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Abstract

In this paper, we are concerned with the optimal LP-L¢ convergence rates for
the compressible Navier-Stokes equations with a potential external force in the whole
space. Under the smallness assumption on both the initial perturbation and the
external force in some Sobolev spaces, the optimal convergence rates of the solution in
L%-norm with 2 < ¢ < 6 and its first order derivative in L2-norm are obtained when
the initial perturbation is bounded in LP with 1 < p < 6/5. The proof is based on the
energy estimates on the solution to the nonlinear problem and some LP-L? estimates
on the semigroup generated by the corresponding linearized operator.

1 Introduction

Consider the initial value problem of the compressible Navier-Stokes equations with a
potential force in the whole space:

pt+ V- (pu) =0,

it (-t YEC) _Ba B Go 0 vee 1.1
£+ ( v>+p pA+p (V-u) — Vo(z), (1.1)

(p,u)(0,2) = (po,u0)(x) = (P, 0), as |z| — oc.
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Here, t > 0, x = (x1,72,73) € R3. The unknown functions p = p(t,z) > 0 and u =
u(t,x) = (ui(t,z),u2(t,x),us(t,z)) denote the density and velocity respectively. P =
P(p) is the pressure function, —V¢(x) is the time independent potential force, pu, '
are the viscosity coefficients, and (ps,0) is the state of initial data at infinity. In the
following discussion, it is assumed that p and p’ satisfy the physical conditions p > 0 and
w+ % > 0, while p is a positive constant and P(p) is smooth in a neighborhood of p
with P (pg) > 0.

For the Navier-Stokes equations (1.1);-(1.1)2 with potential force, the stationary solu-
tion (ps, uy) is given by (p«(x),0), where p.(x) satisfies, cf. [14],

/p*(x) P/S(S)d3+¢($) _o (12)

oo

The global existence of solutions to the nonlinear problem (1.1) near the steady state
(ps,0) with initial perturbation in H? was proved by Matsumura and Nishida [14]. In this
paper, we want to obtain the optimal convergence rate of the solution to the steady state
when the initial perturbation is also bounded in LP with 1 < p < 6/5. Precisely, the result
can be stated as follows.

Theorem 1.1. Let (p,u) be a global classical solution in H® to the initial value problem
(1.1), and (p«,0) be the corresponding stationary solution. For given 1 < p < 6/5, suppose
that the potential function ¢(x) and the initial perturbation satisfy

4
1 K < 1.
el 2o +;H< +a)Vl < (1.3)
1(po = pxs uo) [ s < €, (1.4)
for some small constant € > 0, and
[[(po = px; uo) || » < +o00. (1.5)

Then, there exist constants eg > 0 and Cy > 0 such that for any 0 < € < ¢y such that

IV%(p = pus ) (1)l 12 < Co(1 + )@Y, | =1,2,3, (L6)
1o = par ) (8) |12 < Col1 + £)~7®20), (L.7)
Furthermore,
1(p = pesu)(D)zs < Co(1+8) P20 2 < g <. (18)
Here
o(p,q; k) = g (; - ;) + g (1.9)

Remark 1.1. For the linearized problem of (1.1)

o+ ’Yv W = 0,
wy — 1 Aw — e VV -w +yVo = 0,
(o, w)(0,2) = (00, wo) (),



Optimal Convergence Rates for NS 3

where w1, po and v are some positive constants, the precise convergence rates can be
obtained through the Fourier transform:

(o, w)(B)[za < C(1+ )77 PED|(a0, wo)| Loz,

IV (o, w)(®)]| 2 < C(L+ 1)~V |(00, w0) | Lor -

By comparison, the convergence rates for the nonlinear problem (1.1) given in (1.6) with
k =1 for the first order derivative in L?>-norm, and the one in (1.8) for the perturbation
itself in Li-norm with 2 < q < 6, are the same as those for the linearized problem so that
they are optimal.

Remark 1.2. In Theorem 1.1, the constant Cy depends only on €y and p. It should
be pointed out that Cy may tend to infinity when the index p approaches 6/5. In fact,
when p = 6/5, a slower decay rate was obtained in [17] for a class of general (including
non-potential) forces; see (1.10) in the below.

