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Abstract

Quantities of interest appearing in concrete applications often possess sparse
expansions with respect to a preassigned frame. Recently, there were
introduced sparsity measures which are typically constructed on the basis of
weighted ¢; norms of frame coefficients. One can model the reconstruction
of a sparse vector from noisy linear measurements as the minimization of the
functional defined by the sum of the discrepancy with respect to the data and
the weighted £,-norm of suitable frame coefficients. Thresholded Landweber
iterations were proposed for the solution of the variational problem. Despite
its simplicity which makes it very attractive to users, this algorithm converges
slowly. In this paper, we investigate methods to accelerate significantly the
convergence. We introduce and analyze sequential and parallel iterative
algorithms based on alternating subspace corrections for the solution of
the linear inverse problem with sparsity constraints. We prove their norm
convergence to minimizers of the functional. We compare the computational
cost and the behavior of these new algorithms with respect to the thresholded
Landweber iterations.

(Some figures in this article are in colour only in the electronic version)

1. Introduction: linear inverse problems with sparsity constraints

Often in applications the quantity of interest is not given explicitly, but only indirect
observations are furnished by measurements. Although complex phenomena are often
governed by nonlinear rules, still the assumption of linear dependence of the observations
on the quantity of interest covers many interesting problems and surprisingly works well also
for certain nonlinear situations. In this paper, we are concerned with linear inverse problems
which are mathematically described as follows.
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Let K and H be (separable) Hilbert spaces and A :  — H be a bounded linear operator.
Assume we are given (observations) data g € H,

g=Af.

Then our goal consists in reconstructing the (unknown) element f € K. We are interested,
in particular, in the situation when the corresponding linear mapping from the vector f to the
vector g is not invertible or ill-conditioned. Moreover, we may assume that the data g are
corrupted by noise. Thus, in order to deal with our reconstruction problem a regularization is
required [23].

Of course, with incomplete data (i.e., few measurements) and noise disturbance, it is
impossible to recover f without imposing further constraints which help to shape the solution
of the problem. Therefore, our main assumption throughout this paper is that f is sparse with
respect to a pre-assigned frame or basis (for the Hilbert space ) [8]. Our aim is to model the
sparsity constraint within a regularization term. Let us clarify what we mean by sparsity.

We assume that we have given a suitable frame {i; : A € A} C K indexed by a countable
set A. This means that there exist constants 0 < ¢; < ¢, < 00 such that

allflix <Y KLvIP <alfly  forall fek. )
LEA
Orthonormal bases are particular examples of frames. Frames allow for a (stable) series
expansion of any f € K of the form

f=Fu:=3 u 6)
reA
where u = (u;),en € £2(A). The linear operator F' : £,(A) — K is called the synthesis map
in the frame theory. It is bounded due to the frame inequality (1). In contrast to orthonormal
bases, the coefficients u; need not be unique, in general. For more information on frames and
their differences with respect to bases we refer to [8].

For f tobe sparse with respect to the frame {1, }, we mean that f can be well-approximated
by a series of the form (2) with only a small number of non-vanishing coefficients u,. Sparsity
also means that only a little information is conveyed by f. It is reasonable to expect that
only few measurements, although incomplete to identify an arbitrary element in C, might
be sufficient to characterize and reconstruct f. Sparsity is an effective quality for the
characterization of the solution f whenever it can be compressed by means of a suitable
frame expansion, e.g., natural images, audio signals, biological signals, etc. This explains
the incredible success of this new regularization approach in a variety of applications as it will
be recalled with more references below.

It is now established, see for instance [3, 4, 19], that sparsity can be modeled as the
sequence u being contained in £, (A). Indeed, the minimization of the £;(A) norm promotes
that only a few entries are non-zero.

On the basis of these considerations, several authors, e.g., [20, 24, 39, 40, 43], proposed
independently the regularized functional

Jw) =g = Tullj +luli = llg = Tulf,+7 Y |usl, 3)

reA
which has to be minimized with respect to the vector of coefficients u = (u;),c. Here we have
introduced the operator T = A o F : £,(A) — H, which combines the frame synthesis map
with the original model A. The ¢; norm in this functional clearly represents the regularization
term. Once the minimizer u = (u; ) is determined we obtain a reconstruction of the vectors of
interest by means of f = Fu = ), u, V. An iterative thresholding algorithm can be taken
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to perform the minimization with respect to u: pick an initial u© € £,(A) ® = 0is a good
choice) and iterate

u™D =S, "™ +T*(g — Tu™)), n>=0, (4)

where S; is the so-called soft-thresholding operator, which acts componentwise S;v =
(Szva)ren and is defined by

ign() >, x| > =
x — sign(x)—, x| > =
S:(x) = £ 2 2

0, otherwise.

As pointed out in [12], the iteration (4) combines a forward step, addressed to the minimization
of |lg — TM||%{ in the direction of its gradient, and a backward step which promotes the ¢;-
minimization via thresholding. In [15], the algorithm in (4) was analyzed and the authors
proved that it converges strongly to a minimizer u* of the functional 7. The proof of this
result is based on the application of Opial’s fixed-point theorem [34] which implies the
weak convergence, and on specific properties of the thresholding operator which allow us
to turn the weak convergence into strong. Besides the elegant mathematics needed for the
convergence proof, one of the major advantages of this algorithm is its simplicity, also in terms
of implementation. Indeed thresholding methods combined with wavelets have been often
presented, e.g., in image processing, as a possible good alternative to the total variation
minimization [5] which requires instead the solution of a degenerate partial differential
equation. See [18] for a recent comparison of these two methods. Unfortunately, no rate
of convergence is ensured for the algorithm in (4). In practice, the algorithm converges
relatively fast for few very initial iterations, but after this short transition, it starts dramatically
to slow down. These effects are very well documented in the paper [16], see also [32] for a
discussion of the applications. In particular, in [16] an alternative approach is proposed toward
projected gradient methods where the iteration (4) is substituted with

WD = Ppu® + BOT*(g — Tu™)), n>0, (5)

where [P is the projection onto the £;-ball of radius R > 0, and B™ > 0 are suitable descent
parameters. Again, this latter algorithm converges strongly to a minimizer of 7, where
T = t(R) is chosen according to R. Indeed, in this case the convergence is much faster in
practice. Nevertheless, as soon as the dimension of the problem is very large, the computation
of the projection P and of an optimal 8’ may be computationally demanding. Since no
convergence rate can again be theoretically ensured for this second algorithm, it is difficult
to estimate the trade-off between the computational cost and fast convergence. A further
alternative is the introduction of a quadratic term for ¢ > 0,

Je(u) = g = Tully + lulli +eful?. (6)
The minimizer ©® of this functional can be computed by the following iterations:
1
uh = T Se™ +T*(g — Tu™)), n=0. (7)
€

In this case and for | T'|| < 1, the function v — %SS, (v+T*(g — Tv)) is a contraction, hence

the iteration converges linearly to the unique minimizer of 7,. By I'-convergence, see for
instance [28] for precise statements, one can show that there exist sequences of minimizers
u® which converge to a minimizer «* of 7. Unfortunately, it is not possible to assess the rate
of convergence of this latter approximation. In the papers [27, 28], a very general family of
iterative thresholding algorithms is analyzed for joint sparse and vector-valued recovery, and
their convergence properties are also discussed. Generalizations to nonlinear inverse problems
appear in [36, 37, 42].
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We emphasize the enormous impact of inverse problems with sparsity constraints in
applications such as geophysics and image processing, e.g., brain and astronomical imaging
[17, 22, 26, 32, 39, 40]. Moreover, it is also worth stressing the strong relations between
iterations as in (4) and adaptive schemes for the solution of linear and nonlinear partial
differential equation (PDE) as proposed in [9, 10, 13, 14, 41].

