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GENERALIZED COORBIT THEORY, BANACH FRAMES,
AND THE RELATION TO a~MODULATION SPACES

STEPHAN DAHLKE, MASSIMO FORNASIER, HOLGER RAUHUT,
GABRIELE STEIDL anp GERD TESCHKE

ABSTRACT

This paper is concerned with generalizations and specific applications of the coorbit space theory
based on group representations modulo quotients that has been developed quite recently. We
show that the general theory applied to the affine Weyl-Heisenberg group gives rise to families of
smoothness spaces that can be identified with a-modulation spaces.

1. Introduction

In recent years, the construction and the application of frames has become a field
of increasing importance [4, 11]. In general, given a Hilbert space H, a collection of
elements {e;};cz is called a frame if there exist constants 0 < A; < Ay < oo such
that

Al FI5e < DO eaml® < Al fI13 (1.1)
i€Z

In contrary to the classical Riesz basis setting, the representation of an element
in the Hilbert space by means of the frame elements is not necessarily unique,
i.e., the frame approach allows some redundancies. In some applications, these
redundancies might be a disadvantage, however, usually this weak point is more
than compensated by an enormous gain of flexibility. This higher flexibility which,
e.g., allows very natural constructions of frames on manifolds, is one of the reasons
why many people have been attracted by the frame approach for designing robust
methods in innovative applications. The foundation of modern frame theory in
Banach spaces was layed by Feichtinger and Grochenig in a series of papers [16,
17, 18, 19]. Given a Hilbert space H, the first step is to find a suitable group G
that admits a (square) integrable representation in H and therefore gives rise to
a generalized (continuous) wavelet transform. Then, so—called coorbit spaces can
be defined by collecting all functions for which this wavelet transform is contained
in some weighted L,—space. Finally, a judicious discretization of the representation
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produces the desired frames for the coorbit spaces. This approach works fine on the
whole Euclidean plane and covers, e.g., the classical wavelet and Weyl-Heisenberg
frames. In two recent papers [9, 10], three of us have developed a generalization
of the Feichtinger/Grochenig theory to quotient spaces. Moreover, [35] contains
a generalization into a different direction, which covers classical coorbit spaces
restricted to elements that are invariant under the action of symmetry groups.
A further development that starts with a general abstract frame was provided by
two of us in [25]. In [37] the classical coorbit theory was generalized with the aim
to treat also quasi-Banach spaces.

The main ingredient in [9, 10] was the concept of representations modulo quo-
tients as, e.g., developed by Ali et al. [1, 2, 3] and Torresani [42]. This approach
can be used to construct Gabor frames and modulation spaces on the spheres,
see again [9, 10]. However, there is another possible application of the general
coorbit space theory modulo quotients that we want to discuss in this paper,
namely the construction of new smoothness spaces. It is well-known that the
coorbit spaces associated with the affine group are the Besov spaces [26, 43,
44], whereas the smoothness spaces related with the Weyl-Heisenberg group are
the modulation spaces [29]. Therefore one natural idea would be to construct
some mixed forms of smoothness spaces, i.e., spaces lying ‘somewhere in between’
Besov and modulation spaces. Following the Feichtinger/Grochenig approach, the
first step would be to find a group that contains both, the affine and the Weyl-
Heisenberg group, and square integrable representations generated by combinations
of dilations, translations, and modulations. One possible candidate would be the so—-
called affine Weyl-Heisenberg group. Unfortunately, as shown by Torresani [40], no
representation of this group is ever square integrable. However, one possible remedy
has been suggested in [9, 10, 32, 40, 41]: why not factoring out a suitable closed
subgroup and work with quotients? Then, by varying the subgroup and/or specific
Borel sections we obtain indeed some kinds of mixed spaces.

The aim of this paper is twofold. First, we want to generalize the coorbit theory
in [9, 10] in order to fill some gaps that have been left before:

— We show that the whole analysis can be carried out even if the quotient space

does not possess an invariant measure.

— As proposed in [25], we generalize the theory from the strictly square integrable
to the square integrable setting.

— We explain how some technical assumptions made in [9, 10, 25] can be satisfied
in practice.

Secondly, we want to apply the whole machinery to construct and to analyze certain
mixed smoothness spaces:

— We show that factoring out a natural subgroup of the affine Weyl-Heisenberg
group, equipped with specific sections, indeed produces a square integrable
representation. Hence, the associated coorbit spaces, i.e., the mixed smoothness
spaces, are well-defined.

— We prove that it is possible to construct suitable Banach frames for the coorbit
spaces.

— We discuss the relations of these smoothness spaces to classical function spaces
such as modulation spaces [29] and Besov spaces [26, 43, 44]. Moreover we
show how a—modulation spaces [13, 14, 20, 23, 27, 32, 34, 38|, that include
Besov and modulation spaces as particular cases, are fully characterized by our
construction.
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Our paper is organized as follows. In Section 2, we collect some basic facts on square
integrable group representations modulo quotients as far as they are needed for our
purpose. Then, in Section 3, we introduce and discuss the associated coorbit spaces.
The presentation essentially follows the lines of [9, 10], however, the nontrivial
operator A, occurring in our setting requires special care. In particular, it turns
out that two different scales of coorbit spaces have to be considered. Section 4
contains the main results of this paper. We state and prove a decomposition and
a reconstruction theorem and establish the frame bounds. To this end, we have
to introduce and to analyze certain approximation operators. We also show that
specific coverings of the embedded quotient that are needed always exist. In Section
5, the abstract theory developed so far is applied to the affine Weyl-Heisenberg
group. We show that factoring out a certain subgroup yields a square integrable
setting. Then, we prove that all the integrability conditions on the kernel and the
oscillating part can be satisfied, so that we have established the coorbit spaces
and the associated Banach frames. Finally, in Section 6 we show that such coorbit
spaces coincide with certain a-modulation spaces and derive corresponding Banach
frames and atomic decompositions by an application of the general discretization
machinery illustrated in Section 4.

2. General Theory

Let G be a locally compact group with left Haar measure v and let H be a
separable Hilbert space. A strongly continuous unitary representation of G on H is
a mapping U from G into the unitary operators on H for which U(gg) = U(g)U(g)
for all g,g € G and the mapping g — U(g)f is continuous for all f € H. Further,
we say that U is square integrable if there exists ¢ € H\{0} such that

JG |1, U(g)) 1 [2dv(g) < oo.

For the classical integral transforms like the short time Fourier transform and
wavelet transform related to the reduced Weyl-Heisenberg-group and the affine
group, respectively, the representations in question are in fact square-integrable.
However, for integral transforms related to group representations on Lo-spaces on
manifolds, for example on the sphere, square integrability fails to hold. In other
words, the corresponding group is too large.

A way to overcome this fact, is to make the group G smaller, i.e., to factor
out a suitable closed subgroup H. In this way, we restrict the representation to a
quotient X := G/H. The space X always carries a natural measure. There exists
a G-invariant Radon-measure p on X, which is unique up to multiplication with a
constant, if and only if Ag|H = Ap, where Ag denotes the modular function of
G. In the general case one still has a suitable substitute, called a quasi-invariant
measure. Suppose that p is a Radon measure on X. Then for g € G the translate
g is defined by pg(E) = u(gE) for a measurable set E. If all measures p4,9 € G
are equivalent, i.e., they have the same null sets, then u is called a quasi-invariant
measure. If there exists a continuous function A : G x X — (0,00) such that
dug(x) = Mg, z)dp(z) for all g € G,z € X then p is called strongly quasi-invariant.
The function A satisfies the cocycle property [21, formula (2.60)]

)‘(ggv x) = )‘(gv QI))\(Q, I)
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Every pair G, H admits a strongly quasi-invariant measure. For its construction we
refer to [21]. In the following, we drop the indication of the measure p when writing
L,(X).

Since the representation is not defined directly on X (unless H is a normal
subgroup and the kernel of the representation) we need to introduce a section
o : X — G which assigns to each coset a point lying in it. In other words, if
II : G — X denotes the canonical projection then IT o ¢ = id. In general the
section ¢ cannot be chosen to be continuous but it is always possible to choose it
measurable or even continuous on some dense open subset of X. However, in many
examples the section will be continuous. The action of an element g € G on o(x)
for x € X can be written as

go(z) = o(gx)h(g, z)
for some element h(g,x) € H which clearly is given by
h(g,z) = o(ga)'go(). (2.1)

Let a quasi-invariant measure 4 on X and a section ¢ be given. Then a unitary
representation U of G on H is called square-integrable modulo (H, o) if there exists
a function ¢ € H such that the self-adjoint operator A, : H — H (dependent on o
and ) weakly defined by

Af = j (U0 (2) ) Ulo (@) dia(a),
X
(Aof.g)n = JX<f,u<a<x>>w>H U(o(@)) gy dp(x) for all fg € H (2.2)

is bounded and has a bounded inverse A;!. Then we have that

<Agf,f>H:jX|<f,u<a<x>>w>H|2du<x><oo forall feH.  (23)

The function v is called admissible. If A, is a multiple of the identity then ) is
called strictly admissible.

In [9, 10] the investigations have been carried through under the assumption that
A, is a multiple of the identity. However, for many applications, e.g., the wavelet
transform on the sphere, it turns out that this assumption is not necessarily true.
Therefore one aim of this paper is to generalize the approach in [9, 10] to more
general operators A,, see also [25].

The wavelet transform or voice transform is defined by

Vpf(x) == (f,U(o(z)))n, z€X.

By (2.3), we have that Vi f € Lo(X). The main ingredient in the coorbit space
theory is a reproducing formula. In the case that A, is a multiple of the identity
one uses Vy;, to define the reproducing kernel. In the general case we define a second
transform

Wy f(z) = Vy(A7 )(z) = (AZ fU(o(@))n = (f, A7 U0 (@), € X.
Using A, 'f and A, 'g instead of f and g in (2.2), respectively, we obtain that

<fvg>H = <W¢f,V¢g> = <V1/1f7W¢g>a 5,9€eH, (24)



COORBIT THEORY OF a-MODULATION SPACES 5

where (-,-) = [ F(2)G(z)du(x) whenever the integral exists. By (2.4), we see that
Vi f(x) = (f,U(o(@)) = (Vpf,WyU(o(x))¥)) = (Vof R(z,")),
Wy f(x) = (f, A7 U0 (@)p) = (Wyf,WyU(o())p)) = (Wyf,R(z, ")),
where
R(z,y) = Ry(z,y) == WypU(o(@))(y) = (A, U(o(x)d,Ula(y))¥). (2.5)
Clearly, R(y,z) = R(x,y) for all z,y € X. Moreover, we have for all z,y € X that
[R(z,y)| < 1A 1913 (2.6)

The following facts on square-integrable representations I« modulo (H, o) and admis-
sible functions ¢ are well-known, see [2, Theorem 7.3.1].

— The set
Se :={U(c(x))Y :xz € X} (2.7)

is total in H, i.e., S& = {0}. Since A, is continuously invertible, we see that
also the set A 1(S,) = {A;'U(o(x))y : x € X} is total in H.

— The mappings Vi, and W,, are bijective mappings of H onto the reproducing
kernel Hilbert space

My :={F € Ly(X) : (F,R(z,-)) = F(x) a.e.}.
~ By (2.4), the mappings Vy, : La(X) — H and Wy, : La(X) — H defined by

Vb = | P@)A; Ulo @) duta),

WyF = | Pll(e)i )
ie.,
(VoF,g)w = (F,Wyg), (WyF,g)n = (F,Vyg) (2.8)
fulfill
VyVyF(x) = (F,R(z,-)), WyWyF(z) = (F,R(z,-)) forall F € M,
and
F=VyVyf, f=WyWyf forall feH.

Clearly, they are adjoint mappings, f/¢ =W, and V~V¢, =V

3. Coorbit spaces

The coorbit spaces that we will define are smoothness spaces on some manifold.
In order to measure smoothness we will also need to plug in weight functions on X.
For technical reasons we assume in the following that G and, hence, also X = G/H
is o-compact.

For some positive measurable weight function v on X and 1 < p < oo, let

Ly, »(X) := {f measurable : fv € L,(X)}
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with the natural norm

1/p
T (j If(x)lpv(af)pdu(x)) L 1<p<oo
X
1l = ess sup |F(@)lo(e).

zeX

The generalized Young inequality (Schur test) for L, , will be a major tool in the
sequel:

THEOREM 3.1. Let K be some kernel on X x X. We associate to K the integral
operator
K(F)@) = | K(g)F@)duy)
If K satisfies

ess sup [ | (o) 2 di(y) < Coc < 3.)
zeX Jx v(y)
then K is a continuous operator on Lo, ,(X). If K satisfies
ess supJ' |K(:v,y)|v 2) du(z) < Cg < o0, (3.2)
yeX Jx v(y)

then K is a continuous operator on Ly ,(X). If K satisfies both (3.1) and (3.2) then
K is a continuous operator on L, ,(X), 1 < p < oo, and satisfies

IK(F)z,.x) < CkllFlL,.x) (3.3)

For the proof see e.g. [10].