Remark 1.3. Consider the external force generated by the potential function ¢ in the

form of
€

)= —""—""—
M= A
where € and § are small positive constants. Notice that the case when 6 = 0 corresponds to
the Newton gravitational potential. It is straightforward to check that the condition (1.3)
1s satisfied if and only if

5>§—E

p 2
Thus, 1 < p < 6/5 implies 6 > 0. In fact, one can improve the argument used in [17] by
employing the interpolation method on the Lorentz space to show that for 6 = 3/p —5/2
with 1 < p < 6/5, the decay estimates given in Theorem 1.1 still hold.

For the compressible Navier-Stokes equations, a lot of works have been done on the
existence, stability and convergence rates of solutions for either isentropic or non-isentropic
(heat-conductive) cases, cf. [2, 6, 9, 12, 13, 14] and references therein. In the following,
we only review some studies on the convergence rates for the compressible Navier-Stokes
equations in the whole space with or without external forces which are related to the
results of this paper.

When there is no external force, the problem was studied by Matsumura and Nishida
[12], Ponce [15], Deckelnick [2, 3], Hoff-Zumbrun [5], Liu-Wang [11], Kobayashi-Shibata
[10], Kagei-Kobayashi [7, 8], and Kobayashi [9] in various settings. Recently, an almost
optimal convergence rate in L2(R"), n > 3, was obtained by Ukai-Yang-Zhao [18] showing
that

1o — B, (B)ls < Cln, m)(1+ 875,

when the initial perturbation belongs to H3(R™) N L'(R™). Here x > 0 is any positive
constant which can be arbitrarily small, but C(n, k) may approach to co when « tends to
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zero. The result was later generalized in [4] to obtain the optimal convergence rate under
the same assumptions.

For the general external force, the following convergence rate was obtained by Shibata-
Tanaka [16, 17]:

IV(p = paru = w)(B)l|2 < CR)(1+ )2 H", (1.10)

for any small positive constant x when the initial perturbation belongs to H?(R3) N
LS/5(R3). Similarly, C(x) may become co when x tends to zero. Notice that even when
k = 0, the rate given in (1.10) is not optimal for the perturbation in the space L%/°,
For this reason, we study the optimal convergence rate problem first for the case with a
potential force when initial perturbation in LP with 1 < p < 6/5. However, the following
analysis does not include the critical index p = 6/5.

The idea of the proof can be outlined as follows. Firstly, we will obtain a Lyapunov-
type energy inequality in the form of

PO 1 on < cpvu @)

where H(t) is an energy functional including all the derivatives of at least one order, and
U(t) denotes the perturbation. Then, based on the LP-L? estimates from spectral analysis
on the linearized system, the first order derivative VU (t) can be bounded by H (¢) in some
integral form with a small coefficient. Finally, combining these two types of estimates, the
optimal convergence rates can be obtained by the Gronwall inequality.

The rest of the paper is organized as follows. After stating some basic lemmas in
Section 2, we give the proof of Theorem 1.1 in Section 3.

Notations. Throughout this paper, the norms in the Sobolev Spaces H™(R?) and
W™P(R3) are denoted respectively by || - ||, and || - [|lmp for integer m > 0, any p > 1. In
particular, for m = 0, we will simply use || - || and || - ||z». And (-,-) denotes the inner-
product in L?(R3). Moreover, C' denotes a general constant which may vary in different
estimates. If the dependence needs to be explicitly stressed, some notations like C', Co,
will be used. As usual,

V:(aha%a?;)y az:amza i:172737

and for any integer [ > 0, V!f denotes all derivatives up to l-order of the function f. And
for multi-indice o = (a1, g, a3), B = (b1, B2, 53),

T2 x3?

3
Oy = 031052072, |a| = g a;,
i=1

and CF = (g) when 3 < a.
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2 Preliminary

In this section, we will first reformulate the problem and then give some decay-in-time
estiamtes and Sobolev inequalities which will be used in the proof of Theorem 1.1.
Set

p(t,x) = p(t,z) — pi(x), alt,z)=u(t,z),

and

Then (1.1) becomes
Pt + pocV - = 54,
! Pl o ~ ~
- PP gy g P=)gs g
Poo Poo Poo
(5,0)(0,) = (p0 — pertio) () — (0,0) s |a] — o,

where 51 and 32 are the source terms. Denote

0 B
g =——, pg= ;7= VP (po)-
Poo Poo
By using the new unknown functions

Poo

o(t,z) =p(t,z), w(t,z)= W

u(t, x),

the initial value problem (1.1) is reformulated as

o +V-w =5,
wy — p1Aw — o VV - w +yVo = Sy, (2.2)
(07 'UJ)(O,ZL’) = (Uova)(x)7

where
§1= =52V (o + pul (2.3)
2.2 ~ ~
piy o+p o+p
Sy = — V)w — Aw — .
5 2 (w-V)w u10+p* w M20+p*vv w
P M P'(py P N P(pso
_{ (0+ps) (p)}vﬁ_[ (0+p)  Plp) Vo, (2.4)
o+ px P 0+ pPx Poo
and

(00, wo) () = (Po = Ps ]%u()) (z) — (0,0) as [z] — co.

