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Abstract

Based on a refined energy method, in this paper we prove the global existence and
uniform-in-time stability of the solution in the space Lg(H N to the Cauchy problem for
the Boltzmann equation around a global Maxwellian in the whole space R3. Compared
with the solution space used by the spectral analysis and the classical energy method,
the velocity weight functions or time derivatives need not be included in the norms of
Lg(HéV ), which is realized by introducing some temporal interactive energy functionals
to estimate the macroscopic dissipation rate. The key proof is carried out in terms of the
macroscopic equations together with the local conservation laws. It is also found that the
perturbed macroscopic variables actually satisfy the linearized compressible Navier-Stokes
equations with remaining terms only related to the microscopic part.
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1 Introduction

The Boltzmann equation for the hard-sphere monatomic gas in the whole space R? takes the
form

Wf+&-Vef =Q(f, ) (1.1)

Here, the unknown f = f(¢,z,£) is a non-negative function standing for the number density
of gas particles which have position = = (21, 79, 23) € R3 and velocity £ = (£1,&2,&3) € R? at
time ¢t > 0. @ is the bilinear collision operator defined by

Qo) = [ (7= fa€ - &) - whdude..

f:f(tawvé)v f,:f(t,flf,f/), g*:g(t7$7€*)a g;:g(t,.%,g;),
=e-[E-6&) ww, &=6+[E-&) ww, wesS2

We define the perturbation u = u(t, z,§) by
f =M+ vMu, (1.2)

where the global Maxwellian

M = (273)3/26Xp (—|f‘2/2)

is normalized to have zero bulk velocity and unit density and temperature. Then the equation
for the perturbation u reads

ou+ & - Veu = Lu+T'(u,u), (1.3)
where
1
Lu= N [Q(M, VMu) 4+ Q(VMu, M)] ,
D(u,u) = LQ(\/Mu, VMu).

VM

It is well-known that for the linearized collision operator L, one has

(Lu)(©) = ~v(€ue) + (Ku)(©),
WO = [ 1€ =) wIM. dud.,

(u)(©) = [ (~VMu+ N+ VL) (6~ ) ol Ve,

Rn

where v(£) is called the collision frequency and K is a self-adjoint compact operator on L? (]Rg)
with a real symmetric integral kernel K (§,&,). The nullspace of the operator L is the five
dimensional space of collision invariants

N = KerL = span{\/ﬁ; &VM,i=1,2,3; \5]2\/1\71} . (1.4)
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From the Boltzmann’s H-theorem, the linearized collision operator L is non-positive and
furthermore, —L is locally coercive in the sense that there is a constant A > 0 such that

—/ uLu d¢ > /\/ v(€) ({I—P}u)?de, Yue DL), (1.5)
R3 R3

where for fixed (¢,z), P denotes the velocity projection operator from L? (Rg) to N and D(L)
is the domain of L given by

D(L) = {u € L*(R}) ‘ (€)u € LQ(RZ’)}.

Let’s introduce some notations for the presentation throughout this paper. We use (-, )
to denote the inner product in the Hilbert space L?(R3 x ]Rg) or L?(R3) or LQ(RZ’), and || - ||

to denote the corresponding L? norm. We also define

(u, v}y, = (¥(§)u, v)

for any functions u = u(z, &) and v = v(z, €) to be the weighted inner product in L?(R3 x Rg’),

and use || - ||, for the corresponding weighted L? norm. For the multi-index a = (a1, a2, a3),
we denote

xr xr1 Tx2 I3

3
0 = 051052052, and |a| = Zai.
i=1

For simplicity, we also use J; to denote 9, for each ¢ = 1,2, 3. In addition, C' always denotes
a general constant and if the dependence need be specified, then the notations C;, ¢ = 1,2, - -
are used. We define the temporal energy functional as

[u®?= Y logu(®)]?,

la] <N

and the dissipation rate as

[u®)]} = T =PYa@)llz + > lloFu®)],

0<|a|<N
where N > 4 is an integer. For fixed ¢, we call
u(t) € LE(HY) = LR HY(RY))

if [[u(t)]] is bounded. Notice that these norms as above include only the spatial derivatives
but not the time or velocity derivatives.
Our main results about the global existence and the uniform stability are stated as follows.

