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Abstract

This article provides a variational formulation for hard and firm thresholding. A
related functional can be used to regularize inverse problems by sparsity constraints.
We show that a damped hard or firm thresholded Landweber iteration converges to its
minimizer. This provides an alternative to an algorithm recently studied by the authors.
We prove stability of minimizers with respect to the parameters of the functional by
means of I'-convergence. All investigations are done in the general setting of vector-
valued (multi-channel) data.
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1 Introduction

This paper addresses the solution of an inverse problem Af = g, given possibly noisy data g,
where A is a linear bounded operator between Hilbert spaces. When this inverse problem is
ill-posed then a regularization mechanism is required [20]. Regularization helps to identify
the solution of interest, by taking advantage of a priori knowledge. Recently the imposition
of sparsity constraints as regularization method has proven to be an effective strategy [1, 9,
27, 28, 33]. This assumes that the solution f has a sparse expansion with respect to a suitable
basis or frame {¢, : A € A}, i.e., it can be well-approximated by a linear combination
of few elements of the prescribed frame. This approach has already proven successful in
various applications such as deconvolution and super-resolution problems [12, 14, 32], image
recovery and enhancing [10, 19], problems arising in geophysics and biomedical imaging
[22, 25], statistical estimation [18, 34|, and compressed sensing [2, 4, 15, 29]. It is now
well-understood that sparsity can be imposed by minimizing the ¢;-regularized functional

Ko(u) = [|[AFu — g|]* + allul;, (1.1)
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where u corresponds to the coefficient vector of the solution f = Fu := ), uxty. In the
simple case that AF' is the identity operator (or at least unitary), the minimizer of K, can
be computed explicitly by soft-thresholding the components of g [5, 13, 16, 17]. Due to its
variational formulation, its simplicity and effectiveness in noise removal, soft-thresholding
proved to be an efficient alternative to total variation minimization [30, 6, 11], which requires
instead the solution of a degenerate PDE. In the case of a general linear operator AF the
solution cannot be computed explicitly, and several authors have proposed soft thresholded
Landweber iterations to approximate it [21, 31, 32, 18]. The convergence of the algorithm
was later established in [9)].

In the case that f is actually a 'multi-channel’ signal consisting of several components
(i.e., a vector valued function) we speak of joint sparsity if all the components possess
a sparse representation and additionally the non-zero (significant) coefficients appear at
the same locations [2, 35]. For instance, color images divided into channels (e.g., RGB)
can be considered as jointly sparse signals since edges, and hence, significant wavelet or
curvelet coefficients, appear at the same locations. Similar concepts appeared recently also
in statistical estimation when input variables are grouped together [26, 37].

In [23] we introduced an extension of the functional (1.1) modelling jointly sparse recov-
ery. It uses a weighted ¢;-norm of ’interchannel’ /,-norms of the frame coefficients as penalty
term. Additionally the weights are chosen adaptively in the sense that they are treated as
optimization variables as well, see (2.4) below. We developed and analyzed an iterative mini-
mization algorithm in [23] that alternates between minimizing with respect to the coefficients
u (which requires another inner iteration) and with respect to the weights, see (2.8). When
investigating the role of the parameters defining the functional in the scalar (single-channel)
case we discovered a surprising correspondence between the minimizer of the functional and
so-called firm-thresholding [24], and in a special case to hard-thresholding. So as one of
the main contributions of this paper, we associate hard-thresholding to the minimizer of
a conver functional. Further, we provide natural extensions of firm-thresholding operators
to the multi-channel case. It is interesting to note that (single-channel) firm-thresholding
also arises in so-called iterative refinement algorithms [36]. Similar approaches to adaptive
weights appeared as well in statistical estimation, see e.g. [38] and references therein.

Realizing the connection of our functional to (damped) hard and firm thresholding, it is
natural to ask whether the corresponding thresholded Landweber iteration converges as well
to its minimizer. Under certain conditions on the parameters ensuring the (strict) convexity
of the functional, we prove such convergence. We note, however, that, unless AF' is unitary,
these restrictions on the parameters exclude pure iterative hard thresholding. Nevertherless
the convergence of iterative hard thresholding to local minimizers of a certain non-convex
functional is shown in [3]. Compared with our first alternating algorithm, the new approach
clearly has the advantage of providing a single iteration scheme, and we expect that it will
have faster convergence in practice; the investigation of this issue is beyond the scope of
this paper.

We will also discuss the dependence of the minimizers on the parameters. It is very
natural to question how the action of different thresholding operators influences minimizers
of the corresponding functionals. Indeed, the minimizers are weakly continuous with respect
to the parameters. In particular, our analysis makes explicit the continuity by showing that
minimizers of our functional do converge to the minimizers of the ¢-regularized functional



(1.1) for certain limits of the parameters.

The paper is organized as follows. Section 2 introduces notations and our functional.
Further, we recall the alternating minimization algorithm in [23] and the corresponding
convergence result. Section 3 discusses the connection to hard and firm thresholding op-
erators, and derives their generalization to the vector valued case. Section 4 is devoted to
the convergence proof of the thresholded Landweber iteration to minimizers of our original
functional. The dependence of minimizer on the parameters will be discussed in Section 5.

2 Motivation

2.1 A functional modelling joint sparsity

Let A : K' — H be a linear and bounded operator acting between the separable Hilbert
spaces K’ and H. Given data g € H,

Af =g

our task is to reconstruct the unknown f € K’. This problem is possibly ill-conditioned
and the data g might be noisy. Hence, regularization is required. Instead of applying
classical Tikhonov regularization [20] we will regularize by sparsity constraints [9], or more
generally joint sparsity constraints as suggested in [23]. We assume that f is actually a
'multi-channel vector’, i.e., f = (fi,...,fr) with f, € K, £ = 1,..., L for some Hilbert
space K; in other words K’ = K. In order to model (joint) sparsity we assume to have
a frame {¢) : A € A} C K indexed by a countable set A. This means that there exist
constants C1,Cy > 0 such that

CrllfIE < Y WL < CallflR forall feK. (2.1)
AEA

Orthonormal bases are particular examples of frames. Frames allow for a (stable) series
expansion of any f € I of the form

f=Fu:= Zum{))\ (2.2)

A€A

where u = (u))rea is contained in the sequence space ¢o(A) endowed with the usual #5-
norm. The linear operator F : lo(A) — K is called the synthesis map in frame theory
[7]. Tt is bounded due to the frame inequality (2.1). In contrast to orthonormal bases, the
coefficients u) need not be unique, in general.

By using frames the problem of recovering f; € K can be restated in terms of frame
coefficients in f5(A)*. To this end we introduce the operator

T:l(MNY—>H, Tu= A(Ful,Fu2,...,FuL) =A <Zu%\w>\,,2uf¢)\) .

AEA AEA

Then our problem is reformulated as solving the equation

g=Tu (2.3)



for the frame coefficients u. Once a solution u = (u§) is determined we obtain a reconstruc-
tion of the vectors of interest by means of f; = Fu =3 A\ uﬁzm. The coefficient vector u
and the corresponding f are called sparse if v has only a small number of non-zero coeffi-
cients. Generalizing slightly this concept we say that u is jointly sparse if all its components
uf, ¢ =1,...,L are sparse, and additionally the support sets for all channels u’ are the
same. Hence, all f; can be represented as fr = >\, Ao ’U,g\T/J)\ where Ag is small (finite) and
coincides for all £ =1,..., L.