In this paper, we want to study a new acceleration method of the basic iterative thresholding
algorithm (4) by alternating subspace corrections determined by a suitable decomposition of
the label set A. As we shall discuss in detail in this paper, the benefit from this approach is
twofold:

(1) Instead of solving one large problem with many iteration steps, we can solve
approximatively several smaller subproblems, which might lead to an acceleration of
convergence and a reduction of the overall computational effort.

(2) The subproblems do not need more sophisticated algorithms, simply reproduce the original
problem at smaller dimensions, and they can be solved in parallel.

The paper is organized as follows. In section 2, we recall the main concepts related to domain
decomposition methods for the solution of linear problems. In section 3, we borrow these
concepts for the sake of the minimization of the functional 7. We illustrate how to split
the problem into two lower dimensional problems and we propose an associated sequential
algorithm based again on iterative thresholding and alternating subspace corrections. We prove
that the weak accumulation points of the sequence produced by this algorithm are minimizers
of 7. We prove also the norm convergence in £,(A) of subsequences. In the case of a unique
minimizer, the whole sequence will be convergent (not only subsequences). In section 4,
we modify the algorithm in order to be parallelizable. We prove similar results as for the
sequential algorithm. Section 5 discusses the computational cost of the new algorithms and
compares them with the thresholded Landweber iteration (4). In section 6, we illustrate the
extension of the decomposition to more than two subspaces and some further variations of the
proposed algorithms.

2. Domain decomposition methods

Domain decomposition methods were introduced as techniques for solving partial differential
equations based on a decomposition of the spatial domain of the problem into several
subdomains [1, 2, 7, 29-31, 33, 35, 45, 46]. The initial equation restricted to the subdomains
defines a sequence of new local problems. The main goal is to solve the initial equation via
the solution of the local problems. This procedure induces a dimension reduction which is
the major reason for the success of such a method. Indeed, one of the principal motivations
is the formulation of solvers which can be easily parallelized. The mentioned techniques can
often be applied directly to the partial differential equation, but of course to apply them to
the discretizations of the problem is also of major interest. In this paper, we deal with frame
discretizations and the domain decomposition method will be applied on the space of the frame
coefficients. Domain decomposition methods, together with other known iterative methods
for symmetric positive definite problems, such as multigrid methods, Jacobi and Gauss—Seidel
iterations, and multilevel nodal basis preconditioners, can be viewed as subspace correction
methods, see [45]. In this paper, two types of domain decomposition based iterative schemes
for a frame discretized inverse problem will be considered. We discuss a successive subspace
correction method (inspired by the so-called multiplicative Schwarz iteration) as well as a
parallel subspace correction method (inspired by the so-called additive Schwarz iteration).



Decomposition methods for inverse problems 2509

N
Q:Q1UQQ< QIQQQ#Q

Figure 1. An overlapping subdomain decomposition.

To introduce the approach we want to develop in this paper, we recall the main ideas of
the most classical and well-known example of the domain decomposition method, i.e., the
multiplicative Schwarz alternating algorithm. Consider the second-order self-adjoint elliptic
problem

Lu=f inQ, u=0 ondQ. ()
For the moment, let us restrict the discussion to the case of a decomposition of a domain

Q c R? into two overlapping subdomains, i.e., 2 = Q 1 U Qz, see figure 1. Starting with
an initial guess u?, the multiplicative Schwarz alternating algorithm to solve (8) generates a

sequence of approximations ", u®, ... by solving the following two local problems:
Luik“) = f, in Q, Luék“) = f, in €2,
u(lkH) = u(k)m, only, and u(zkH) = u%k”)‘rz, on I, 9)
ul =, on 9 \T'y, ult =, on 3\ T.
The next iterate u**! is then defined by
WD () = ”%:ij(x)a %f X € £ ) (10)
u; (x), if x € Q\Q.

By Stampacchia’s theorem, the variational formulation of (9) reads as follows:

letu’ € HJ(Q). Fork =0, 1, ... compute

&1/ . u§k+1/2), where uik”/z) satisfies

(k+1/2) .
u, / =argmmuleHol(Ql)J(ul,u(k))
pktD 1) M;k+1/2) ;k+1/2)

(k+1/2)
U,

, where u satisfies

= argmin,, g1, J (U2, uk+1/2))

with J(v,u) = %a(v, v) — ((fyv) —a(u,v)),a(v,u) = (Lv,u), as usual, being the
corresponding bilinear form.

Inspired by this variational formulation of the classical Schwarz alternating algorithm, we
propose a minimization of the functional in (3) by alternating minimizations of local problems
restricted to suitable subspaces. Similar techniques of alternating minimizations of functionals
with auxiliary variables appear also, e.g., in [6, 11, 25, 27, 28].
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3. Domain decompositions adapted to inverse problems

In this section, we introduce a sequential domain decomposition method for the linear inverse
problem with sparsity constraints modeled by (3). The goal is to join the simplicity of the
iterative approach (4) with a dimension reduction technique provided by a decomposition
which will improve the convergence and the complexity of the algorithm without increasing
the sophistication of the algorithm.

Before starting our discussion let us briefly introduce some of the spaces we will use in
the following. For some countable index set A we denote by £, = £,(A), 1 < p < oo, the
space of real sequences u = (u;);ca With norm

1/p
leellp = ulle, a) = (Z mv’) . 1<p<x

rEA
and |[u]|oc := sup, ., |u,] as usual.