Theorem 1.1. Let fo(z,£) = M + vVMug(z,&) > 0. There exist constants dgp > 0, Ao > 0
and Cy > 0 such that if [[u(0)]] < do, then there exists a unique global solution u(t,z,§) to
(1.3) such that f(t,z,§) = M+ vVMu(t,z,&) >0, and

[u()] + Ao /0 u(s)]]2ds < Colfu(O))), (1.6)

for any t > 0.
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Theorem 1.2. Let fo(x,&) = M + vVMug(x,&) > 0 and go(x,&) = M + vMug(z, &) > 0.
There exist constants 61 € (0,dp), A1 > 0 and C1 > 0 such that if

max{[[u(0)]], [[o(0)]]} < a1,

then the solutions u(t,z,§), v(t,x,&) obtained in Theorem 1.1 satisfy

t
[[u(t) —o®) + M /0 [[u(s) = v(s)]l7ds < C1[[u(0) — v(0)])%, (1.7)
for any t > 0.
The global existence near Maxwellian as in Theorem 1.1 has been already shown in some
other function spaces. The first global existence theorem was established in the space
5
L3 (RE HY(RD)), Br> 5, kb >2, (1.8)
by using the spectral analysis [27, 33, 34], where
L (RE) = {ul(1 + |¢) P u € L=(R)}.

The same result was obtained in [28] for the torus case with the space
. 5
LR RECHTR)), B>, k=01, (1.9)
Recently, [35] presented a function space
o0 (e.9] 3
LA (RS x BY) 0 LE(RE LX(RY), 62> 5, (1.10)

in which the Cauchy problem is globally well-posed in a mild sense without any regularity
conditions. Notice that if the spatial regularity is neglected for the moment, the solution
space Lg(HiV) in Theorem 1.1 is larger than (1.8), (1.9) and (1.10) in the sense that the
velocity integrability in LE(H V) is the lowest among them since the following strict inclusion
relations hold
L5 (RE) G L5 (RY) & L*(Rg),

where it has been supposed that 81 and (5 are sufficiently close to g and %, respectively. On
the other hand, by means of the classical energy method [13, 24, 22], the well-posedness was
also established in the Sobolev space

N bl b
HY 2 m)(R3 % RY), (1.11)

which denotes a set of all functions whose derivatives of all variables ¢, x and £ up to N order
are integrable in L?(R3 x Rg), where

N = N(ni1,ng2,n3) = ny + ng +nz > 4.

In particular, for the case without any external force, ng can be taken as zero, which means
that the velocity derivatives need not be considered [13, 22, 24, 38], whereas they have to be
included for the case with forcing [6, 7, 15, 16, 29, 36]. Compared with (1.11), the solution
space Lg(HéV ) in Theorem 1.1 is again in the weak form

N(0,N,0
L3HY) = HEOVORE < RY),
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with n; = ng = 0. Finally, as pointed out in [35], it is a challenging problem to seek for other
larger spaces such that the Cauchy problem becomes well-posed near Maxwellian, which is
also the main motivation of this paper.

In Theorem 1.1 the construction of the global solution is based on the nonlinear energy
method developed in [12, 13, 14, 15, 16]. In particular, for the Boltzmann equation in the
whole space, [13] obtained the global existence in terms of the energy functional

llu@®IF =D lofeogu®)]?, (1.12)
ao+|a|<N
and the dissipation rate
@I} = {TI-Pu@)llz+ Y [197°05u@)l3, (1.13)
0<ap+|al<N

in which the time derivatives have to be included for the proof. In this case, the initial
perturbation ug(z, £) could have an algebraic decay in the velocity & because of boundedness
of the initial energy

[[u@)?= D l9f°ogu(0)?

ao+|a|<N

where the time derivatives of ug(z, ) are naturally defined through the equation (1.3), for
example, the first order time derivative is given by

Ou(0) = =& - Vyuo + (—v(§) + K)uo + I'(ug, up).