Many types of signals can be well-approximated by sparse ones if the frame is suitably
chosen. Joint sparsity naturally occurs for instance in color images, where, e.g., the three
color channels RGB can usually be well approximated by a jointly sparse wavelet or curvelet
expansion since edges appear at the same locations throughout all channels. The key idea
is to incorporate joint sparsity in the regularization of the inverse problem (2.3). In [23] we
proposed to work with the functional

J(u,v) = G(?p)w(u7v) = [ Tu—glH* + D oallually + D wallualld + D alox — vr)?,
\eA AeA AeA
(2.4)

where || - ||, denotes the usual g-norm on R%, ¢ € [1,00] and 6 = (0,),w = (wy) and p = (py)
are suitable sequences of positive parameters. The variable u is assumed to be in KQ(A)L
and vy > 0 for all A € A. Observe, that uy is a vector in R while vy is just a nonnegative
scalar for all A € A.

We are interested in the joint minimizer (u*,v*) of this functional, and u* is then
considered as a regularized solution of (2.3). The variable v is an auxiliary variable that
plays the role of an indicator of the sparsity pattern. As argued in [23] J promotes joint
sparsity, i.e., u* can be expected to be jointly sparse. Further, we note that the functional
is even interesting in the monochannel case L = 1. Then it just promotes usual sparsity
and provides an alternative to ¢;-minimization as analyzed in [9]. At this point, it is useful
to denote the ’sparsity measure’ by

O (u,0) = ) (u,0) == Y walually + D walluald + D Oalor — o2 (25)
AEA AEA AEA

which allows to write
J(u7 ’U) = HTU - g‘HH2 + q)(q) (u7 U)-

In [23] we gave a criterion on the parameters w, 6, p for the (strict) convexity of ®@ (u,v),
and hence of J, for the cases ¢ = 1,2,00. Let us a provide a slight generalization of this
criterion.

Lemma 2.1. Let Sy, := min Sp(T*7T), where Sp(T*T) denotes the spectrum of T*T. A
sufficient condition for the (strict) convexity of J(gqgw(u,v) is that the functions

Ex(z,y) = (wx+ sm)llzll3 + yllzllq + 02y°, z€RYy>0

are (strictly) convex for all A € A. In the cases q € {1,2,00} this is satisfied if

(CU)\ + Smin)e)\ > % (26)



(with strict inequality for strict convexity), where

L, g=1
kg = 1, ¢=2, (2.7)
1, q=o0.

Proof. The discrepancy with respect to the data in the functional J(u,v) can be written as
ITu— g|H|]* = (Tu, Tu) — 2(Tu, g) + ||g/H|* = (u, T*Tu) - 2(Tu,g) + lg|H|?
= sminllull3 + (u, (T*T = swinl)u) — 2(T'u, g) + ||g|H|*,

where I denotes the identity. Since syi, = min Sp(7T*T') the operator T*T — syin is positive,
and consequently the functional

w = (u, (TT = sminl )u) — 2{Tu, g) + [|g]3-
is convex. Thus, J is (strictly) convex if the functional

J'(,0) = sminllufl3 + D (u,0) = > Fy(ux,va)
AeA

is (strictly) convex. Clearly, this is the case if and only if all the F are (strictly) convex,
which shows the first claim. The second claim for the cases ¢ = {1,2, 00} is shown precisely
as in [23, Proposition 2.1]. O

Usually one has spi, = 0 and then (2.6) reduces to the condition already provided in
[23]. However, there are cases where T*T is invertible and then sp;, > 0, so (2.6) is weaker
than wy@y > Ky/4 in [23]. Further, we expect that condition (2.6) with suitable k, is also
sufficient in the general case g € [1, 00].

2.2 An algorithm for the minimization of J

In [23] we developed an iterative algorithm for computing the minimizer of J(u,v). It
consists of alternating a minimization with respect to u and v. More formally, for some
initial choice v(@, for example v(®) = (Px)ren, we define

u = arg min,cp, (z)L J(u,v("_l)),

o™ = argmin,>q J(u™, v). (28)

The minimizer v of J(u™,v) for fixed u(™ can be computed explicitly by the formula

o = L oon= gl 1l < 2630, 29)
A 0, otherwise .

The minimization of J(u,v" 1Y) with respect to u and fixed v(*~!) can be done by a
thresholded Landweber iteration similar to the one analyzed in [9]. So let v = (vy)xea be
a fixed positive sequence and u () € lo (A)* be some arbitrary initial point and define

Uiy = U (ugm1y + T*(g = Tugm-1))), m>1, (2.10)
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where

(U () = (1+wr) 'S () (2.11)
and
S (g )_a:—Pf/z( z), zeRL, (2.12)

with Pg;2 denoting the orthogonal projection onto the unit ball of radius v/2 in R* with
respect to the ¢-norm where 1/¢' + 1/¢ = 1. For g € {1,2,00} explicit formulas for 53/2
are given in [23]. By extending the arguments in [9], we proved that the iteration (2.10)
strongly converges to the minimizer of K (u) = J(u,v) under mild conditions on v and w [23,
Proposition 4.9]. Moreover, we showed in [23] that the full algorithm (2.8) indeed converges
to the minimizer of the functional J.

3 Relation to Hard and Firm Thresholding

The functional J = Jg(q) » depends on several parameters. So far their role was not yet com-
pletely clarified. It turns out that there is an intriguing relationship to hard-thresholding,
which explains the parameters as well.

3.1 A simple monochannel case

For the sake of simple illustration we start with the monochannel case L = 1 and the
parameter w = 0 for the moment. (The choice of ¢ becomes clearly irrelevant if L = 1).
Here the operator T is assumed to be the identity on ¢2(A). This leads to the study of the
functional

T(u,0) = Jpp(u,v) = Ju—gll3+ D valual + D Oalpx —va)
NeA Nen

= > [(ur = 92)* +valual + 0x(px — v2)?] -
AeA

Since smin(I) = 1, according to Lemma 2.1 a sufficient (and actually necessary) condition
for the convexity of J is
0, >1/4 for all A € A,

and J is strictly convex in case of a strict inequality. In our special case, J decouples as the
sum

J(u,v) = Z Go, prigr (Ur, V)
AEA

where
Gopo(U,0) = (i —2)? +0|a| +0(p—9)?, a€R,d>0.

Hence, the component (u3,v}), A € A, of the minimizer (u*,v*) of J(u,v) is the minimizer
of Go, o591



Lemma 3.1. Let p >0, 0 > 1/4 and z € R. Then the minimizer (u*,v*) of Gy, p..(u,v) for
u € R,v >0 is given by

u* = hg,(2)
¥ = - %|’LL*|, |’LL*| < 20p7
0, otherwise
where
0, 2] < p/2,
hop(=) = { 2 (= —sign(2)8), p/2 < |2| < 26, (3.1)
z, |z| > 26p.

