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Abstract

Based on the existence theory on the Boltzmann equation with external forces in
infinite vacuum, in this paper, we will study the L' and BV-type stability of the classical
solutions for small initial data. The stability results generalize those for the Boltzmann
equation without force to the case with external force. In particular, we show that the
stability can be established for the soft potentials directly, while the stability for the hard
potentials and hard sphere model is obtained through the contruction of some nonlinear
functionals. The functionals thus contructed generalize those constructed in [19] for the
case without force to capture the effect of the force term on the time evolution of the
solutions.

1 Introduction

For the rarefied gas in the whole space Ri, let f(t,z,v) be the distribution function for
particles at time ¢ > 0 with location x = (1, 22, 73) € R and velocity v = (v, ve,v3) € R3.
In the presence of the external force, the time evolution of f is governed by the Boltzmann
equation as a fundamental equation in statistical physics,

of+v-Vof + E-Vyof =J(f, f) (1.1)
In the following discussion, we denote the initial data by
f0,z,v) = fo(z,v). (1.2)

Here E = E(t,x,v) is the external force. And the collision operator J(f, f) describing the
binary elastic collision takes the form:

J(f, ) = QU f) = FR(Y), (1.3)
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with
Q. Pt = [ B, |v — v} f (0, 0) (b, 2,0)) dedbdv,,  (14)
[0,27] x[0,7/2] xR,
and
fR(f)(t,z,v) = f(t,z, v)/ B(0, v — v|) f(t, z,v.) dedfdvs,. (1.5)
[0,27]x[0,7/2]xR3

Here (v,vy) and (v',v)) are the pre-collision and the post-collision velocities respectively,
satisfying

vV =v— (U=, ww, V=0, + V-1, 0w, weS?,

by the conservation of momentum and energy. And e and 6 are the polar and azimuthal angles
of v'. B(0, |[v—wvy]) is the collision kernel characterizing the collision of the gas particles coming
from different physical settings with various interaction potentials.

Throughout this paper, we assume that the collision kernel B is nonnegative and contin-
uous in its arguments and satisfies the following condition:

B(0,|v — v.|)
—~ 1 <<Ch — ), y
|sinfcosf| — 51,8 (U — vs]) (16)
where
b ([0 —val) =14 v — 0| + v =0, —2<6<0<6 <L (1.7)

Notice that for the hard-sphere model,
B(0,|v —v|) = Clv — v,|sinf cos b, (1.8)

which satisfies (1.6) with §; = 0 and 62 = 1. Notice also that both the hard and soft potentials
with angular cut-off satisfy the condition (1.6). And later for simpler presentation, we call
the cases with §o = 0 and d; = 0 as soft and hard potentials respectively.

As usual, we will later rewrite the equation (1.1) by integration along the bi-characteristics.
For any fixed (z,v) € R3 x R3, the forward bi-characteristics [X*(x,v), V(z,v)] is defined
by

dX'(z,v)
dt
(X1 VY20 = (z,0).

Then the mild form of the Boltzmann equation becomes

av'(z,v) = E(t, X'(z,v), Vi(z,v)),

= V@) dt (1.9)

f#(t,:z,v) = fo(x,v) +/0 J#(f, f)(s,z,v)ds, (1.10)

where

f#(tax7v) = f(tht(xvv)a Vt(x’v))v
J#(fa f)(s,w,v) - J(f, f)(S,XS(.%','U), VS<37,1))).

We now introduce some norms for the solutions under consideration as in [4]. For any

f=f(t,z,v) and fo = fo(x,v), define

AIIE , = sup a0 [fol, )

N ollog = sup —0 O 111
S Fa(lma(ol) 190l = S0 G (Tl (L11)
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where the weight functions h, and mg have algebraic decay rates and are in the form of
ha(lz]) = (1 + 2], a >0 and mgs(|jv]) = (1 + [v*)77, 3> 0. (1.12)

For simplicity, throughout this paper, O(1) denotes the generic positive constant which
may vary for different equations. And for any function f(¢,x,v), we use notations:

POl = S Moz xrzy 1 )lleo = sup [F(E 2, v)],

and ; 5
Ve f Ol = D N0z f Ol Vo Ollp = D 106, (O)llps
i=1 =1
where p =1 or oo.
In this paper, the external force F is assumed to satisfy the following conditions:

(E1) E(-,-,-) € CO(R{ xR3 xR3) and V,E(t,-,-), V,E(t,-,-) € C)(R3 x R3) for any fixed
t>0;

(E2) There exist constants €9 > 0 and 0 < e; < 1 such that

/0 "B ot < co. (1.13)

and
/0 (IVsE @)oo + (1 + )| Vo E(®)]lso) dt < 1. (1.14)

Before stating the main result in this paper, we first give the following existence theorem
on the classical solution in infinite vacuum to the Boltzmann equation with external forces
for small initial data. Notice that even though Theorem 1.1 is slightly different from the
existence theorem in [12], where the assumption for the collision kernel B is

B0, v — ) < 1+ v — vy
[sinfcos| — |v—wr’

0<pu<l,
the same proof leads to Theorem 1.1 for more general collision kernel B satisfying (1.6).

Therefore, we omit the proof of Theorem 1.1 for brevity.