We shall consider the convergence rates of the solution (p, u) to the steady state (px,0),
that is, the decay rates of the perturbed solution (o,w). For later use, the result on the
global existence of solutions to (2.2) by [14] is stated as follows.
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Proposition 2.1. There exist constants €, > 0 and C; > 0 such that if (1.3) and (1.4)
hold for any € < e, then the initial value problem (2.2) has a unique solution (o, w)
globally in time, satisfying
g € C°(0,00; H*(R?)) N C(0, 00; H*(R?)),
w € C°(0,00; H*(R?)) N C(0, 00; H' (R?)),
and .
(o, w) ()13 +/0 (IV (0, w) ()3 + [IVw(s)[I3) ds < Cil|(a0, wo) 3.

To use the LP-LY estimates of the linear problem for the nonlinear problem (2.4), we
write the solution of (2.2) as

t
Ut) = E(t)Uo + / E(t — $)F(U(s))ds. (2.5)
0
From now on, we use the notations
U = [o,w]", Uy=[oo,wo]", F=][S,5Ss]", (2.6)

and E(t) is the solution semi-group defined by E(t) = e™*4, t > 0, with A being a
matrix-valued differential operator given by

0 ~vdiv
A= .
YV =1 A — poVdiv

The semigroup E(t) has the following properties on the decay in time, cf. [9, 10].

Lemma 2.1. Let k > 0 be an integer and 1 < p <2 < q < co. Then for any t > 0, it
holds that

IV*E6)Uo]|e < C(1+6)" 7P| o,
where o(p, q; k) is defined by (1.9).

For later use, let us also list some classical Sobolev inequalities and integral inequalities
as follows, cf. [1, 2] for the proofs.

Lemma 2.2. Let Q C R3 be the whole space R3, or half space Ri or the exterior domain
of a bounded region with smooth boundary. Then

(i) | flls) < CIV fllrzq), for fe HY().
(@i) | fllco@ < Cllfllwroy < CIV fllaoy, for f e H*(Q).

Lemma 2.3. For ) defined in Lemma 2.2, we have
(i) | fo f - g-hdx| <el[VFI?+ g3 nl* fore >0, f.g € H(Q), h € L*(Q).
(ii) | Jo [ g-hdx| <elgl® + SIVFIFIR? fore >0, f € H*(Q), g,h € L*(Q).
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3 Convergence rate

We are now ready to prove Theorem 1.1. As in [18], the strategy is to first obtain a
Lyapunov-type energy inequality of derivatives of the order from the first to the third.
And then based on the LP-LY estimates, for the initial perturbation being bounded in L?
with 1 < p < 6/5, we will show that the decay rate of the first order derivative is of order
(1+1t)=°®2D up to an error related to the derivatives of higher order. Combining these
two estimations yields that all higher order derivatives decay at the same rate as the first
order derivative and then gives the proof of the theorem.

3.1 Energy estimate for derivatives

As in [4, 18], based on Proposition 2.1 on the existence of the global-in-time solution, we
will derive a Lyapunov-type inequality by the energy estimates.

Lemma 3.1. Under the assumptions of Theorem 1.1, let U = (o,w)T be the solution to
the initial value problem (2.2). Then there are constants Cy > 0 and Dy > 0 such that if
€>01n (1.8) and (1.4) is small enough, then for any t > 0, it holds that

dzt(t) + DyH(t) < Co|| VU ()%, (3.1)

where the energy functional H(t) is equivalent to |VU(t)||3, that is, there exists a positive
constant C3 > 0 such that

1
QIIVU(t)H% < H(t) < Gs[[VU(®)]3, t>0. (3.2)

Proof. For each multi-index a with 1 < |a| < 3, by applying 0% to (2.2), multiplying by
0%, 0%w respectively, and then integrating over R3, we have from the sum of (2.2)1-(2.2)2
that

1d le' 2 le' 2 le' 2

3 g 0TI + mlVOFw ()" + 2|V - Sw(®)]
(070 (1), 0751(1)) + (O w(t), 07 S2(t))- (3-3)