For simplicity, we start by decomposing the ‘domain’ of the sequences A into two disjoint
sets Ay, Ay so that A = A} U A,. The extension to decompositions into multiple subsets
A = Ay U...U Ay follows from an analysis similar to the basic case /' = 2, and we discuss
this issue in section 6. Associated with a decomposition C = {A, A,} we define the extension
operators E; : Lr(A;) = £r(A), (Eiv);, = vy, if A € Ay, (E;jv), = 0, otherwise, i = 1, 2.
The adjoint operator, which we call the restriction operator, is denoted by R; := E}. With
these operators we may define the functional J (uy, us), J : €2(A1) X £2(A2) — R, given by

J(uy, uz) == J(Eyuy + Exus),

where the functional J is defined in (3). For the sequence u; we use the notation u; ; in
order to denote its components. In analogy to the Schwarz multiplicative algorithm, we want

to formulate and analyze the following algorithm: pick an initial £ 1u§0) + Ezug)) =u® ¢
£,(A), for example u@ = 0, and iterate
u"™D = argminy, cpy(a,) J(v1, ué”))
ugnﬂ) = arg miny,er,(a,) J(u§"+l), vz) (11)
ot = Elu(1"+1) + Ezugm).
Let us observe that || Eju; + Esuz|le,ay = lluille,a)) + lluz2lle, (a,, hence

. n)\ __ . _ (n)y 2
argvlénzzl(rll\l)J(vl,u2 )—argvlernzzl(l}\])”(g TE2u2) TE1U1||H+T||U1||1.

A similar formulation holds for arg min,,c¢,(a,) J (u E”H), Uz). This means that the solution of

the local problems on A; is of the same kind as the original problem arg min, e, 4y J (1), but the
dimension for each has been reduced. Unfortunately, the functionals J (-, u(zn)) and J (u (1"”), )
do not need to have a unique minimizer. Therefore the formulation as in (11) is not in principle
well defined. In the following we will consider a particular choice of the minimizers and in
particular we will implement the algorithm in (4) in order to solve each local problem. This
choice leads to the following algorithm: pick an initial £ 1u§0) + Ezu(zo) =u® € £,(A), for
example u©® =0, and iterate

uin%—l,O) — u(ln,L)

{uﬁ’”‘*““ =S (""" + RiT*((g — TE2uS"™) = TEu{""?)) ¢=0,...,L—1

u§n+l,0) — uén,M) (12)
{ug’”"“” =S Wy + RT*((g — TEwu"™"") = TEud™")) ¢=0,...,M ~1

D = Elu(1n+l,L) +E2u§n+l,M).
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Of course, for L = M = oo the previous algorithm realizes a particular instance of (11).
However, in practice we will never execute an infinite number of inner iterations and therefore
it is important to analyze the convergence of the algorithm when L, M € N are finite.
Moreover, as we will discuss in section 5, the computational cost of the whole algorithm and
its convergence rate depends on the choice of L and M. It is not convenient to choose their
values to be too large.

At this point the question is whether algorithm (12) really converges to a minimizer of
the original functional 7. This is the scope of the following sections.

3.1. Weak convergence of the sequential DD algorithm

A main tool in the analysis of non-smooth functionals and their minima is the concept
of a subdifferential. Recall that for a convex functional F' on some Banach space V its
subdifferential d F'(x) at a point x € V with F(x) < oo is defined as the set

IF(x) = {x* € V*,x*(z —x) + F(x) < F(z) forall z € V},

where V* denotes the dual space of V. It is obvious from this definition that 0 € 9 F (x) if and
only if x is a minimizer of F.

Example 1. Let V = £;(A) and F(x) := ||x||; be the £; norm. We have
Al - lh(x) ={§ € log(N) 1 & €] - [(x0), 2 € A} (13)
where 9| - [(z) = {sign(z)} if z # 0 and 9] - |(0) = [—1, 1].

The following functional will turn out to be useful to us:

TS, a) = |lg — Tull, +tlul +llu—al — | Tu — Tals. (14)
A direct calculation shows
T w,a)=|(a+T*(g—Ta) —ul;+lluli—lla+T*(g—Ta)|;+ g7 — I Talz + a3

In the following we assume that || 7'|| < 1. This condition can be always achieved by suitable
rescaling of 7 and g. Observe that

lu—al; = ITu — Tal3, > Cllu —all3, (15)
for C = (1 —|T||>) > 0. Hence

TJw) = T5w,u) < J5u, a), (16)
and

T, a) — T, u) > Cllu —all3. (17)

In particular, 75 is strictly convex with respect to u and it has a unique minimizer with
respect to u once a is fixed. By observing that 3(||T - —gl[3,) () = {2T*(Tu — g)} (see [27,
lemma 3.2]) and by an application of [21, proposition 5.2] combined with the example above,
we obtain the following characterizations of the subdifferentials of 7 and 75.

Lemma 3.1.
(i) The subdifferential of J at u is given by
0T (u) =2T*(Tu — g) +7al - [[1(u)
={& €loo(A) 1 & € 2T (Tu — @) + 70| - [(u2)}.
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(ii) The subdifferential of J° with respect to the sole component u is given by
0, T, a) = —2(a+T*(g — Ta)) +2u+1d| - ||, (1)
={§ €loc(N) 1 &1 € [-2(a+T"(g — Ta))ls +2us + 79| - [(u)}.
Since u = S;(z) is the unique solution of the subdifferential inclusion 0 € 2(u — z) +

7|l - |l1(u), see for instance [27] and [15, proposition 2.1], from lemma 3.1 (ii) we obtain
immediately

arg min J5(u,a) =S, (a+T*(g — Ta)).
uelr(A)

In light of this result we can reformulate the algorithm in (12) by

H ME’HLO) _ MEH’L)

+1,0+1 : Y (n,M) +1,0) (n,M)
w0 = argming, cryin,) T (Evin + Eaud™, Evu™ 0 + Eyu! ) €=0,....L—1
(n+1,00 __ (n.M)
Uy =
U — arg ming, oo JS<E1u§"+1'L) + Esuty, Eva™ 4 Ezuénﬂ.é)) £=0,....M—1
u(,”l) = Elu(In+I,L) +E2u§n+l,M).

(18)

Before we actually start proving the weak convergence of the algorithm in (18) we recall the
following definition [38].

Definition 1. Let V be a topological space and A = (A,)nen a sequence of subsets of V. The
subset A C V is called the limit of the sequence A, and we write A = lim,, A, if

A={aeV:3a, €A, a=lima,}.

The following observation will be useful for us, see, e.g., [38, proposition 8.7].

Lemma 3.2. Assume that U is a convex function on R and (x,)neny € RM a convergent
sequence with limit x such that ' (x,), I'(x) < oo. Then the subdifferentials satisfy

lim a7 (x,) € ' (x).
n—o0

In other words, the subdifferential 01" of a convex function is an outer semicontinuous set-
valued function.

Theorem 3.3 (weak convergence). The algorithm in (18) produces a sequence (u™), ey in
£ (N) whose weak accumulation points are minimizers of the functional J. In particular, the
set of weak accumulation points is non-empty and if u® is a weak accumulation point then

u® =S, (™ +T*(g — Tu™)).

