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Abstract

We discuss the realization of a fast, robust and accurate pattern matching algorithm for comparison of digital images
implemented by discrete Circular Harmonic expansions based on sampling theory. The algorithm and its performance for re-
assembling fragmented digital images are described in detail and illustrated by examples and data from the experimentation
on an art fresco real problem. Because of the huge database of patterns and the large-scale dimension, the results of the
experimentation are relevant to describe the power of discrimination and the efficiency of such method.
© 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Since 1994, the authors have been involved in the fas-
cinating attempt to recall to life a very important Italian
*The experimental part of this work has been supported by art fresco (A. Mantegna, Cappella Ovetari, Chiesa degli

Fondazione Cassa di Risparmio di Padova e Rovigo, in agreement Eremi_tani in Pa_dOV?-)v fragmented in thousands of pieces by
with Soprintendenza al Patrimonio Storico Artistico e Demoet- an Allied bombing in the Second World War (1944)-3].

noantropologico del Veneto, Italy. Recently, a digital cataloging of the fragment images made
*Corresponding  author.  Tel..  +390498277081; fax: possible to count their exact number (80735). The distribu-
+390498277102. tion of the areas shows that most are relatively small, with

E-mail addresses:mfornasi@math.unipd.it(M. Fornasier),
toniolo@pd.infn.it(D. Toniolo).
1The work of M.F. has been developed during his Doctorate

an average surface area of 5-6%m total area of 77 f
versus an original surface of several hundreds square me-
in Computational Mathematics at the Department of Pure and ters. These a priori data demonstrated the lack of continuous

Applied Mathematics of the University of Padova, Italy. He also fragments for any given fragmeﬁt ar.]d makes extremely
acknowledges the financial support provided through the European !mprobable that any reconstruction will be successful us-
Union’s Human Potential Programme, under contract HPRN-CT- ing methods based on the outline shape of the fragments.
2002-00285 (HASSIP). There is no information on the possible location of the
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pieces on the huge original surface and it is unknown also
the angle of rotation with respect to the original orienta-
tion. Some fairly good quality black and white photographs
from between 1900 and 1920 exist, but they suffer from
non-linear spectral distortion. A more detailed and com-
plete description of the problem can be found in the contri-
bution [4].
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age with the CH system is a total information that can be
used then for a complete comparison with an other signal.
We discuss the discrete implementation of CH expansions
by sampling and we will show that by limiting the system
to a suitable and computable finite number of elements one
can efficiently calculate the moments and preserve with opti-
mal approximatiorcompletenesdocal orthonormalityand

These facts impose that any feasible computer-based so-self-steerabilityalso in the discrete domain. Section 3 illus-
lution for a possible recomposition by comparison of the trates the pattern recognition algorithm and its complexity
fragments and the fresco digital gray images must be is discussed with respect to a reference optimal method. In

Section 4, numerical results and robustness of the algorithm
o fast because of the huge number of fragments and original in real cases are discussed and compared with the reference
surface of the fresco; optimal method. An appendix collects notations and con-
robust because of the strong noise presence and intrinsic ventions used in the paper.
differences between the images, due to the damage of the
bomb and the different photographic techniques;
accurate because of the fairly small dimensions of the
fragments;
translation-rotation invariant because of the unknown
original location and orientation of the fragments.

2. Discrete compactly supported Circular Harmonics

Compactly supported CHs arise as natural solutions of the
Laplace eigenvalue problem on a disk under Dirichlet con-
ditions[16], and they are related to relevant physical prob-
The request of a fast algorithm excludes the implemen- lems with rotation invariant symmetries. In fact, since the
tation of any comparisopixel-by-pixeland suggests that ~ Laplacian commutes with rotations, CH are also eigenfunc-
methods based on (compressed) series expansions can b&0ns of any rotation operator. Let us introduce their formal
more efficient. Besides other classical expansions, like definition as follows. We denote by?(2) the Lebesgue
Laguerre-Gausf5] or Zernike polynomialg6] (fairly dif- space of square-summable functions@rc R?. Assume
ficult to implement numerically), Circular Harmonic (CH) @« C R? is a disk of radius: > 0. The system of CH func-
decompositions have found a relevant role in pattern match- tions on&, is defined in polar coordinates by
ing because of their rotation invariance (self-steerable)