First we need to introduce the “reservoir” for our coorbit spaces. To this end, let
w be some weight function on X satisfying w(z) > 1 for all z € X. Throughout
this paper, we impose the fundamental condition

ess Sg}g JX |R(z, y)|% du(z) < oo. (3.4)
For ¢ € H with property (3.4) (for R = Ry) we define the spaces
Hiw :={f € H: Wy(f) € L1,w(X)},
Kiw:={feH:Vy(f) € L1,u(X)}
with norms
[0 = W fllLrws  1fllciw = Vo fllL ., (3.5)

respectively. By (3.4), the sets S, and A;'S, are contained in Hj,, and Ki .,
respectively. Since these sets are total in H, we conclude that H; ,, and K; ,, are
dense in H. Moreover, we have by (2.4) that

1= | Wos VeTauta) < | Wos| Vsl duo)
X X

and since w(z) > 1 and [Vy f| < [ fll#ll9llse, Wy fl < 1 FI# 1TAZ I 1)12, we
obtain that

I F e < MWDl Fllea s 1l < WDl NAS Il
Thus, both H; ,, and K, are continuousely embedded in H.
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REMARK 1. In particular, H; ,, and K; ,, are Banach spaces. In fact, if (f)nen
is a Cauchy sequence in Hi ., then (F,) = (Wyf,) is a Cauchy sequence in
Li (X). Therefore, there exists F' € Ly 4,(X) such that F,, — F. Since f, € H
we have (F,, R(x,)) = F,(z). By (3.4) and the generalized Young inequality, the
application of the kernel R is a continuous operator on Ly ,,(X) yielding

F(z) = (F,R(z,-)). (3.6)

From (3.6), (2.6), and the fact that w(y) > 1 we obtain immediately that F €
Loo(X)N Ly ,w(X) C La(X). Therefore there exists f € H such that F' = Wy, f and
since F' € Ly 4, (X) we have f € Hj,. Similarly it can be shown that Ky, is a
Banach space.

Introducing the anti-dual spaces H},, and K}, (the spaces of all bounded
conjugate-linear functionals on Hj . and Ki., respectively) we thus have the
continuous embeddings

Hiw CHC Hy (3.7)
Kiw CHC K:/l,w'

(Hereby we identify an element f € H with a functional in H} ,, by (f, 9)3e; |, <71, =
(fy9)1, 9 € Hiw.) Moreover, Hi ,, is norm dense in H and H is weak-* dense
in H ,,, and similarly for Ky, and K} ,. In other words, (Hiw,H,H],,) and
(K1,w, M, K7 ,,) form Gelfand triples. By definition, we see that Hiw = AcKiw
and therefore Ky ,, = ASHY -

We can extend the operators V, and Wy to H

setting
Vﬂ’f(x) = <fau(o'($))1/)>7'(’lyw><7'(1,w7
Wy f(x) = (f, AZ U0 (@))icy , xkr0 = (AT L U@V < 0-

By (3.4), these expressions are well-defined. Further, we conclude by the following
inequality

and K1 ,,, respectively, by

!
1w

Vo fllLw.ny = €88 sup Vi f ()| w(z) ™!
= ess sup (FU(a(@))rgy x| w(2) 7
e

< £l es5 sup et (o (2)) ¢l w(z) 7
xTE

=l s s [ W@ @) S auty) < €l
' zeX JX w(I) ’
that Vi : 'Hj ,, — Loo,1/w(X) is a continuous operator, see also [25, Lemma 1].
In a completely similar way, we can show that Wy : K, — Le1/0(X) is a
continuous operator. Now the operators f/w and V~Vw in (2.8) can be weakly extended
to Loo,l/w(X> by

<‘71/JF7 g>'H/1,w><'H1,w = <F7 W’l/Jg> ’ <W1/JF7 g>l€'1’w><lC1,w = <F7 ng>7 Fe Loo,l/w'
(338)

By following the lines of the proof of Lemma 2 in [10], it can be shown that both, Wy,
and Vy, are bounded operators on L 1/, (X ). Then we obtain for F' € L 1/4,(X)



8 S. DAHLKE, M. FORNASIER, H. RAUHUT, G. STEIDL, G. TESCHKE
that
VoV F(z) = (Vy FU(0(2) )3, <t = (B WyU(o(2)9))
(R Rw) (3.9)
Wy Wy F(z) = (WyF, A7 U0 (2) )k s = (B V(A7 U0 (2)9))
= (F, R(z,")).

By (3.8) we have for f € H} ,, and g € Hy,, that

VoV o 0w, st = (Vo f, Wyg). (3.10)

Now we introduce the coorbit spaces. Let v be a positive measurable weight function
on X (not necessarily v(z) > 1) and let

m(a.y) = max { 25, 2O

< |

We impose the fundamental condition

supJ' |R(x,y)| m(z,y) du(z) < Cy < . (3.11)
yeX JX

REMARK 2. Since |R(z,y)| = |R(y,x)|, the condition that the left-hand side of
(3.11) is uniformly bounded is equivalent to

o(z) v()
Sggjxmu,yn@du(w)m and jggjxmw,yn@du(y)mo. (3.12)

Indeed, it is obvious that (3.11) implies (3.12). For the converse observe that (3.12)
implies

sup JX |R(z,y)| m(z,y) du(x) < sup JX \R(z, )| <U(I) " v(y)> ()

yeX yeX v(y)  v(x)
< sup [Rle )| ) esup | R0 dula) < .

The conditions (3.12) imply by Theorem 3.1 that F — (F, R(x,-)) is continuous
on Ly ,, 1 <p < oo. Additionally, we require that there exists a weight function w
associated to v satisfying condition (3.4), w(x) > 1 for all z € X, and

{{F,R(z,)): F € Lpy} C Log1jw (3.13)

forall 1 <p < cc.

REMARK 3. i) If v(z) > 1 then the choice w(x) = 1 is valid. Indeed, if F' € L, ,,
then Holder’s inequality with 1/p +1/¢g = 1 and (2.6) yield

|| PORED )] < | 1F@)]ew) IRl datw)
" " 1/p 1/q
(JX [E(y)I” vP(y) |R(z, y)ldu(y)> (JX | R(z,y)] du(y)>

1/q
AU 1l37 1 F ) e <JX IR(I,y)Im(I,y)du(y)> < C||F| s

IN

IN
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Moreover, (3.11) clearly implies (3.4) if w = 1.

ii) In the general case (no lower bound on v) we will show later in Lemma 4.3 that
under some conditions on v and R needed also for the discretization method there
exists a natural choice of a weight function w associated to v satisfying (3.13).

For 1 < p < oo we define the coorbit spaces
HP-,'U = {f € K:/I,w : Wi/’f € LP-,'U(X)}a
Kpo:={f€ H/l,w cVuf € Lpo(X)}
with norms

||f||Hp,u = HWwaLp,u ? HfHKp,v = ||wa||Lp,v'

These are really norms since || f||x,, = 0 implies Vi, f = 0 which in turn implies
f =0 since {U(o(x))y : z € X} is total in Hq 4, (see Theorem 1 in [16, 25]) and
similarly for the second norm.

The basic ingredient in the coorbit theory is a correspondence principle between
the spaces Hp, Kp,» and certain subspaces of functions on the coset space X,
which are defined by means of the reproducing kernel R. For 1 < p < oo and ¥
with property (3.11) let

My = {F € Lpo(X): (F,R(x,")) = F(z) ae. }.

By the generalized Young inequality, the expression (F, R(x,-)) defines a function
in L, ,(X). The correspondence principle can now be formulated analogously to
Theorem 3.1 in [9] as follows.

THEOREM 3.2. Let ¢ € H be given such that the corresponding kernel R
satisfies (3.11).
i) The following relations hold true

<V1/1fa R(Ia )> = wa(x)v f € Kp,vv
(Wyf, R(z,-)) =Wy f(z), [€Hpu,

ie., wa, Wwf € Mpyv.

ii) For every F € M,,, 1 < p < oo, there exists a uniquely determined element
f € Kp,» such that F' =V, f and a uniquely determined element f € H, , such
that F' = Wwf

ili) Both (Hpv,| - [|#,.,) and (Kp., || - ||k, ) are Banach spaces.

Proof. i) Since K, is a subspace of ) ,, and H,,, is a subspace of K ,, it is
enough to prove the assertion for H; , and Kj . For these spaces, however, the
result is shown in Lemma 3 in [25] (using the o-compactness of X).

ii) By (3.13) we have that M, , C Lu 1/,(X). By (3.9) we obtain that I’ =
Vy(VyF), where V,F € My, and since F € L,,(X) also VyF € K,,. The
uniqueness condition follows by definition of Kp,v. To show the assertion for F' =
Wy f, f € Hpw, we can follow the same lines.

iii) It follows from i) and ii), for example, as in the proof of [16, Theorem
(Properties of coorbit spaces)] or [25, Proposition 2]. U

By (3.9) we see that V,,V,, and W¢,V~V1£ are identities on M, ,,. Since we have for
f € Ky that Vi, f € M, it follows Vi, V,, Vi f = Vi, f. Now Vy, is injective on H ,,
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so that f/w Vi is the identity on KCp, ,,. Similarly we obtain that V~V¢, Wy is the identity
on Hy .

REMARK 4. i) (Equivalence of H,, and K, ,) By [25, Proposition 3], if

supj U0 (@)1, U(o ()b m(z, y)du(z) < oo (3.14)
reX JX
and
esssupj (A U o (), A U0 () mz, y)du(z) < oo, (3.15)
reX JX

then H,, ., = K, for all p € [1, 0o] with equivalent norms. In this case the continuous
frame S, introduced in (2.7) is called intrinsically localized (with intrinsically local-
ized canonical dual). We refer to [25] for details on the theory of localized continuous
frames and their properties for the characterization of generalized coorbit spaces.
ii) (Independence of ¥) Let ¢,¢ € H \ {0}. Suppose that (3.14) and (3.15) hold
both for ¢ and ¢, and additionally

max {eSS sup Jx [U(o()e,U(o(y))o) | m(z, y) duly),

TE

esssup [ [U(o )0 U(o)8) (o) ) | < oc
ye

then H,, (= K,,,) does not depend on whether we take ¢ or ¢ for its definition
(with equivalent norms for ¢ and 1), see [10, Lemma 3] and [25, Proposition 4].

4. Main Results

In this section, we state and prove the main results of this paper, i.e., we show
that judicious discretizations of the continuous wavelet transform give rise to atomic
decompositions and Banach frames for the coorbit spaces introduced in Section 3.
The corresponding Theorems 4.4 and 4.5 are presented in Subsection 4.1. The proofs
are based on certain discretizations and approximations which are also introduced
in Subsection 4.1.

4.1. Discretizations and Approximations

The main aim of this section is to discretize the continuous transform Vy, i.e.,
to arrive at an atomic decomposition of the coorbit spaces or even to construct
coherent Banach frames of the form {U(o(z;))y : z; € X}.

A major tool is that of a bounded uniform partition of unity. This tool is well-
established on groups, see [12]. However, we need an adaption to homogeneous
spaces. In the following we fix a section o. A sequence (z;);e;r C X is called U-
dense if

UJo@)U o o(X) (4.1)
i€l
for some relatively compact neighborhood U of e € G with non—void interior and
it is called relatively separated, if

sup#{iel:ge€o(r;)L} < Cp < (4.2)
geG
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for all compact subsets L C G.

REMARK 5. The finite overlap condition (4.2) is equivalent to
sup#{i € I:o(x;)LNo(x;)L #0} < Cy, (4.3)
jE€I
possibly with a different constant Cp, from that of (4.2). Indeed, assume (4.2) and
fix j. One has o(z;)L N o(x;)L # 0 if and only if o(z;) € o(x;)LL™'. Then by
(4.2) the number of such i cannot exceed Cpp-1. Conversely, assume (4.3) and let
g € o(xz;)L. Then clearly g € o(z;)L for at most Cp, different indices ¢ by (4.3).
Thus, (4.2) is satisfied.

We have the following theorem.

THEOREM 4.1.