Theorem 1.1 shows that one can remove the time derivatives from norms (1.12) and (1.13).
Thus the well-posedness in the Sobolev space Lg (HX) for the Cauchy problem of the nonlinear
Boltzmann equation in the whole space can be established only in terms of the energy method.

The proof of Theorem 1.1 is motivated by [13], but some technical modifications are
needed in order to illuminate the time derivatives. Notice that the dissipation rate [[u(t)]]?
is equivalent with the sum of the microscopic dissipation rate

> oI —Plu®)ll?

la|<N

and the macroscopic dissipation rate

> llogPu())?.

0<|a|<N

The microscopic dissipation rate is easily obtained by the coercive property (1.5) for —L.
In terms of the coefficients a, b, ¢ of Pu defined by (2.4), the macroscopic dissipation rate is
further equivalent with

D A (1.14)

0<|a|<N

It was observed in [13] that the macroscopic equations for a, b, ¢ behave like an elliptic system,
so that the estimates on (1.14) can be also obtained. But, the remaining terms in the
macroscopic equations contain the time derivatives —0;{I—P }u. In order to bound (1.14) by
the microscopic dissipation rate without any time derivatives, we will introduce some temporal
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interactive energy functionals between the microscopic part {I — P}u and the macroscopic
part Pu:

Tai(ult), To(u(t), Ig i (u(t), Za%(ult)

which are defined by (3.10)-(3.13). These interactive functionals are indeed the inner products
in the spatial space between coefficients of the velocity projection for {I — P}u and Pu. The
key point of the proof is to use the local macroscopic conservation laws to replace the time
derivatives of the macroscopic components a, b and c¢. Precisely, we will obtain the following
Lyapunov-type inequality

%5M(U(t)) + CD(u(t)) < CEM(u(t))D(u(t)), (1.15)

where the constant M > 0 is chosen to be large enough and

Exs(ut)) = - ([u(t)]]? + 2Z(u(t)),
3
Tu(t) = Y D [Zauu(e) + T (u(t) + Z5,(ult) + I ()]
|| <N—-11=1
D) = 3 0T~ PhulZ+ Y [Vedi(ab o)l
la|<N || <N—1

Notice that the interactive functional Z(u(t)) can be bounded by C[[u(t)]]? for some constant
C'. Then £(u(t)) and D(u(t)) are indeed the equivalent energy functional and dissipation rate
respectively:

Thus (1.15) is enough to give the uniform-in-time a priori estimate (1.6) for the case of small
initial data.

The proof of Theorem 1.2 about the stability of solutions is almost the same as one of
Theorem 1.1 with more careful estimates on the difference

T(u,u) = T(v,v) =T(u—v,u) +T'(v,u —v).
In terms of the equivalent functionals defined as above, one can also obtain the other
Lyapunov-type inequality for the difference w = u — v of two solutions in the form:

%EM(w(t)) +CD(w(t)) < C{D(u(t)) + D(v(t) }m (w(t))-

Then, by using the time integrability

/O "D (uls)) + D(o(s))}ds < oo

and the Gronwall’s inequality, the uniform-in-time stability estimate (1.7) in the solution
space Lg(HéV ) follows. We mention the recent work [18] about the uniform stability in

Li,g = Lg (L?) for solutions satisfying some general framework conditions.
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Meanwhile, in this paper it is also found that the nonlinear Boltzmann equation can be
exactly written as the linearized compressible Navier-Stokes equations with some remaining
terms only generated by the microscopic part {I — P}u. Again, the key point is to combine
the macroscopic equations for (a, b, ¢) with the local macroscopic conservation laws. Here we
remark that this observation together with the refined energy method in this paper could
be useful to deal with the study of the optimal decay-in-time estimates in the Sobolev space
H fc\% = HY(R3 x Rg’) on the solution operator of the linearized Boltzmann equation with
an external force —V,¢(x) + F(t, ), see the recent works [6, 7]. The solution space Hé\g is
different from that in [7], where the velocity weight function is included in norms in order to
illuminate the time derivatives. This work is left to be considered in the future.