. . . . . im0
properties and their effective and successful optical imple- ",

(jm,nr/a)€

em,n,a(r,0) = meZ, neN,

mentationd7-10]. In this paper, we want to present a digi- (1)
tal/numerical implementation of compactly supported CHs 1

and an effective 2D pattern recognition algorithm, based 1| dJp(s)

on these discrete expansions, which fulfills all the required ¢m.n =7 2 |: ds |, y } ' @

properties listed above. The algorithm and its performance
are described in detail and illustrated by examples and data where J,,’s are Bessel functions of the first kind of order
from the experimentation on the fresco real problem. Be- m € Z, (jm.n),en iS the sequence of their positive zeros
cause of the huge database of patterns and the large-scalg17], andc,, » is a normalization constant. We summarize

dimension, the results of the experimentation are relevant to
describe the power of discrimination and the efficiency of
such method. Other problems can be interpreted in such a
picture: experiments in character recognition, motion field
detection and local rotation registration have also given
very good results.

In literature, other kind of expansions have been presented
as possible tools for pattern matching: To cite some, 2D
(CH) wavelets[11-13] and multiscale self-steerable pyra-
mid decomposition$14,15] Even if they have given very
interesting and promising results on small scale and local
registration problems, it is still difficult to implement algo-
rithms where a reasonable and feasible compromise among

speed, robustness and location-rotation resolution can be re-

alized on large scales.

The paper is organized as follows: Section 2 illustrates
the CH expansions and their properties. In particular, it is
shown that the moments constructed by correlation of a im-

their properties
(i) CH constitute an orthonormal basis b (Q2,) [16],i.e.,

<em’n7a’ gm/’n/,a) = /;2 em’nya(x)em/’n/’a(x) dx
a

= (S(m.n),(m’.n’)l

being f(x) the complex conjugate of (x), and solve
the Laplace eigenvalue problem:

emma € HY(Qq) N C®(Qy),

jmn \?
Aem,n,a = _< a’ > em,n,a
emn.a(x)=0 Vx e€0Q,, 3)

where Hol(Qu) is the Sobolev space of functions van-
ishing on the borded?,,.
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Fig. 1. Real part of some compactly supported CH, ordered by angular (abscissa) and radial (ordinate) frequencies, depending, respectively,
on the parameters € Z andn € N.
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Refs.[16,3]). This property is relevant to ensure that CH
produce relatively smalhliasing errors[18] once they
are sampled as we will discuss in the following. In par-
ticular, the CH basis minimizes aliasing errors among
all the possible Fourier-Dini bases which are solutions
of the Laplace eigenvalue problem (with Neumann con-
ditions)[16,3], because in general the latter have slower
Fourier transform decay.

(i) Let R, be the rotation operator of anglgi.e., in polar
coordinatesRy f (r, 0)= f (r, 0+w), for all functionsf on
Q.. Then, as already announced, CH are eigenfunctions
of any rotation operatorsglf-steerability [9]

R(xem,n,a = elmoz *€m,n,a (4)

forallm € Z,n € N, and this property is used to detect
Fig. 2. Absolute value of the Fourier transform of the compactly mutual angles in comparisons of digital images, as we
supported CH functiors » 10. The dominant frequencies at radial will discuss in the following.
distance;z »/10 from the origin, and the fast decay are visualized.
2.1. Analysis and synthesis of an image by CH expansions

We describe in this section how moments computed by
correlation with respect to CH can be used for a complete
analysis of 2D (digital) signals.

For all f € L2(R?), the moment (ocircular short time
Fourier transform(CSTFT) [19,20)

F f(w) = / ) fx)e 2Rz gy FesTr N, m,n) = (f, emn,a- — X))
R
= /2 SMemn,a(y —x) dy, (5
R

(i) CH are characterized by special radial and angular fre-
quencies depending on the parametarandn, respec-
tively, seeFig. 1 TheFourier transformof a summable
functionf on R? is

where (-, )2 is the scalar product ifR2. In particu-

lar, the Fourier transforné ey, , 4 € Ll([RQZ) and has localizes the information of at the space point € R2
quite fast decay% em n.q(r, 0) ~ r~5/2, seeFig. 2and and at the frequency,,,/a. As we writet >0 we mean
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1=(11, 12) € RZ and we denotéet(r)=1172. The multipli-
cation of two vectors, y € R2 is assumed componentwise
Xy =Xy = (X1y1, X2Y2).