There exist relatively separated and U-dense sequences (z;)ic; C X for all
(c—compact) locally compact groups G, all closed subgroups H and all relatively
compact neighborhoods U C G of e € G with non—void interior.

Proof. We adapt the proof in [33]. We assume here that G is o—compact. For
the general case one has to use Zorn’s lemma.

Consider G := |J,,cyy U™. This is an open and hence closed subgroup of G. Then
G is the disjoint union G = (J,cg5Go, where S C G is a countable set by the
o—compactness of G.

First we construct a covering

Ny
sUNo(X) c |Jo(@)Unao(X)
i=1
by the following procedure: if L; := sU No(X) # ), then we choose a point 1 € X
such that o(x1) € L;. Next we form Lo := (sU \ o(z1)U) No(X). If Ly # 0, then
we choose 22 € X such that o(x2) € Lg and so on. Let W? c U with W =W~L
Then our process terminates after

N, <v((sUNa(X)W)/v(W) (4.4)
steps with (sU \ UfV:ll o(z;)U) No(X) = 0 by the following argument: we see that
U($j)WﬂU($i)W: 0, #j. (45)

The contrary would imply o(x;)wi = o(z;)ws for some w1, ws € W, ie., o(x;) €
o(x;)W? C o(x;)U which is not possible by construction. Further, we have by
construction for all i = 1,..., Ny that o(x;)W C (sU No(X))W and consequently
N,
U o(z )W C (sUNo(X))W.
i=1
Together with (4.5) this implies (4.4).
Next we consider Ly, 1 := (sU2 \ vazll o(z))U)No(X). If Ly,+1 # 0, then we
choose xn,+1 € X such that o(xn,+1) € Ly, +1. Continuing like this we obtain a
covering of sGo N o(X) of the form

sGo ﬂU(X) C U O'(LL'l)U
i€l
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and performing this for all s € S we get a covering of o(X) of the form

o(X)C U o(z;))U
i€l
with some countable index set I.

Finally we prove that (z;);cs is relatively separated. For an arbitrary compact
set L let g € o(x;)L. Then o(x;) € gL~ and o(x;)W C gL~ 'W. If g € o(x;)L for
some j # i then clearly o(z;)W C gL~'W. Hence, regarding (4.5), the number of
x;’s such that o(z;)W fits into gL ='W is bounded by Cy, := v(L~'W)/v(W). This
completes the proof. O

REMARK 6. Condition (4.3) means that the family {o(z;)U }icr is an admissible
covering in the sense of [20], Def. 2.1. Therefore, we may conclude from Lemma 2.9
in [20] that there exists a splitting I = (J, I, such that

o(z))UNo(z;)U=0  fori,je I, and i # j. (4.6)

It is standard to construct a bounded partition of unity corresponding to some
U-dense and relatively separated sequence (z;)icr, i-€., a sequence of (continuous)
functions ¢;,7 € I, on G such that
(a) 0< gi(g) <1forallgeG,

(b) supp ¢; C o(x;)U,

(¢) Dierilo(x)) =1 forall z € X.

For shorter notation we define 7; := ¢; o 0. Also we introduce the following subsets
of X:

X, ={reX: o) €o(x;)U}.

Clearly, these sets form a covering of X with uniformly finite overlap. Moreover,
we observe that x; € X; and suppm; C X;.

LEMMA 4.2. i) It holds X; C o(x;)II(U).
ii) If (o (2;)IL(U)) C o(2;)U then o(x;))II(U) = X;.

Proof. i) Let x € X;. Then there exists u € U such that o(z) = o(x;)u. Thus,
with h as defined in (2.1) we obtain

u = o(x;) to(z) = o(o(x;) ta)h(o(x) ", ).

Since Il o o = id and h(o(z;)~!,z) € H, application of II yields II(u) = o(z;) " tx,
ie., x = o(x;)I(u).

ii) We only need to prove o(z;)II(U) C X;. Let © = o(x;)II(u) for some u € U.
Then our condition implies o(z) = o(o(x;)II(u)) = o(z;)u’ for some v’ € U. Thus,
z € X;. O

In order to carry through the discretization machinery we have to impose the
following condition on the weight function v. We require that

v(r) <D forallaz,ye X;,iel (4.7)
v(y)
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for some constant D < oo that is independent of ¢ € I. In particular, v is bounded
on X;. In the terminology of Feichtinger and Grobner [20] this means that v is
moderate with respect to the covering {X;}icr.

For some relatively compact set U we further introduce the kernel dependent on

(4

oscy (z,y) = 216118|<A;1U(0($))(1d—U(ufl))dhu(ff(y))dﬁla (4.8)

which can be viewed as an adapted version of a modulus of continuity of the kernel
R.

Under a condition on oscy needed later in the discretization Theorems 4.4 and
4.5 we can determine a weight function w such that (3.13) is satisfied.

LEMMA 4.3. Let v satisfy (4.7) and let

w(x) = max{l, Zv(xﬂfl Inax{l,,u(Xi)l}XXi(x)} (4.9)
icl

with x x, denoting the characteristic function of X; fulfill (3.4) and

ess supJ OSCUlU(y,I)wa) du(y) < oo. (4.10)
zeX JX w ‘T)

Then (3.13) is satisfied. In particular, assuming (3.11), the space M, ,, is continu-
ously embedded into L 1/, (X).

Moreover, if ((X;) > C > 0 for all i € I, then the weight w is equivalent to
x — max{1,v"(z)} and (3.11) already implies (3.4).

Proof. For R;(z,y) := R(z,y)7i(y) we have that

|(F, Ri(x,-))| = IJ R, y)Fy)mi(y)dpy)] < lxx £l sup [R(z,2)|. (4.11)

k3

Let us first treat the first factor on the right hand side. We fix some index k € I.
From (4.7) it follows 1 < D(esssup,ex, v(z) ™ )v(y) for all y € Xj. Since pu(Xy) <
oo we conclude by Holder’s inequality that

Ixx,Fllz, < D sup v(@) Mxx, Folle, < CrllFolle, = CellFllz,.,  (412)
rEXE

for some constant C depending only on Xj;. We define the kernel
Ki(z,y) = w(Xe) " 'xx(@)xx (y), wyeXiel
Setting K} (z,y) := K;(y, z) we obtain

JX K (2, y)xx, (y)duly) = u(Xk)”JX xx (W)xx, (W)xx, (2)duy) = xx, ()
and further using K;(F) as integral operator with kernel K; applied to F' and (4.12)
Ixx, Fll, = (K (xx,), [F]) = (xxi, Ki(|F])) = lIxx K(1FDl[z, < CillKi(|1F)lL,., -

Let us estimate the operator norm of K; on L, , by the generalized Young inequality.
By (4.7), we obtain for the integral with respect to
v(x)

JX Ki(w,y)@du(év) = M(Xk)_lJ'X xx (T)xx; (y)

v(x)

r 2 v(T:)
ol MO =D
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and for the integral with respect to y

jX Ki(a, y>%du<y> = () jX o (@)X, (9)

Now (3.3) implies
1K (1D L, < Crole:) ™" max{l, u(X)} | FL, ..

Zg; du(y) < D*pu(Xx) ™ u(X) v(@)

As k was arbitrary we have altogether shown that

Ixx,Fllz, < ClIF|r,,v(:) ™" max{1, u(X;)} forall F € Ly,
with some constant C' > 0. Now we consider the second term on the right hand
side of (4.11). For all y, z € X; the triangle inequality yields
[R(z,2)| < |R(z,2)=R(@,y)|+|R(z,y)| = (A7 U(0(2) U ), Ulo(2))0) |+ Rz, y)].
Moreover, y,z € X; imply o(z) € o(y)U~*U. Thus,
sup [R(z, 2)| < S;P1U|<A§1U(U(y))(u(u_l) — Id)p,U(o(x)))| + [R(x, y)]

uel~

zeX;
= oscy-1y(y, ) + |R(z,y)|
for all y € X;. This shows
sup |R(z, 2)| < u(Xi)”JX xx; () (oscy—1y (y, ) + [R(x, y)|) du(y)-
Pasting the pieces together and using ), ; 7i(y) = 1 we obtain

(F,R(z,-))| = |Y_(F Ri(z, "))

iel

<Y lIxx Fllz, p(Xi) ™ JX xx, (y) (oscy-1y(y, ) + |[R(z, y)|) duly)
el

< C|F|z,. J (oscy-10 (5, 2) + |R(z,9)]) X
X

x (Zv(%)‘l max{1, u(X:) }(Xi) " xx, (y)) dp(y).
iel
Clearly, the function @ — >, ; v(x;) ™ max{1, u(X;)}u(X;) " 'xx, (%) is contained
in L1/ by definition (4.9) of w. Thus, by our assumption on R and oscy -1y, the
generalized Young inequality shows that (F, R(x,-)) is contained in L 1/

The assertion that w is equivalent to max{1,v~'} provided u(X;) > C > 0
follows immediately from (4.7). Moreover, by checking different cases we see that

~1

msll @) 2 S0
max{1,v~"(y)} u(y) v(x)

which shows that (3.11) implies (3.4) for our choice of the weight w. U

For simpler notation we introduce the numbers
a; ‘= /J,(Xi).

Let ¢ denote the space of sequences over I for which

p,val/P

1
Imierle ., = lmv(dayierlle, ) < oo

p,va
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The space £,, ,,41/»-1 is defined analogously. Clearly, if (a;);cr is bounded from above
and below then £, 1/ = €}, ,q1/p-1 = £y, With equivalent norms. In particular,
this is the case if y is an invariant measure and the condition in Lemma 4.2 ii) is
satisfied (implying X; = o(x;)II(U)).

Now we are ready to state our main results. The first one is a decomposition
theorem which says that discretizing the representation by means of an U—dense
set indeed produces an atomic decomposition of H,, ,,.

THEOREM 4.4. Let G be a locally compact, topological Hausdorff group with
closed subgroup H and let v be a weight function on X = G/H. Further, let U
be a square integrable representation of G mod (H,o) with admissible function
¢. Assume that the kernel R fulfills (3.11) and (3.4) with an associated weight
w(z) > 1 satistying (3.13). Let a relatively compact neighborhood U of the identity
in G be chosen such that

JX och(y,x)% du(x) <+ and JX oscy (v, I)% du(y) <=, (4.13)

where v < 1. Let (2;);er be a U—dense, relatively separated family and assume that
v satisfies (4.7).

Then Hp ., 1 < p < oo, has the following atomic decomposition: if f € H, 4,
1 < p < o0, then f can be represented as

F=cld(o(:),
i€l
where the sequence of coefficients (c;)icr = (ci(f))ier € €, q1/»—1 depends linearly
on f and satisfies

I(caierlle, |, pr < Allflln, .- (4.14)
If (ci)ier € £y pai/o—1, then f =3, cild(o(x;))y is contained in H, ., and
1l < Blieietlle, oy (4.15)

Given such an atomic decomposition, the problem arises under which conditions a
function f is completely determined by its moments and how f can be reconstructed
from these moments. This question is answered by the following theorem which
shows that {1; := A 'U(c(x;))y : i € I} indeed give rise to Banach frames.

THEOREM 4.5. Impose the same assumptions as in Theorem 4.4 with

v(z) gl v(z) gl
oscy(z,y)——= du(x) < —  and J oscy (z,y)——= du(y) < —,(4.16
JX ( )v(y) ) Cy X ( )U(y) W) Cy (410)
where 4 < 1, instead of (4.13)
Then the set
{ahi == AT U (o () i € T}
is a Banach frame for ‘H,, ,,. This means that

1) f € H;D,v if and OH]y if (<fa 7v/}i>/C’1yw></C1,w)i€l € ép,val/l’;
il) there exist two constants 0 < A" < B’ < co such that

AI ||f||Hp,u S ||(<f7 1/17;>’C/1,w><1<1,w)ieIHép’val/p S BI ||f||Hp,u7 (4'17)
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iii) there exists a bounded, linear reconstruction operator S from £,, ,,1/» to Hp.,

such that S (((f, ’l/)i>)c/l,w><lcl’w)iel) =f.

REMARK 7. i) By interchanging the roles of H,, and K, , and of U(c(z))y
and AU (o (z))1, similar decomposition and reconstruction theorems can also be
developed for the spaces KCp .
ii)Further information concerning Banach frames can be found in [28] and in [4].

The proofs of the Theorems 4.4 and 4.5 consist of several parts that will be
presented in the sequel. The main ingredient of the following is that the operator
which maps F' € M, , onto the function (F, R(z,-)) is the identity on M, ,. The
idea now is to approximate this operator (which is given by an integral) by a sum.
As in [10] we use the following two approximation operators

TyF(x) := Z(F, i) R(zi, )
el
B ;JX F(y)7i(y) du(y) R(zi, x),
SeF () := Z F(x;) (i, R(x,-))
el
= ; JX F(z)mi(y) R(y, =) du(y).