Proof. Let us first observe that by (16)
j(u(n)) — jS(u(n)’ u(ﬂ)) — jS(Elqu-L) + Ezug”’M), Elu(ln’L) + EzMgLM))
= jS(Elui"‘L) + Ezu(;"M), Elu(f”l’o) + Ezu(Z"’M)).

By the definition of u"*"""

and its minimal properties in (18) we have
THEW + B Eu™ + By

2 jS(Elungl,l) +E2u;n,M)’ Elu(ln+1,0) +E2u;n,M)).
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Again, an application of (16) gives
jS(Elu(er],l) +E2u(2n.M)7 Elu(ln+1,o> +E2u(2n,M))
> TSB! + Bl Bl 4 Epu§t ™).

Putting in line these inequalities we obtain

J@®) = T (Equ"™"Y + Equd™™ | B + Euf™ ™).
In particular, from (17) we have
T ™)y — JS(EIME"”’D + Eud™™ Eju™hD 4 Ezué"’M)) > CHuﬁ"“’l) —u{mh0 HZ(AI)'
By induction we obtain

TJw™) = T5(Ewu™"Y + B B 4+ Bt M) >
> js(ElugnH,L) +E2ugl’M), Elu§n+1,L) +E2u§n,M))
J

1,L M
= (Elu(1"+ )+E2u§" )),

and
L—1
) (n+1,L) (n, M) (n+1,0+1) (n+1,0) |12
T ™y — J(Eu) + Eou, )>CZ”“1 i (A"
£=0
By the definition of u;"”’l) and its minimal properties we have
jS(Elu(llHl,L) + Ezuén,M)’ E1u§n+1,L) +E2M§n’M))
> jS(Elu(lnH,L) +E2u§n+l’1), Elu§n+l,L) +E2u;n+1’0)).
By similar arguments as above we find
Ty > 75 (B + Byl B0+ Epu) = 7@, (19)
and
L-1
n) (n+1) (n+1,+1) (n+1,0) |2
Ju™y —T(u )>C<Z |y U ”zz(A,)
£=0
M—1
(n+1,m+1) (n+1,m)||2
+ > fus — uf ||m2>> : (20)
m=0

From (19) we have J@®) > J@™) > t|u™|¢,a) = tu"|leya). This means that
@) pen is uniformly bounded in €, (A), hence there exists a weakly convergent subsequence
(u") jen. Let us denote by 1 the weak limit of the subsequence. For simplicity, we rename
such subsequence as (#™),cn. Moreover, since the sequence (7 (1"™)),en is monotonically
decreasing and bounded from below by 0, it is also convergent. From (20) and the latter
convergence we deduce

L—1

+1,0+1 +1,0
I
=0

In particular, by the standard inequality (a® + b%) > %(a +b)? for a, b > 0 and the triangle
inequality, we have also

M—1

2 (n+1,m+1) (n+1,m) ||2

ot Z H”z — U, ||[2(A2)> — 0, n—o00. (21
m=0

lu®™ — u("+1)||g2(A) — 0, n— oo. (22)
We would now like to show that
0e lim 87 w™) c 07 u™).
n—oo



2514 M Fornasier

To this end, and in light of lemma 3.1, we reason componentwise. By the definition of ui’”l’L)

we have
0€ [—2(u™ " 4 R (g = TEiy™) = TEnif ™)),
+2u("+1 R YIE |(uf\rfT1’L)), 23

(n+1,M)

for A € Ay, and by the definition of u, we have

0e [ ( (n+1,M—1) + R T*((g _ TE u(n+1,L)) _ TE2u§’1+1’M71)))]A

+2u5 M 4 2] ()5, (24)
for A € A. Let us compute 3.7 (u"*"),,
0T ™), = [-2T*(g — TE\u{""" — T Eou§™™)], +70] - |(u)"}"), (25)

where A € A; and K = L, M for i = 1,2 respectively. We would like to find a
("H) € 37 W™y, such that’g‘("”) — 0 for n — oo. By (23) we have that for A € A

0= [_2(M(11+1,L—1) + RlT*((g TE2u(n M)) TEll/tYHl’L_l)))] +2u(n+1 ,L) T%_)Er,lrl)v
forag" " € d] - |(u"t""), and, by (24), for 1 € A,

0= [_Z(M(n+1,M71) + RzT*((g _ TElu§n+1,L)) _ TEzugn+1’M71)))] + 2u(n+l M) Ts)frf;l),

foraé,’,; e ) - |( ("H M)) Thus by adding zero to (25) as represented by the previous two
formulae we can choose

é}EnH) — 2(u§:TT1,L) _ u;rle,Lfl)) + [RIT*TEI (MYHI’L) _ u§n+1,L71))]
+[RT* T Ex(uy™™ — u™™)].,

A

if L € Ay and

(n+l) _ 2( (n+1 M) inzl,M—l)) [R T TE ( (n+1, M) §n+l,M—1))]
) A’

if A € A,. For both these choices, from (21) and (22), and by continuity of 7, we have
D, 0 for n — oo. By continuity of T, the weak convergence of u™ (which implies the
componentwise convergence), and lemma 3.2 we obtain

0 e lim 07 w™), C T u™),, VA€ A.

n—oo

It follows from lemma 3.1 that 0 € 8.7 (u®). By the properties of the subdifferential we have
that ° is a minimizer of 7. Of course, the reasoning above holds for any weakly convergent
subsequence and therefore all weak accumulation points of the original sequence (1), are
minimizers of J.

Similarly, by taking now the limit for n — oo in (23) and (24), and by using (21) we
obtain

0 € [<2(Riu™ + R\ T*((g — TE2Ru™) — TE 1 Riu™ )], +2u™ + 78] - | (™)
for A € A; and

0 € [<2(Ru™ + RyT*((g — TE1Ru'™®) — TE;Rou™)) 1, + 2™ + 7] - |(u)™)
for A € A,. In other words, we have

0€ 3,75, u®).
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An application of lemma 3.1 and [15, proposition 2.1] implies

u® =S, (U™ + T*(g — Tu®)).

Remarks

(1) Because u™® = S, (u™ + T*(g — Tu®)), we could infer the minimality of u‘* by
invoking [15, proposition 3.10]. In the previous proof, we wanted to present an alternative
argument based on differential inclusions. Conversely, any minimizer u* of 7 satisfies
the fixed-point equation u* = S; (u* + T*(g — Tu*)). Indeed, if u* is a minimizer of 7,
it is also a minimizer of J5(u, u*), since J5(u, u*) > J () and TS W™, u*) = J(u*).
Therefore, 0 € 9,75 (u*, u*) and one concludes as above.

(2) Since (u™),y is bounded and (21) holds, also (uf"[)” , are bounded for i =1, 2.