There exists = t(a) > 0, depending om > 0, such that
R2= UkeZZTk+Q“' Therefore, by application of Fornasier
[21, Theorem ljthe sequencéem,n,a(- — th)k m.n IS @
global frame for L2(R?) (see Ref.[22] for an introduc-
tion on frames) generated by the local orthonormal basis
(em,n,a)m n ON the disk. Thus, one can invert Eq. (5) by
using thecanonical dual frame{%m,n,a,k)m,n’k [21-23]
f=Y" Festen )k m. m)ém p.ak- (6)

k,m,n

This means in particular that the sequet@ecsTrT(f) (tk,
m,n))k.m.n 1S @acomplete information on the imageahd
then can be used for a complete comparison with an other
image. We show in the following how to compufecsTeT

in a fast and accuratevay and how to discretize formula
(5) for use in applications. For functions (on continuous or
discrete domainsy, g, h we definel (h)(x) = h(—x) the
involution operator and witlf « g the convolution operator

of fandg. It is not hard to see tha# csTET(f) (tk, m, n) =

(f *I(em.n.a))(zk). Hence, one can consider to implement
a fast Fourier transform (FFT)-based discrete convolution at
the resolutiort to approximateZ cstet(f) (tk, m, n). This
choice produces the following estimation:

FcsTri( ) (thk, m, n)
~ detr) ) f(them ol — k).
1e7?

(@)

As we have fixedr, we will write [2 instead ofi2(<Z?)

the space of discrete signals with finite energy and we
will suppose it endowed with the scalar prody¢t g),2 =
detn)y", 2 f(tk)g(tk). If fis a discrete signal then we

will denote again with# f or f thediscrete Fourier trans-
form of f.

Observe that f, e n,a (- — )2 = det(r)zlezz fzl)
emn.a(t(l —k)). It is known that scalar products are pre-
served under suitable sampling whenever the signals in-
volved are band-limited. Thus, in such a case a formula like
Eq. (7) would be exact and no approximation would ap-
pear. For non-band-limited signaddiasing errors[18,24]
propagate to scalar products and perturb the approxima-
tion. Since CH functions are not band-limited, then to mini-
mize the approximation error in Eq. (7) one should consider
only those CH functions for which the aliasing errors are
small. Fornasief24, Theorem 3.4Pescribes how to mea-
sure aliasing errors of a function by suitafilection space
norms of the “tails” of its Fourier transform and how to
optimize the approximation (7) for all possible choices of
f: one should in fact select those CH which minimize this
norm (as the measure of their aliasing error). In practice,
one discretizes the infinite fram@,n,qa (- — t.)) 0.k DY
sampling it ontZ2 and by selecting only a finite number of
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Fig. 3. Example of the se, . defined as the set of couplés, n)
such thatjm,» < 2Z¢1/2 for ¢ = 0.1 andt = 1.

elements which guarantee a good approximation. This se-
lection produces a finite sampled sequence (thestands

for “sampled”) (e}, ,, (- — ©h)) m,n that is again a global
(discrete) frame fot2(:Z2): henceno truncation error oc-
curs when one wants to reproduce even a discrete signal
from Eq. (7). By an application of Ref24, Theorem 3.4]
one can show, numerically but also analyticd8y, that for

any precisiore > 0 and all radius: > 0 there exist a resolu-
tion t=1(a) > 0 and afrequency se®, . of couples(m, n)

such that forim, n) € @, ¢, the corresponding, ,,, mMini-
mizes the aliasing error up te. In order to select a suitable
method in concrete cases, we observe that the images, di-
vided between channels (RGB or gray levels) can be consid-
ered as functions with real values. Since for any real signal
one hash, e—m n,a)=(—D"(h, em n,q) [17,16] the terms
with m <0 of the @, . are redundant and maybe deduced
from that part of®, . with m > 0. Hence, in the following

we will not considete_,; ;4 for m > 0.

Because of the peculiar shape &fey ;,q, i.€., with
absolute radial and dominant frequenciesjat,/a and
vanishing residual tailsF{g. 2), practically one can se-
lect with good approximation(m,n) € &, . whenever
Jmn < Z41/2, In Figs. 1and3 we show some examples
of an admissible frequency sét, .

Therefore, for a suitable choice of> 0, one can in par-
ticular ensure that

e The sequencee;, , ;)(n n)ed, . IS @lmostorthonormal,
i.e.,

)

Cm,n,a

~ (6 )12.

8)

As a consequence the finite sequetgg ,, ;) on n)ed, .

is linearly independent, &, = #Q), and then
(€51.n.a)mnyed, . 1S a local frame for/2(Q5) with
(ein’n’a( —TK) k. (m,n)ed, , AS respectiveliscreteglobal
frame for/2(172) [21,23] The discrete moments (7) are
again a complete information for sampled images.