We have to prove that these operators are invertible under certain conditions and
afterwards we use the correspondence principle (Theorem 3.2) to obtain an atomic
decomposition of the coorbit space or even a Banach frame.

LEMMA 4.6. i) Suppose that there exists v < 1 such that (4.13) holds. Then
I1d —Tyl|rm, ,—M,., <7 <1.In particular, Ty is bounded with bounded inverse.
i) Suppose that R fulfills (3.11) and that there exists 4 < 1 such that (4.16)
holds where Cy, is the constant in (3.11). Then ||Id — Sg||m, ,—m,., <5 < 1. In
particular, Sy is bounded with bounded inverse.

Proof. 'We proceed analogously as in the proof of Theorem 4 in [10]. Using the
reproducing formula on M, ,, and the fact that (7;);cr is a partition of unity on X
we obtain for F € M, ,

F(z) = JX F(y)R(z,y)du(y) = ZJ F(y)ri(y)R(y, z) du(y).
It follows immediately that

Fa) - T,F(@) =Y L F(y)m: () [R(y, 2) — R(z:, 2)] du(y),
el

F(a) = 8 @) = Y | [Fl) - Faln@Rw.0) dulw). (415)

ier X
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Let us first consider F' — Ty F'. By definition of R we obtain

F(@) = TyF@)] < zj P 7:0) [R(,2) = Rl )| du(y)

= 32 | P 147" Wlol) = U)o Ul @) dus).

Since supp ¢; C o(xz;)U we are only interested in those y € X such that o(y) €
o(z;)U which implies o(y) = o(z;)u for some u € U or equivalently o(z;) =
o(y)u~!. Hence, we have

P(x) - T¢F<x>|
< | 1P ) sup 1045 Qo) =~ Ulota)u™) 6. Ul ()0 duty)

iel
=3 | 1P oseu (o) duts) = | 1P osew(v.2) duto).
iel X
By (4.13) and the generalized Young inequality, we obtain
HF - T‘z’FHMp,U = H(Id - T¢)F||Mp,v S IYHFHMP,U'

Hence, |[Id —Ty||rm, ,—M,., <7 <1 and thus Ty is boundedly invertible on M, ,,.
Let us now consider F' — Sy F. Since F' € M,, ,, we obtain using the reproducing
formula and the definition of R

[F(y) = F(a)] < JX [E()|[(AZ U(a(y)) = Ulo(x:) &, Ua(r)))] dulr).

By (4.18) we only need to consider those y with o(y) € o(z;)U, i.e., 0(x;) = o(y)u
for some u € U. Hence, we have

[F(y) = F(a)] < JX |[F(r)] sup [(AZ U(o(y)) —U(o(y)u™)) &, Ul (r)e)] du(r)

ucelU

-1

= J |F'(r)| oscy (y, r) du(r).
X

Since (¢;) is a partition of unity, by (3.11), (4.16) and the generalized Young
inequality we deduce

IF = SoFllm,., < Cull > IF() = F@)lm()le,. <AIFlMm,.,
iel
which completes the proof. O

We further need some auxiliary statements.

LEMMA 4.7. Let 1 < p < oo. There exist constants 0 < C; < Cy < 0o such
that

Cilltm)ierlle, | 1pn < |l > lmi

el

Ly < Collm)ierlle )0 (4.19)

,va

for all sequences (1;)ier-

Proof. Since (z;);¢cr is a relatively separated family, there exists a splitting I =
U2, I, such that X; N X; = 0 for i,j € I, and i # j. Using (4.7) we obtain for
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1<p<o0

o
1Y i Ly < DI Imi

T0
Lpo = ||ZZ|771

el r=14i€l, r=1 €el,
T0 l/p 1/1’
- Z(J >l xx (w)”du(w)> -3 (ij QRC >>
r=1 i€l r=1 \i€el
o 1/p 1/p
<D> (Z |73 " M(Xi)v(xi)p> <CD (Z |mi? U(fﬂi)pai> :
r=1 \iel, iel

On the other hand, we obtain

1/p 1/p
(Z |3 |” U(xi)paz) < DZ (Z |m: " J z)Pdp(x ))

iel r=1 \i€l,
. S CDIY |m

—DZHZIm

r=1 €l, el

The proof for p = co is similar. O

The following lemma is taken from [25, Lemma 3(b)], compare also [17] or [36,
Lemma 4.5.8(b)].

LEMMA 4.8. A bounded sequence (fy)nen in K, is weak-+ convergent to f €

K1 ., if and only if W, f,, converges pointwise to Wy, f.

,W

4.2. Proof of Theorem 4.4
First we take care of the bounds (4.14) and (4.15).

LEMMA 4.9. Suppose that the assumptions of Theorem 4.4 are fulfilled. Let
F € Ly,. Then there exists a constant A < oo such that the following inequality
holds true

I(Fmietlle, 1o < AIFL,..

Proof. Lemma 4.7 yields

NCE el ayps < ||<<|F| el . 1yps
S F || Z |F|7T7f XXia/;lan,v N
il
Further, we see for an arbitrary fixed x € X that
D L maxx (@)a;t =Y (FLm)p(X)
iel 1€l

where I, :={i € I : z € X;}. Since (x;);es is a relatively separated family, we see,
by using the notation of the proof of Lemma 4.7, that #I, < r¢ and consequently

Z<|F|7Ti>ﬂ(Xi)_l < <|F|7K(‘T7)>

icl,
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with
K(z,y) =Y u(X) " xx (y) = > u(Xo) 7 xx, (@)xx, (v).
icl, icl
Let us check the Schur type conditions for K. Using (4.7) the integral with respect
to x yields

JX K("”’”%duw =3 o () 2 JX . ()

v(y Py v(y)

v(w;) 2
<D (y) < Oy D?,
ieZIXX Yy v(y) U

v(x)

v(z;)

du(z)

where Cy is the constant from (4.2). The estimation for the integral with respect
to y is almost the same.
Therefore the weighted Young inequality implies that

I(E m))ietlle,  ppon < CIIFL K2z, )z, < CIFL,, -

LEMMA 4.10. Under the assumptions of Theorem 4.4 there exists a constant
B < oo such that for any sequence (¢;)ier € £, yq1/-1, 1 < p < 00, the following
inequality holds true

IS iR e, < Blleierle, s
icl
If 1 < p < oo then the sum on the left hand side converges in norm, and if p = oo
then it converges pointwise.

Proof. First observe that for all y € X; we have o(z;) = o(y)u~! for some
u € U. Thus, we get
[R(zi, 2)| < [R(zi,x) = R(y, x)| + |R(y, )|
= (A7 U (y)u™")w = U(o(y)v),U(o(2)¥)] + |R(y, 2)]
< oscu(y,z) + |R(y, 2)]. (4.20)

Further we obtain
I3 cBlan )] = | R an(X) ™ | duty)
icl iel Xi
< kel | ox, ) loseu () + 1) )lo)
iel
= JX (oscu(y, x) + [R(y, =)|) (ZICiIM(Xi)IXXi(y)> du(y).  (4.21)
iel
Using the conditions (3.11) and (4.13) on R and oscy we conclude by the generalized
Young inequality
1Y i@z, < (v +C)l D leilu(X) ™ xx, L,
iel iel
and by Lemma 4.7 that

1> eiR(i ), < Blen(X) ierlle, ), = Bl(eierlle, .-
icl
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If 1 < p < oo then the finite sequences are dense in £, ,,1/p-1 and it is easy to see
from the last inequality that the sum Y ¢; R(x, x;) converges in the norm of L, ,. If
p = oo then it follows once more from (4.21) and conditions (3.11) and (4.13) that
SUp,ex | Y ;er ciR(xi, x)[v(z) < oo, in particular the series converges pointwise. [J

Let us now prove Theorem 4.4.

Proof of Theorem 4.4. Assume f € H,, so that Wy f € L, ,. Further, by
Lemma 4.6, the operator Ty is bounded with bounded inverse. By definition of Tj
we obtain

Wy f(2) = ToT; "Wy f(x) = Y (T, W f,7:) R(xs, ). (4.22)
iel
Applying Lemma 4.9 with F' := qulef € M, , yields
(T W f, miietlle, | ypr < AN Wy fllz,., < ANTSIIWfllz,.,
< AT Nl -

Now assume 1 < p < oo. Then it follows from Lemma 4.10 that the series on
the right hand side of (4.22) converges in the norm of Lj,. Since R(z;,x) =
Wy (U(o(xi)))(x) and Wy, Wy, is the identity on H,, ,, equation (4.22) yields

f=Wy <Z Ci(f)WwU(O’(wi)W)
icl
with ¢;(f) = (delef, 7). As Wy, is continuous on L, ,,, we obtain
f = al)U(o(x:)
icl
and the series on the right hand side is norm convergent.

If p = oo then the series on the right hand side of (4.22) is pointwise convergent
by Lemma 4.10. As Heo is a subspace of K, it follows from Lemma 4.8 that the
partial sums of >, ¢;(f)U (o ()9 converge to f in the weak-x topology of K1 o

Finally, we conclude from Lemma 4.10 that for (¢;)icr € ) par/n—1

1> cU(e@)dln,., = 1Y cR@i ), < Bl(cierle, ./, .-
i€l i€l
This shows (4.15) and we are done. U
4.3. Proof of Theorem 4.5
We first prove the frame bounds.
LEMMA 4.11. Suppose that the same assumptions of Theorem 4.5 are fulfilled.

For i € I, let ¢; := A7'U(o(x;))y. Then, for f € H,p., there exists a constant
B’ < oo such that

(g xn) oy i < B0

Proof. Let F := Wy f. Then the assertion is equivalent to
| (F@))ierlle, 1 < BIFIIL,.- (4.23)
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We want to use Lemma 4.7 for the proof. By the reproducing property of R we
obtain

D (@) xx, () =Y | J F(y)R(zi, y)du(y)|xx, ()
icl ier X
<[ PO S IR b @), (@24)
il
This suggests to investigate the kernel
K(z,y) == Y [R(xs,y)|xx, (x).
iel
Similarly as in (4.20) we obtain for all x € X; that
IRGo )| = |R@iy) ~ B y)| + R, 9)| < oseu(z,y) + Ryl
Thus,
K(,T, y) < Z(OSCU(xv y) + |R(1’,y)|)XX1 (JJ) < CU(OSCU(‘Tv y) + |R(1‘,y)|)
iel

Using (3.11) and (4.16) we see by the generalized Young inequality that the integral

operator associated to the kernel K acts as a bounded operator on L, ,,. Hence we
conclude together with Lemma 4.7 that

I(E@))ietlle, .y < Coll D IF@)xx Iz, < BIIF||L,..
iel

LEMMA 4.12. Let the assumptions of Theorem 4.5 be true. Suppose that (4.16)
and (3.11) are satisfied and that v and w are related by (3.13). Let f € K ,, and
bi = A7 U0 () for i € I If (<f, Vi) Mm)_ € Lo, then f € Hy,

’ 1€

and there exists a constant A’ > 0 such that

1
1l < =5 1 (g xran) ey

Proof. By Lemma 4.6 and (4.16) the operator Sy is boundedly invertible and
we obtain

1fl#pe = Wy fll,. = 195" SeWefllz,., < 1S5 I I1SeWe fllL,..-
Setting ¢; := (f,¥i)k;  xk1. = Wy f(xi) we obtain by definition of S, that
SsWyf(x) = a JX 7i(y) R(x,y)du(y) = JX R(z,y) Y emi(y)du(y).
el iel

Applying the generalized Young inequality with (3.11) and Lemma 4.7 we obtain
1SsWefllz,. < Cull > leilmille,.. < Cull Y leilxx,

L.
i€l i€l
< CyCall(ci)ierlle, ) (4.25)
Altogether, this proves the assertion. l

Proof of Theorem 4.5. It remains to prove the existence of a linear bounded
reconstruction operator (part (iii) of Theorem 4.5). By Lemma 4.6 the operator Sy
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is boundedly invertible on M, ,,. Thus for f € H, , we obtain

Wyf = S, 5sWyf = 931 (ZWwf(fvi)<TiaR($a')>> :

icl

As Wy Wy is the identity on H,,,, and Wy f(z;) = (f, Yi)ky . xKi., We obtain

f=Wys;! (Z(f, wi>Ki,wa1,w<TivR(‘T7')>> :
iel
Clearly, this is a reconstruction of f from the coefficients ((f,vi)x; xx, . )ier €

£, va1/p- Moreover, it is not difficult to see that V~V¢, isa continuous operator from
Mp,» onto H, . Thus, it follows from the continuity of S ! and Lemma 4.12 (resp.
its proof) that

S(ei)ier = WyS;! (Z Ci(ﬁ',R(iCi,')))
icl
is bounded from £, ,,1/» into Hy ,.