Proof. The statement follows from a straightforward computation, but can also be deduced
as a special case of Theorem 3.2 below (considering w = 0 and ¢ = 2 for instance). O

Note that for 6 = 1/4 the function hy /4, equals the hard thresholding function,

0, |21 <
mpap(e) = o) = { 0 1S

N

In particular, hard-thresholding can be interpreted in terms of the (joint) minimizer of the
functional 1
J(u,0) = lu—gl3+ > valual + 1 > (oa =)’
AEA AEA

and the minimizer is even unique although the functional is convex but not strictly convex.
Note that it can be shown directly that also for § < 1/4 the minimizer of the functional J
is still unique and coincides with the one for § = 1/4, although the functional is then even
not convex anymore.

Hence, not only soft-thresholding, but also hard-thresholding is related to the minimizer
of a certain convex functional. This observation applies for instance to wavelet thresholding.
In the case 6 > 1/4 the function hg , is the firm thresholding operator introduced in [24],
see Figure 1 for a plot. Furthermore, letting & — oo in the above lemma, we recover the

P 20
2

Figure 1: Typical shape of the function hg ,. Here the parameters are p =2 and 6 = 1/2.



soft-thresholding function,

0, 2] <

z —sign(z)5, |z| >

6—o00

lim hg,(z) = s,(2) = {

NN

Hence, hy , can be interpreted as an interpolation between soft and hard thresholding.

3.2 The multichannel case with identity operator

Let us now consider the general multichannel case L > 1 with non-trivial parameter wy,
but still with 7" being the identity on fo(A)*. Then our functional has the form

T(u,v) = J§0 (u,0) = [lu—gll} + > wallual3 + 3 vallually + > Oalor —va)? (3.2)
AEA AEA AEA

with u € £3(A)* and vy > 0. By Lemma 2.1 a sufficient (and actually necessary) condition
for the convexity of J in the cases g € {1,2,00} is

(1 + w,\)9>\ Z %

with k4 as in (2.7). The functional J decouples as the following sum,
J(u’v) - ZGgi),PA,WA;QA(u)"U)‘)
AEA

with

Gy (@) = i — 23 +wlald + yllaly +6(p—0)%, aeRLTeR,.  (33)

As in the previous section the minimization of J reduces to determining the minimizer of
the function Ggq; ez O1 RE xR,
Before stating the theoretical result let us introduce the following functions for ¢ =

1,2, 00, respectively.

For ¢ =2, 0 > 1/4 and z € RY we define

o 0. lslle < /2,
hio(2) = § ap B2 pf2 < 2]l < 20,
Zs HzH? > 29p

Now let ¢ = 1, § > L/4 (ensuring strict convexity) and z € R*. Then we distinguish
different cases.

1. If [|2]|co < p/2 then
1
hi)(2) = 0.

2. If ||z|l1 > 26p then



3. If ||z]lcc > p/2 and ||z]|1 < 20p then we order the entries of z by magnitude, |z, | >

|zey] > ... > |z, |. For n =1,..., L define
ZT'L—1 |Zé | TP
tn(z) == p/2 - == A
() = pf2 - =ELT (34)
As follows from the proof of the next theorem there exists a unique n € {1,...,L}
such that 377, [2¢,] > np/2,
|26, | = tn(2) (3.5)
and
21| < tn(2) (3.6)
(where the latter condition is void if n = L). With this particular n we define the
components of hé};(z) as
(hg/))(z))gj = zp; —sign(zg, )tn(2), J=1,...,n,
(h§)(2)e, = 0, j=n+1,... L.

Finally, let ¢ = 0o, # > 1/4 and z € RF. Again we have to distinguish several cases.

1. If ||z]|1 < p/2 then

h(z) = 0
2. If ||z]lcc > 26p then
h(g?;)(z) = 2.

3. If ||z][1 > p/2 and ||z]|e0 < 20p then we order the coefficients of z by magnitude,
|ze,| > |2e,] > ... > |z, |. Define

46 g
sn(2) = 0n—1 ;’%\ —p/2

Let m be the minimal number in {1,..., L} such that s,,(z) > 0. (Such m exists since
sr(z) > 0 follows from ||z||; > p/2.) As follows from the proof of the next theorem
there exists a unique n € {m, ..., L} such that

|Z£n| > Sn—l(z) and |zén+1| < Sn(z)

(where the first condition is void if n = 1 and the second condition is void if n = L).
Then we define the components of héoz) as

(h((’?;)(z))fj = sign(ze,)sn(2),  Jj=1,...,n,
(hé?;)(z))éj = Zgj, j :n+17’L



These functions h(q[)) provide different generalizations of the firm shrinkage function hg , in
(3.1) to the multichannel case. As shown in the next result they are intimately related to

the minimizer of the function G((,q[)) Wiz

Theorem 3.2. Let g € {1,2,00} and z € RV, Assume
(w+1)8 > kg /4 (3.7)

with kq in (2.7) ensuring strict convexity of the function e in (3.3) by Lemma 2.1.

0,p,w;z
Then the minimizer (u,v) € RE x Ry ofG s given by

0,p,w;z

w= (140) il ()

flwll
v = p— 20q’ Hqu < 20p7 (38)
0, otherwise .

The proof of this theorem is rather long and technical, and therefore postponed to the
Appendix. We note that condition (3.7) is required to ensure uniqueness of the minimizer

of G pu:-- In case of equality in (3.7) a variant of the above theorem still holds. Only the
)

uniqueness of n in the definition of the function hgf )
but any valid n would yield a minimizer of Gy ...

Now, the minimizer (u*,v*) of the functional J for the trivial identity operator T' = I
in (3.2) is clearly given by

for ¢ = 1 and ¢ = oo is not clear yet,

ut = HY (9), (3.9)
vt = V), (3.10)

where
G,p,w g \ T ( w)\ GA(1+W>\) p)\(g)‘ I . )

and
1 * *
(@) o ex =g lludlles  Mluille < 20apa

(V(’m (u )))\ o { 0, ' otherwise . (812)

We note the following relation to the damped soft-thresholding operator Uéz in (2.11),
which will be useful later.

Lemma 3.3. Suppose (14 wy)0y > kq/4 for all X € A. Let v = %(’[;)(Hg,p,w(g)). Then

H (9) = US(9).

Proof. Let (u*,v*) be the minimizer of the functional J in (3.2). Then u* = = g

Gpw( g) and

vt = Ve(qp) (u) by (3.9) and (3.10). Since (u*,v*) minimizes J(u,v), we have in particular
u* = argmin, J(u,v*). By Lemma 4.1 in [23] it holds u* = Uég?w(g), which shows the

claim. O
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Finally note that there is also the following alternative iterative way of computing the
functions hg .

Proposition 3.4. Let ¢ € {1,2,00} and 460 > k,. For z € RE and some v R4 define
forn>1
AW = S(((l,)lq)(z) =z Pg(nfl)/g(z)

v

oo — =gl e 127 < 26p
0, otherwise .