Theorem 1.1. Let o« > 1/2 and 3 > 2. Suppose that the collision kernel B satisfies (1.6)
with —2 < §1 < 0 < 92 < 1 and the external force E satisfies (E1) and (E2) with £9 > 0 and
0<e;<1. Fizany C1 > 1/(1 —¢&1). If 0 < fo(z,v) € CLR3 x R?) such that

1fol

a8 T IVafollas +Vofollas <0 (1.15)

with § > 0 sufficiently small, then there exists a unique classical solution 0 < f(t,x,v) €
CHR} x R2 x R3) to the initial value problem (1.1) and (1.2) of the Boltzmann equation
satisfying

IIE s + IV fllIE s + 1A+ 8V fllIF 5 < Crd. (1.16)

Our main result about the stability is as follows.
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Theorem 1.2. Assume that all the conditions in Theorem 1.1 hold. Moreover, assume
div,E(t,z,v) =0,

for any (t,z,v) € R x R2 x R3. Suppose that f and g are the classical solutions to the
Boltzmann equation (1.1) corresponding to the initial data fo and go satisfying (1.15). If
§ > 0 is sufficiently small, then the following L' stability and BV-type estimate hold:

1F(#) = 9Bl < Ol fo = golr, V=0, (1.17)

and
IVef @l + 111+ Vo f(0)h < OW)([Vafolli + Vo folln), ¥V E>0, (1.18)

when one of the following two cases is satisfied:

o Case 1. When —2 < 61 <0 and 62 = 0.

e Case 2. when —2 <61 <0,0<dy <1, a>3 and B > 4. Moreover, the external force
E(t,xz,v) also satisfies

/000(1 + ) E(S) aods < oo (1.19)

To better understand the statement in Theorem 1.2, we give the following remarks on the
consequences of the assumption.

Remark 1.1. In Theorem 1.2, the assumption that div,E = 0 is to insure that the mapping
(x,v) — (XY(x,v), Vi(x,v)) for any ¢t > 0 preserves the measure. Under this condition, for
any 1 < p < oo and h(t,z,v), we have that

IB#(t, - M owaxrz) = 0t ) oraxra)s >0, (1.20)

where h# takes values along the bi-characteristics (1.9) generated by the force field E. Please
refer to [5] for the proof.

Remark 1.2. In the BV-type estimate (1.18), it is natural to add the weight (1 +¢)~! in the
L' norm for V, f. In fact, one can just look at the free transport equation

8tf+vvxf:O
The solution is f(t,x,v) = fo(x — vt,v). When the initial fy is smooth, we have
Vef =Vefo and V,f = —tV,fo+ Vyfo.

Remark 1.3. Let’s point out the difference between Case 1 and Case 2 in Theorem 1.2. We
see from Case 2 that for the hard potential, the finiteness of the total mass of gas in the phase
space is required. Furthermore the external force E decays with higher rates than the one for
the soft potential. In the proof, the estimate for the soft potential can be obtained directly,
while the estimate for the hard potential is based on the construction of some nonlinear
functionals.
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Now we review some previous works on the related topics and then give the main ideas
in this paper. Some general knowledge on these topics can be found in the literatures on
the Boltzmann equation, such as [3, 6, 7, 28]. In the absence of the external force, the
Cauchy problem and the initial boundary value problem for the Boltzmann equation have
been extensively studied, see [10, 20, 22, 23, 25, 26] and references therein. We only mention
some works related to the problems considered in this paper. For the space homogeneous case,
Arkeryd [1] proved the Lyapunov-type weighted L' stability. For the space nonhomogeneous
case, Ha [18, 19] first obtained the uniform L' stability and BV-type estimates by using a
Lyapunov functional. Recently, a new Lyapunov functional and L' stability for the Vlasov-
Poisson system were presented by Chae-Ha [8]. For the other interesting issues such as
convergence to the Maxwellian, interested readers please refer to [9, 21].

For the Botlzmann equation with the external force in infinite vacuum, the local existence
theorem was given by Glikson [13, 14] and Asano [2]. Then Bellomo-Lachowicz-Palzewski-
Toscani [4] gave a general framework on the global existence of mild solutions, see also the
recent result [11]. For classical solutions, the global existence was obtained by Guo [17] for the
soft potential and Duan-Yang-Zhu [12] for the general potential. For solutions near a global
Maxwellian, Ukai-Yang-Zhao [27] proved the stability of stationary Maxwellian solutions to
the Boltzmann equation with external forces through the energy method. For this, please
refer to some related results in [15, 16].

Part of the ideas in the proof of this paper comes from [18, 19] by Ha. There are two
main observations for the L' stability and BV-type estimates: one is the decay in time of f#
in the space L'(R3), the other is the decay in time of J#(f, g) in the space L'(R2 x R3). To
obtain our result, we directly use the Gronwall’s inequality to deal with the case of the soft
potential. For the case of the hard potential, some new nonlinear functionals, which reduce
to the same functionals in [19] when the external force vanishes, are constructed to control
the the factor |v — v,|°? in the collision kernel B(6, |v — v.]).

The rest of this paper is arranged as follows. In Section 2, some preliminary lemmas
are given for later use. In Section 3, the L! stability estimate is obtained by considering
the following two cases: the soft potential and the hard potential. Finally, in Section 4, the
BV-type estimate is obtained by the similar arguments for the L' stability.