We finally remark that we may actually reconstruct f by a series if 1 < p < oc.
Indeed, it follows from the density of the finite sequences in £, ,,1/» and (4.25)
that the series >, ; ¢;(7, R(z;, x)) is norm convergent in M, ,. This allows to
interchange the series with the application of the operator WwS’ ! to obtain

[ = Z<f7 Vi)Ky XK€
il

where e; = Wy (F;) and Ej(z) = S;l(m,R(x, -)}). This completes the proof of
Theorem 4.5. O

4.4. Reformulation of the integrability conditions

In order to apply the results of the previous sections we have to prove that the
kernels K = R, oscy fulfil

supJ |K (2, y)|m(x,y)du(z) < C, supJ |K (y, )|m(y, z)du(z) < C.  (4.26)
yeX JX yeX JX

For symmetry reasons both integrals are the same in case K = R. By Remark 4
also the kernels

Zo(w,y) = U(o(2))y, (o(y))¢>
Zo(w,y) = (A7 U0 (2)), A U0 (y)) = (AU (o (2)w,U(o(y)v),
Z"(x,y) = U(o(2), (U(y))¢>

are of interest. Observe that these kernels and R can be written as

Z\ % (w,y) = (A7 U(o(2))$, U0 (y)9) (4.27)

with k = 0,1,2 and possibly ¢ = . We remark that the definition of A, is
dependent on v, so here it is meant that A, is formed with respect to ¥ and
not with respect to ¢. For x € X, let

Bf(z) = U(o(x) DA U(o(x)), k=0,1,2. (4.28)
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As A7l is a self-adjoint operator also Bf(x) is self-adjoint for all z € X. Clearly,
BY(z) = Id. For simplicity we set B, (x) := Bl(x).

Using the fact that we are working on a homogeneous space and that our kernels
are related to some group representation we may reformulate these conditions under
the assumption that p is an invariant measure.

LEMMA 4.13. Assume that p is an invariant measure on X.

i) It holds

| 1220 @ )im(a.)dn(o) (4.29)
— | 1@kt ), B )0 m(e )z pina),
where

k(z,y) = (o(y)o(@) " o(o(y)) = h(o(y),2)™" € H, (4.30)

with h defined by (2.1).
ii) It holds

|| oscu e pm.y)duta) (4.31)

= | sup @@t ) (d ~ ) B @0 (o). piuta)
and

|| oscu . ym(y2)dn(o) (4.32)

:J sup [(Bo (y)(Id — U(u™"))o, U(o (2)k(x, 1)) m(o (y)z, y)du(z).

Proof. i) We first rewrite the kernel Z%+% in the following way

20 (x,y) = (A7 U0 ()0, U0 (y))p) = Ulo(y)™) A" U(o (@), ¢)
= (BiU(o(y) " o@)v,¢) = Ulo(y)™ o(@)w, BF(y)9)-

Integrating and using the invariance of the measure p yields

| 1220 @ ime ) = | (o) o@)e. B )6 m(w, vdu()
X X
~ | lwto) oo waw. B ANmlo )z, piuta)
— | 1@t ), B G)O)m( )z niua).

The latter integral equals the right hand side of (4.29).
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ii) We have

oscy (z,y) = sup (A7 U(o () (Id = U(u™))y, U(a(y))v)]
= sup [(U(o(2))(Id = Uu™ )y, A7 U0 (y))P))|
= sup [{U(o(2)(Id - Uu™))e,U(o(y))Bo (y)¥)|
= sup [U(a(y) " o(@))(Id = U(u™1)), By (y))].

Using the invariance of the measure u we obtain

[ oseu (@, y)m(z, y)du(z)

JX
= B [(U(o(y) " o(2))(Id = Uu™")v, Bo(y))m(z, y)du(z)
= FX Sup [(U(o(y) " o(o(y)z))(Id — U™ ")y, Bo(y))Im(o(y)e, y)du(z)
= JX sup [(U(o(x)k(z,y))(Id = U(u™))P, Bs(y))m(o(y)z, y)du(z).

This yields (4.31). On the other hand, we have
oscu (y, ) = sup (A U (o (y) (Td = Uu™")p,U(o(2)) )]
ue

= sup [(U(o(y))Bo (y)(Id = U(u™")w,U(o(x))¥)|

uelU

= sup [(Bo (y)(Id — U(u™ "), U(o(y) " o (2))1)].

uelU

Using once more the invariance of y and the symmetry of m we obtain

; oscy (y, z)m(y, z)du(x)
=], 5 (B (y)(Id = U(u™))y, U(a(y) " o (@)y) lm(y, =)dp(x)
= |, 5up [(Bo (y)(Td — Ulu™ 1)), Ul (y) oo (y)z))w)m(y, o(y)z)du(z)
= |, 5up (Bo (y)(Td — Uu=)),U(o (2)k(x, )0 m(o(y)e, y)du(@).

5. A Coorbit Theory on Homogeneous Spaces Associated to the Affine
Weyl-Heisenberg Group

In this section, we will need the following unitary operators of modulation,
translation and dilation on Ly(R) and their Fourier transformed versions:

Mof(t) = ™t f (1), (Muf)(€) = Tuf(©),
T.f(t) = f(t — ), (Tef) (&) = Mo f (),
Dof(t) = la|"*2f(t/a), (Daf)(§) = Dijaf(£).
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We limit the analysis to the one-dimensional case, i.e., we consider the group with
the generic element g = (z,w, a, ¢), where z,w,p € R and a € R, and the group
law

(z,w,a,9) 0 (2,0 d,¢) = (x 4+ az’,w+a ' ad, o + ¢ +waz’).

This group is called the affine Weyl-Heisenberg group and is denoted by G.w .
The inverse element of g € Gow is given by

g ' = (—atz, —aw, a7, —p + 2Ww).
The affine Weyl-Heisenberg group is topologically isomorphic to
GaWH ~ R2+1 X RJr

and is a unimodular group with Haar measure dv(z,w,a, @) = d:cdw%“d(p. The
representation of G, g on La(R) given by

Uz, w,a,0)f(t) = e*™PT, M, D, f(t) (5.1)
_ a—1/262ﬂ'i(w(t—m)+ga)f (t — ZC)
a

is called the Stone-von-Neumann representation. Unfortunately, this representation
U is not square integrable. Therefore, several homogeneous spaces of G,y were
considered, see, e.g., [31, 39, 40]. Here we restrict our attention to the homogeneous
space Gown /H with

H := {(0,0,G,(p) S GaWH}' (52)

Since G is unimodular and H as an Abelian group is also unimodular the natural
measure dy = dedw on Gow g /H is Gow g—invariant. Let 8 : Gowr/H — R4 be a
Borel function and o(z,w) = (z,w, 8(x,w),0) the corresponding Borel section. By
[30], it is more convenient to consider sections independent of x, i.e.,

o(z,w) = (z,w, f(w),0). (5.3)

In this case, for ¢» € La(R), the operator A, in (2.2) can be written as a Fourier
multiplier operator, i.e.,

(Aaf)A =mg f
in the weak sense with the symbol
mal) 1= || 1D(BE ~ ) PAwde, (5.4)

Moreover, one can check that A, is bounded with bounded inverse if and only if
mg(§) is bounded from above and below, i.e.,

Cl S mﬁ(f) S OQ a.e. (55)

for constants 0 < Cy,Cy < 0. In other words, ¢ is admissible if and only if (5.5)
is fulfilled. Here we refer also to [30, 32, 39, 40, 41].
In the following, we are interested in the specific section ¢ given by the function

Bw) = falw) = (1+|w))™ a€l0,1). (5.6)

We want to verify the admissibility of some special functions . To this end, we
prove the following auxiliary lemma for the argument of ¢ in (5.4).
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LEMMA 5.1. Let

re(w) == fWw)(§ —w) = 1+ )" (€ —w).
Then, for any fixed A > 0, there exists £4 > 0 such that for all £ > 4 the function
re is invertible on A := {w : r¢(w) € [—A, A]}. The inverse function 7“271 of r¢ on
[—A, A] has the form

rCD(x) = —xg(,x) + €

with some function g(x, &) satisfying

zg(&,7) +g(§2)"/* = 1+¢. (5.7)
Furthermore, g fulfills
Elim %) =1 (5.8)

uniformly in = € [-A, A].

Proof. Since a € [0,1), there exists £4 > 0 such that for & > £4 the set A
contains only positive values of w. Now we have for w > 0 that

M) = —(1 4 w)~ (1 + ai—i)

and it is easy to check that the right-hand side is negative for w > —(14+af)/(1—a)
and hence for w > 0. Thus, r¢ is monotonically decreasing on A and has therefore

an inverse.
We see that indeed
re(—wg(§,7) +€) = (1 —xg(&,2) + &)~ (E +ag(&,2) — &) = (9(&,2)"*) *wg(€, 2)
=x
such that 7" has the claimed form. Since ré_l) has only function values in A4 we
have that

0< réfl)(:v) = —xg(€,x) + & = g(&x)t> -1,
so that g(§,z) > 1 for all £ > &4 and all z € [—A, A]. Together with (5.7) this
implies for x € [-A, A] and « € (0,1) that

e’ g(ga I)l/a_l

<A I e (5.9)
Furthermore, we obtain
g(gvx)l/a _ g({,x) g(f,I) -« g(gvx)l/a71
T—‘l—x 1+¢ §1+|$|1+§(1+A) W
|z] g(& x)/e
Sltgitire

provided that ¢ > (2A)ﬁ (14 A) — 1. This shows that
2|\ g(& )™ _ 1g(6 )
1>(1-= > = —A A
—< o4) 1ve 3 1xg o cebAA
and consequently g(&,z)/(1 4+ £)® < 2%. Hence we obtain

o) _ 1 glew) . 1
T e (L R

— 0, £ — 0
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uniformly in x € [—A4, A]. By (5.7), we have for all z € [—A, A] that

. g ) g€ a)l/e
lim £ L iy £V 1
T T e T T ae (5.10)

which implies glim g(&,2)Y*/(1+ &) = 1 uniformly in x € [~ A, A]. This is equiva-
lent to (5.8). O

Now we can prove our admissibility condition.

THEOREM 5.2. Let the Borel section o be given by (5.3) with 8 defined by
(5.6). Further, let ¥ be a non-zero Lo function whose Fourier transform is compactly
supported. Then 1 is admissible, i.e., it satisfies (5.5).

Proof. 'We will only perform the analysis for £ tending to +o00. A simple integral
transform shows that

mp(—€) = JR (8w (w — €))[2B(w)de

So the analysis for £ tending to —oo will require only slight changes. Note that if
1| is an even function then mg(—€) = mg(€) anyway.

Assume that suppt) C [-A, A]. Then, by Lemma 5.1, we may substitute z =
re(w) in (5.4) for £ > €4 > 0. This yields

ma(€) = ijg(w))Fﬁ(w)dw - —jR|¢<x>|26<r§‘“(x))(ré‘”)’(x)d:c. (5.11)

As in the previous lemma, for £ > £4 only positive values of w will contribute to
the first integral. Further, for w > 0, we have

re(w) = FW)(€ ~w) = Bw) = —fw)(a(l+w) T ~w) +1) (5.12)
which gives
1Y/ 1 et (ETE @)
() @) = o = eV @) ! (o 1] L (513)
re(re 7 (x))
Thus, for £ > £4 > 0, we have

A A~
mol) = | 19(@) Ge.)da (5.14)
with
_ -1 _ 5_7”(71)(9”) _ 1-1/a
G,x) = 1+al& ), L&z = ¢ = zg(&, ) , (5.15)

-1
L+ )(:v)
where the last equality follows by Lemma 5.1. Now (5.8) shows that

glim G, z) = lim ! !