3.2. Strong convergence of the sequential DD algorithm

In this section we want to show that the convergence of a subsequence (u"/); to any
accumulation point #‘® holds not only in the weak topology, but also in the Hilbert space
£,(A) norm. Let us define

n(n+1) — M(ln+1,L) _ MEOO)’ 7’](”+1/2) — MYH-LL_U _ u§00)’
M(n+l) — u(2n+],M) o uéoo)’ M(n+1/2) — u§n+l,M—l) . u;oo)y

where 1™ := R;u®. From theorem 3.3 we also have

u™ =S (u™ +RT* (g — TEw™ — TEuS™)), i=12.

=h;
Let us also denote & := E h| + Exhy and €™ := E\n"*1/2) 4 E, /2,
For the proof of strong convergence we need the following technical lemmas.

Lemma 3.4 (lemma 2.2 [15]). The operator S, is non-expansive, i.e., ||S;(u) — S;(v)|2 <
lu —vll2.

Lemma 3.5. | T§™ |2, — 0 for n — oo.

Proof. Since
" — D =S (hy + (I = RIT*TEn™*"? — RiT*T Eoypu™) = S, (1) — ™72,
M(n+1) _ M(n+1/2) — Sr(hZ + (I _ RZT*TEZ)H/(”+1/2) _ RZT*TEIT)(,H—I)) _ S‘[ (hZ) _ M(n+l/2)’

(n+1,L) +1,L—1
and ||77(n+1) - 77(n+1/2)||€z(A1) = Huln - “(ln )”ez(A,)

— 0 by (21), we have

= 0, [[u™D — p @Dy =

||u(2n+l,M) _ u;n+1,M—])

£2(A2)
ISe(hy + (I = Ry T*TEn™*? — R\T*T E;p™) — S, (hy) — ™l gya
> |[ISe(hy + (I = R\ T*TEpn™*'"? — RyT*T Eou™)
—=Se(hD) llexany — " Plleya)| — 0. (26)
and
IS (ha + (I = RyT*T Ey)p "2 — RyT*T Ein™*V) — S;(ha) — 24,4,
> IS (hy + (I = ReT* T E))pu"*"? — RyT*T E1n™*")
= Se (D) lleyian — 11 Plleyan | = 0. 27)
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By non-expansivity of S; we have the estimates

[Se(hy + (I — ReT*T E)™*? — RyT*T Ein™™V) — S¢(h2)lleyas)
<N = RT* TEDR"? — RT*TEn"™" [y
<N = RT* TE)p ™" — RaT*TEin™"? |l yay

+ |ReT*TE{(n"™*"/? — ™Dl a,) -

—

Similarly, we have

[Se(hy + (I — RyT*TE)n™"? — RiIT*T E; ™) = Se (h) leyay
<N = RT*TE)R™"? — RiT*T E3p™ || 1,4
<N = RT*TEDN™"? — Ry T*T Ey ™V,

+ |RiT*T Ex (™ — ) iy, -

50

Combining the previous inequalities, we obtain the estimates
ISe(hy + (I — R\T*T En™*'/? — R\T*T Eypu™ — Sc ()17 4,
+[1Sc(ha + (I = RyT*T Ey)u™*"? — RyT*TE;n™" = S; (h) I3, (a
< = RiT*TEy™'? — R\T*T E;u™ |2, 4
+[|(I = RT*T Ep) ™2 — RyT*T Eyp™ V|3, 4,
= (It = RT*TE)R"? — R\ T*T Expi ™'/ || 1y,
+[|[R\T*T Eo ("™ — M(n))H(zz(A,))z
+(I(I = RaT*T Ex)u™*"/? — RyT*T Ein™*"/?| 1, a,)
+ [|[RyT*TE (™' — n(n+1)||€2(/\z))2
I = T*T)E™ 17,5y + (™) + (8)? + C'(e™ +5™))
IE™Z ) + () + (™) + C'(e™ +5™)).

NN

The constant C’ > 0 is due to the boundedness of uf"’z). Certainly, by (21), for every ¢ > 0

there exists 1o such that for n > ng we have (¢™)? + ()% + C’(¢™ + 8™) < ¢. Therefore,
if

[Se(hy + (I = R\T*T Ep)n™*"? — R\T*T Epp™ — S (h1) 17,4,
+ 1S (hy + (1 — RQT*TEz)l,L(n+1/2) — RZT*TElﬁ(n+1)
—S: D)1,y = IE™ 7, a)»
then
0 § ||(1 — RIT*TEl)/L(n+1/2) _ RIT*TEZM(n) ”%Z(A]) + ”(I _ RZT*TEZ)H«(’H—I/Z)
— RaT*TEm™ V17,0 = IE™ 13,0 < ")+ (™) + C'(e™ +8™) <.
If, instead, we have
”S‘t(hl + (1 - R]T*TEl)n(n+1/2) — RlT*TEZM(n)) _ S‘L’(hl)”%Z(Al)
+ IS (hy + (I — RzT*TEz)/L('Hl/Z) _ RzT*TEm(”H))
- Sr (hZ) ”%2(/\2) < “%.(n) ”%2(/\)’
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then by (26) and (27)

1€ 17,0 — (10 = RT*TEu™'? — R\ T*T Eau™)13,a,) + (T = RT*T Eg) "1/
— RT*TEn™M)12 ) < IEP 2,0 — I1S:Gry + (I = R\T*T Eyyn™*1/?
— RiT*TE2u™) — Sc(h) 12 s,y — IS (ha + (I = RoT*T Ep)p "1/
— R T*TEn™") = Sc (h) 17,0, = |1E™ 117,
—ISe(hy + (I = RAT*TEN)™? — RiT*T Eau™) — Se(h) 12,4,
—ISe(hy + (I — RaT*TE) ™2 — RyT*TE ™Yy — S, (h2)||§2(1\2)|

< | 205,y — ISe(hy + (I = RyT*T Eq)n"*'/?

— R\T*TE,u"™) — Sf(hl)”%z(m)| + |||’u(n+1/2) ”i(Az)

—[ISe(ha + (I = RT*T E)u "' — RyT* T Eyn™*V) — Sc (o) |17, | < &
for large enough n. This implies
Tim (15713, — (1 = RTTEDL"? — RiT*T Ean™ |17, 4,
+ /(I = ReT*T E))u"™*"/? — RyT* T Ein™* 17, s,))] = 0.
Recall now that
(7 = RT* T Enp™*!? — RiT*T Eyp™ |17, 1,
+]|( = RyT*T Ep)p™*"/? — RyT*TEin™*V |7 4,
<UU = RT TEY Y = RiT* T Eyp ™' gy 0) + 6™
+(I(I = RT*T En)p"*'? — RyT*T Einp*'/?| 1y, + ™)’
ST = T*TIE™|F, 0 + (™) + (8)> +2C (6™ +8™)),
for a suitable constant C’ > 0 as above. Therefore we have
1EP NG = (1T = RTTED R = RiT*T Eapn™) 7, a,
+ | = RyT*T E)pu™*"? — RyT*TE;n™) I}, a,))
> [IEP7, ) — 1T = T*TIED 5y — (€))7 + (3™)7 +2C" (6™ +6™))
=2 TE™ 3, — IT*TE™|, 5y — (€") + (3™)7 +2C" (™ +5™))
> ITEW G — (") + (6")? +2C" (e +6™)).
This implies ||7& ™2, — 0 forn — oo. O

Lemma 3.6. For h = E1h + Exhy, |S;(h + ™) — S, (h) — E™||s,(n) — O, for n — oo.