2 Preliminary

For any fixed (¢, z,v) € R;f x R3 x R3, we define the backward bi-characteristics [X (s;t, 7, v),
V(s;t,x,v)] by solutions to the ODE system

dX (s;t dV (s;t
M M :E(S,X(S;t,x,U),V(S;t,x,v)),
ds ds (2.1)

(X(s;t,z,v),V(s;it,x,v))s=t = (z,v).

=V(s;t,z,v),

Notice that for any s > 0, if the mapping (X*,V*) : R3 x R3 — R2 x R? defined by
(X*, V) (z,v) = (X3(x,v), Vi(x,v))
is one-to one and onto, then

(X5, V(X (05t,2,0), V(0; t,x,v)) = (X (s;t, z,0), V(s; t,x,0))
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for any (¢t,z,v) € R x R2 x R} and s € [0,t]. Thus for any f(¢,z,v) with H]fH]aEﬁ < 00,
we have that
|f(t.a,0)] < FIIF shal1X (052, 2, 0)yms(|V (05, 2, 0)]). (2.2)

Next we list some basic lemmas for later use. Interested readers may refer to [3, 4, 12, 19]
for the details of the proofs.

Lemma 2.1. Suppose that the external force E satisfies (1.13) with 9 > 0. Then we have
that for any t >0, s > 0 and (x,v) € R3 x R3,

(4) Vi (@, v) = V*(z,v)| < e,
1 t
(13) ‘t/ V¥(z,v)ds —v| < &y,
0
1 t
(7i7) ‘t/ VE(x,v)ds — Vi(z,v)| < 2¢0.
0

In terms of the backward bi-characteristics, we have that for any (t,x,v) € Rz“ X Ri X Rg
and 0 < s1,89 < t,

(/L)/ ’V(Sla t7$, U) - V(SQ; ta l‘,’(})| < €0,

1 t
(i)’ ‘t/ Vs;t,z,v)ds — V(0;t,z,v)| < ep,
0
1 t
‘/ V(s;t,x,v)ds — v
t Jo

< 250.

(iii)’

Remark 2.1. For any (t,z,v) € R} x R2 x R3, we can rewrite X!(z,v) and X (0;t,2,v) in

the following forms:

X (z,v) =z + (a(t,z,v) + v)t,

(2.3)
X(0;t,z,v) =z — (b(t,x,v) + v)t,
where
I I
a(t,z,v) = t/ Vi(x,v)ds —v, b(t,z,v) = t/ V(s;t,xz,v)ds —v. (2.4)
0 0
By Lemma 2.1, we have that
sup |a(t, z,v)| < ey and sup |b(t,z,v)| < 2¢0. (2.5)

t,x,v tx,v
Lemma 2.2. For any a > 0 and (z,y) € R® x R3, we have

(14 Jyl + ) < 5 el

<l (T y| + y[P)
et g < (L I+ )

Lemma 2.3. For any a > 1/2 and u € R3 with u # 0, we have

sup/ ha(|z + sul) ds < @
z Jo |u|

Lemma 2.4. For any 0 <~ < 3 and 8 > 3/2, we have that

1
s [ o malludu < 0()

(2
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Lemma 2.5. Let o > 3 and 8 > 4. Suppose that the collision kernel B satisfies (1.6) with
—2 < 01 <0 <2 <1 and the external force E satisfies (1.13). Then there exists a positive
constant n with 0 < n < B — 2 such that for any (t,z,v) € R x R2 x R3, we have

OWIlIfllec s l1gl112
QF(f.9)(t,,0)| + | F#RF(9)(t, 2, v) | < ifl',f)'r'ligfg’ﬂi',!} Cha-1pa(lahma—y(lo)- (26)

3 L' stability

3.1 Soft potentials

In this subsection, we shall prove the L' stability estimate (1.17) for the Case 1 in Theorem
1.2. For this purpose, let f and g be two classical solutions to the Boltzmann equation (1.1)
corresponding to the initial data fp and go satisfying (1.15) in Theorem 1.1. Define the
nonnegative symmetric bilinear operator S by

S(f,9)(t,z,0) = [Q(f, 9) + fR(g) + Q(g, f) + gR()](t, 2, v),

and the nonlinear functionals £(t) and Ag, 5,(t) by

£t) = / f = gl (6,2, v)dado,
R3xR32

Asy 5, (1) = / b5 6, ([0 — v IS = gl(E, 2, 0)(f + 9)(t, 2, vi)dzdvdus,.
R3xR3XR3,

First we have the following basic estimates for the case of the general potential, which is
used in the proof.

Lemma 3.1. For any —2 < §; <0< 9 <1, we have

HS#(f,g)(t)Hl < 0(1) /RsstXas bs, 6, (|0 — v ) F (£, 2, v)g(t, @, v, )dwdvdv,,  (3.1)
and
L0 < o5t - al. £+ 9)(0)], < OWA 50 (3.2

Proof. We only prove (3.2) because (3.1) follows directly from the definition. Since f and
g are solutions to the Boltzmann equation (1.1), then

atf+vvxf+E(t,$,U)vvf:J(f,f),
8tg+v'vxg+E(ta$7v) vvg = J(gug)

Taking difference of the above two equations and multiplying it by sign(f — g) give
AW f—gl+v-Valf —gl+ E(t,z,v) - Vo|f — gl <S(f —gl, f)- (3.3)
Similarly, interchanging f and g yields

Oilg — fl+v-Vlg— fIl+ Et,z,v) - Vylg— fI < S(lg — fl,9)- (3.4)
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It follows from (3.3) and (3.4) that

1
Olf =gl +v-Valf =gl + B(t,z,0) - Vol f — gl < 58(f —gl. f +9). (3.5)
Along the forward bi-characteristics, the above inequality can be rewritten as

Ol f — gl <OMSH(|f —gl, f + 9). (3.6)

By integrating (3.6) over R x R with respect to (z,v) and using (3.1), we have (3.2). And
this completes the proof of Lemma 3.1.