= lim —— =1 (5.16
g—oo 1 + axg(€, x)lfl/a 5&{.10 1+ azge(i-1/a) ( )

uniformly in « € [—A, A] and consequently

A ~
lim mal€) = | [ba)da

§—o0
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for any Lo function v with compact support in the Fourier domain. As mg is always
positive and continuous this shows that mg is bounded from below and above for
any ¥ with supp v compact. l

In the following, we will consider coorbit spaces with respect to the following
weight functions on X = Gawpg/H ~ R?,
v(z,w) = ve(w) = (14 |w])®, seR. (5.17)

We will see later that v, satisfies (4.7). Associated to the weights vs we define the
functions mg by

»

—
€

~—
<

v

ms((z,w), (#,0)) = ms(w,d) = max{us(a)’ vgwi}
\

{(1+|w|) (1+|&|>
= max — ,
1+ |@ 1+ |

5.1. Integrability of the kernels

In order to establish coorbit spaces, we need to verify the integrability of R and
osc. The integrability conditions needed for the definition of the coorbit spaces and
for the descretization are settled in the following theorems.

THEOREM 5.3. Let the Borel section o be given by (5.3) with 3 defined by (5.6).
FEurther, let ¢, ¢ be non-zero Ly functions whose Fourier transforms are compactly
supported C2-functions. Then the kernels Z¥?, k = 0,1, 2, defined by (4.27), satisty

sup J J' |Z}f’¢((:v,w),(i,&))|ms(w,&)dacdw < 00, (5.18)
(#,0)eR2 JR JR

In particular, R = Ry = Zip’w satisfies the integrability condition (3.11).

THEOREM 5.4. Let the Borel section o be given by (5.3) with 3 defined by
(5.6). Further, let v € Lo with supp1/3 compact and 1/; € C2. Denote by oscy the
associated kernel defined in (4.8). For any § > 0 there exists some neighborhood U
of e € G such that

sup J oscy ((z,w), (Z,@)) m(w, ®)drdw < 6, (5.19)
(z,0)€R? JR2

sup J oscy ((&,0), (z,w)) m(®, w)dzdw < 4. (5.20)
(z,0)€R? JR2

We will develop the proofs of these theorems in several steps. A basic ingredient
is Lemma 4.13. So let us investigate B and k(z,y) with respect to the setting of
this section.

LEMMA 5.5. Let the Borel section o be given by (5.3). Then the operator
B (x,w) in (4.28) is a Fourier multiplier, i.e.,
(B (2,w)f) (&) = hi o (©)F(€) (5.21)
with
hew(€) = my" (Bw) (€ +wh(W))) (5.22)
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Consequently, if ¢ is admissible, then we have 0 < 1/Cs < hg (&) < 1/C1 < >0
a.e. with the constants Cy,Cy from (5.5).

Proof. Using the notation ﬁaf(t) = f(t/a) we have
(Bg(l“,w)fy = (Tiﬁ(w)—l M_ B(w)w Dﬁ(w)*lAiﬁTzMng( )f)A 2mizw
= Mp(w)-12T- g(w)wDp(w) (mﬁ M_,T,Dg) f> 2mizw

= (T- 1o Dam5" ) My 1aT-porwM- s 1o Torofe ™™
= (T-prwDams") f
The last term is exactly the right hand side of (5.21). U

LEMMA 5.6. Let the Borel section o be given by (5.3). Then the kernel k in
(4.30) fulfills

B(w), (3,3)) = (0,0,6@)750) " 8@+ 53)w),*),

where * denotes some function in x,w, T, .

Proof. A simple computation shows
[0(&,0)o(z,w)] ™" = [(&,0,6(®),0) (z,w, Bw),0)] "

=@+ B(@)z, w+ﬁ(®)’ ,B@)B(w), *)] !

= (—B@) ' Bw) M@+ B ) ), =B(@)B(w)(@ + B(@) " w), B@) T Bw) T *).
Moreover, we have

o(%,@)(v,w) = (T + B@)z, & + B(@) 'w) (5.23)
and hence,
o(o(Z,@)(z,w)) = (& + B(@)z, 0 + B(@) ' w, B@ + B(@) " w),0).

Thus, we obtain

k((z,w), (#,@)) = [0(Z,0)o(z,w)] " o (0(F,0)(z,w))
) 1

This concludes the proof. l

We remark that for the expression appearing in the integrals (4.29), (4.31) and
(4.32) this shows

oz, w)k((@,w), (5,0)) = (2,0, 6@) 8@ + B@) '), %), (5.24)
Thus, it seems useful to define
O(w, ) = B@) B@+ B(@) ' w). (5.25)

Choosing (3 as in (5.6) we have the following auxiliary result.

LEMMA 5.7. Let 8 be defined by (5.6). Then for any A > 0 there exists wg > 0
such that for all |w| > wy and all ® € R

A1+ 0(w, @)Y < . (5.26)



30 S. DAHLKE, M. FORNASIER, H. RAUHUT, G. STEIDL, G. TESCHKE

Moreover, there exists wy > 0 such that 8(w,®) < C for all |w| < w1 < oo with a
constant C' independent of @.

Proof. For our special choice of 3 we obtain

0.5)1 = (1+|w+ (1 + |@])° )
<

1+ |@

S(”#)

Since o < 1, the right-hand side grows less than linearly in |w| independently of @.
This yields the first assertion.
The last assertion of the lemma is easy to see by the explicit form of 6. l

(14 Jw])®

Let us now consider the function myg.
LEMMA 5.8. Let 3 be given by (5.6) and vs by (5.17). Then mg can be estimated
by
~ ~ ~ o~ sl
ms(0(Z,0)(z,w), (7,0)) < (L+ |w])T="

for all Z,0,z,w € R and s € R.

Proof. By (5.23) and definition of m, we obtain

ms(o(Z,0)(z,w), (Z,))

(5 () )

As in the previous proof we see that
~ .\ s Is|
1+ @+ B(@) 'l jwl el
= <1+ < A+ w) < 1+ |w)Te
( 1_|_|w| - (1+|w|)1*°‘ = ( | |) = ( | |)
We claim that

s 1+ |
e L+ o+ B@) 1w

Of course, this would prove the assertion. The substitution © — —& shows that
it suffices to prove the claim for w < 0. It can be easily seen that in this case the
supremum is attained for some @ > 0. Consequently, it remains to consider

o 146
G e

For @ — B(@0)"tw >0, i.e., @/(1 + ©)* > w, we obtain that
—(1-awl+o)™™

< (14T

w,w > 0.

fw(('b) = ((1_'_(;))170‘_“})2 < O
and for @ — 3(@)'w < 0 that
(@) = 24+ (1—-a)w(l+a) 0.

(1-&+wl+a))?
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In other words, for fixed w > 0, the function f,, is strictly monotonically decreasing
in the first case and strictly monotonically increasing in the second case. Conse-
quently, since /(1 4+ @)* is monotonically increasing, the function f, attains its
maximum for the positive solution @ of @/(1 +®)* = w and the maximum is given
by 1+ @. Finally, we conclude for w,© > 0 that

w 1
“=qrop U O - 1+’
so that
l+w=>14+a)'*+1 a +1u3)a > (1+a)t,
and hence
1+ < (1+w)Ts.
This finishes the proof. l

The proof of the following auxiliary lemma is quite technical and, hence, post-
poned to the appendix.

LEMMA 5.9. Lett € Lo such that supp¢) C [—A, A] and v} is twice continuously
differentiable. Then it holds

[(m5") ()] < Cmin{1, ¢+, (5.27)

[(mg1)"(€)] < Cmin{1, [¢]*F}. (5.28)

LEMMA 5.10. Let ¢ € Lo with suppz/; compact and 1 € C2. Form the corre-
sponding multiplier symbol mg = mg, by (5.4) and the function hy,, = hf_’w by
(5.22). Then it holds

sup  |h{(&)] < C, k=0,1,2
ce[-A,4

for any A > 0 and constants C' independent of x,w. ( Here héki, denotes the k-th
derivative of hy . )

Proof. The condition for k = 0 is satisfied since mg is bounded. Using (5.27)
and (5.28) we obtain

sup  [B(0)] = sup BFW)[(mz")* (B(w) '+ w)]

te[—A,A] te[—A,A]

< C sup min{ﬁfk(w),6*k(w)|ﬂ(w)*1t+w|f(k+1fa)}
te[—A,A]

< C sup min{(1+ |w)*, (14 |w]) 20" |t + (1 + |w|)~Yw|~*F1-o)y
te[—A,A]

<C,

the constant C being independent of w. l

Now, we are prepared to prove the Theorems 5.3 and 5.4.
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Proof of Theorem 5.3. We assume that suppz/; and suppgf) are contained in
[—A, A]. By (5.24) we have

U(o(z,w)k((z,w), (Z,))) = e2wi*TzMwD9(M@)

with 6(w, ) defined in (5.25). Using Lemma 4.13 i), Lemma 5.8, the Plancherel
theorem and Lemma 5.5 we can estimate the integral in (5.18) by

sup J J |Z09 ((x,w), (&,@))|ms(w, ®)drdw
R JR

(#,0)ER?

- JR JR (T MoDog oy, BE(E,0)d)| ms(0(E,0) (2, w), (2,®))dzdw

N o Is|
< J j (Mo T Dy 1 5 ) (1 + o)) 5 o,
RJIR

The scalar product in the last integral equals

K(2,w,3,&) = F((TuDg(wz)-11) hs 5 6) (). (5.29)

It holds supp TwDe(W7@)711/3 Clw—0(w,0) tA,w + 0(w,0) "t A]. Choose wy as in
Lemma 5.7. Then for all |w| > wp it holds supp ¢ N suppTwDe(w@)fﬂf) = () by
(5.26) and the expression in (5.29) vanishes. Consequently, as a function of w the
kernel K has support contained in a compact set which is independent of x, %, o
and the integration with respect to w is only over this compact set. Furthermore,
the inequality

; AR A
|f(z)] < min PR (alv (5.30)
suggests to consider the Lj-norm of

G.6.0(t) = (T Dy ) 19) (ORE S (DH(1)

and of its derivatives. In particular, the Li-norm of this function and its second
derivative have to possess a bound which is uniform in Z,®,w. Since z/AJ and ¢E are
twice differentiable, Gz 3 ., is a product of three C? functions. By the rule for the
derivative of a product of functions it suffices to prove that the derivative of order
k = 0,1, 2 of one of the factors has a uniform L;-bound and the others have uniform
Lso-bound with respect to Z,o,w. For the last factor QAS the uniform L;-bound of
all of its derivatives is clear by assumption on ¢ and since it does not depend on
Z,w,w. For the first factor it holds

(T Do(u,3)-19) (1) = 8(w, @) /2 ) (G(w, D) (¢ — w)).

Since we only need to consider |w| < wp and since f(w, @) < C for all ©® € R and
|w| < wo by the second part of Lemma 5.7, we clearly have

I(ToDoo,zy-19) Lo < CIEW L. < O (5.31)

for a constant C} independent of w and @. Since supngA) C [—A, A] we only need
Lo, bounds for (h;)w)(k) on [—A, A], k =0,1,2. These bounds follows from Lemma
5.10. (If & = 2 then (k2 ) = 2h), ,he . and (B3 )" = 2(h) ,hew + (R, ,,)?) so the
bounds for k2 , follow from the ones for h, ,.) Hence, it holds

~ ~ 1 O
K (2,0, %,@)] < X[—wp,wo) () mm{cbﬁ}'
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Thus, we finally obtain

sup J J' |fo’¢((x,w),(56,&))|m5(w,&)d:tdw
(@,0)erR2 JR JR

<  sup JJ' |K(x,w,5c,&1)|(1+|w|)%dxdw
(z,@)erR2 JR JR

J (1+ |w|)%de min{Cl, Cs
R

—wo | |

IN

}d:v<oo O

Proof of Theorem 5.4. Using Lemma 4.13 ii) and proceeding as in the proof of
Theorem 5.3 we have to integrate with respect to x,w the two kernels

Ky (‘Tuwu ju‘b) = Sgg |‘7_—((TwD9(w,JJ)*1]_—(¢ - U(U71)¢))hi,o¢) (LL')|,

KQ(Iawa 575‘:}) = 81618 |-7:(h'i,u~)]:(w - u(u71)¢)(TwD9(w,®)*11/;))($)|'

Now we have for u=! := (2,0,a,p) € U~! that
F (Uu=)g) (t) = ™ F (Ta My Dat)) (t)
= 2P M_ Ty Do1ip(t) = 62 ™% e 2™ (a(t — ))5.32)

Let suppt) C [ A, A]. Then supp Tng(w)a,)fu/A) behaves as in the previous proof
and

suppF Uu ")) C[w—a'A,0+a " A]
supp Ty, Doy [F UMW )| C [w+ 00 —a 07" A w+ 070 +a 071 4].

