly to u®, i.e., |uy —u®|lg@) < 1= 70|u |1/2 a;

(¢c) the support sizes of u, are uniformly bounded, i.e., sup,~q # supp(u},) < (ﬁ + 1) [u®go (1)
Proof. Assume that (a) holds. Then by (77) we have

g = u®lley) oo @

< —
_1

which implies (b). Let us assume (b) now. Then, again an application of Lemma 2.2
(for the constants adjusted to 7 = 0) yields (c):

4’|y ()

o 4 o
1 —0)2a2 + [0°[gy(z) = ((1—70)2 + 1) [u®|go(2)-

If (c) holds, then from (80) we have

#supp(u},) <

I(f — A" A)(ug —u®

)”Eg(supp(ug)Usupp(uo)) <
g, — u®lley )

= 70-

I(e) =

7 Numerical Experiments

For instructive and simple numerical experiments in an infinite-dimensional setting, we
will consider the Volterra integral operator K : Ly(0,1) — L2(0,1),

¢ 1
Ku(t):/o u(s)ds, K*Ku(t):/o (1 — max(s, t))u(s)ds. (81)

The integration operator can be regarded as a model case for more general Fredholm-
type integral operators. K is injective and bounded with norm || K || = 2/7 ~ 0.64. The
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nonzero eigenvalues of K*K are explicitly available as A, = 1/(m(n + 3))?, see [39]. In
the following, the discretization of K will be performed using a biorthogonal, piecewise
linear spline wavelet basis for Lo(0,1) with 2 vanishing moments from [40]. Due to the
piecewise linear kernel of K*K and the compression properties of the wavelet basis, the
system matrix A*A is quasi-sparse, we refer to Figure 8 for its nonzero pattern. In the
experiments, A*A is scaled to have £(¢3)-norm 1.

50
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Figure 8: Nonzero pattern of the system matrix A*A, using piecewise linear spline
wavelets up to level 8

7.1 Local well-conditioning

As a first numerical test, we investigate the effect of preconditioning strategies onto the
spectral properties of small submatrices of A*A. For each N € N, we randomly select
10 times a support set T' C Z of size #1' < N. The arithmetic mean over the spectral
condition numbers of these submatrices is plotted against the support size N in Figure
9.

As we clearly see, both preconditioning strategies drastically improve the spectral
properties of small submatrices. In particular, for square submatrices with less than 100
columns, their condition numbers stay below 10 for diagonal preconditioning, whereas
they exceed 10° in case of the original matrix. Note that the spectral improvement
via diagonal preconditioning is already significant, whereas switching to block-diagonal
preconditioning does not further improve the conditioning considerably. Therefore, in
practice, the additional computational work of block-diagonal preconditioning can be
avoided at no noticeable loss. Of course, due to the clustering of the singular values at
0, larger submatrices of A* A will fail to have good spectral properties in both precondi-
tioned cases as well.
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Figure 9: Average spectral condition numbers condy(A* A|r) of small N x N-submatrices
of A*A, without preconditioning (solid line), with diagonal preconditioning (dashed
line), and with block-diagonal preconditioning (dotted line)

7.2 Recovery of sparse solutions

In order to validate the numerical performance of the proposed recovery algorithms, we
will fix the following function u € Ly(0,1) as the solution of Ku = y:

—24r4+1 ,0<z< i

16
16 9 1 1
16, 1~ 1
wa)=4 7O M 0 T6STS (82)
0 , otherwise

By construction, « is a linear spline function with nodes at dyadic points, therefore its
spline wavelet expansion has only finitely many nonzero coefficients, see also Figure 10.
In particular, we have ||ul|¢, = 11, |jul|s, =~ 1.23628 and ||u||¢, ~ 0.49473.

7.2.1 Choice of the regularization parameter

The exact minimizer u* = u*(«) depends on the regularization parameter o in a non-
linear way. Due to the presence of roundoff errors in the computation of the system
matrix and of the right-hand side, and due to the truncation of the thresholding pro-
cess after finitely many steps, we may not expect that the numerical reconstructions
u ~ u* perfectly match the unknown solution u as « gets arbitrarily small. In Table
1, we report the attained residual errors and the values of the penalty term after 10000

39



level j

h o U‘l U‘Z D.‘C’l 0.‘4 0.‘5 0‘.5 0‘.7 D‘.B D‘Q 1 k
(a) graph (b) wavelet coefficient distribution

Figure 10: Unknown function u to be recovered

iterations of iterative thresholding (ISTA), with truncation to all wavelets up to level
12. The residual errors apparently begin to stagnate for values of « significantly smaller
than 1075, Therefore, in the numerical experiments, we choose parameters o > 1075,

a | |[Aa = Kullg,,) | [l
le-04 5.94068e-05 0.37960
1le-05 1.27318e-05 0.96679
1le-06 8.38322e-06 1.58118
1le-07 7.17095e-06 2.56212
1e-08 6.99264e-06 3.02167

Table 1: Residual errors and penalty terms for certain values of the regularization pa-
rameter, after 10000 iterations of ISTA

7.2.2 Linear convergence to the minimizer

By the injectivity of the forward operator K and by the finite support of the minimizer
u* for each given o > 0, any of the considered thresholding algorithms should converge
linearly. However, the particular error reduction constants will most likely depend on
the magnitude of the index set which the particular iterates are supported in. Due to
the spectral properties of A* A, the choice of a large support set within a given iterative
scheme will inhibit a significant error reduction per iteration step, while smaller support
sets will be beneficial. Therefore, we hope that an iteration with decreasing threshold
parameters converges faster than an algorithm with fixed parameters. Moreover, based
on the observation from Figure 9, preconditioning strategies should further reduce the
error reduction constants considerably.