There are extensive literatures on the existence theory for the Cauchy problem of the
Boltzmann equation, see the books [4, 8] or monographs [3, 37] and references therein. The
well-known result is the global existence of the renormalized solution with large data proved
by DiPerna-Lions [5] where the uniqueness problem remains open. On the other hand, the
existence is established in the framework of small perturbation of a global Maxwellian [9, 27,
32] or an infinite vacuum [2, 17, 21], where uniqueness can be justified. In particular, so far
there are two basic methods to deal with solutions near a global Maxwellian. One is based on
the spectral analysis of the linearized Boltzmann equation and the bootstrap argument for
the nonlinear equation [27, 32, 33, 34, 35|, and the other one is based on the direct nonlinear
energy method [13, 22, 24, 29, 38]. Finally, we also mention that [25] developed the theory of
three-dimensional Green’s function for the Boltzmann equation, where based on the pointwise
estimates, the wave structure of the convergence of the solution to the global Maxwellian can
be finely exposed when initial data exponentially decay in x.

The rest of this paper is arranged as follows. In Section 2, we use the macro-micro
decomposition to obtain the macroscopic equations and the local macroscopic conservation
laws. In addition, we give a further review of some literatures about the nonlinear energy
method and explain our refined energy method in a brief way. Finally, we devote ourselves
to prove Theorem 1.1 and Theorem 1.2 in Section 3 and Section 4, respectively.

2 Macro-micro decomposition

2.1 Macroscopic equations

For fixed (t, ), any function u(t,x, ) can be uniquely decomposed as

u(t, x,8§) = u1 + ug,
u=PueN, (2.1)
uy = {I-Pluec N,

where u; is called the macroscopic part, and us the microscopic part. Plugging this decom-
position into the perturbed Boltzmann equation (1.3), the time evolution of the macroscopic
part up is determined by the linear term generated by the microscopic part us and the non-
linear term I'(u, u) as follows

Owur + & - Vyur = —(Opug + € - Vyug + Lug) + T'(u, u), (2.2)
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where Lu; = 0 is used. In what follows, we rewrite the term on the right hand side of (2.2)
as the sum of three terms r, £ and n defined by

r= _875”27
= —{- Vgug — Luy,
n=1I(u,u).
Then (2.2) becomes
atul +§qu1 :r+€+n (23)

Furthermore, in order to precisely study the time evolution of u; in the finite dimensional
space N, u; = Pu is expanded as

3

up = {a(t,a:) + Zbi(t,x)fi + clt, 1:)|§|2} VM. (2.4)

=1

For later use, if the dependence of a, b, ¢ on u need be emphasized, then we write a“, b“,
c" instead of them. By putting the expansion (2.4) into (2.3) and collecting the coefficients
with respect to the basis {ey}13 | consisting of

(lgPvM) (g VM)

VM, (VM) (lePevdr) o @5)

1<i<3 1<i<3 1<i<j<3
then one has the following macroscopic equations
V M . 8ta = ’[”(0) + Z(O) + n(o)’
&EVM Oib; + O0ja = 7“1(1) + 651) + nl(l),
|&i]*VM Orc + 0;b; = 7“1(2) + 42) + nl@), (2.6)
6 VM : 9ib; +8ibi =) + 02 0l i 4],
26V M e =1 + 07 40,
where 7(0), rfl), T‘Z@), rg) and rl(g) are coefficients of r with respect to the corresponding

m @ 2 G

elements in the basis (2.5) and similarly, ), Zgl), 51(2), fz(?), 653) and n(®, n; ', m, gy

are the corresponding coefficients for ¢ and n, respectively. More precisely, the coefficients
0 o .2 .2 (3)