Then 2™ converges and lim, ., 2" = hé‘f;(z). Moreover, if 40 > k4 then we have the
(
9

error estimate \z(") — h((f[))(z)] < fy,z("—l) _pl

o (2)| with ~y = o<1

Proof. By Lemma 2.1 the corresponding function
T (u,v) = Jlu— 2|3 +v|ully +0(p —v)?, uweREveR,, (3.13)

is convex. The proposed iteration corresponds precisely to the scheme (2.8) and by Theorem
3.1 in [23] the scheme thus converges. The error estimate follows from Proposition 5.4 in
[23]. O

Convergence of the scheme in the previous lemma holds even for general g € [1,00]
provided the parameters are such that the corresponding functional in (3.13) is convex
(although it is not completely clear yet that also the corresponding error estimate is true).
However, it remains open whether a practical way of computing the projection Pg;z exists
for values of ¢ different from 1, 2, cc.

4 Iterative Thresholding Algorithms

Now we return to the analysis of the functional J with a general bounded operator T" and
L > 1 channels. By rescaling J we may assume without loss of generality that ||T']| < 1.
However, note that rescaling changes the parameters 6, w and Spyin = Smin(T*T), so that
eventually one has to take care not to destroy the convexity condition

HA(Smin(T*T) + W)\) > I{q/4. (4.1)

We will now formulate and analyze a new algorithm for the minimization of J with a non-
trivial operator 7. In contrast to the algorithm (2.8) analyzed in [23], it consists only of a
single iteration rather than an alternating minimization algorithm.

We first need to introduce surrogate functionals similar to the one in [9]. For some
additional parameter a € fo(A)” let

J*(u,vsa) = J(u,0) + Ju = all3 = 1T (u — a)|H]*.
Our iterative algorithm reads then as follows. For some arbitrary u(?) € £5(A)X we let

(u™, ™) = argmin J*(u, v;u" V), n>1. (4.2)

(u,0)

11



The minimizer of J*(u,v;a) can be computed explicitly as we explain now. Denoting by
®(@ (u,v) the ’sparsity measure’ defined in (2.5) a straightforward calculation yields

T*(uw,via) = |Tu = gIH|* = |Tu — Ta[H|* + Ju— al|3 + 2 (u, v)
= |lu—(a+T*(g = Ta))|3 + @@ (u,v) + |g|H|* — | TalH|* + l|al3 — [la+T*(g — Ta)|3.

Since the terms after ®(@ (u,v) are constant with respect to u and v it follows that

argl(mh; J¥(u,vya) = arg%nir; J (u,v;a)
where
T (u,v5a) = |lu— (a+T*(g—Ta))[3 + D (u,v).

We note that J' and, hence, J*(u,v;a) (for fixed a) is strictly convex if
9)\(1 + w)\) > Hq/4

by Lemma 2.1. Since J' coincides with J where T is replaced by the identity and g by
a+ T*(g — Ta) we can invoke the results of the previous section to compute the minimizer
(u*,v*) of J and of J*(u,v;a). Indeed, if ¢ € {1,2,00} and O(1 +wy) > ke/4 for all A € A
then

ut = HY

opwla+T (g —Ta)), (4.3)

and v* = Vg( )( *) with H, éq)  and Ve(q) defined in (3.11) and (3.12). It immediately follows
that the algorlthm in (4.2) reads

u® = =D (@ 4 T (g — Tu™Y)). (4.4)
It is actually not necessary to compute all the corresponding v(™’s. The final v* can easily
be computed by v* = V(‘i))( *) if one is interested in it.

Algorithm (4.4) is again a thresholded Landweber iteration. We note, however, that we
cannot treat pure hard thresholding in this way, as this requires § = 1/4 and w = 0. Since
IT|| < 1 we have certainly also Spin = Smin(T*7T) < 1 and hence the convexity condition
%smin > Kq/4 cannot be satisfied. Moreover, if spyin = 0 (which often happens in inverse
problems) then we have to take wy > 0, which enforces a damping in the thresholding
operation. Nevertheless, an “interpolation” between soft and hard thresholding is possible.

Before investigating the convergence of the thresholding algorithm (4.4) let us state an
immediate implication of the previous achievements.

Proposition 4.1. If |T|| < 1 and 4(1+w))0x > kg for all X € A (ensuring strict convezity
of the surrogate functional J®) then a minimizer (u*,v*) of J satisfies the fixed point relation

= HD, (" +T*(g = Tu")),
_ y@
= Vb’p (u*).
Conversely, if J is convex and (u*,v*) satisfies the above fixed point equation then it is a
minimizer of J.

12



Proof. Observe that J*(u*,v*;u*) = J*(u*,v*), but in general J*(u,v;a) > J(u,v) for
all (u,v) because ||T'|| < 1. Hence, if (u*,v*) minimizes J(u,v) then it also minimizes
J®(u,v;u*) and by (4.3) (noting that 4(1 4+ wy)f\ > k4) the stated fixed point equation is
satisfied.

Conversely, if (u*,v*) satisfies the fixed point equation then by Theorem 3.2 (u},vy)
is the minimizer of G\ = Gy, p, w,:z for z = (u* + T*(g — Tu*))y, ie., 0 is contained in
the subdifferential of G for all A € A. If J is convex then by Proposition 3.5 in [23] the
subdifferential of J at (u,v) contains the set

DJ(u,v) = (2T*(Tu — g),0) + D®D (u, v),
where

DO (u,v) = {(¢,1) € La(A)" x €1 ,(A), &x € 3| - [lg(un) + 2wrua,
€ [uallg@s™ (va) +20x(vx — pa), A € A}
where 9sT(x) = {1} for > 1 and 9s*(0) = (—o0,1]. Using Lemma A.l it is then

straightforward to verify that 0 is contained in DJ(u*,v*) C 9J(u*,v*), and hence, (u*,v*)
minimizes J. O

Note that the first part of the above proposition does not require convexity of J as
the general convexity condition (smin(7*T") + wx)fx > Kq/4 is stronger than the required
condition since spin < 1.

For later reference we note that the minimizer of J actually satisfies also another fixpoint
relation in terms of the soft-thresholding operator:

Proposition 4.2. If |T|| < 1 then a minimizer (u*,v*) of J satisfies the fized point equa-
tions

ut = Uég?w(u* +T*(g —T"a)),
vt = V),
with Uﬁ?j defined by (2.11).
Proof. The relation v* = Ve(j)) (u*) is clear. Similarly as in the previous proof we have
J(u*,v*) = m&n J(u,v*) = muinJS(u,v*;u*),
and uv* minimizes J®(u,v*;u*) for fixed v* and w*. By Lemma 4.1 in [23] it follows that
ut = Uég?w(u* +T*(g —Tu")) as claimed. O

Note that the previous result does not pose any restrictions on the parameters 6, p, w. In
particular, J(u,v) may even fail to be jointly convex in w,v. Furthermore, the two relations
in Theorem 4.2 are coupled whereas the first relation in Theorem 4.1 is independent of the
second one.

13



4.1 Convergence of the iterative algorithm

Let us now investigate the convergence of the iterative algorithm (4.4).