Furthermore, for the case of the soft potential, i.e. §o = 0, the following lemma shows
that As, o(t) can be controlled by £(¢) so that the L' stability can be obtained directly.

Lemma 3.2. Suppose that the conditions of Theorem 1.2 hold. For the case when —2 < é1 <

0 and d2 = 0, we have that
O(1)
A (8) < oy £0) (37)

where Ag, (t) = Ag, o(2).

Proof. Write As, (t) = As, o(t). It follows from the representation of As, o(t) that

A51(t):/RB RS |f—g|(t,1},U)diL‘d’U/R3 b5170(|v—v*|)(f+g)(t,:1:,v*)dv*

Ux

<01 6/ |f g|(t, z,v)dzdv

. baro(jv = v)ha(|X (058, 2, v)[Jms(|V (052, 2, v,) | dos

Vs

< O(1)6 |f — g|(t, z,v)dxdv
R3xR3

, bao(jv = viDha(le = (b(t, 2, ve) + v )t])mg(fvi])dos

Uk

<O(1)s |f =9l (t, z, v)dzdv
R3xR3

swp [ b0 = v Dhalle = O+ v tDmallvdv.. (38)
|b|<2e0 /R3S

For any constant vector b € R? with |b| < 2eq, let’s define

In(to,0) = [ by allo = v Dhalz = (b v)emp(fo . (3.9
We claim that
8;15) Is, (t,xz,v) < (1:_,)75)1??%. (3.10)
In fact, for any ¢ > 0, we have from Lemma 2.4 that
Iy (t,2,0) < O(1) /R (14 v — 0] Y (Jos dos < O(L). (3.11)
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Furthermore, for any ¢t > 1, we let v,t = ¥ to obtain
o v |91
Iy, (1,2, 0) < 21 1+‘v—9‘ ha(|2 — bt — )do
t3 R% t

o(1) _ N
S B /Rg(l + [vt = 0" )ha (|2 — bt — v])do
ow [
< s [ (1 b= (o 0)t = ul o
o)
> t3+51 )
where Lemma 2.4 is used again. Combining (3.11) and (3.12) yields (3.10), which together
with (3.8) implies (3.7). The proof of Lemma 3.2 is completed.

Remark 3.1. Both Lemmas 3.1 and 3.2 imply that

dL(t) . 0(1)
dt = (1+t)3+%

(3.12)

L(t). (3.13)

Since 41 > —2, i.e. 34 91 > 1, the Gronwall’s inequality immediately leads to
L(t) < O(1)L(0). (3.14)

This shows that if the collision kernel B satisfies (1.6) with —2 < ¢; < 0 and 3 = 0, then L!
stability estimate (1.17) holds.

3.2 General potentials

In this subsection, we consider the L! stability of solutions to the Boltzmann equation for
the Case 2 in Theorem 1.2. For brevity of the presentation, we divide the Case 2 into the
following subcases:

e Subcase 2.1. 51 =0, 0< 62 <1, o >3, >4 and the inequality (1.19) holds;
e Subcase 2.2. =2 <1 <0,0< 62 <1, >3, >4 and the inequality (1.19) holds.

In fact, the proof of the Subcase 2.2 follows from the Case 1 and the Subcase 2.1.

Notice that the estimate similar to Lemma 3.2 fails in Case 2 because of the factor
|v — v,]% in the collision kernel B(f, |v — v,]). To overcome this difficulty, we will construct
a new Lyapunov functional motivated by the works [18, 19] on the L' stability of solutions
to the Boltzmann equation without the external force. For this purpose, let’s define

Voo, 0) = /OOOE (6.X(.0). V(2.0 ) db. (3.15)
Lemma 3.3. Suppose that
/000(1 + )| E(5)]|oods < 0.
Then for any (z,v) € R3 x RY, voo(z,v) is well-defined with
Voo (,v)| < €0, (3.16)

and
a(t,z,v) — veo(z,v) as t — oo, (3.17)

where a(t,x,v) is defined by (2.4).
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Proof. It is obvious that v (z,v) is well-defined if (3.17) holds. We only need to consider
the limit (3.17). Notice that

la(t, z,v) — Voo (z,v)| = /0 V(z,v)ds — v — voo(z,v)

S| = k| =

/Ot /08 E(0, X% (x,v), VO (z,v))d0ds — veo (2, v)

1 t o]
= 75/ / E(6, X%(z,v), VO (x,v))dbds
0 Js

1 t 00
: 4 / VEO) s
| 1E@ s+ 5 [+ B (318)

Hence (3.17) holds. The proof of Lemma 3.3 is completed.
In order to control the integral As, 5,(t) for the case when 0 < d2 < 1, as in [18, 19], let’s
define functionals as follows:

A= [ 1f =gl o)dads
(L‘>< v

Voo (2, 1) + v — 0,22 (f + g)(t, X! (z,v), v, )dv, (3.19)
R3,

IN

IN

and

Ds, (t) = /R‘5 e ’f—g\#(t,x,v)dxdv
IX v

[voo (2, 0) + v — 0|27

R3 xRf
(f +9)(t, X (x,0) + Tn(voo (T, ) + v — v4), V4 )dvsdrT, (3.20)
where n(z) = z/|z| denotes the unit vector along z-direction for any nonzero vector z € R3.
Remark 3.2. If the external force E vanishes, i.e. £ =0, then we have

'Uoo(xa U) =0,

and
Xz, v) =2 +0t, Viz,v)=r.