2Ty T zg

r® = Z C(O)<€k, —Opup) = -0, #0) = Z Clgo)<€k7“2>’
rd) ZCf?(ek, juz) = —opt), 7
uz)

— 07D, F

7 and ;" for r = —0;uz can be written as

32 Zq(f%e’“ hug) = —6{2(]2), Zcz(fk (ex,u2), i #Jj,
Tz@) ZCZ(:Z; (e, —Opug) = —8{(3) ri = ZCM er, Us),

where the summation is taken over k € {1,2,---,13} and Clio), C’ﬁ), C’ﬁ), 01(32;{’ C(? are

1
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some constants for linear combinations. Thus, (2.6) becomes

da = 8,70 4+ 0O 4 p(0) (2.7)

Orb; + dia = — 0 4+ 1) 4 (), (2.8)

Brc + Oib = =07 + 0% 4 n?), (2.9)

0ib; + 8ibi =~ + 63+, i # ], (2.10)
dic = —0i) +£() n(, (2.11)

Remark 2.1. All constant coefficients C’,g ) ete can be explicitly computed from the constant
transform matriz between the basis {ek}};’:l and its orthonormality by applying the Gram-
Schmidt process [10, 11]. Here we skip their accurate values since it is not necessary for the
proof of our main results. But, it should be pointed out that some of them equal zero and
hence some of terms on the right hand sid of (2.7)-(2.11) can vanish.

An important fact observed in [13] is that only based on two macroscopic equations (2.9)
and (2.10), the macroscopic component b = (b1, ba, b3) satisfies an elliptic-type equation as
described in the following proposition. We give its proof for completeness.

Proposition 2.1. For each j = 1,2,3, b; satisfies the equation

~Aby = 0305 = 3 0y |0 + 17 + |
i#]

=Yoo [-0r + 7 0]
i#j

20, [—atf](?) +09 ¢ n§-2)] . (2.12)
Proof. Set
72 =~ + 6 4+ 0,
’yl(j) = 8t7:g) + 65]2-) + ng)
By (2.9) and (2.10), we compute
—Agb; — 0;0;b;
= =) 0;0ib; — 20;0;b;

i#]
__;a [0t +45] + 20 [ore =]
—Z@ﬁb +288tc—271 2’yj
i#£] i#£j

Again using (2.9) to replace 0;b; in the above equation, we have

—Aub; — 0;0;b;
=39 [ dyc + 7, )] +20;00 — > AP — 29
i#] 1#]

- Z 9; ’Y@ Z ’Y@J 273

] i#]



10 R.-J. DUAN

This completes the proof of the proposition.
O

Later on, (2.12) will be used to give the viscosity terms in the linearized Navier-Stokes
equations. This subsection ends with the following remark, which shows the key point of the
proof of Theorem 1.1.

Remark 2.2. Notice that the time derivative 1 = —0Oyus is separated from the linear part on
the right hand side of the macroscopic equation (2.2). The aim that we do in this way is to
obtain the bound of the macroscopic dissipation rate by using the microscopic rate containing
only the spatial derivatives. Hence, we only need to carry out the elementary energy estimates
without considering the time derivatives. This is different from [13], where the time deriva-
tives have to be included in the microscopic dissipation rate to estimate (a, b, c), which in turn
leads to the fact that the energy functional [[u(t)]]? must also include the time derivatives.

2.2 Macroscopic conservation laws

On the other hand, a, b = (b1, b2,b3) and ¢ also satisfy the local macroscopic conservation
laws. In fact, multiplying (1.3) by the collision invariants in (1.4) and integrating them over
]Rg’, we have

o (VM,u) + V, - (EVM,u) =0,
A&V M, u) + V- (€6VM, u) = 0,
D{|EPVM, u) + V. - (JE26VM, u) = 0.