Theorem 4.3. Let g € {1,2,00} and assume that ||T|| < 1 and

inf 460 i 4.5
)I\IEIA )\(smln + W)\) > Kq ( )

with Smin = minSp(T*T') (ensuring strict convexity of J by Lemma 2.1). Then for any
choice ul®) € lo(A)* the iterative algorithm (4.2), i.e.,

u® = 1 | < (D 4 T (g — Tul 1)), (4.6)

converges strongly to a fived point u* € lo(A) and the couple (u*,v*) with v* = Vg(f;)( *) s
the unique minimizer of J. Moreover, we have the error estimate

[ut™ = u*la < B [u® - u* (4.7)

. 40, (1— min
with B := supyep m <l

An essential ingredient for the proof of this theorem is the following.
Lemma 4.4. Assume q € {1,2,00} and 40\(1+wy) > K, for all A € A. Then the operators

H(Q)

0.pw OT€ Lipschitz continuous,

IS () — HYD (2)ll2 < Mlly — =2

with constant M := supycp 49)(1&}*))_&
q

Proof. By Lemma 3.3 we have He(qp)w(z) = Uzg?w(z) with v = Ve(‘;)(He(qp)w(z)) =: v(z). By
the triangle inequality

IS @)n — (HSD ()l
<UD =T (@ale+ UL (2x = UL, L (2)ll2

= Moly
= L+ IS0, ) - S, <zx>||2 1S5 (23) = ity @l - (48)
Since Si(fi)( ) = Pg /2( x), where PU s 18 the orthogonal projection onto the ¢y-ball of

radius vy /2 the ﬁrst term can be estimated by
” vx(y ( A) — sz)(y)(ZA)Hz < [lya — 2all2-

Further, it was proved in [23, Lemma 5.2] that ||P3/ (:E)—Pg;l($)|| < Kylv—w| for all v,w > 0,
and z € RE, with K; = VL and Ky = Koy = 1. The second term in (4.8) can thus be
estimated by

(9) (9) _ q q’ Kq
HSUA( (2a) — SU (2) (ZA)H2 = Hka(y)/g(ZA) _PUA(Z)/2(Z>\)H2 < 7’%\(9)_”)\(2)’

K,
= SUVADH L@)r = Vel (Hop(2)al
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Using the definition of Ve(‘;) in (3.12) and distinguishing different cases we obtain

1
Vi (Hy o ()x = Vi (') (2Dl < 55- H(Hé%(ymuq ~ICHED (2D llq
< L0HD w)a— (HD ()l (HSD ()x — (HSD (2))a]l2
= 20)\ 0,p,w 0,p, q —= 20 7p7 0,p,w )
where R, = 1 for ¢ € {2,00} and Ry = V/L. Altogether we deduced

IED  )x — (HED ()l

KR (q)

< (14w [IIyA—ZA||2+ D 0 = (Dl

Noting that K,R, = x4 we obtain

<1 m) I(HyD o (9D = (H) L (2Dallz < (L +w2) Iy = 2l

Summing over A € A we finally obtain

1ES L (y) — HY) S22 < sup

1
6,p,w ﬁ”y—z\b = Mlly — 2|2,

and the proof is completed. O

Proof of Theorem 4.3. Let I denote the operator

0ottt T (g —Tu)). (4.9)

Then clearly, u(™ = T'(u(®~Y). By Lemma 4.4 T is Lipschitz,

IT() — Tl = | HY) (y + T*(g — Ty)) — HY) (= +T*(g — T2))ll2
< My +T%(g—Ty) — 2= T*(g—T=)|s = M|(I - T*T)(y — 2)||»

49}\( Smin)
< M|I -T*T — = M(1 — Smin - =
< MU =TT ly = 2l = M(1 = i)y = 2l = sup 22— Smins

= Blly — =l2- (4.10)

ly — zll2

Since by assumption 3 < 1 it follows from Banach’s fixed point theorem that (™) converges
to the unique fixed point u* of I' and

0™ = wfl2 = |E@" D) = Tl < Bla® D |l

By induction we deduce (4.7). By Theorem 4.1 (u*,v*) with v* = Ve(f;) (u*) is the unique
minimizer of J. U
REMARK: Using similar techniques as in [9], in particular Opial’s theorem, one can show
(weak) convergence of the algorithm (4.6) also in the case that condition (4.5) is relaxed to

)1\nf 405 (Smin + wx) > Kq.
€A
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Although a thorough numerical study of the algorithms remains to be done we give some
hints how to choose the parameters, in particular, ¢. The higher ¢, the more joint sparsity
is promoted, in particular ¢ = oo yields the strongest coupling of channels. However, the
thresholding operator is the simplest to compute for ¢ = 2, so the latter choice might be a
good trade-off between joint sparsity and computation speed. The parameter p) determines
up to which level coefficients ’survive’ thresholding; in other words, the higher p) the sparser
the solution. The steepness of the firm-thresholding curve between py/2 and 2p)6) is
governed by 6y, and the closer ) approaches 1/4 the close we get to hard-thresholding
(provided wy = 0). However, in case of non-invertible T' the convexity condition (2.6)
requires that we stay strictly away from hard-thresholding. Further, wy should be chosen
relatively small compared to py and ). Otherwise, the quadratic term in J is dominating,
which is known to promote rather many small coefficients, hence, non-sparse solutions.
However, a balanced combination of ¢; and /5 constraints can nevertheless produce sparse
solutions.

5 On Variational Limits
(9)

In this section we state that the minimizers of J = Jg vary weakly continously with
respect to the parameters. This, in turn, shows that shght changes of parameters do not
dramatically alter the computed solution. For the sake of brevity, we limit our analysis
to show the interesting case where the minimizers of the functional J weakly converge to
minimizers of K, as given in (1.1), for certain limits of the parameters. Precisely the same
analysis can be generalized to intermediate cases.

5.1 Approaching soft-thresholding

We keep the sequence p fixed and let w = w®) and 8 = %) vary with k£ € N. For brevity
we denote the corresponding functionals by Jiz,) = J, (5‘5,2) R
The result below reveals how one can continuously approach minimizers of the functional

Ky(u) = |Tu— gH|* + Y pallualla,
AeA

(@)

by means of minimizers of J). K, is closely related to the soft thresholding operator S,
n (2.12), and its minimizer can be approximated by the algorithm (2.10) with wy = 0,
which indeed is a pure soft-thresholded Landweber iteration, see [9, 23].

Theorem 5.1. Let g € {1,2,00}. Suppose p is a sequence satisfying infycp px > 0. Assume
that the entries 9§\k) are monotonically increasing with k for all X and

(k)
klingo(igfxe ) = oc. (5.1)
Further suppose
kg < 4wPoP < (5.2)
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for some constant C' > k4 and

w_ L k- 1

w ) G a— (5.3)
SR 4r 0D

4k g

for all X € A and k € N, where ¢’ denotes the dual index of q, i.e., 1/¢ +1/q = 1 as
usual. Denote by (u®),vF)) the (unique) minimizer of Jy(u,v) = Jégg)%w(k) (u,v). Then
the accumulation points of the sequence (u\®)) ey with respect to the weak topology in £o(A)*

are minimizers of K,. In particular, if the minimizer of K, is unique then u®) converges
weakly to it.

The proof of this theorem uses some machinery from I'-convergence [8] as a main tool.
To state the corresponding result we first need to introduce some notion.