In order to quantify the linear convergence to the minimizer, we first compute a very
good approximation to the exact minimizer u* with sufficiently many preconditioned
iterations. Then we restart from u® = 0, and we measure the ¢5 error of the iterands
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with respect to that limit. In the experiments, the threshold parameters are chosen
according to the rule o™ = a + 1y"eg, for certain parameters 0 < 7,7 < 1 and the
choice €y := 5||lulls,. The iteration is allowed to use all wavelet indices A\ with level
|A\| < 12. Note that the neglected entries (A*A),, are already smaller than 107% in
absolute value, so this is not really a limitation.

In Figures 11 and 12, we plot the ¢y error histories for different iterative thresh-
olding algorithms. We clearly observe linear convergence of all iterative schemes. The

I, errors, alpha=1e-05, alphaprec=1e-05, gamma=0.99, eta=0.1
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Figure 11: f error histories for different iterative thresholding algorithms, o = 1072,
v = 0.99 and n = 0.1: ISTA (solid line), D-ISTA (dashed line), P-ISTA (dotted line),
and PD-ISTA (dash-dotted line)

original iterative thresholding method (ISTA) and its variant with decreasing threshold
parameters (D-ISTA) show a similar asymptotic behavior. Both preconditioned variants
P-ISTA and PD-ISTA have a significantly better error reduction per iteration for any
choice of the regularization parameter c.

A decreasing choice of the threshold parameters only pays off for medium values
of e =~ 1075, An explanation of the varying slopes in Figure 11 can be found when
considering the support sizes of the iterands during the iteration, see Figure 14 from the
next subsection. For o = 1077, e.g., PD-ISTA asymptotically works on a slightly larger
index set than P-ISTA, resulting in a marginally worse error reduction per iteration.

7.2.3 Support dynamics

One of the core ideas towards the acceleration of iterative thresholding methods is to
keep the number of active degrees of freedom as small as possible. The rationale is
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Figure 12: £ error histories for different iterative thresholding algorithms, o = 1077,
v = 0.99 and n = 0.1: ISTA (solid line), D-ISTA (dashed line), P-ISTA (dotted line),
and PD-ISTA (dash-dotted line)

to take advantage of the spectral bounds of the associated submatrices of A*A. In
Figures 13 and 14, we track the support size histories for different iterative thresholding
algorithms and different regularization parameters «. Apparently, in the course of the
iteration, all algorithms gradually reduce the support size of the respective iterands. A
decreasing choice of the threshold parameters «,, can efficiently reduce the active degrees
of freedom in the transient phase of the first iterations. What is more important, the
considered thresholding algorithms behave in a quantitatively different way as concerns
the number of active coefficients. As soon as the regularization parameter « is sufficiently
small, the un-preconditioned algorithms iterate on significantly larger index sets than
their preconditioned counterparts. In Figure 14 we show the first 10000 iterations at
which we reached at best c.a. 100 active coefficients, instead of 11 as in the solution
(82). As a matter of fact, further iterations will shrink more the support, but, due
to accumulation of round-off errors, the algorithm seems unable to compensate them
and it seems impossible to match perfectly the right support size. This is because the
thresholding parameter o = 1077 is too small to be able to make the round-off errors
vanish. However, this effect should not be too surprising because, for an ill-posed problem
the use of an inexact iterative algorithm which produces round-offs does make the error
to the exact solution blow up when too many iterations are performed. In this paper we
do not take into account this problem, and in particular we do not investigate the choice
of a stopping rule. We may refer to the paper [41] where such matter was considered.
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Figure 13: Support size histories for different iterative thresholding algorithms, o =
107°, v = 0.99 and n = 0.1: ISTA (solid line), D-ISTA (dashed line), P-ISTA (dotted
line), and PD-ISTA (dash-dotted line)

7.2.4 Adaptivity

As shown in Theorem 5.1, we have theoretical guarantees of convergence of the pre-
conditioned algorithm only if the adaptive applications of the forward operator A*A are
implemented by the procedure APPLY. Moreover, the efficiency in terms of complexity
of the considered iterative thresholding method can be further improved by these inexact
operations. In particular we can exploit that the biinfinite matrix A* A is compressible in
the aforementioned sense. More precisely, due to the piecewise smooth kernel of K* K,
the compressibility exponent s in formula (40) does not exceed s* = 1.5, even for smooth
wavelet bases. We refer to Table 2 for a numerical validation.

|IB—By,| | num. slope
5.22783e-03
3.75366e-04 1.900
3.94610e-05 1.625
5.00009e-06 1.490
5.93117e-07 1.538

NN Y S

Table 2: Convergence rate for the approximation of B = A*A by submatrices By with
at most 27 entries per row and column

We compare iterative thresholding algorithms with adaptive and nonadaptive oper-
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Figure 14: Support size histories for different iterative thresholding algorithms, o =
1077, v = 0.99 and 1 = 0.1: ISTA (solid line), D-ISTA (dashed line), P-ISTA (dotted
line), and PD-ISTA (dash-dotted line)

ator evaluations in Figure 15.
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