By using the decomposition (2.1) and the expansion (2.4), we compute that for the conser-
vative quantities,

(VM,u) = (vVM,u1) = a + 3c,
(EVM,u) = (EVM, 1) = by,
([€PVM, u) = (|¢*VM, u1) = 3a + 15¢,

and for the flux functions,
(&i&vM,u) = (&€ VM, ur + uz) = (a+5¢)d;; + (£i&; VM, uz),
(€& VM, u) = (|€]76VM, ur + uz) = 5b; + (|€[*6VM, u),
where we used the identities
<|‘£Z‘27M> =1, <"SZ‘47M> =3, <”S‘2"£Z‘27M> =9
Hence we have the macroscopic conservation laws
8,5(@ + 36) + Vx b

dib+ V(a4 5¢) + Va - (€ @ EVM, us)
Ay (3a+15¢) + V- (15b) + V. - (|€]26VM, ug)

0,
0,
0.

In terms of a, b = (b1, by, b3) and ¢, the above equations can be rewritten as

ora — %vm (|€]PEVM, ug) = 0, (2.13)
Obi + 0i(a + 5¢) + Vi - (€6VM, up) = 0, (2.14)
dye + %vx b+ évx (|€]PEVML, ug) = 0. (2.15)
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It should be pointed out that the time derivative d;us does not appear in the equations (2.13)-
(2.15). The comparison between (2.13)-(2.15) and (2.7)-(2.11) shows that as mentioned in
Remark 2.1, some terms and their linear combinations on the right hand sid of (2.7)-(2.11)
should vanish.

Furthermore, a little surprising thing is that combining the macroscopic equations (2.7)-
(2.11) and the local macroscopic conservation laws (2.13)-(2.15), one can also write the Boltz-
mann equation (1.3) as the linearized viscous compressible Navier-Stokes equations with the
remaining terms only related to the coefficients of the microscopic part us under the basis
{ex}}3,. Precisely, we have the following proposition.

Proposition 2.2. a = a(t,x),b = b(t,x) and ¢ = c(t, x) satisfy

O(a+3c)+V,-b=0, (2.16)

Ob+ Va(a+3¢) +2Vc — Ayb — évxvx b= R, (2.17)
1

oic + gvx -b—Azc=R", (2.18)

where R® = (RY, R, RY) and R are defined by
— 1 —
Rb = _vx : <§§j M7u2> - 7Vz ' <|£‘2§ M7 ’LL2>

J
_Za [ 8tr o2 >+n( )] — 20; [—at,:J@) +€§2) +n§2)] ,
i)

Rcz—évx.qg\?g\/ﬁ,w Za[ 0,7 ”+n§3>].

Proof. (2.16) is just the conservation of mass. For (2.17), we first have from (2.9) and (2.15)
that

=3 0505 = 20500 = 305 [0 + 4P 40|
1#] 1#£]

= 20; [—;vx b— évx (jEPevM, uz>}

oy [0 o
i#]
Adding the above equation to (2.12), we have
2
—Agbj = 0V b= =20,V b+ Vs - (|€1PEVM, ug) + RY,
i.e.,
—Aybj — 38 Ve o+ (|€7EVM, ug) + RY. (2.19)

Again, adding (2.19) with (2.14) yields (2.17). Finally, (2.11) implies

Ao = — Za[ 87 + 63 4 1P

Adding it to (2.15) gives (2.18). Hence this completes the proof of the proposition.
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From the fluid-type system (2.16)-(2.18), one can easily see the structure of the linearized
compressible Navier-Stokes equations. For instance, if us is set to be zero, then (2.16)-(2.18)
are just the linearized Navier-Stokes equations [26]. It is well-known that the nonlinear
Navier-Stokes equations can be derived as an approximation to the nonlinear Boltzmann
equation through the Chapman-Enskog expansion. However, the macroscopic linear system
(2.16)-(2.18) is part of the Boltzmann equation, where the remaining terms are generated by
only the microscopic part us.