Both kernels vanish for [w| > wy; if for those w

i) supp ¢ N supp Ty, Dy (o z)-1¢ = 0,

i) supp ¢ Nsupp T, Do o)1 [F (U(u)9)] = 0
iii) supp F (U (u=1)y) Nsupp Ty Do (w,a)- p = 0.
Property i) is fulfilled for |w| > wg with wy related to A as in Lemma 5.7. Let
U™ C [~es,64] X [~€w,Ew] X [1 — €4, 1 4+ &4] X [—€4,,]. Then it can be checked
that we can modify Lemma 5.7 as follows for any A > 0 there exists w; > 0 such
that for all |w| > w; it holds A 4+ 07 (+2- + &,) < |w|. Then ii) is fulfilled for
|w| > wy. Finally, iii) holds for |w| > &, + A(9 Ly —) Once again, by using a
modification of Lemma 5.7, it can be shown that this is satisfied for |w| > wsy. Now
we can choose wy as the maximum of the right-hand sides.

Following further the arguments in the previous proof, in particular (5.30), it
remains to consider

waw( ) (T DG (w,@) 1*7:(1/] u( )w))(t)hi@(t)m?
Giww( ) = hi#:)( ) W _u( )¢)( )(TwDe(w,@)*“ﬁ)(t)-
Again we use that G*, i = 1,2, is a product of three C? function so that it

suffices to prove Lo, resp. Ly estimates for the derivatives of the three factors.
By Lemma 5.10, we have [[AS") | < C, k = 0,1,2. Since ¢ is a C? function with

compact support, ||1E(k) lp,» £ =0,1,2; p =1, 00 are uniformly bounded. Moreover,
for |w| < wy, we see by (5. 31) and since supp(Tng(w@)flUJ)(’“) is finite that
(T Do 11/1)(k)||p, k=0,1,2, p = 1,00, are uniformly bounded. Let us finally
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consider | F(y —U(u=")$)®|1.. and [[(ToDp(w,z)- F (¥ = Ulu™ )Pl By
(5.31) we have for |w| < wy that

(T Do o= F(¥ = U™ )$)) Pl < CIFW = U™ H$) P 1.,
so that it remains to consider | F (¢ — U(u=")y) ) ||,__. We claim that

i (F@ = U@ ). =0, k=0,1,2 (5.33)

We obtain

17 = U )) O = 190 — T M 5Ty Da-1 )V

< 1= ™| [M=sTo Do) P poe + [P = [M_sTo D1 )P | 1.
and replace the derivatives by

[M_;ToDa—1)]™M) = aM_;ToDy19p™) — 2mia M_3ToDy-14),

[M_;ToDa—1]® = a2 M_; Ty Dy—1p? — dmizaM_; T Dy—r1p™)
+(2mi#) 2 M_ 3Ty Dy—119).

Using the triangle inequality and the fact that for a continuous function f with
compact support

lim |1 — ™| = lim |Tof = fllz.. = lim |[Mof — fllz.. = lim |Dof = fllz.. =0
@—0 x—0 w—0 a—1

we deduce (5.33). This finishes the proof. O

REMARK 8. The proof shows also that for any choice of U the integrals (5.19)
and (5.20) containing oscy are finite (but not necessarily less than ¢).

5.2. U-dense sets associated to a-coverings

We want to discuss the geometry of suitable U-dense sets associated to the section
defined with f(w) = (14 |w|)~* as in (5.3). In particular, we want to provide a set

X = {(xj,kawj)}(j,k)gzz CRxR~X

such that the covering property (4.1) and the finite overlap property (4.2) are
satisfied. As stated in Remark 5 condition (4.2) is equivalent to (4.3).

THEOREM 5.11. Assume « € [0,1). For all £ > 0 small enough and for suitable
constants ¢, > 0 independent of ¢ > 0 (to be determined in the proof) denote
Ule) := (—e,e) x (—2ec,2ec) x (1 +Le)™1, 1+ le) x (—e,e) C Gawn a relatively
compact neighborhood of e := (0,0,1,0) € Gowg with non-void interior. Let us
denote w; := po(ej) and z; , := ef(w;)k, where

Pa(w) = sgn(w) ((1+ (1 = a)lu)) /0 1),
Then the set X has the properties
Cl) o(X) C U(j,k)622 o ()0, w;)U (),
C2) sup(y pyezz #{(, k) € 2% : o(xjk,wi) LN o(xj p,wi)L # 0} < Cp < oo, for
all relatively compact L C Gow g with non-void interior.
In other words, X is U(e)-dense and relatively separated.
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FIGURE 1. Example of admissible covering and U-dense set in the time-frequency plane
for a =1/2.

Proof. We split the proof into different steps.

Step 1. Frequency decomposition. The function p,(w) is a continuous and
monotone bijection of R. Therefore it maps admissible coverings of R into admissible
coverings of R. This implies that Q% (e) := {pa(w) : w € (e(j —1),e(j + 1))} defines
an admissible covering for R. Now, observe that s, (w) := %(m) = (1+(1-
a)|w])*/(1=) "and it is immediate to show that

sa(w) = (B(pa(w))) ™ (5.34)
By the mean value theorem one therefore has

diam(Q5 (e)) = [pale(j + 1)) = pa(e(f — 1))| = 2esa(€)

for some e (e(fj—1),e(j +1)). Clearly, for all {,w € e(j — 1,5 + 1) it holds
<1+(1_a)g|j_1|>“/<1“> _ <1+(1—a)|w|)a/<1a>

1+ (1—a)elj+ 1| 1+ (1 -l
<1+(1—a)s|j+1|)a/( )
A1+ (1 —-aelj -1
and therefore, for all { € (j — 1,7 + 1) we have s,(§) ~ sa(ej), uniformly with

respect to j € Z and € > 0. Thus, diam(€2 (¢)) ~ 2es4(ej) and QF (¢) := (palej) —
2ecsq(€7), Pa(ef) + 2ecs4(ej)) defines an equivalent admissible covering [15] for R
for a suitable constant ¢ > 0 (independent of j and ¢), and thus

sup#{j € Z: Q¥() N Q% () £ 0} < N, (5.35)
i€Z



36 S. DAHLKE, M. FORNASIER, H. RAUHUT, G. STEIDL, G. TESCHKE

for some N € N. Denoting w; := pa(ej), one can rewrite

Q5 (e) = (wj — 2ec(Bw;)) " wj + 2ec(B(w;) ) (5.36)

Step 2. Time decomposition. For any fixed j € Z let us consider z;j =
ef(wj)k, k€ Z. 1t is immediate to show that for N € N

sup #{he€Z:zjr <zj_nn<xjr1} < Cn. (5.37)
j,k€Z
Define Tﬁ‘k(s) = (6 — eB(wj), zjk + B(wy)).
Step 3. Time-Frequency decomposition. Combining (5.35) and (5.37) one
can show that

$1(e) = TH(e) x O3 (2) (5.38)
defines an admissible covering for R x R ~ X (see Figure 1), and
sup #{j,k € Z: 0,(e) N Q54 (e) # 0} < M, (5.39)

i,hELXT

for some M € N.

Observe now that Q¢ (¢)NQS) (¢) = 0 implies (Q?h(a) X Vl) N (Q?‘k(s) X ‘/2) =
0 for all V4,V C Ry x R. Moreover, by a straightforward application of the group
law in G,w g we obtain

o (2,6, wj)U () = Q5o (€) x Bw;) (1+€) 7, 1+le) x (—e(14w; B(w;)), e (1+w; B(w)))-

(5.40)
Assume that (z,w) € X ~ R x R, then there exists (j,k) € Z x Z such that
(z,w) € QF4(e). We want to show that ((w) € B(w;)((1+ £le)™", 1+ Le) for some
¢ > 0 independent of |j| > 1 and & > 0. Since w € Qf(¢) and by (5.36), it holds

< 1+ |w| > 1+ |wj| ( 1+ |wj| >
1+ |w; + sgn(w;)2ec(B(w;)) ) — 1T+ |wl = \1+ |w; —sgn(w;)2ec(B(w;)) 1|/
Since both the left and right estimates are finite (at least for all € > 0 small

enough), strictly positive, and tending to 1 for j tending to oo, certainly there
exists a constant £ > 0 independent of j and € such that

Aw)
Blw;)
This implies that B(w) € B(w;)((1 + €e)~!, 1 + Le) and by (5.40) that o(z,w) =
(z,w,B(w),0) € o(xjk,w;)U(e). This together with (5.39) finally implies that
{o(zjr,w;)U(e)}(j,kyeze is an admissible covering for ¢(X) and that C1) and C2)
hold with L = U/(&).

It remains to prove that C2) holds for all relatively compact L with nonvoid inte-
rior. By Remark 6 there exists a splitting Z? = [J°, I, such that o(z;,w;)U(g) N
o(zj p,wy)U(e) =0 for all (j,k), (5, k') € I,(j, k) # (j', k). Therefore, as in the
proof of Theorem 4.1, if g € o(zjx,w;)L then o(z;jx,w;)U(e) C gL~ *U(g) and
v(L~U(e))

v(U(e))
where v denotes the Haar measure of G,y . Since {(j, k) € Z? : g € o(zj k,w;j)L} =
U {(,k) € I : g € o(xjk,w;j) L}, we conclude #{(j, k) € Z* : g € o(xjk,w;)L} <
CL = Toiy(LilU(s)). l

(1+e0)7' < < (1+eb).

#{(, k) €I, : g € o(wjp,wj)L} <
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REMARK 9. The previous proof showed that actually
Xjr =A{(z,w) s o(z,w) € o)k, wj)U(e)} = (@ w)IU(€)).
Since the measure p on X is invariant this means that
ajr = p(Xjr) = p(Il(U(e))) = const.
LEMMA 5.12. The weight functions v, in (5.17) satisfy the condition (4.7).

Proof. Since vgs depends only on w and since vs = v*® it suffices to show that

1+ |w]
max =
wwens 1+ ||

m;

has a uniform bound with respect to j € Z. For symmetry reasons we may restrict
to j > 0. By (5.36) we obtain

1+ wj + 2ec(1 + |w;|)*|

1+ w; — 2ec(1 + |wj])®]

Since 0 < a < 1 and w; — 00 as j — oo we have lim;_.. m; = 1. In particular, m;
is uniformly bounded with respect to j. ]

m; =

5.3. Coorbit spaces

Now we are prepared to introduce the coorbit spaces with respect to the sections
associated to fa(w) = (14 |w|)™*, 0 < a < 1 and the weight functions vs(w) =
1+ |w])®, s eR.

Indeed, Lemma 5.12 states that the moderateness condition (4.7) is satisfied for
the weight function vs. Choose a Schwartz function v with compactly supported
Fourier transform. Then by Theorem 5.3 the kernel R = Ry, satisfies the integra-
bility condition (3.11).

If s > 0 then by Remark 3 the weight function w(x,w) = 1 satisfies the embedding
condition (3.13), and also the integrability condition (3.4) with respect to w =1 is
fulfilled. If s < 0 then by Lemma 4.3 a valid choice for the weight w is w(z,w) =
vs(w)™t = v = (1 + |w|)l*l. The integrability condition (4.10) on oscy-1p is
satisfied by Theorem 5.4 and Remark 8. The numbers a; = p(X 1) are constant,
in particular bounded from below, see Remark 9. Moreover, also in the case s < 0
the integrability condition (3.4) on R with respect to w = vy is satisfied, once
again by Theorem 5.3. For convenience we define

() = 1 if s >0,
W= @+ e it s <o,
The arguments above imply that the spaces H;i ., and K 4,, and hence also their
duals H} ,,, and K} are well-defined for any s € R. When emphasizing the

lawg>
dependence on a we add an index, e.g. H} ,,_,- Also, it is clear now from the above
reasoning that the general coorbit spaces are well defined, i.e.,

prvs = prvsya = {f € Icll,ws,a : V’LZ?‘ € LP»”S}’
’prvs = Icpv'usva = {f € Hll,ws,a : W$ € prvs}'

Moreover, it follows from Remark 4 and Theorem 5.3 that

Hpﬂ’sﬂ = K:Pﬂ)s-,aa
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and different choices of the Schwartz function 1) with compact support in the Fourier
domain define the same spaces Hp, »,,o With equivalent norms. In the next section
we will identify the coorbit spaces with a-modulation spaces.

6. The frame theory of a-modulation spaces M

The a—modulation spaces are usally defined by means of the flexible Gabor—
wavelet transform

Vi (f)(@,w) = (f,U(o(z,w)¥) = (f, TeMuDpy). (6.1)
It is easily verified that for « = 0, i.e., B(w) = 1, the family
{Uo(z,w))p =Ty Myt : (z,0) € X}

is in fact a Gabor system and V) f := (f,U(o(x,w))1) coincides with the classical
short time Fourier transform (STFT), while for &« — 1 the family tends to the
situation encountered in the wavelet context, where Vu} is just a slight modification
of the continuous wavelet transform (CWT). The intermediate case o = 1/2 appears
in the literature as the Fourier-Bros-Iagolnitzer (FBI) transform [6, 32].