The discrete compactly supported CH approximatively
satisfies Eq. (4) in the weak sense. With this we mean
that, for all rotation operatoRy, for all (m,n) € @4 ¢,

_ s
Om' ,n'), (m,m)=\€m’ ,n’,a> €m.n.a) m' .’ a’
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and for all band-limited, one has

1.0
(Raf)*, e;n,n,g>12 ~(Rof, em.n.a)

=(f, R—vem,n,a) > //"\\

~ "N ez ©) =2
0.4— /\/\
N . 02— VAN 7 /
3. 2D pattern recognition algorithms : \
. o . o . 0 50 100 150 200 250 300 350
We illustrate in this section an efficient pattern matching a 0

algorithm based on the CH-mome#ssTrT. We refer the

properties of the method directly to the application on the Fig. 4. 1pm(f, g, 323%9)‘ for 0e[0°, 360P). The maximum is realized
computer-based recomposition of frescoes, where one would 5t g — 5 ~ 4°, ie., M(f, g, 00| = MaXye(o,3600) | M (f. g. O)].
like to localize the images of some fragments on an “old” '

picture of the fresco prior to damage. However, the resulting

method can be efficiently applied in other situations where ) )
one wants to detect a small particular in a larger image This formula is equivalent to measure the angle between

independently of mutual rotation. ”}—’Hfz and ”gﬁ as unitary vectors in the finite dimension

Digital images can be represented by matrices and we CH space, indexed by the s@f, .
consider all the following signals sampled at some fixed
resoluthnr (V\.”thOUt Ios§ ofgeperalltygne can assun El). (f,g,0)| is an optimal angle which realizes the best
and we identify them with their sampling matrix. According . . : .

. . . . matching Fig. 4). Let us call this strateggptimal match-
to the considerations mentioned above, an image supported. o
. . . ing procedure In fact, O<|M(f,g,0)|<1 and it is
on a discrete disk of radius> 0 can be represented on a . ) ;
L . . o ; IM(f, g,0)|=1if and only if f = Ag except for a mutual
finite dimension space, identified by the ggt.. This space . . .
. o rotation of §, and 1 # 0. Hence, the matching coefficient
has analmostorthonormal basis (8) consisting of sampled . . . .
. . . . . is independent otontrastin the sense that if. > 0 then
eigenfunctions of rotation operators. The choice of this space MOif.g.0) = M(f. 2. 0) [8]
also guarantees that the passage from the continuous to the & '8 '

discrete domain is (almost) error free in angle resolution (9).
3.2. Computational cost

The angleo such that|M(f, g. o) = maxye[o 2n) | M

3.1. Matching coefficient independent of rotation A direct computation of the maximum oM (f, g, 0)| is
quite expensive to achieve a good accuracy, because one
An ideal methodof comparison is realized by rotating needs high sampling rate in angle resolution. Hence, it is
one image with respect to the other and by detecting the time consuming and it requires the use of much memory
rotation angle which performs the best possible matching, to store all coefficients involved in formula (11) for all the
in some measure. Given a CH expansion of an image, one possible positions and angles.
can rotate it just multiplying the moments in a suitable way In order to establish a comparison of efficiency with the
by eigenvalues of the rotation operator (9): novel algorithm we are going to illustrate later in this paper,
let us estimate here which is the computational cost of the
f=me,n emna, Rof~ Z eimgfm,nem,n,ax (10) optimal matching procedure. Assume that the _sgmpled CH
functions and that the momernys, ,, for all the positions are
pre-calculated. Denote with'(I') the number of complex
Where fyn.n =(f, em.n.a);2- The approximation symboke” operations to compute the quantity Because of Eq. (8) if
is due to thealiasing errorswhich are in practice supposed ~ (7.7) € @ ¢ then one can estimaie S2a andn<a and
negligible, as we have discussed in the previous section, #®a.c ~ a°. As a consequence, it is not difficult to see
Given two images andg (defined on a disk) one can define  thatC(fm.n) ~ ma® andC(M(. g. 0)) ~ 3> One should
the matching coefficientf f andg, depending on the rota- ~ Multiply this last factor by the numbeNrot of rotations

m,n m,n

tion, by to be considered, as a relevant constant, and then apply an
optimization to detect the best angte the complexity of
(Ryf. 8)2 the Quick Sort algorithmis O(N log(N)) and hence, one
M(f, g,0):= Flzlela hasC(M(f, g, ) ~ 3Nrota® + % s Nrot l0g(Nrot). Since
1 the calculation should be executed for all relevant positions

~ FTalel Zei’"efm,ngmyn. (12) of a givenh x w reference image (one should consider all
fli2ligli2 m,n the positions which are in the interior of the reference image
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excluding a frame of widtta), one finally achieves that to
compute the best position one should execute ca.

na® + (h — a)(w — a)(3Nrota® + a9 s Nrot 10g(Nrot))
+ ocQS(h —a)(w —a)log((h —a)(w — a))

complex operations. Observe that for a given radiusO,
to achieve an accuracy comparable with the resolution of
the sampling lattice, a suitable choice Mot is ~ 2na.