Definition 1. (a) A functional F': X — R on a topological space X satisfying the first
axiom of countability (i.e., being metrizable) is called lower semicontinuous if for all
x and all sequences zj converging to x it holds F'(x) < liminfy F(zy).

(b) A function F' : X — R is called coercive if for all t € R the set {z : F(z) < t} is
contained in a compact set.

The following well-known result can be achieved as a direct combination of [8, Proposi-
tion 5.7, Theorem 7.8, Corollary 7.20, Corollary 7.24].

Theorem 5.2. Let X be a topological space which satisfies the first axiom of countabil-
ity. Assume that Fj, k € N, is a monotonically decreasing sequence of functionals on a
topological space X that converges pointwise to a functional F, i.e., Fyi1(x) < Fy(z) and
limg o0 F(x) = F(x) for all x € X. Assume that F is lower semicontinuous and coer-
cive. Suppose that xy, minimizes Fy over X. Then the accumulation points of the sequence
(zg)ken are minimizers of F. Moreover, if the minimizer of F is unique then xy converges
to it.

Proof of Theorem 5.1. First we show that K, is coercive and lower-semicontinuous with
respect to the weak topology of fo(A)%. Since infy py > 0 we have

ulls < <suppA ) S palluallz < G, 3 palluslle

AEA AEA

Hence, if u is such that K,(u) < t, then |lu|ls < Cyt, which shows that {u € {2, K,(u) < t}
is contained in the /5 ball of radius C,t, which is compact in the weak topology. Hence, K,
is coercive.

Since we are interested in minimization problems it suffices to consider our functionals on
the set X = {u € {5, K,(u) < C} for a sufficiently large C'. Observe that by [8, Proposition
8.7] the space X is indeed metrizable with the weak topology inherited from fo(A)%.

Now consider a sequence (u(k)) which is weakly convergent to u. By weak convergence
and lower semicontinuity of the 7 norm we have ||[Tu — g|l3 < limy [|Tu® — g||3;. Weak
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convergence in £5 implies convergence of the components ug\ ), Hence, by Fatou’s lemma we

further have
E pallually = g PO limianu(k)H < lim inf E P/\Hu(’f)H '
X ! X k A g =0y /\ A llg

This implies that K, is lower-semicontinuous in X.
If (u®, v*)) minimizes J(k) then v k) = %(&))’p(k) (u®)). Hence, (u®,v*)) is a minimizer

of Jiz) if and only if u®) minimizes as well the functional

Fy(w) = Juy (V) o (w)).

Above we have already seen that the set X is bounded in the ¢5 norm, hence, if u € X
then its components satisfy |luy |, < C’. By assumption (5.1) and since py is bounded away
from 0, there exists a kg € N such that |luyll; < 295\k)p)\ for all £ > ko and all A € A.
Consequently

'Ug\k) = px — HU)(\JL’)(], V)\ c A,
20

and the functional Fi;) is given by

" a2
Fay) = [Tu =gl + 3 palluslly + 3 <w§ url

AEA AEA A

for all k > kg and u € X. Clearly, it suffices to restrict all considerations to k > kq.
Since the £,-norm on R’ is equivalent to the fo-norm it follows from (5.1) and (5.2) that

2
. (k) 2 HUAHQ _
Jim > (wA el - | =

A€A A

for all w € X. Hence F{;) converges pointwise to K, on X. Further, note that (5.3) implies

2
(k) 2 [Juallg & 1 2 (k=1) _ 1 2
Wiy H’LL)\||2 49(k) < W 4 H(k) H’LL)\||2 < Wiy 4 H(k_l) Hu)\H2

A Kq'U Kqby
2
k-1 2 luallg
< wy lurlls — —7-
(k)
46!

Thus, Fy(u) < Fp_1)(u) for all w € X and k > ko. In particular, Fjz) > K, and,
hence, coerciveness of K, implies that F, is coercive as well. Thus, F{;) has a minimizer.
Moreover, by (5.2) J(x) 1s strictly convex, and therefore the minimizer is unique. Invoking
Theorem 5.2 yields the statement. O
REMARK: Let us give explicit examples of sequences Hg\k) and wg\k) satisfying the condition

in Theorem 5.1. For ¢ € {2,000} one may choose Hg\k) increasing with &k and satisfying (5.1),

for instance Hg\k) = k. Then with C' > 1 one chooses wg\k) = 49% and it is not difficult to
A

verify (5.2) and (5.3).
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and

For ¢ = 1 one may choose C' > L and a sequence 0§\k) such that Hg\k) > (gZi)lL 9§\k_1)
(5.1) is satisfied, for instance
g _ (C-1)L k
A CL-1)

Then as before set wg\k) = 40%) and again it is easy to verify (5.2) and (5.3).

A

A Appendix

Proof of Theorem 3.2

The proof uses subdifferentials. This requires to formally extend the function Gy, ... to
RL x R by setting Gg pu.»(u,v) = oo if v < 0. In [23] the following characterization was
provided.

Lemma A.1. Let (u,v) € RExR,. Then (&,1) € RY xR is contained in the subdifferential
e

7p7wiz

(u,v) if and only if

€ €2l +w)u—2z+ 09| - |g(u),

1 € [ullgds*(v) +20(v — p),
where sT(v) :=wv for v >0 and s*(v) = oo for v < 0.
REMARK: We recall that the subdifferential of the g-norm on R’ is given as follows.

e If 1 < ¢ < oo then
B7(1) if u =0,
Ol - llg(u) = {<uwsign<ue>)L } otherwise,
(=1

—1
llullg

where BY (1) denotes the ball of radius 1 in the dual norm, i.e., in £, with % + % =1.

o If g =1 then
O () = {€€R": & €| |(ug),£=1,...,L} (A1)
where 9] - |(z) = {sign(z)} if z # 0 and 9] - |(0) = [~1, 1].
o If ¢ = oo then

B(1) if u =0,
conv{(sign(us)ey : |ug| = |Ju|loc} otherwise,

9l - o) = { (A.2)

where conv A denotes the convex hull of a set A and e, the /-th canonical unit vector
in R,
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Proof of Theorem 3.2. First observe that Gy .. is strictly convex, continuous on its do-
main RY x R, and bounded from below, further Gy, .- (u,v) — oo when ||ul|2 + |v] — occ.
Thus, there exists a unique minimizer. Hence, we have to prove that 0 € 9Gg p ;. (u,v). It
is straightforward to see that once ||u||; is known then v is given by (3.8).

From here on we have to distinguish between the different ¢q. Let us start with the easiest
case ¢ = 2. Assume u # 0 and ||ul|2 < 26p. By the characterization of the subdifferential in

Lemma A.1 it follows that v = p— ||12L£27 and 0 € 2(14+w)u — 22+( ”u”2)8|] ||l2(u). Since
u # 0, we have 9||-||2(u) = {”u”2} and 0 = 2(14+w)u— 2z+(| ) u. A straightforward

. . [ullz
computation gives
p 1 >
z=14+w)+ -7 ]u
(0 o~
and hence
p 1 p
= 1 1 = P
et = (G o)+ g = g5) Tl = (+0) = 5 ) el + 5
Since by assumption 46(1 4+ w) > 1 we find that
H ” _ ”ZHQ_p/2
(14+w)— %

The latter equivalence makes sense only if ||z|l2 — p/2 > 0, otherwise we would have a
contradiction to u # 0.