Thus the functionals As, (t) and D, (t) reduce to
Asy (t) = / \f — g7 (t, 2, v)dzdv
R2xR3

/3 v — v |2(f + 9) (t, 2 + t(v — v), v.)dv,

Ux

and

Ds, (t) = /R3 s |f—gl#(t,x,v)da:dv
ZX v

N [ — 0,27 (f 4+ ¢)7 (8, 2+ t(v — vy) + Tn(v — v,), v, )dv,dr,
R}, XR7

which are exactly the same as those in [19].
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Furthermore, we define the integral Iy, (¢, z,v) by
Iy (t, 2, 0) :/ (oo (,0) + v — 0, 271

R3 xRf
ha(|X (058, X (2,0) + 70 (Voo (2, 0) + v — i), v4)])

ma(|V (05, X (@, v) + Tn(voo (2, v) + v — vy), v4)|)dvsdr.  (3.21)
We first show that Ds, (t) can be bounded by L£(t), which comes from the following lemma.
Lemma 3.4. If 0 < §; < 1 and the external force E satisfies (1.18), then we have

sup Is, (t, z,v) < O(1). (3.22)

t,x,v

Proof. Fix any (t,2,v) € R x R2 x R3. It follows from Lemmas 2.1-2.4 that

Is,(t,x,v) < sup / Voo (2, 1) + v — 14|22 g (Jvs])
b|<2e0 JR3, xRF

ha (‘Xt(x, v) = (b4 vi)t + 11 (Voo (2, V) + v — vy)|) dvsdr

< sup [ (o) 40— o Tma((o v,
R

\b\gan %*
.\ ha (|Xt(m,v) — (b+ v )t + ™n(veo(z,v) + v — v*)}) dr
R
<0@) sup [ fule) o=l Hmao])de
‘b‘g?ao R%*
<O(1). (3.23)

Thus the proof of Lemma 3.4 is completed.

Remark 3.3. From Lemma 3.4, it is easy to see that for any ¢ > 0, we have
Ds, (t) < O(1)L(t). (3.24)
Next we consider the L! stability for the Subcase 2.1.

Lemma 3.5. Suppose that the conditions of Theorem 1.2 hold. For the case when d; = 0,
0<da <1, >3 and P >4, we have that

dD52 (t)
dt

< —(1 - O(1)8)As, (1) + O(WM (L), (3.25)

where

M) = —2 4 - +
1 - (1+t)3 (1+t)min{3+51,2}

51+ 1) B0 + 6 / T B, (3.26)
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Proof. First, notice that

A [f(t, XH(x,v) + Tn(veo(@,v) + v — v4), v4)]
= (Ouf)(t, X (2, v) + T, vs) + Vi(z,v) - Vaf(t, X (2, v) + 71, 00)
= J(f, £)(t, X (2, v) + Tn,vs) — vs - Vo f(t, X (2, 0) + 70, vy)
—E(t, X"(2,v) + mn,vs) - Vo f (t, X (z,0) + ™0, v4)
+Vi(z,v) - Vo f(t, X (x,v) + mn,v,)
= J(f, £)t, X (x,v) + Tn,v.)
—BE(t, X' (z,v) + ™0, 0s) - Vo f(t, X' (2,0) + 0, 0,)
+(VH(2,0) = v = voo(2,0)) - Vi f (£, X (2, 0) + T, v)

+0r(Jvos (2, v) + v — vl f (£, X (2,0) + 1, 01)), (3.27)

where for simplicity we have used n to denote the unit vector n(ve(z,v) + v — v,). Hence
(3.27) together with (3.6) yield

0 [If = g* (t.2.0)(f + ) (8. X' (@,0) + 7, v.)|
= oilf — gI* (t, 2, 0)(f + 9)(t, X (2, v) + T, v.)
Hf = gl (2, 0)0: [(f + 9)(t, X (2,0) + 7, v)]
<SH(If = gl, f + 9)(t, 2, 0)(f + 9)(t, X' (,0) + 70, v.)
+Hf = gl (2, 0)(S(f, F) + (9, 9)(t, X (2,0) + 70, v.)
+f = g7 (2, ) IE®) loo (Vo f | + [Vog) (8, X (2, 0) + 70, 0)
Hf = gl (t, 2, 0)|[VH (@, 0) — v = voo (@, 0)|(IVa f| + [ Vagl) (t, X (2, 0) + 7, v.)