3.3. The circular sum procedure of computation of
M(f, g, o)

We want to show here a new procedure of calculation of
the matching coefficient, invariant under rotation, by means
of a sequential(memory savingand faster (FFT basedl
comparison of CH-moments where the angle is detected by
implicit computations. We will show that using this proce-
dure the computational cost can be dramatically reduced in
the range of parameters used in concrete applications. We
claim also that this novel method of comparison can be as
effective and robust as the ideal one, at least for a reason-
able class of cases. Before defining the new procedure, we
need some further preparation.

If fis a disk extracted from a fragmerfiig. 5), andf its
image under rotation by-« in such a way as to return it to
its original orientation, then by Eq. (10)

J?‘% ZZ eimafm,n em,n,a = me,
m n m

where fy =3, €% fru nem.n.a and(m, n) € @g¢. If ghJ
represents a disk extracted around any positiop) of the
fresco imageG, we could write analogously

g =" g,
m

(12)

(13)

where g;;zj = Zn gflh{nem,n,ay g;ﬁ{n = (gi’jvem,n,a)IZ ~
FcsTFHG) (A, j,m, n).

In the following, we assume componentwise operations
on the matrices. We consider, now, a matfiyx with same
dimensionsh x w as G with entries consisting of zeros
except for the entries representirfy,, translatedmodulo
h x w so that the center of the disk coincides with the left
upper corner of5, considered as the origin of the axes. As

discussed in Section 2 we can execute a fast comparison of

the CHs moments by convolutions and the use of the FFT.
Let us denote” =), Fy and F;, (k) = Fp, (—k) modulo
hxw,fork=(,}j) e 72 According to Eg. (8), we have

(Fi % G)(i, )= (fm: &) 2
~ (fms 8’ )2
~ Z eimafm,n(gli?’i,in)-

n

(14)
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It is well known that a convolution is equivalent to a multi-
plication in the frequency domain and it is also

FHERG), ) = (Fpy % G)G, ) (15)
Even if theeg , ,'s are the only totally rotation invariant
components of the expansion, we will define the match-
ing coefficient computation without counting the contri-
bution of the projection on theg, ,'s. In fact, these
components cannot be useful in order to detect mutual
angles. Moreover, this choice makes the comparison in-
dependent ofbrightness since (c, e, n,4) = 0 for any
constant > 0 andm # 0. Hence, using: > 0, one defines
inductively the procedure for amplicit approximated cal-
culation of optimal matching and angl@at somem > 0,

one assumes that a first determination of the optimal an-
gle, sayuo,,_1 ~ o, is given maybe by means of some

calculations on previous coefficients, = Y, fk,ng,’g:]n,
k=1,...,m — 1. Then, one computes a successive ap-
proximation/correction of the optimal angle using the next
independent complex vectar,, just rotating back it of
%1, i.€., multiplying v, by e'"~D% -1 and setting

o A oy = arge” = Dom-1y, ) An initial approximation
from which to start can be deduced by wheneverf and
g™/ can be “close enough” except for a rotation af
Formally, this can be expressed by the following procedure:

k € N\{0} andz, v € C\{O}.

We consider the binary operatay;, defined by

1-k
é) . (16)

@rv=2z+ v<
Form € N\{0} andv, ..., v, € C\{0} the circular sum
of ordermis the operatodp}’_; defined recursively by

@Zl:l v = V1, m=1,

D= (@Z’;ll V) ®mvm, m>1.
By induction on formula (17) one can easily show the fol-
lowing formal properties of the circular sum:

Form € N\{0} letvy=p1€%, ..., vn=p,, €M% € C\{0},
pr>0forallk=1,...,mando € [0, 2n).

7

(i) (Angle detection property§P;’ jvr = ei“(ZZ’:l L)
(i) (Angle detection in presence of errors) 1f,_1 =

pm_lei((m—l)3£+5a<m_1) andu, = pmei(m“—i_é“m) then

(s )

wherew,,_1 = 221;12 Pkt e"s“mflpm_l. As we will
discuss in Section 4 this last property ensures stability
in angle resolution also in presence of strong noise.

m

@ v = eioc
k=1

eié‘xm Pm

sgN(wy,—1)" 1 (18)

We are now ready to define the new procedure for computing
the matching coefficient.
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Fig. 5. The figure shows a sheet from the digital catalog of fragment images. In particular a disk portion is extracted from a fragment to

be processed for the localization.