If u = 0 then v = p and necessarily ||z||2 < p/2. This proves that v = 0 if and only if
Izl < p/2. So let us assume then ||z||2 — p/2 > 0. By the computations done above we
obtain

_ P 1
=\ UFe+ oo g |
(1+w)——
which is equivalent to
—p/2 460(1 —p/2
L2 e 040 el
(I+w—g)llzl2 W1 +w) -1 lzf2

Due to the assumption ||u|s < 20p, this relation can only hold if ||z]]s < 20(1 + w)p.
Let us finally assume that |lullz > 20p. Then v = 0 and it is straightforward to check
that u = (14+w) 'z, and ||z|2 > 20(1 + w)p. Summarizing the results, and considering the

definition of h(z)

0(14w),p WE have

— 2
= (1+w) i)

as claimed.
Let us turn to the case ¢ = 1. We assume first u # 0 and ||ul[; < 20p. By Lemma A.1 it
follows that v = p— ”ggl, and 0 € 2(1+w)u—2z+(p— %)OH -||1(w). The latter condition

implies ]
07 ’25‘ < p/2 Z@l7
= (1 -1 A3
=) { o sign(ze) (o2~ ), Jzl > ppp -tk ()
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Thus, we need to determine ||u|;. Let £ € {1,...,L} and assume u; # 0. Then we have
[lulx

0=2(14w)u—2z+(p— |Ig£1 ) sign(ug), hence zp = (1 4+ w)uy + (g - T) sign(ug) and
lze] = (1 4+ w)|ug| + <§ — %). Denoting S = supp(u) = {f : uy # 0} and n = #S we

obtain Il
p U1
Sl = 1+ a4 (5 - L) (A9
lesS

Thus, we need to determine S and n in order to compute ||u|1, i.e.,

Julli = 011w —n 1+w <Z| 21 ——> =:vg(2). (A.5)

Summarizing the conditions needed so far, the set S (of cardinality n) has to satisfy

ZZES|Z€| 3

‘Z[‘ > p/2 - m, for all ¢ S S, (AG)
Doses |zl = F
< pj2— =S 2 .
|ze] < p/2 (1w —n forall ¢ ¢ S, (A.7)
and
0 <wvs(z) = lJully < 20p (A.8)

by the initial assumption |julj; < 20p. By (A.6) and (A.7), S has to contain the n largest
absolute value coefficients of z. Thus, if the entries of z are ordered such that |zs, | > |z, | >
. > |zg, | then it suffices to find n such that

%il%l > g, (A.9)
j=1
Zn:\%’ < 20(1+w)p, (A.10)
j=1
and
2t | > £ - %galfi’)’)__% (A.11)
20041 | < g— %g(:ffz,)__zp, (A.12)

where the last condition is void if n = L. Note that condition (A.10) is a straightforward
consequence of (A.5) and [jul|; < 260p.

Observe that the sequence n — n~! Z?:l |Zgnj| is decreasing with n by the ordering
of |2]. Thus, if p/2 > |z4] = ||z]|c then condition (A.9) cannot be satisfied for any
n € {1,...,L}. In this case the initial assumption was consequently wrong, and hence,
either u = 0 or |luly > 20p. If ||jull; > 20p then v = 0, and hence, u = (1 + w)~1(2), i.e.,
Iz]h = (1+w)||ull1 > 20(14+w)p which contradicts ||z]|e0 < p/2 as [|z]1 < L||z||eo < Lp/2 <
20(14w)p by the assumption #(1+w) > L/4. Thus, we conclude that u = 0 if ||z]|c < p/2.
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Now assume that ||z||; > 26(1 +w)p. First note that then v = 0 is not possible. Indeed,
if w = 0 then v = p and hence, z € p/20| - |1(0) = B*®(p/2). Hence, ||zl < p/2 which
contradicts ||z]1 > 26(1 + w) by the same reasoning as above. We now argue that also
lull1 < 20p is not possible. Clearly, if ||z||; > 20(1 + w)p then (A.10) is not satisfied for
n = L. However, there might exist n = m < L for which (A.10) is satisfied. In this case it
suffices to show that condition (A.12) is never satisfied for n = 1,...,m. Indeed, for n < m
we estimate the right hand side of (A.12) as

L
P Z;‘L:I ’ZZJ-‘ - % _p Izl — Zj:n—l—l ‘ij’ - %
2

H(1+w)—n 2 (1 +w)—n
p 29(1+W)P—(L_n)|zfn+1|_% L-n
[ = ‘an+1‘ < ‘an+1‘-
2 40(14w)—n W1 +w)—n

Here we used the ordering of the |2, and 40(1 +w) > L. Thus, (A.12) cannot be satisfied
and, hence, we necessarily have |lul|; > 20p. As already mentioned above we obtain u =
(14 w)™12 in this case.

It remains to treat the case ||z||oc > p/2 and ||z||1 < 26(1 4+ w). In this case it it is not
possible that u = 0 since then v = p and, hence, z € B®(p/2), i.e., ||z]c0 < p/2, as already
noted above. Also |lul; > 20p cannot hold since this would imply v = (1 + w)~'z and
consequently |z|l1 = (1 + w)|julli > 20p(1 + w). This means that we are in the situation
assumed in the beginning of the proof for ¢ = 1. Since u exists and is unique also its support
is unique and there must exist a unique n satisfying (A.9), (A.10), (A.11) and (A.12). Once
n is known, the support S of u corresponds to the indices of the n largest entries of z and
|lu|l; is given by (A.5), while the entries of uy are determined by (A.3). Considering the
definition of ¢,(z) in (3.4) (with @ replaced by 6(1 + w)) we deduce that

u=(1+w) " hi) o (2)
for all the cases as claimed.

Let us finally consider ¢ = co. Let us assume for the moment that u # 0 and ||ul/e <
20p. Then v = p — %. Let S be the set of indices ¢ for which |uy| = ||ulls. We
enumerate them by ¢1,...,¢,. For simplicity we further assume that entries zy,,..., 2, are
positive (the other cases can be treated similarly by taking into account the corresponding
signs). Then the numbers uy,,...,uy, are also positive since choosing them with opposite
signs would increase the function Gy , ... From Lemma A.1 and the characterization of
J|| - [|oo (1) we see that 2(us(1 + w) — z¢) = 0 for the uy not giving the maximum, i.e.,

up=(14w)tz forl¢S.

If n:=#5 =1, i.e., the maximum is attained at only one entry, then for the corresponding
¢ € S we obtain by Lemma A.1, 0 = 2(1 + w)uy — 220+ p — ”é'lf", ie.,

up = (1+w)™ <zf - (g - ”Z'éw» .

As uy = ||ul|s this necessarily implies zy > zp for £/ ¢ S = {{}, i.e., |z¢| = ||2]|co. Moreover,
solving for wuy yields

46

Wi w1 P2

Uy =
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Since ug > 0 and up < 20p this necessarily requires z; = ||z|loo > p/2 and ||z]|oc < 46(1+w)p.
The realization of the maximum only at uy is valid only if uy < ug for all ¢/ ¢ S = {(}, i.e.,

v < g (1ol — /2).