Proof. We have
Se(h +S(n) - T*T‘i‘-(n)) =E((S;(h+U — RlT*TEl)T]("H/Z) — RIT*TEZ;L(”H/Z)))
+ Ex(S;(hy + (I — RyT*T E))u"™*V/? — R, T*T E\n"*1/2)y).
Therefore, we can write
Se(h+&W — T*TE™) = E{[S; (hy + (I — RiT*TE))n™*"? — RiT*T E;u™)
+Se(hy + (I = RiT*TE)n™"? — R\ T*T E;p"*1/?))
—S;(hi + (I = RiIT*TE)n""/? — R\T*T E,u™)]
+ E5[Sc(hy + (I — RyT*TEx)p"™V/? — Ry T*T En™*V)
+S;(hy + (I — RyT*TE))u"™V/? — R, T*T E\n"*1/?)
—S:(hy + (I — RyT* T E))p"*V/? — RyT*T E ™).
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By using the non-expansivity of S;, the boundedness of the operators E;, R;, T*T, and the
triangle inequality we obtain

ISc(h+E™) —Se(h) — E™ lpyay < NSe(h+E™ — T*TE™) — S, (h) — ™|l 1,(a)
+[Sc(h+E™) =S (h +&E™ — T*TE™) |4y (n)

<\ ISc(hy + (I = R\ T*TE)n""? — RiT*T E;u™) — S, (1) — 0P [leya )

=AM

+ [IS; (hy + (I — RyT*T E)p™ V2 — RyT*TEy ™) — S, (h) — "Vl 4yn,)

=R

1/2 1 1/2
+ 1D — D a1 = 2 )+ 1T TED [y

=C =D

The quantities A®™, B™ vanish for n — oo because of (26) and (27). The quantity C"
vanishes for n — oo because of (21), and D™ vanishes for n — oo thanks to lemma 3.5. O

Lemma 3.7 (lemma 3.18 [15]). If for some a € {y(A) and some sequence
(EM) ey, W-lim,,, o€ ™ = 0 (i.e., €™ vanishes weakly) and lim,_, o ||S; (@ +£™) =S, (a) —
EM |l ,n) = 0, then limy, o0 [|E™ [|¢,a) = O.

By combining the previous technical achievements, we can now state the strong convergence.

Theorem 3.8 (strong convergence). The algorithm in (18) produces a sequence (u"™),cy in
> (AN) whose strong accumulation points are minimizers of the functional J. In particular,
the set of strong accumulation points is non-empty.

Proof. Let u™ be a weak accumulation point and let (u""") oy be a subsequence weakly
convergent to u®. Let us denote the latter sequence (1), <y again. With the notation used
in this section, by theorem 3.3 and (21) we have that £ = En"*1/2 4 E,,0+1/2) weakly
converges to zero. By lemma 3.6 we have lim, o [|S; (h + £™) — S, (h) — £™||4,a) = O.
From lemma 3.7 we conclude that £ = E n™*/2 4 E,;,("*1/2) converges to zero strongly.
Again by (21) we have that @) pen converges to u> strongly. O

4. A parallel domain decomposition method

The most natural modification to (12) in order to obtain a parallelizable algorithm is to
substitute the term ui"”’l‘) with Ryu™ in the second inner iterations. This makes the inner
iterations on A and A, mutually independent, hence executable by two processors at the same
time. We obtain the following algorithm: pick an initial u® € ¢;(A), for example u® = 0,
and iterate

u(ln+1,0) — Rlu(")

u™HY =8 ("0 4 R T*((g — TE2Ru™) — TE ™)) €=0,....,L —1

WO Ry (28)
uy™ Y =S (w0 4 RT*((g — TE\Ru™) — TEwS™ ™)) £=0,...,M — 1

LD Elu§n+l,L) +E2u;n+l,M).
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Figure 2. On the left we show u®?, in the center u®"*! and on the right #®). The two
consecutive iterations contain different features which will appear in the solution.

The behavior of this algorithm is somehow bizarre. Indeed, the algorithm usually alternates
between the two subsequences given by #®” and its consecutive iteration u®*". These
two sequences are complementary in the sense that they encode independent patterns of the
solution. In particular, for u® = u’ + u”, u®> ~ u’ and u®"*" ~ u” for n which is not too
large. During the iterations and for large n the two subsequences slowly approach each other,
merging the complementary features and shaping the final limit which usually coincides with
the wanted minimal solution, see figure 2. Unfortunately, this ‘oscillatory behavior’ makes
it impossible to prove monotonicity of the sequence (7 (1")),en and we have no proof of
convergence. However, since the subsequences early indicate different features of the final
limit, we may modify the algorithm by substituting «®*" := E;u{""" + Eu"™"" with
u(n+l) . (Elu(]n+l.L)+E2u(2n+l.M))+u(”)

that is the average of the current iteration and the previous
one. This enforces an early merging of complementary features and leads to the following
algorithm: pick an initial u® € £;(A), for example u® = 0, and iterate

u§n+1,0) — Rlu(”)
ul™ Y =S ("™ + RiT*((g — TE2Ru™) — TEwW{™"Y)) ¢=0,...,L—1
u;n+1,()) — Rgu(")

uS™ Y = S (Wi + RyT* (g — TE(Riu™) — TEuy™"0)) £=0,...,M —1

(n4l) (Elu(]»t+],l<)+E2u,(Zn+],M))+u(,,)
u = 5 .

In the following we provide the convergence proof for the iterations in (29).
4.1. Weak convergence of the parallel DD algorithm

Theorem 4.1 (weak convergence). The algorithm in (29) produces a sequence (u™), ey in
£ () whose weak accumulation points are minimizers of the functional J. In particular, the
set of weak accumulation points is non-empty and if u™ is a weak accumulation point then

u® =S, (U™ +T*(g — Tu®)).