With the notation used above, we define timatching
matrix of f andG by

1 N I felz

M(F, G) = m 2 i,j
SrC I3 2y gk 12

7Y FFO),
(19)

where || fi|l2 is the (discrete) norm off, (||g]i(’j||2),-7j is

the matrix of the norms of,/ andm > 0 is the maximal
integer for which there exists € N such that(m,n) €
®,4.¢. The circular sum in Eq. (19) acts componentwise on
the matrices.

For each point(i, j) of the image G, the match-
ing matrix returns the matching coefficient given by
O0<|M(F,G)(i, j)|<1, measure of the correspondence
with the fragment af(i, j) independently of the relative
rotation. In fact, if we suppose there exists a positiary)
in G, such that

¢ =1, (20)
from Eq. (14)—(15) one has
FUEES) A1) ~ €)1 £i113 (21)

for eachk. Hence, by the property (i) of the circular sum,
we have

1 mo. .
M(F,G)(i, )= P eI fil3=€*. (22
iy I fil3 ,@l

We deduce that a necessary condition so that a positign
is the original one of the fragment, is

IM(F, G)(i, )l ~ 1,

argM (F, G)(i, j)) ~ o. (23)

Except for negligible aliasing errors, the condition is
sufficient, since we have shown thatZ csrrr(G)

(i, jom,n)); jmn IS @ complete information. SeEig. 6

for the result of the application of such procedure on the
fragment illustrated irFig. 5.

Of course one can adaptively construct a subse®of
depending on the particular fragment, in ordectmnpress
the information used in the calculation of Eq. (19), reducing
much the computational cost. In practice, we have verified
that for general fragments most of the energy is concen-
trated in the lowermcomponentsm = 1,2, 3,... that
can be already enough to have a quite discriminating
comparison.

3.4. Computational cost and comparison with the optimal
matching procedure

Since G, and the norm3|g,i‘j||% can be pre-calculated,
the computational cost of the matching matrix depends
essentially on the fragment quantities, the correlation
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Fig. 6. The fragment illustrated iRig. 5 has been correctly detected and here it is shown overlapping the corresponding part of the old
gray fresco photo dated to 1920.
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Fig. 7. The computational cost of the optimal matching procedure (dashed curve) and of the circular sum procedure (continuous curve) are
shown. With respect to increasing values of radissd6< 90 on the left and fixed size=w =1024, and increasing values of the dimensions
512<h = w <3000 and fixed radius = 30 on the right. With radiug ~ 20 and sizeh = w = 1024 the cost can be 50 times smaller.

and the cost of the circular sum. By computations in e C(}"_qvk) ~ 7&42””—2;
Section 3.2 one has
From these estimates one shows that
o C(Fy) ~ ma® + na3;
e since F is_zero except for @ rows/columns one can C(M(F, G)) ~ 2a(n2a5+na3+a - offT (R log(h)
compute Ff in C(F}) ~ 2a - app7(h log(h) +

lo hw+oZerhw log(hw)+2a
w log(w)) complex operations, by applying the w logQw)) Hhwoperhw logihw) +2a)

2
1D-FFT first along the rows and then along the + (7Ta+2a“)hw.
columns;
o C(fZ@) ~ hw: One should add to this the execution of a Quick Sort on

1, oA the full matrix to compute the best position. In the range of
71 % ~ 2 .

° C(F Z(Fk G)) ~ agprhw logthw); parameters in concrete applications (usuaky6< 30 and

o C(llfxlI5) ~ 2a; 512<h, w <3000), one can show that the computational
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cost is much less than that required by the optimal matching 1.0 =
procedure (se€ig. 7). 0.9
With one fast calculation one can deduce both the match-
ing coefficient and the rotation for any position of the fresco.
This method can be applied in every case where one wants 0.7

0.8

to localize a detail in a big scene independently of relative 0.6
rotation, brightness, and contrast and it is also effective with 05
very noisy data, proving its robustness (see the following 04
section). R S v
0.3F e
0 20 40 60 80 100
4. Stability and numerical results Fig. 9. Matching curve of an auto-fragment for the 100 first best
positions. Each position is mapped into its corresponding matching
coefficient.