Otherwise we may assume that n = #S5 > 1 and we put
t:=|lulloo =u¢ forallles.

By the characterization in Lemma A.1 and the explicit form of 9| - ||co(u) we then have

t .
2t =2z, = — <p—2—0> aj, j=1,...,n—1,
+ n—1
2t — 2z = —|p— = 1-—
v ) ( 5 )
k=1
for some numbers ay, ...,a,—1 € [0, 1] satisfying Zj a; < 1. This is a system of n nonlinear
equations in t and aq,...,a,_1. We proceed to its explicit solution by following two steps:

e We solve first the linear problem

21 +w)t — 22, = —va;, j=1,...,n—1,
n—1

2(1 +w)t — 2z, = —v (1 - Zak) .
k=1

e Thesolutiont = T'(v, 24, . . ., z¢,, ) of the linear problem depends on the data v, z¢,, ..., 2y, -
Since v = (p — 2—%) we can find the solution of the nonlinear system by solving the

fixed point equation
t
t=T(p— 55 % y20,,)-

So, let us solve the linear problem. To this end we follow the computations in [23, Lemma
4.2]. The linear system can be reformulated in matrix form as follows:

1+w v/2 0 o - 0 t E73
l1+w 0 v/2 o - 0 ap :
: : : : : : : 20,4
14w —v/2 —v/2 —v/2 -+ —v/2 ap—1 2, — v/2
=B

Denoting the matrix on the left hand side by B, a simple computation verifies that

1+w)™ Q+w)™ A+w)™t o (14wt
2(n—1) _2 _2 _2
1 vg 2(n—v1) 5 5
Bl =—1 =3 g % %
2 2 2o 2
v v v v
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Then we can compute explicitly the solution ¢ by

1 - v
e — —
n(l+w) ;Z@ 2

By substituting v = p — ”u”°° =p— 29 into the last expression and solving the equation for
t we obtain
46 " p
u = ... = =t= ———— 0. — =<
f fn 46(1 + w)n — 1 PE 2

Since ||ul|loo =t and 0 < ||u||oo < 20p by the initial assumption this requires

n

S ol > 02 (A.13)
j=1
and .
%Zm\ < 200(1 4+ w). (A.14)
j=1

The solution of the linear system gives alsoa; = = (v/2 +(n— 1)z, — Zk€{17...’n}\{j} ng) .
We require a; > 0 and 1 — zj 1 a; > 0. We have a; > 0 if and only if

1
wmzo—g | D v

ke{l,...n}\{j}

By substituting v = (p — 2—%) and recalling the value of ¢ as just computed above we obtain

40(1 + w)
> — . .
2 s m o T\ 2 P (A-15)
kel NG}

A direct computatlon also shows that » "~ la = n-ly 2 <Z?:_11 2o, — (n— 1)Zgn) . Thus,
it holds 1 — Z] 1 aj > 0 if and only if

1 n—1
2, 2 n—1 ;sz—vm

Again the substitution of v = (p — %) gives

40(1 + w)
> — . .
o Bt (n—1)—1 Zz@ p/2 (A.16)
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The initial assumption that the maximum of n is attained precisely at wuy, ,...,us, can be
true only if

460(1
zo = l+wupy < (14+w)t = 40(104——w—|_w Zzz —p/2 for all ¢/ ¢ S. (A.17)

By combining this condition with (A.15) and (A.16) we deduce that S necessarily contains
the indices ¢; corresponding to the largest coefficients of z. Thus, we may assume that the
indices are ordered such that |zg, | > |zg,| > ... > |24, |-

Summarizing what we have deduced so far, in particular, (A.13), (A.14), (A.16) and
(A.17), the conditions u # 0 and |lul|; < 20(1 + w)p hold if and only if there exists n €
{1,..., L} such

Sz > p/2, (A.18)
j=1
1 n
- Dzl < 20001+ w), (A.19)
j=1
and
40(1 4+ w)
26,31 ] < 49(1—1——w Z\Zz !— 5| = sa(2), (A.20)
49(1 + w nd P B
|Z€n| = 49(1+w)( _1 jZ:;|zéj| - 5 - Sn—l(z)v (A21)

where the first condition is only considered if n < L — 1 and the last condition if n > 1.

Now assume that ||z||; < p/2. Then clearly, there exists no n € {1,..., L} such that
(A.18) is satisfied. Thus, either u = 0 or [jullec > 20p. If ||ul|cc > 20p then v = 0 and
u = (1 +w)~tz. Consequently, |z]lcc = (1 + w) M ulloo > 2p0(1 + w) which yields a
contradiction to the assumption as ||z]|c < ||2]1 < p/2 < 2p0(1 +w) by (3.7). Thus, u =0
i 2] < p/2.

We assume next that ||z||cc > 20p(1 + w). In this case condition (A.19) is certainly not
satisfied for n = 1. However, there might exist n > 1 such that Z?:_ll |ze;| > 2p0(1+w)(n—1)
but 377, [20,] < 2p0(1 + w)n. A straightforward computation shows then that [z,| <
20p(1 + w). Furthermore,

B 40(1 + w) i, P
Sn—l(z) - 49(1 —I—CU)(TL — 1) 1 JZ:; ’ZZj‘ - 5
46(1 4+ w)

> BT n—1)= 1(20/)(1 +w)(n—1)—p/2) = 20p(1 +w).

Hence, condition (A.21) is not satisfied for this particular n. We now argue that then also
for n’ > n (A.21) cannot be satisfied. To this end we claim that |z, | > s, (2z) implies
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sm(2) > sm—1(2) for arbitrary m. Then |z, | > sn(2) would imply |ze,| > |2,.,] >
sn(2) > sp—1(2), a contradiction to what we have just shown, and by induction (A.21)
cannot hold for arbitrary n’ > n. To prove the claim we estimate

1
m(sn(z) — sn-1(2))

B 1 1 - P |ze, |
_<49(1—|—w)n—1_49(1—|—w)(n—1)—1> ;|Z€j|_§ +40(1+w)(n—1)—1

46(1 4+ w) = p sn(2) B
= (01 +w)n— 1)1 +w)(n—1)—1) ; 2,1 =5 ) + 401 +w)(n—1)—1 0

We conclude that either u = 0 or ||uljy > 20p. The former case is impossible since u = 0
implies z € B(p/2), i.e., |[z]l1 < p/2 < 2p0(1 + w). Thus, |Jul1 > 20p and consequently
u = (1 +w)~ !z as already noted above.

We finally assume ||z||1 > p/2 and ||z||cc < 2p0(1 + w). Then certainly u # 0 since this
would imply z € BY(p/2), i.e., ||z]|1 < p/2. Moreover, ||ul|.o < 20p since the opposite would
result in 2z = (1 +w)u, i.e., ||2]cc > 2p0(1 +w). Hence, by the arguments above there exists

n such that conditions (A.18), (A.19), (A.20) and (A.21) hold. Considering the definition

of hgﬁlw)’p we conclude that

w= (L @hih, )
in all cases. O
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