Finally, we mentioned that as in [22], the Boltzmann equation (1.1) can be also written
as the nonlinear Navier-Stokes equations plus some higher order terms for the microscopic
part. Precisely, the solution to the Boltzmann equation (1.1) is decomposed around a local
Maxwellian as follows

ft,2,8) =M, 9 + G, (2.20)
where . ’2
P —v
M = _
Pl (2n)3/2 eXp{ 20 }
and
p=(L,f),
1
V= —(S, )
p(é f)
_ 1 2
0= (=P 1)

Then, the mass p, the momentum m = pv and the energy F = % plv|® + % p0 actually satisfy

Op+ Ve -m =0,

3 3
om;j + > 81‘(’1)Z‘mj) + 6j(p0) = 05 [u(@) (8]‘112' + O;v; — %(Z‘jvm . ’U)]
=1 =1

_V$ : <E£ja @>7

OB+ D(pE + )] = 3. O4x(0)010)

(2.21)

3
20 [1(0)v; (Ojvi + Opvj — 30V - v)] = Va - (31€°€,0) .
\ L=

Here the viscosity p(0) and the heat conductivity x(6) can be explicitly represented with the
help of the Burnett functions, and © is defined by

O=Ly (@G +{I- Py, )¢ VoG - Q(G, G)) ,

?vhere LM[M
ie.,

) 1s the linearized collision operator corresponding to the decomposition (2.20),

LM[p’vyg] () =2 [Q(M[p,vﬁ]? ) + Q(a M[p,v,@])] 5

and PM[p o) 18 the projector to the kernel space of LM[M g Notice that by definitions of p,
m and FE, it holds that

p=1+a+ 3c, a:%(p—l)—(E—%),
m=2b, i.e., ¢ b=m,
E=3+43a+ e, c=3E-3)-L(p-1)
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This means that (a, b, ¢) is indeed the linearized hydrodynamical variables, which is essentially
consistent with the perturbation (1.2) around the global Maxwellian. However, if one directly
linearizes the nonlinear Navier-Stokes equations (2.21), the linearized system derived does not
give the same structure as (2.16)-(2.18), since the remaining terms contain some higher order
ones of (a, b, ) after linearization.

2.3 Refined energy method

For the Boltzmann equation in the whole space, so far there are two kinds of L? energy
methods available. One is initiated by Liu-Yu [24] and developed by Liu-Yang-Yu [22] and
Yang-Zhao [38] in terms of the macro-micro decomposition around a local Maxwellian as
in (2.20). This method has the general applications not only in the study of the nonlinear
stability of solutions [36, 39] and convergence rates [6] but also in the stability analysis of
three well-known wave patterns for the Boltzmann equation, such as the shock wave [24],
rarefaction wave [23] and contact discontinuity [19, 20]. The other is founded by Guo [13]
and developed by Strain [29] and Strain-Guo [30, 31] due to the decomposition (1.2) around
a global Maxwellian. The norms used by both methods include the time derivatives for the
proof of the global classical solution. Here we will refine the second kind of method in the
sense that the time derivatives can be excluded from the norms. In this subsection, we will

give a brief sketch of our method.
2

2, which as mentioned in Section 1, is

Our goal is to obtain the dissipation rate [[u(t)]]
equivalent with

Do logually + Y 1195 (a. b o))

lal<N 0<lal<N

The first part (microscopic dissipation rate) are directly derived from

= > (9Lw,00u) = A Y |0z}

lo] <N la] <N

The analysis of the second part (macroscopic dissipation rate) is based on the macroscopic
equations (2.7)-(2.11) together with the macroscopic conservation laws (2.13)-(2.15). In fact,
the macroscopic dissipation rate can be bounded by the microscopic dissipation rate contain-
ing no time derivatives.

Next, let’s explain the technical part in the proof. For this time, we consider the estimates
only on b; as an example. For simplicity, instead of (2.12), b; is supposed to satisfy

—Aybj — 0;0;b; = 9; [—atf@) +02 + n(Q)] ;

where 72, ¢ and n(? denote the linear combinations of coefficients for us, ¢ and n, respec-
tively, with respect to the basis {ek}}f’: 1- The standard energy estimate gives that for each
a?