4.1. Pattern matching without noise

Extracting from a digital imageG an auto-fragment (discriminating power) than the others (wrong positions).
f, i.e., a disk portion of a digital image which is Let us consider the function, sayritatching curvewhich
rotated with respect to its original orientation, and ap- maps each position into its matching coefficient, rearranged

plying the matching matrixM(F, G), one can rear- by decreasing values of the matching coefficient.
range the entries of the matrix by decreasing values of Figs. 8and9 show calculations of best positions applied
the matching coefficient|M (F, G)(i, j)|2. One would on auto-fragments. For all tests that have been applied on

like that the first positions indicate the original posi- auto-fragments extracted from 10001000 pixels ran-
tion. Moreover, one would like also that the best posi- dom images, the method has been successful in the 100%
tions can have matching coefficients clearly much larger of the cases, in the sense that the first best position out

Fig. 8. Four best positions of a series of 5 auto-fragments are shown. The sample auto-fragments extracted from pictures of the fresco and
rotated by—37° are listed in the first column. In the second column the projection of each fragment onto thedspa@ndm >0 is

presented. The last four columns show the best positions up to rotation with respect to the matching coefficient the algorithm is able to
detect. They look very similar, but in fact they differ by the minimal displacement.
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Fig. 10. Angle error compensation by the circular sum
auto-correcting property. The straight line indicates the right an-
gle and its length the right matching. A random error is added on
each single term of the circular sum. The matching coefficient is
reduced from 1 to 0.78.

of 1000000 possible competitors has always coincided with
the original and the rates of decay in the first 10 positions
were of order%. Moreover, the calculation of the angle
by means of arg\ (F, G)(i, j)) is also correct, except for
small errors, fast decreasing with increasing resolutions.

4.2. Real-world cases: noise presence

In real-world cases the comparison between images of
the same object, but actually taken in different technical and
time situations, can be made very difficult by the presence
of noise (or just by some strong differences as in the case of

the fragments damaged by the bomb) and the correct order

in the matching curve will be surely perturbed. We want
to show now that the suggested (rotation) invariant (23) is
quite robust in real-world cases. The circular sum operator
is responsible of the calculation of the matching matrix and
one of the essential ingredients of the proposed method. In
particular, property (ii) of the circular sum is a specific and
suggestiveauto-correcting propertythe errorséy, on the
angles at somk are compensated by the next tekm 1 of
the circular sum.

One can make an analytic example in a very simplified
case: _

If v =% k=1....m — 2m and v,_1
= e'((mfl)““)“m—l), it is not difficult to show that fom
large enough and, ~ 0

m
Du~ & (m—2 + -1 e
k=1

1), (24)

This compensating effect is quite desirable in order to stabi-
lize the angle calculation, while the reduction of the match-
ing coefficient cannot be eliminated (sEwg. 10).

Motivated by the fast computation of the matching ma-
trix and by the shown robustness, we have extensively ap-
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Fig. 11. Distribution of localized fragments with respect to the

matching curve rank. The 75% of the localized fragments have
been found in the first 3 best positions and the 90% in the first 20.
The total number of localized fragments is ca. 800.

each.). All fragments have been already tested on three of the
scenes of 15mand we have detected the original position
for 500-900 fragments on each. Some current results are
presented iffrigs. 5,611,12 In the experimentation, the first
100 best positions returned by the algorithm were considered
and discussed by human operators. The calculation of a
digitalized fragment of radius = 10 pixels (equivalent to
2-3 cnf real dimensions) on one scene of 300400
pixels (equivalent to 15k real dimensions) takes about
120 s with a C/C++ implementation on a standard PC (AMD
K7 Athlon 1 GHz, 500 MB RAM) with the FFTW library to
compute discrete Fourier transforms.

4.3. Comparison with the ideal method in presence of noise

In this section, we want to compare the optimal match-
ing procedure Kig. 4) with the “circular sum procedure”
(Fig. 10. Fig. 13 shows the two methods in presence of
noise: Montecarlo experiments of matching are applied on a
random pattern with respect to itself, affected by white noise
of increasing energy. In particular, the percentiles curves
(5%—50%— 95%) related to matching coefficient and angle
distributions are depending essentially on the signal/noise
(§/N) ratio and on the number of CH-moments used. For
a fixed number of CH-moments (typically about 100), the
methods look equivalent for rati§/N > 0.8.