0 [[vsel,0) + 0 = wal|f = g# (1,2, 0)(f + ) (X' () 4+ 7, 0.)| (3.28)

Multiplying the above inequality by |veo(, v) +v —v4]% ! and integrating it over the domain
D =R3 xR3 x R2_ x R} leads to

< Ay () + Y i), (3.29)
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where J;(t), i = 1,2, 3,4 are defined as follows:
30 = [ Josl0) + v = 02 ISHS = gl ]+ 9)(t20)
D
(f + 9)(t, X! (x,v) + ™n,v)drdvdv.dr,

J(t) = /D [ (2, 9) + 0 — 0271 f — gl#(t,2,0)

(S(f, f) +S(g,9)(t, X! (x,v) + Tn,v,)drdvdv.dr,

J5(t) = /D Ve (@, 0) + v — w2 E(W) ool f - gl#(t, 2, 0)

(IVof| + Vg (t, X (2, v) + Tn, vi)dodvdv,dr,
Ja(t) = / Voo (@, v) + v — 0|2V (2,0) — v = veo (2, V)| f — g|#(t, 2, 0)
’ (IVaf| + |Veg)(t, X (z,v) + 0, v, )drdvdv.dr.
For Ji(t), it follows from Lemma 3.4 that
WO = [ SH1F =gl f + )t )dads
R3 xR}

/ . Voo (2, 1) + v — 0,27 f + 9) (&, X' (2, v) + ™0, vs)dvsdT
R3 xR7

<O(1)s SH(f = gl, f + 9)(t, z,v)dado
R3xR3
000 (2, 0) + v = 0] 2 ha (| X (058, X" (2, 0) + 71, v)))
R3 xRS
ma(|V (05, X' (2, v) + mn, vs)|)dvsdr
<0(1)8 S*(\f = gl, f + 9)(t, z, v)dwd
R3xR3

< O(1)0A0,6, (1)

Moreover, we have from Lemmas 2.1, 3.2 and 3.3 that

M= [ If=gltaodad | @+ o= )+ )60
(L‘X v

Ux

- / 1 — gl (t, 2, v)dado
R3xR32

/R (24 [Vi(z,0) — 0.")(F + ) (t, X! (2, 0), 0.)do

3
Uk

<ot [ If—gtadeds [ (70t X @ 0)0)

Uk

(1+ Voo (2,0)|%2 + |VEH(z,v) — ] + |vgo(z,v) + v — v*|52) dv,

SOMALM+0) [ 1f = gl(t. . 0)(f + )b, dedvdo,

O(1)8
(1+1¢)3

< O(1)Ag, (t) + L(t).

13

(3.30)

(3.31)
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By putting (3.31) into (3.30), we have

Ji(t) < O(1)dAs, (1) + L(2). (3.32)

From Lemmas 2.5 and 3.4, Ja(t) is estimated as follows:

Jo(t) = / lf — gl(t, x,v)dmdv/ |Voo (2, 0) + v — v*]‘srl
R3xR3 R3 xR}

(S(f, f) + S(g,9)(t, X' (z,v) + Tn, vy)dvdT

0(1)5?
> (1 + t)min{3+51,2} R x
ha—1/2 (‘X(O; t, Xt(:c, v) + Tn,v*)D

If— g|(t,x,v)d:cdv/ o (2, 0) 0 — P
R3 R3 xR}

mg—y (|V(0;t, X' (z,v) + 7n,v.)|) dv.dr

0(1)5? .
— (1_|_t)min{3+51,2} ()

(3.33)
Similarly, for J3(t), we have

B = 1EO [ 17 =g (o 0pdodo

T

[ o) 0= V] + Vg (0 X 10) + 0, ) o
R}, xR7

< O3+ 1) ()]l /R Uf gl () dede

€T v

[ o) bo=uf
R3 xR}

ha ({X(O;t,Xt(x,v) + T?”L,’U*)D mg (‘V(O;t,Xt(ac,v) + TTL,’U*)D dv,dr
<OM)S(1+|E®)|ecL(t). (3.34)
Finally, to estimate Jy4(t), by noticing that
[Vi(x,v) —v — voo(z, V)|

/t B0, X0 (2, 0), VO (2, v))d6 — /OO B0, X0 (2, 0), VO(2, v))d6
0 0

/OO B0, X°(z,0),V'(x, U))de‘
< / T IEO) ocdt, (3.35)

we have

Ji(t) < 0(1)6 / TNE®) | wdoL(). (3.36)

t
Combining (3.29) and (3.32)-(3.36) gives (3.25). Thus the proof of Lemma 3.5 is completed.
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Corollary 3.1. Suppose that the conditions of Theorem 1.2 hold. For the case when 61 = 0,
0<d <1, a>3and B >4, if § > 0 is sufficiently small, then we have the L' stability
estimate (1.17).

Proof. Under the conditions in Corollary 3.1, it follows from Lemma 3.2 and the inequality
(3.31) that

dL(t) O(1)é
—= < < —_— . .
TR O(1)Ags,(t) < O(1)As,(t) + 0+ t)3£(t) (3.37)
As in [19], we construct the nonlinear functional
H(t) = L(t) + KDs, (¢), (3.38)

where K is a positive constant to be determined later. By Lemma 3.5 and (3.37), we have

dH(t)
dt

< (O(1) — K(1 - O(1)8)) Ag, (t) + KA (t)H(1). (3.39)

Since 0 < § < 1, we can choose K sufficiently large independent of § such that

‘”;Et) + As, (1) < O ()H(2). (3.40)

Recall the definition of A;(¢) in (3.26). By using the inequality (1.19), we have

/()Al(s)dsé(’)(l)é—i—é/o/s 1 E(0)|ocdbds |
:0(1)(5+5t/t00||E(9)||00d9+6/0 S| B(5)]|cods
< 0(1)5+25/ 0] E(6) | c0db
0
O(1)s. (3.41)

Hence (3.40), (3.41) together with the Gronwall’s inequality yield
t
H(t) + / Ag, (s)ds < O(1YH(0). (3.42)
0

From Remark 3.3 and the definition of H(t) in (3.38), H(t) is equivalent with the L! distance
of two solutions, that is,

1£(#) —g@®lly <HE) < OMf(E) = g(®)ll, VE=0. (3.43)

Thus,
1£(#) —g@)llr < H() < O)H(0) < O1)][fo — goll1- (3.44)

And the proof of Corollary 3.1 is completed.
Now we study the L' stability of solutions to the Boltzmann equation in the Subcase 2.2
which follows from Lemmas 3.2 and 3.5.