Before estimating the two terms on the right hand side of (3.3), we notice from (2.3) and

(2.4) that the source term (S, S2) has the following equivalent properties

S1 ~ &'Gwi + Uaiwi + 8iﬁwi + ﬁ&iwi, (3.4)
52 ~ wié?iwj + a@,-&;wj + O’@j@,”wi + O'ajO'
+p0;0;w7 + pd; 0w + 9;po + pdja. (3.5)

Then for the first term on the right hand side of (3.3), (3.4) implies that
(090 (1), 0951 (1)) < Cl A% (t), 0 Do (t)w' (1))
+C Y51 jal-1 C31(020 (1), 02050 (1) 05~ wi (1))
+C Y5110 CE1(020(2), 020 (1)05 ™ 0’ (1))
+C X jg1<1a) C8 (050 (1), 020100~ (1))

(
+C'Y 51<ja) C310020 (1), 07 505 D' (1)) (3.6)
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Let I; denote the j-th (j = 1,2,...,5) term on the right hand side of (3.6). As in [4, 18],
by Proposition 2.1, Lemmas 2.2 and 2.3, we have

3
YNor<ce Y [ose)F+Ce > (losw(t)]* (3.7)
j=1

1<|a|<3 1<|of<4

For I and I5, by (1.2), (1.3) and (2.1) imply

4
+ A+ [2) V(s = poo)l| 20 <e (3.8)

o= el 3 .

nL

Hence, it follows again from Lemmas 2.2 and 2.3 that

L=C{ Y+ > 0%a(t), 020500 wi(1))]
IBl=]la|  0<|B|<|a| -1
C : C 5
< clogo @) + —logapu' ()* +— D 970y w' (1)
0<|8|< || -1
wi(t) ||

1 920, p||?
(1+ [x])0z 0ipll1, T+ [

< elogo(®)|* +

g
€

c = a— %
S DR A7 v (Al Ol

0<[B|< e -1

<e Y llore®?+Ce Y llogw)]?, (3.9)

1<|al<3 1<[al<4

and

L<C S [@5o(t),02p0r 0w (1)
0<8[< ]

feY C —aa— A
< E\I(?za(t)HQJr; > 107p05 P ot (1)

0<|8|<le

feY c — o— 7
< e\laxa(t)Her; > 107017105 0t (1))

0<|8|<l|e

<o Y eI +0e Y faun)]?. (3.10)

1<|a|<3 1<|a|<4

Here, we have used the following Hardy inequality

lei(% H < [Ve' @)

Thus, (3.7), (3.9) and (3.10) give that

(0o (), 0551 (0) <€ Y o5o@)IP +Ce Y agw(t)]*. (3.11)

1<]a|<3 1<[a|<4
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Similar argument gives

(OFw(t), 03 5:(8)) <€ Y 2ol +Ce Y [ogw(®)l*. (3.12)

1<|a|<3 1<[of<4

Hence, (3.3) together with (3.11)-(3.12) yield

d (63 o
— > lsU@IP+C Y (IVoTw()|?
1<]a<3 1<]|al<3
< Ce Z |]8§‘a(t)||2+06 Z ||8§‘w(t)|\2. (3.13)
1<|a|<3 1<]|al<4

Furthermore, to include the estimation on ||[VO%c(¢)||? when 1 < |a| < 2, from (2.4),,

we have
YWVo = —wy + p1Aw + p2V(V - w) + Ss.

After applying 0% with 1 < |a| < 2 to the above equation, combining (2.2); and performing
the computations similar to (3.9) and (3.10) lead to

T NI+ S (om), Voo ()

1< <2 1<]|al<2
<C Y logvu@)+Ce Y loge®)|P+Ce > (05w (). (3.14)
1<|a|<2 1</a|<3 1<|al<4
Define

Ht)=Dy Y  0°UM*+ > (9%w(t), VoLa(t)).