Proof. By following the arguments in the proof of theorem 3.3 we find
L1
(n) (n+1,L) (n) (n+1,0+1) (n+1,0) |12
T @) = J ("™ + EyRyu™) > € 3 a0 — a0
=0
and
M—1
(n) (n) (n+1,M) (n+1,0+1) (n+1,0) || 2
TJw™) = T(E\Ru™ + Eouy™™"™) = C ) |us —us
=
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By adding and halving the previous inequalities we obtain

Tw™)y — %(j(Eluﬁ””’“ + E2Rou™) + T (Ei Riu™ + Equ§™"))

S ||u§"+l’e+l) (n+l Z)”IZZ(A]) + Z ” (n+1,641) gm,a ”2(1\2)) .
(=0

By convexity we have

”Tu(n+l) _ 8||72-z =T (

2
(E u(n+1 ,L) +E (n+l M)) +u(n))
-8

2
H

1 1
< 5||T(E1u<"+‘*“ + EsRou™) — g3, + znT(ElRlu(") + Equ™tMy — o2

Moreover, by the triangle inequality we have
1 (n+1,L +1,M
Iy < (1B + Equg™ ) ) + 16 lea)

= 3(|Eve™ " + ExRou®) [ )+ [ EVR1® + B0 ).

” 6(A)
By the last two inequalities we immediately show

T @™y < H(T(Eu""" + ExRu™) + T (E1 Riu™ + Eauy™" ™)),

hence
j(u(”)) _ j(u(n+l)) > g (S ||u(n+1,/£+1) - u(n+1,£) HZ
= 2 - 1 1 £(Ay)
2=
M—1
" Z Hu(2n+1,l+1) . u§n+1,£) ”1252(1\2)> . (30)
=0

We have J(u®) > J@™) > t|u™]l¢,a) = tlu"|le,). This means that (u™),cy is
uniformly bounded in £, (A), hence there exists a weakly convergent subsequence (1) jeN.
Let us denote by u(* the weak limit of the subsequence. For simplicity, we rename such
subsequence as (#™),cn. Moreover, since the sequence (J(u™)),en is monotonically
decreasing and bounded from below by 0, it is also convergent. From (30) and the latter
convergence we deduce

L—1
(Z ”uYHMH) (n+1 £) HZZ(AI) Z Hu(n+1 Jm+l) §n+1.m) ”i(/\z)) 50, n-— o0 (31)
=0

In particular, by the standard inequality (a> + b%) > 3(“ +b)? for a, b > 0 and the triangle
inequality, we have also

||u§n+l,€+l) _ M(n+l 0) ”ez(Al) > (Z ” (n+1,6+1) in+l,€)

> CMIEu™"Y — E\Ryu™ |, )
= CUHE]M(nH’L) + E1R|u(”) — ZE]RIM(”)”%Z(A).

L—1

G(Ay)
=0

Analogously we have

Z H (n+1,641) (n+1 0 ”ez(Az) C"||E, p 4B Rzu(") 2E2R2u(”)||%2(1\).
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By denoting C” = %C " we obtain

C — 1,0+1 1,0) 12 = 1,6+1 1,0) 112
+1,0+ +1, +1,0+ +1,
2 (Z o™ =gy + D e = )”ezmz>>
=0 =0

Cc///
> T||E1u(n+]’L) + Ezu(nHAM) +u™ ZM(II)H%Z(A)

1 2
=CC"lu™" —u™ |7, a)-

Therefore, we finally have

™ —u® g0 — 0, n — oo. (32)
By definition of u|"*""" we have

0 [-2(u""" "+ RiT*((g = TE2Ru™) — TEyu{"™"*""))], +2u"t""

+7d] - ()T, (33)
and by definition of u;"H’M) we have

0 € [<2(ud™*"M D 4 RyT*((g — TE\Ru™) — T Exul™M=V))], +2ul"3"
+719] - I(M(;f;l’M)). (34)

Similarly to the argument used in the proof of theorem 3.3, by taking now the limit forn — oo
in (33) and (34), and by using (31) we obtain

0 € [<2(Ru™ + RiT*((g — TE2Rou'™) — TEy Ry ™) + 21 + 70 - (1),
for A € Ay and
0 € [<2(Ru™ + RyT*((g — TE1Riu'™®) — TE;Rou®)) 1, + 2™ + 7] - |(u)™)
for A € A,. In other words, we have

0€d,T5u™, u).
An application of lemma 3.1 and [15, proposition 2.1] implies that

u® =S, (™ +T*(g — Tu"™)).

We conclude the minimality of > by an application of [15, proposition 3.10]. ]

4.2. Strong convergence of the parallel DD algorithm

By using the same notations as in subsection 3.2, we can prove the convergence of the parallel
domain decomposition algorithm (29).

Theorem 4.2 (strong convergence). The algorithm in (29) produces a sequence @) en in
£>(A) whose strong accumulation points are minimizers of the functional J. In particular,
the set of strong accumulation points is non-empty.

Proof. Let 4™ be a weak accumulation point and let (1) ;cy be a subsequence weakly
convergent to #®. Let us denote the latter sequence (1), ey again. By theorem 4.1 and
(31) we have that £ = E;n"*1/? 4+ E,u /2 weakly converges to zero. By substituting
the use of (21) with that of (31) whenever relevant and by substituting n"*" with n in
the proofs, one easily verifies that both lemmas 3.5 and 3.6 hold again. In particular, we
have lim, oo [|S; (h + ™) — S;(h) — €™ ||4ya) = 0. From lemma 3.7 we conclude that
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£MW = E /2 4 E,u™*1/2 converges to zero strongly. Again by (31) we have that
(u™),cn converges to u> strongly. 0

Remark. If 7 has a unique minimizer then necessarily the whole sequences (u™),cy
produced both by (12) and (29) converge in norm to it (and not only a subsequence).
Unfortunately, we could not prove the uniqueness of the accumulation point without this
assumption, although numerical experiments support the conjecture that:

(1) the accumulation point is indeed unique;
(2) it coincides with the limit of the thresholded Landweber iterations.

A similar analysis can be provided for the minimization of J,(u) = ||g — Tu||$1 + T |ull +
£||u||% via domain decompositions. In this case we have to consider in front of all the
thresholding operations an additional scalar factor ﬁ, giving, e.g., for the sequential
algorithm, the following iterations:

u§n+1.0) — ugn,L)
u Y = LS (w0 R T (g = TEw{™) = TEW{™)) £=0,....L—1
ug ™ = ug (35)
ug T = L (w0 + RT (g = TEW(™ ) = TEag™)) £=0,....M =1
u(n+1) — Elu§n+l,L) + Ezu(2n+l,M)’

In this case, the functional J; is strictly convex, hence it has always a unique minimizer.
Therefore, the whole sequence @) en produced, e.g., by (35) will converge to its minimizer.