The introduction of a new class of function spaces defined as retract of weighted
Ly,q spaces by means of V' has been suggested already in [32, 30, 31, 14, 23]. An
application of [13, Theorem 4.3] shows that this class coincides with the family of
so called a-modulation spaces M, ¢ introduced independently by Grobner [27, 15]
and P&ivirinta/Somersalo [38] as an “intermediate” family between modulation
[29] and inhomogeneous Besov spaces [26, 43, 44]. In particular, one characterizes
a-modulation spaces as follows. For s € R, for all 1 < p,¢q < oo, and for « € [0, 1]

Mytet/a=tDe(R) = {f € S'(R) : V() € L ,(R)}, (6.2)
[l pgzoaram .o < V()]

where 1 is a suitable Schwartz function and L$  (R?) is the space of functions F
on R? such that

s
L34

L= (J (], o)™+ |w|>sqczw>l/q <o

For oo = 0, the space M ?(R) coincides with the modulation space M3 (R). For
o — 1 the space M}, (R) coincides with the inhomogeneous Besov space By ,(R).

Interesting analysis has been recently developed on the scale of such function
spaces. The mapping properties on a-modulation spaces of pseudodifferential oper-
ators in certain Hormander classes have been studied by Holschneider and Nazaret
[32] and Borup [5] as generalizations of classical results of Cordoba and Fefferman
[7]. Characterizations of a-modulation spaces by brushlet unconditional bases have
been given by Nielsen and Borup [34], while a corresponding characterizing family of
intermediate Banach frames and atomic decompositions between Gabor and wavelet
frames was defined in [14, 23].

We want to show that the frames appearing in [14, 23] can also be derived by an
application of our coorbit space theory. Therefore, let us finally apply our abstract
discretization theorems to a-modulation spaces.

1]
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THEOREM 6.1. Let 1 <p<oo0,0<a <1 andsé€R. Let ¢ € Ly with supp )
compact and z/AJ € C2. Then the following holds true.
1) The coorbit spaces H,, « can be identified with the a—modulation
spaces Mg .
2) There exists g > 0 with the following property: Let {(x;,w;)}; kez denote
the point set associated to any 0 < € < gg as constructed in Theorem 5.11.
i) (Atomic decomposition) Any f € M;j:> can be written as

f= > cin(HTe, ,My,Dp, (0¥

(4.:k)€2?

Vs—a(l/p—1/2)

and there exist constants 0 < C1,Cy < oo (independent of p) such that

1/p
s=al/p=1/2),

Cil fllazs < | D lesn(HPA+ 1= a)lf])

(3,k)ez?
< ol fllagse

ii) (Banach Frames) The set of functions {; .} jkez := {Tx; , Mw; Dp, (v, ¥} jkez?
forms a Banach frame for M. In particular, there exist constants 0 <
C4,Cy < oo (independent of p) such that

1/p
s— a(l/p 1/2)

Cilflage < | Do KA sePL+ (1= a)li])

(3,k)ez?
< Col fllagse-

Proof. We start by showing part 1). Let us consider the functions v;, =
Ty, My, Dg, ()% as in 2) and let us define Hy as the space of finite linear com-
binations of these functions. Observe that Theorem 5.11 states that the point set
{(zjk,wj)} in 2) is U(e)-dense and relatively separated. Therefore, the abstract
Theorems 4.4 and 4.5 (resp. Remark 7 1)) in connection with the Theorem 5.4 about
the integrability of the oscy kernel imply the existence of an atomic decomposition
and of Banach frames with respect to the associated £p., ., ,,_,,, —SPaces. Espe-
cially, this means that the functions in Hy are dense (weak*-dense for p = c0) in
H Since the space Hp,vs o(1/p—1/2) 18 complete with respect to its norm,

this implies Hy o, .1 /p_1/2) = H I70saa/p-12) . But the bandlimited functions
in Hy are also dense in M, In fact one can show that any bandlimited L,, -function
f can be expressed as a series of elements in Hj that is convergent in the sz g‘ norm.
Since L, bandlimited functions are certainly dense (weak*-dense for p = oo) in M

(see [27] and [23]) this shows immediately that Mj> = HOH In3 . Moreover My2
is again a complete space with respect to its norm (6.2) which is equlvalent to that
of Hpv,_ijp_1/2 for every function in Ho, i.e., || fllage = |\f|\Hp,U57a(l/p71/2)
all f € Ho. This implies that Hpv_, . p_1/2 = Ms o

It remains to prove part 2). Essentially, this part of the theorem follows from the
abstract theory outlined above since by 1) we know that the a-modulation spaces
can be identified with coorbit spaces. Indeed, the abstract Theorems 4.4 and 4.5
(resp. Remark 7 1)) can be applied and yield an atomic decomposition and Banach
frames with respect to the associated £y, ,_, ., ~sSpaces. We are only left with
computing the sequence space norm of ¢, explicitly. It is easy to see by

PyVs—a(l/p—1/2)"

Vs—a(1/p—1/2)
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Theorem 5.11 that

vs(w;) = (L+[palef))® = A+ (1= a)lei) = = 1+ (1 - a)lj]) ==

Thus, it follows

1/p
i) nn, s pryay = > leiklPrecaqp-1/2)(@;)”
7,kEZ
1/p

L s—a(l/p—1/2)

= Yl + (1 - ) =T
J,kEZ

This concludes the proof. O

REMARK 10. i) This result already appears in a slightly different form in [23,
Theorem 3.2], where it has been derived by a combination of decomposition methods
[13, 15, 14], a suitable generalization of the theory of instrinsic localization of
frames [24, 25], and certain stability /perturbation results for Banach frames and
atomic decompositions. In particular, once the characterization Theorems 6.1 i) and
ii) for a bandlimited function v are established, by an application of the perturba-
tion argument in [23, Theorem 3.2], one can extend the results to atoms that are not
necessarily bandlimited, even though at least sufficiently time-frequency localized,
e.g., any Schwartz function. Theorem 6.1 allows to characterize a-modulation spaces
by means of frames with different densities (¢ > 0) even of the (scale-frequency)
parameter j, while in [23, Theorem 3.2] only the density of the (time-shift) para-
menter k has been considered.

ii) Observe that for o = 0 the U-dense sets {(x;x,w;)} = {(¢k,ej)} define a regular
lattice in X ~ R? with density governed by ¢ > 0. This situation coincides with
the well-known case of uniform Gabor frames [29]. For & — 1 one shows that the
points have a limit (z; ,w;) = (eke™¢l7! sgn(j)el?l). In particular, if ¢ = ¢In(2), for
¢ > 0 small enough, then (z;x,w;) = (ek27V| sgn(5)2¢V!), which are the typical
dyadic sampling points of the classical continuous wavelet transform in order to form
wavelet frames [11]. Again here the parameter € > 0 is interpreted as governing the
density of the set.

iii) For a = 0, it is well known that no frames can be generated by sampling on a
set of points (x,w;) = (ak,bj) for any positive lattice constants a,b > 0 for which
ab > 1 [11, 29]. In particular for the case (z;,w;) = (¢k,ej) one cannot expect
that frames can be derived for ¢ > 1. Then one may investigate for o € (0,1)
the shape of the set Q, C R% of all parameters (a,b) such that no frames can be
derived by sampling on (2 5, w;) = (a8(pa(bj))k, pa (b)), see also [8]. Of course, by
Theorem 6.1 we know already that Rﬁ_\ﬂa contains at least an open neighborhood
of (0,0) in R?.
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iv) For @ — 1 one has formally (z;,w;) = (eke™¢l| sgn(j)el’l) and

Torj Moo, D1y 19 (1)
= (L Jwy|)/2ePmies (mes DR g (14 Jwy ) (= e(1 + Jwy])7'R))
(1 [y |) /22 sEnteos) (e (1o oy ) HE) g2 () (s (e 1oy ) E)

X1 (L + |w;|)t — €k))
_ e—27risgn(wj)(t—s(l-l—\w]-|)71k)D(1+‘wj‘)71 » (627risgn(wj)tw(t)> '

As for classical wavelets, dilations and translations remain the sole relevant oper-
ators, while the modulation contribution almost disappears, except for the phase
factor in front of the dilation. We conjecture that Theorem 6.1 can be formu-
lated also for the limit case @ — 1 to characterize inhomogeneous Besov spaces

B;;l/ p=1/ *(R) where the discrete weights appearing in Theorem 6.1 i) and ii) will

be (formally) of the type limg_,1 (14 (1—a)|j])T== = e*lil. For the characterization
of B;;l/ p=1/ %(R) by pure wavelet expansions in the context of the coorbit space
theory we refer to [16, 19, 25].

v) The theorem can also be formulated with the discretization of the (continuous)

canonical dual frame involving the Fourier multiplier A !.

Appendix A

A.1l. Proof of Lemma 5.9
We consider mg in the form (5.14) with G, L given by (5.15). The function g in
(5.7) is implicitly given by
J(&w,9(§ 7)) =0 (A1)
with
J( x,2) = xz+ 2 —1-¢.
Using (5.7) we obtain

. o)) = 2+ a—tole. o)/l — o 0F1—179(§7$)+1+§
83‘](57 79(57 )) + g(ga ) + g({,x)
1 1+¢€
g(& @)

Since g(&, z) behaves like £* when & — oo the latter expression is always strictly
positive if £ is large enough and x € [— A, A]. Thus, by the implicit function theorem
g(&, z) is uniquely determined by (A.1) (or (5.7), respectively). In this case, and
since J is C*° also ¢ is infinitely differentiable.

Clearly, we have

Zx—a_lx—i—a_

0 5, 0 0
8_§G(§,I) = _a(l —|—OLL(§,$)) Qa—gL(g,:E) = —aG(g,x)Qa—gL(g,x),
0? 0?

—QG(& z) = —aG(E, x)za—gg

0 0
85 L({,:z:) - 2&G(§,I)6—€G(€,IE)—L(§,I)
2 2
= aG(f,ac)2 <2aG(§,x) (gL(f,:E)> — %L(f,x)) )

23

9¢
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So let us compute the partial derivatives of L with respect to £. To do this we will
need the derivatives of g. We obtain

This implies that
-1
20,6 = ~00J(6 016 2) @u (€ g6, 0) ! = (4 Lot

and

-3

For L this yields

(9_L T) = 1 == x)~ Ve
56 (€0) = (1= Dog (€ alglé.o)

— _l l 1/a—1 - —1/a
1Ly (a4 Lote. e,

2 2 ’
G En) = (- D (g_sgg_w - (%) fw_l) o

— (1= Do (5 - Z)al6a) (o + ol ) V)

« «
~Lo(6 D) kLol ).

Together with (5.8) we obtain

2—a o _l —1+a l —14+a 1/a—1 - -1/
i @ G (60) = Jim (1 Do (67w + e gl ) gglea)

~tm (1 L) (5”% n é(&ag@,x))”“) (e rg(e )Y

=a(l - é)x = (a—1)z,

5{@063‘“%(& )

= Jim (1= Do (R enge, ) HE e 1 () )
Syl a) T e e g ) ) )

= Jim (1= o (el ) L))
(e D) L (e 0) ) )

— (- L@ -1a—ay = (@ a2
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This gives
2— a _ _
glggoﬁ 5 (é‘, z) =a(l —a)z,
lim &3 od (g r) = 2a* lim &7 (8—L(§ x))2 — hm £ od (5 )
E—oo 852 ’ £v00 ag ’ 852 )

=0
=—a(l—a)(2-a)z.

Moreover, these limits hold uniformly in = € [— A, A]. This implies

A A
lin (€)= Jim & [ )P GEade = all—a) [ |i()Peds.
(If |¢)| is even then the last integral even vanishes). Since mj is continuous we
deduce that

m(§)] < Cmin{l, [¢]7F}.

In the same way we obtain

£—o0

A ~
lim € *m(e) = —a(l—a)2=0) | |i(o)Pads

and
Im3(€)] < Cminf1, ¢~}
Observe that

(m 1) (&) = —mp(E)m57 (&),
(m5 )" (&) = 2(mj3(€))*mz° (€) — m(E)m5* (€).

Since mg is bounded away from zero and « € [0, 1), we finally deduce (5.27) and
(5.28), and the proof of Lemma 5.9 is completed.
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