Corollary 3.2. Suppose that the conditions of Theorem 1.2 hold. For the case when —2 <
01 <0,0< 8 <1, a>3and B >4, if § > 0 is sufficiently small, then we have the L
stability estimate (1.17).
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Proof. First, Lemma 3.2 and (3.31) imply
Asan(®) = [ b0 = L = g1(t,,0)( + )t . v.)ddedu,
R3 xR3xR3_

<o [ 5,10 — 1) + b (1o — ve])]
R3xR3xR3,
|f - g|(t7$,’l))(f +g)(t,$,v*)dl‘d’l)dv*

{23t Sk

Hence, by Lemma 3.1, we have

dfh(ft) < O(l)A51,52 (t) < O(l)A52 (t) + {(lf(tl));)’iél + (?_(:1(;3 } ['(t) (346)

To control the term Ag,(t) on the right hand of (3.46) for the case when —2 < §; < 0 and
0 < d2 < 1, similar to (3.29), we have again from (3.45) that

4
Poll) < _ps, (1) + > o)

4
< —Ag,y (1) + O(1)dAs, 5,(t) + D Ji(1)
=2

< (1= O(1)8)As, (1) + O()ON(DL(L), (3.47)
where 5
Ao(t) = e + A1 (2). (3.48)
Since 3 + 61 > 1, we have
/ A2(s)ds < O(1)6. (3.49)
0

Therefore, the L' stability estimate (1.17) can be obtained by the same argument as Corollary
3.1. And this completes the proof of the corollary.

4 BV-type stability

In this section, we will consider the BV-type estimate (1.18) by the following series of lemmas.
Throughout this section, we assume all the conditions in Theorem 1.2 hold, and f is the
classical solution to the Boltzmann equation in Theorem 1.1.

First, the proof for the case of the soft potentials is direct as for the L' stability.

Lemma 4.1. Suppose that the conditions of Theorem 1.2 hold. Consider the case when
—2 <61 <0 and 92 = 0. If § > 0 is sufficiently small, then BV-type estimate (1.18) holds.

Proof. Since f is the classical solution to the Boltzmann equation

Of+v-Vof + E(t,z,0)-Vof = J(f, [),
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we have by taking z; and v; derivatives on both sides that
at(azzf) +v - vx(axzf) + E(t,m,v) : vv(axlf)
= J(axlﬁ f) + J(f, 8xzf) - axiE(t,l’,U) -V f,

and

815(8111]0) +v - vr(avzf) + E(tvxvv) : vv(avzf)
== J(8U1f7 f) + J(f7 8’01.](.) - 8U1E(t7 x, ’U) : vvf - al‘lf
After integration along the forward bi-characteristics, we have

t
90, FIE (1) < 100, fol + /0 S*(|0s, 1], £)(s)ds

t
+ / 100, E(5) ool Vo f ¥ (s)ds,
0

and

t
190, 1 () < |90, fol + / S*(|0u 1, £)(3)ds
t t
Op; E(5)]| 0o U#sds ar.#sds.
+/OH E(3) o[V fIE () +/0\ SIE(s)

Since do = 0, similar to Lemma 3.2, we have

O(1)6
[, s*008l. 1) 0dodo < T 1050, 0=, 01 0

Hence, integrating (4.3) and (4.4) over R3 x R3 with respect to (x,v) yields

L o)
o, £l < Woafols + | 2

* /OO (1 + )0z, E(5)]|oods sup || (1 + t)ilvvf(t)Hl:
0 t

10, f (8)[l1ds

and
to)s _
10u; f()I1 < (10w, folln + (1 +t)/0 Wll(l +8) 710y, f(s)|lhds

1) [ 10,6 ldssup (1407 V.50
1+ 0)5up 0, 0.

By the Gronwall’s inequality, it follows from (4.6) that
102 f )]l < OMW)[18z; follx

+oxp{OWB} [ 11+ )05 B(6) |dssup (140170

By putting the above inequality into (4.7) and using (1.14), we obtain

L+ 7190 < OV foll + 19 fol)
+erexp{O()8}sup (146! V. (O]

[ e ) VL s)ds.

17

(4.1)

(4.4)

(4.5)

(4.8)
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Again the Gronwall’s inequality yields
11+ 87 Vufllr < OV folls + Vo follr)

+e1exp{O(1)o} sup (1 + ) Vo f ()1 (4.10)
Since 0 < €1 < 1, we can choose § > 0 sufficiently small such that
erexp{O(1)d} < 1. (4.11)
Then it follows from (4.10) that
sup |(1 + )7 Vo (Ol < O (IVafoll + IVufollr)- (4.12)

By the above inequality and (4.8), we have
sup |V f (#)ll1 < OV follr + 1V folh)- (4.13)

Thus BV-type estimate (1.18) holds if —2 < §; < 0 and d2 = 0, and this completes the proof
of Lemma 4.1.