1<[al<3 1<[al<2

By choosing the constant Dy > 0 sufficiently large and € > 0 small enough, the linear
combination of (3.13) and (3.14) leads to

dH (t
dtU +C (V20 ®))2 + V2w (t)[3) < Ce|VU @)%,
which implies
dH (t
df) +Do|| VAU < Cel| VU @), (3.15)

where D, is a positive constant independent of e. Adding Ds||[VU(#)||? to both sides of
(3.15) yields (3.1) and this completes the proof of the lemma.
O

3.2 Estimates on the first order derivative

In this subsection, based on the LP-L? estimates for the linear problem, we shall use the
formula (2.5) to estimate the decay rate of the first order derivative.
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Lemma 3.2. Under the assumptions of Theorem 1.1, let U = (o, w)T be the solution to
the initial value problem (2.4). Then we have

t
HVU@nthAba+¢yﬂ@2®-+cg/(1+t—syﬂ@2®HVU@mym, (3.16)
0
where Ko = ||Uo||ppnm 18 finite by (1.4) and (1.5).
Proof. From the integral formula (2.5) and Lemma 2.1, we have
t
IVU@)]| < CKo(1+)7®>D + C/ (L4t =) " PEVEU)(s)l|orprds,  (3.17)
0

where F(U) is given in (2.6). To derive (3.16), we need to control |F(U(t))| rrngt by the
L?-norm of the derivatives of at least first order.
Firstly, we estimate those terms including p. By (3.8), it follows that

195+ wler < (1 + ) VA2 < Cel|Vu,

_w o
1+ |z
1PV - w||Lr < HﬁIIL% IV -w|| < Ce|| V|,

and
Vo -wl| <[[(1+ |z[)Vpl Lo

w
———|| < C¢||Vu||,
| = camu
12V - wl < lpllL= IV - w]| < Cel| Va]].
Thus, the above inequalities give that
IV - (pw)lle, [V - (pw)| < Ce[|[Vuwl].
Similarly, it holds that
IV (po)llze, IV - (po)]l < O(L)e||Val,
IV (pw)[lr < OW)el| V|1, [V - (po)]ly < O(M)el[ Vo],
IV2(pw)| e < O)el|Vells, [V (pw)]1 < O1)el[Vw]a.
The estimation on the other terms in F(U(t)) are easier so that we omit it for brevity.
Hence, by Proposition 2.1, we have

IE@)®)ze < CIUBNIVU(#)]12
+CO(IV - (pw)|Le + IV - (50) [ Lr + V2 (w)]|e)

< Ce|VU @)1, (3.18)

and
[F@)®) a1, < CNU @) [wre[VU () ]|2

+CO(IV - (pw) 1 + IV - (po) [l + V2 (pw)]l1)

< Ce| VU)o (3.19)

Putting (3.18) and (3.19) into (3.17) gives the desired inequality (3.16) and this completes
the proof of the lemma.
O



Optimal Convergence Rates for NS 11

3.3 Proof of Theorem 1.1
To prove Theorem 1.1, define

M(t) = sup (1+s)2P2DH(s). (3.20)
0<s<t

Notice that M (¢) is non-decreasing, and

VU (s)|l2 < CV/H(s) < C(1+5) 73D /M(t), 0<s<t.
Then it follows from (3.16) that

IVU(#)|] < CKo(1 + 1)~ @5

t
+Ce / (14t —s)"PED(1 4 5)7o@ED gs\ /M (1)
0

< O(1 + )~ (Ko te M(t)) , (3.21)
because o(p,2;1) > 1 when 1 < p < 6/5. Hence, by the Gronwall’s inequality, (3.1) and
(3.21) give

t
H(t) < H(0)e P2t + ¢y / e P2=9) VU (s)||?ds
0

< H(0)e Pt ¢ /0 t e~ D229 (1 4 5)7202 g5 (K2 4 EM (1))

< O(1+1)72@3D (H(0) + KZ + M) . (3.22)
In terms of M(t), we have from (3.22) that

M(t) < C (H(0) + K§) + Ce*M(¢),
which implies that if € > 0 is small enough, then
M(t) < C (H(0) + K7) .
In return this gives (1.6) by noticing (3.2) and (3.20).
Next, by Lemma 2.1, (3.18) and (3.19), it follows from the integral formula (2.5) that

t
U] < CKo(L +)7@>0 4 C/ (L4t —5) P FU(s))l| oy L2dds
0

t
< CEy(1+4)-7P20 4 Ce / (141t — 5)~@20 VU (5))|ads
0

< CKo(1 4 t)~o®%0)

t
+Ce (H(0) + K2)? / (14— o) 0201 4 g)-o21) g
0

< C(14t)~o@20),

where we used again o(p,2;1) > 1. Hence (1.7) is proved.
Finally, by the interpolation, for any 2 < ¢ < 6, combining (1.6) and (1.7) yields

U@z < MU NUON < CIVUDIPNU @) < C(1+1)77@a0),

. And this gives (1.8) and then completes the proof of Theorem 1.1.

_ 3(¢—2)
where 0 = qT
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