4.4. Increasing the discrimination power

The algorithm returns a sequence of positions ordered by
means of the matching coefficient. In fact, the results of the
experimentation on the fresco problem show that, for the
90% of the cases, one can reduce the analysis of the possible
matching positions fromh x w = 3000x 2400= 7 200 000
to the first 20 best ones onl¥ig. 11). We want to exem-

plied the method on the real problem of the localization of plify how the discrimination power can be improved. In fact,
fragments of the huge Andrea Mantegna’s art fresco (“Sto- one can extract from a fragment more than one disk por-
ries of St. James and St. Christopher”, 12 scenes of45m tion/selection. Given multiple sequences of best positions,
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Fig. 13. Percentiles curves (5%50% — 95%) of the matching and angle distributions when a random noise of various energy is added to
the signal. The percentile values were calculated by the “optimal matching” (left) and by the “circular sum” (right) procedures with respect
to increasingS/N ratio. The two methods look equivalent for ratig N > 0.8.

maybe computed by the circular sum procedure on differ- ness in detecting correct angles, a fast constraint check ap-
ent selections, one can keep only those positions which are plied on the first 100 best positions returned by the circu-
respecting the original mutual positions on the fragment lar sum procedure of the two selections of the fragment in
and that have the same computed angle. Due to the robust-Fig. 14 reduced the coupled possible positions to 1 only:
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Table 1

The five best positions of the matching, with rotation angle and
coordinates(X, Y), computed on the same fragment before (left)
and after (right) the fractional shift registration

Match. Angle Y X Match. Angle Y X

0.993 0.232 67 70 0.996 0.228 67 70
0.920 0.193 66 70 0.982 0.212 66 70
0.889 0.244 68 70 0.956 0231 68 70

0.816 —2.904 71 75 0.940 0.233 67 69
0.795 —-2932 72 75 0.934 0.224 68 69

The positions, after the registration, form a cluster with matching
coefficients very close and quite high and with reduced variance
for the angles. The first 3 positions, in the same order, are present
also before registration (left), while the fourth and fifth positions
substitute the corresponding incorrect positions at left (the coor-
dinates of the positions involved in the replacement are indicated
with bold numericals).

fractional shifts (or more complex elastic deformations) are
usually present. One can simulate this effect by considering
an image at resolution, shift it of one pixel, for example,

in the right direction, and then scaling both, the original and
the shifted, to resolution2 The resulting images are repre-
senting the same object but in fact they differ of a fractional
shift. Table 1compares the output of our algorithm in a real
case with its optimized version by local shift registration.

5. Conclusion

In this paper we propose a fast, robust, and accurate dig-
ital image pattern recognition algorithm which is indepen-
dent of mutual rotation and displacement. The accuracy and
the robustness of the procedure are realized by exploiting
Fig. 15. The original position on the fresco of the fragment shown the independent (orthogonal) information given by the so-
in Fig. 14 called circular short time Fourier transform (CSTFT) at dif-

ferent angular and radial frequencies. The CSTFT is here

implemented by discrete scalar product of the digital image
p = (890 1183 andg = (884, 1189 with mutual distance with respect to location-shifted and sampled compactly sup-
dist(p, g) ~ 8.48 (pixels) while the mutual distance of the ported Circular Harmonic (CH) functions, selected among
original selectionsKig. 14 is dist(sek, seb) ~ 8.94; the those affected by minimal aliasing, up to a prescribed toler-
calculated angles atg =3.09 andxp=3.11 (radiant). There- ance. The computational efficiency of the algorithm is given
fore, redundant calculations on a fragment ensure a very by the combined use of the correlation implemented by fast
accurate detection of the original position of the fragment Fourier transforms for the location/position detection, and of
(Fig. 15 with high discrimination power. An other way to  a tricky implicit and fast computation of the mutual angle by
improve the discrimination power is to combine our method exploiting self-steerability properties of CH functions. The
with fast local registratiorf25] applied on the best posi-  proved algorithm robustness and efficiency have allowed its
tions returned by the algorithm. The list can consequently use for re-assembling fragments of one of the most impor-
be reordered. In fact, fast registration algorithms based on tant art frescoes of the Italian Renaissance, destroyed by
optimization methods works when the images are already a bombing during the Second World War. Because of the
“close enough”. Because of the robustness and the accu-huge database of patterns and the large scale dimension, the
racy in angle detection, the fractional rigid rotation registra- results of the experimentation in this concrete problem are
tion can be efficiently realized by using our algorithm. On relevant to describe the power of discrimination and the ef-
the other hand, two digital images of the same object can- ficiency of such method. Up to 90% of the fragments are
not in general be sampled exactly on the same grid. Some detected in the first 20 best positions the algorithm returns
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