5. On the computational cost

Let us assume that #A = N < oo and that #A; = N /2. For simplicity we assume that the
matrix representing the operator 7 is full, so that the matrix—vector multiplication by the matrix
T*T costs O(N?) algebraic operations. The computational cost of the original algorithm (4)
is therefore O(N? x nmax), where nmax is the number of iterations to achieve the desired
accuracy. Here we have neglected the cost of S; which in practice can be executed very
rapidly (compared to the matrix—vector multiplication). Let us now estimate the cost due to
(12). For each outer iteration (indicated by the label n) we execute L + M inner iterations
(indicated by the label ¢). For each inner iteration we have to execute O (%)2 operations
(due to the matrix—vector multiplications with halved dimension). Therefore the total cost is
given by O((L + M) x NTZ X mmax ), where mmax is the number of outer iterations to achieve
the desired accuracy. In practice, we can verify experimentally (on random matrices T)
that one can choose the parameters L, M, mmax so that (LrM)xmmax "m% in order to
achieve the same accuracy, see figure 3. (Here we used |7 (u"*D) — 7 ()| as an indicator
of accuracy for the computed minimum.) This means that by decomposing the problem as in
(12) we can halve the computational cost. Note also that this operation does not imply any
significant increase in the complexity of the implementation. In particular, no parallelization
is yet required. Indeed, algorithm (12) is fully sequential, i.e., it is implementable by a single
processor.

We illustrate the characteristic dynamics of the thresholded Landweber iteration in
figure 4 (on the top-left) by plotting the trajectory of the iterations (||u™]|;, |Tu™ — g|i+).
Indeed, while the algorithm initially converges relatively fast, then it overshoots the limit
value of ||u™]; and takes a long time to re-correct back. We have to imagine that, starting
from u® = 0, the algorithm generates a path {¥},cy which is initially fully contained
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Figure 3. We assume £ = R* and H = ]Rlo, T is a 40 x 10 random matrix with i.i.d. Gaussian
entries, renormalized so that | T]| < 1,and g € R'? is a random vector. We fix the regularization
parameter T = 0.1. The figure shows the normalized frequency for multiple random trials
versus the percentage ratio between the number of operations required by the sequential domain
decomposition method (12) in order to achieve an accuracy of 10~!% and that required by the
thresholded Landweber iteration (4). Here we have fixed L = M = 8. This experiment confirms
that in most of the cases (i.e., with high probability) the computational cost due to (12) is half that

of (4).
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0.205
3.725 775 3.85 el
.19
0.18™
0.17

ITx~gll Domain Decomposition

o o o oo o
W A U o o

[I=<all

[IT=~gll
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Figure 4. Dynamics of the iterations (|u |, |Tu®™ — gl|l%) of the thresholded Landweber
iterations (on the left) and of the sequential domain decomposition algorithm (on the right). On
the bottom row we compare the final iterations (‘the tail”).

in the £1-ball Bg := {u € €>(A) : |lull; < R}, with

R := |u®(7)|;. Then it gets out

of the ball to come back to it only at the limit, typically on a vertex or on an edge of the
ball (which corresponds to regions where several components are indeed zero). It is this
‘tail” which requires most of the computational cost. A similar dynamic is realized by the
sequential domain decomposition method, but it is visible that the subspace corrections due
to the inner iterations indeed accelerate the convergence. Such an acceleration becomes very
relevant on the ‘tail’, where the thresholded Landweber iteration is very slow, so that much
fewer steps are needed to get to convergence. This acceleration compensates the effort due to
few lower dimensional subspace corrections. This will no longer be true for L and M when
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they are too large and the trade-off between the acceleration and computational cost has to
be considered. Indeed, this is a rather common issue in domain decomposition methods. A
theoretical a priori estimate of this trade-off is far from being achieved and a very interesting
open problem, intimately related to the choice of the splitting A = A; U A,.

In applications the splitting of the label set A = A; U A, can be naturally provided by
the problem itself. In large dimensional problems one is forced by speed, memory resources
and geometrical limitations to decompose the domain into small subsets and on each of them
a basis or a frame is defined, see, e.g., [13, 14, 41]. In this case, there is a natural geometrical
splitting. In other applications, the solution can be composed of different features, each better
approximated by different frames. For example, natural images contain discontinuities, color
homogeneities and texture elements. The reconstruction of an image can be performed by
discretizing the problem by means of a frame which is a union of curvelets, local Fourier
basis, and by performing alternating £;-minimizations combined with TV-minimization, see,
e.g., [22]. In this case, a morphological component analysis is the guidance to the splitting
choice. More generally, in order to ensure the fastest convergence of the domain decomposition
algorithm, one should decompose the label set in such a way that the suboperators R; T*T E;
are well-conditioned. For certain matrices, random column selections allow us to extract
submatrices which are ensured to have prescribed condition numbers with high probability
[44].

An extensive study of the choice of the splitting in order to ensure optimal performances
of the domain decomposition algorithm is the subject of a subsequent work.

6. Variations on a theme

In this section, we make explicit the generalization of the subspace correction algorithms
to multiple decompositions. We now split the index set A into multiple disjoint sets
Ar As, ... Ay sothat A =Y, Ay

Associated with a decomposition C = {Aj, Ay, ..., Ay} we define the extension
operators E; : £y(A;)) — L(N), (Ev), = v, if A € A;, (Ejv), = 0, otherwise,
i =1,2,...,N. Again we denote by R; the adjoint of E;. For a sequence of natural
numbers L, ..., Ly we define the sequential iterations

=u
u§n+l,€+l) — Sr(ugnﬂ,é) + R]T*((g _ Zf\iz TEiufn'Li)) _ TE]MYHI'Z)))
£=0,...,L—1

1,0 L
u§n+ ) gn 1)

u;\r}+l,0) _ u;\,},LN) (36)

(n+1,£+1) (n+1,£) N-—1 (n+1,L;) (n+1,£)
Uy =S (uy"" + RyT*((¢ — 00y TEy ) = TEyuy™"))
£=0,...,Ly—1

) ._ vV (n+1,L;)
u™h =3V | Eu; .

The analysis of this algorithm follows from a straightforward generalization of the case
N = 2 and the proofs are essentially identical. For the parallel version again we have to take
into account a suitable average of two consecutive iterations together with the number N of



Decomposition methods for inverse problems 2525

patches. We obtain the following parallel algorithm:

1,0 L
u§n+ ):uin 1)

u§n+1,l+1) — Sr (u§n+1,£) + R1T*((g _ z:,l/\i2 TE,'R,-M(H)) _ TElu(lnH,e)))
£=0,....,L;—1

u%+1,0) _ u%,Lm 37

wD =S (w0 + RyT* (g = XN TE Ru™) — TEpu(f))
0=0,..., Ly—1

o) o T Ea ™ pu
= = .

With this modification the proof of convergence again follows from the approach considered
for the case N/ = 2.
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