For the case of the hard potentials, we need to use the following nonlinear functionals:
BV (z;
AN = [ 1w vdeds
R2 xR3

|U00(x7v) +tv— U*|62f(ta Xt(xa U),’U*)d’U*,
R3,

D(iv(fi)(t) = /R3 - |8:p¢f|#(t,x,v)da:dv
I>< v

Voo (2, 1) + v — 1,]%2 71
R3 xR}

Ft, Xz, v) + n(veo (2,0) + v — v.), vy )dvsdr,

and

AéBQV(vi)(t) = /RB e |av¢f|#(t,l‘,v)dl’d’u
OUX v

/ Voo (2, 0) + v — v |2 £ (, Xt (2, 0), v3)dvy,
R3

Vs

'D?QV(M)(t) = /R3 e |8uif|#(t,$,v)dxdv
ocX v

Voo (2, 1) + v — v,[%271
R3 xR}
ft, X (2,0) + (Voo (2, 0) + v — 1), V4 )dvsdrT.
Lemma 4.2. Suppose that the conditions of Theorem 1.2 hold. For the case when d; = 0,

0<do <1, >3 andp >4, if § >0 is sufficiently small, then there exist constants K,
K, > 0 independent of 6 such that

t
o @)+ KD e+ [ AR (s)ds
0
< O)||os.foll

1+ 09 epOWB) [ 10+ )0, B(6) lmdssup |1 +07'Vuf Bl (414
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and

_ Ky BV(v, 1 LBV
11+~ f Ol 7505 O + 1 | A% ()ds

< OM)lI9v: follx + (1 + O(1)9) sup [|0, (1)1
+0(1)5/OO 10, E(s)lloods sup [| (1 + ) "' Vo f(£) 1
0 t

+(f)(1)/0 M) (1 +5) " 00, £ (5|1 ds, (4.15)

where \1(t) is defined by (3.26).

Proof. By integrating (4.3) over R2 x RJ with respect to (z,v), similar to the proof of
Lemma 3.5, we have

t
182, £ ()11 < 10 folli +O(1) /0 AV (5)ds

L O1)s
Jr/0 m"aﬁﬂs)\hds

# [T10 4 90 B@ s s |0+ 019 @h, (@10
and

t
,D[]sSzV(aci)(t) < ,D?ZV(M)(O) N (1 N 0(1)5)/0 A(;BQV(mi)(S)dS

+o(1) / M (3)]19s, £(5)ll1ds

O3 [0+ 90, B6) edssup (140719 (417)

If 9 > 0 is sufficiently small, then there exists K, > 0 such that

t
100, f(D)]l1+ Ko Dy (8) + 0 A (5)ds

< |0, foll1 + KDy 4 (0)

+H(1+0(1)9) [ 10+ )00, Bo)odssup (14710, £

+o(1) /0 M (5) 0, £(5) 1ds. (4.18)

Notice that
/ A(s)ds < O(1)8 and Dy’ “9(0) < O1)(|0y, foll1- (4.19)
0

(4.18) together with the Gronwall’s inequality give (4.14).
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Similarly, we have that

o) [t o
I3+670, 70l < 00 ol + 22 [ A2 s)as

o) -
+/0 (1+8)3||(1+5) L0, f(5) |1 ds

405 [ 10, B ldssup [0+ )19 0]

+sup 10z f ()], (4.20)

and
1 BV(w) BV (v;) 1-0(1)d /t BV (v;)
- Z < v _ - TN )
T tD52 (t) <Ds, " (0) v, As, T (s)ds
t
Lo() / M ()1 + )" 0o, £(5)|1ds
0

+0W5 [ 10, B9 dssup (1 4+ 7, 0]
+OL)dsup [10n, £ (B)]l1- (4.21)

Therefore, when 6 > 0 is sufficiently small, there exists K, > 0 such that (4.15) holds. The
proof of Lemma 4.2 is completed.

Corollary 4.1. Under the assumptions of Lemma 4.2, if § > 0 is sufficiently small, then
BV-type estimate (1.18) holds.

Proof. By putting (4.14) into (4.15) and using (1.14), we have

3

[+ 679.4() fitZD?J“ o Z AR
OM)(IVafolly + 1 Vufoll)
+(1 4 O(1)8)* exp{O(1)6}

| U9 B e+ (14 I, B ) dssup [+ VO]

+ /0 ML+ )18, £(s) [ds
OV folli + [Vufoll) + (1+ OW3P exp{OM}ersup (1 4+ Vs 1)y

¢
+ [ M@+ 9196 s (1.29)
0
Hence, we have

10+ Vuf () < O (IVa ol + Vo foll)
HL+ O exp{O(US}ersup [(1+0) Vo f(O). (429

Since 0 < €1 < 1, we can choose § > 0 sufficiently small such that

(1+0(1)8)? exp{O(1)d}e; < 1. (4.24)
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Thus, this gives
11+ )7V Ol < OQ)(IVafoll + [IVofollr)- (4.25)

Combining (4.14) and (4.25) yields (1.18). The proof of Corollary 4.1 is completed.
Finally, based on Lemma 4.2 and Corollary 4.1, we have the BV-type estimate (1.18) for
the general potential by the argument used in Corollary 4.1.
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