_a
dt

- <a;; [N) + n(2)} ,ajagbj> .

V20505117 + 110;05;(1* = —— (9573, —0,05;) + (9;0572), 0 04b;)
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Thus by using the conservation laws (2.14) and the Cauchy-Schwarz inequality, we have
d oo
a@?rm), ~070;bj) + Vo037 bsl|* + 110,050
< [|920;(a, by, )|

C (6% (0% =~
+E {1029, 66 VAL wl P+ Jogoyit P + |

2
AR } (2.29)
for € > 0 small enough to be determined later, where the spatial inner product

(0972, —020;b;)

is called the temporal interactive energy functional between us and b. As in Lemmas 3.6 and
3.7, the second term on the right hand side of (2.22) is bounded by

1905w + [ (]2}

Similar estimates hold for a and c¢. Thus, after taking summation over |a| < N — 1 and
choosing some ¢ > 0 small enough, we can obtain the desired estimates on the macroscopic
dissipation rate.

3 Global existence

3.1 Preliminaries

We list the following lemmas about some Sobolev inequalities and the basic estimates on the
nonlinear term I'(u,u) .

Lemma 3.1 ([1]). Let u € H*(R?). Then
. 1 1
(i) llull o= < CIVull2]|V2ul|2 < C[[Vullg ;
(i) [[u]| Lo < C[|Vull;
(1) lullLa < Cllullgr, 2 < ¢ <6.

Lemma 3.2 ([16]).
(T (u, v), w)| < C{/ o2l palloll 2 v *wl| 2 de
R3 13 3 3

+ [ ||u1/2vHLz|ruuLzHu1/2wudex};
RS ¢ ¢ ¢

(T (w, v), )l 22 + {00, ), w) 2 < CllvPwllzgs full oo 2y 10]]-

As usual, the global existence of the solution to (1.3) will be obtained by combining the
local existence together with a priori estimates.

Proposition 3.1 (local existence). There exist constants & > 0 and T* > 0 such that if
[[u(0)]] < 6, then there is a unique solution u(t,z,€&) in [0,T*] x R3 x R3 to the Boltzmann
equation (1.3) such that

u(e)])? + / S Joru(s)|2ds < Alu(O)]%

O Jaj<N
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for any t € [0,T*]. Moreover, [[u(t)]] : [0,T*] — R is continuous. If f(0,z,§) = M +
VMu(0,z,&) > 0, then

F(t,2,€) = M+ VMul(t,2,€) > 0.
Proposition 3.2 (a priori estimate). Let T > 0. Suppose that u(t,x,§) is a solution in

[0,7] x R? x R3 to the Boltzmann equation (1.3). There exist constants 63 > 0, Ao > 0 and
Csy > 0 which are independent of T, such that if

sup [[u(t)]] < b, (3.1)
0<t<T
then .
(@] + Ao / ([u(s)]ds < Cal[u(0)])2, (3.2)
0

for any t € [0,T).

Theorem 1.1 follows from Proposition 3.1 and Proposition 3.2 by the standard continuity
argument. In order to prove Proposition 3.1, we apply 9% to (1.3) to obtain

0y 0%u + & - V208 =Ldgu+ Y C§T(90u, 0 Pu).

BLa

One can use Lemmas 3.1 and 3.2 to deal with the nonlinear term. For the linear term, it
holds that
(LoYu, Ogu) = —[|0gull} + (Kdgu, Ofu),

where K is compact and hence bounded on Lg. Thus the Gronwall’s inequality will give
the desired estimate if the time span T is small enough. The uniqueness is proved in the
similar way. For the more details, see [12]. Here notice that the time derivatives need not be
considered.

The proof of Proposition 3.2 will be divided into two parts: one part is to obtain the
microscopic dissipation rate, given in the rest of this subsection, and the other part is to deal
with the macroscopic dissipation rate, which consists the main issue of this paper and thus
left to the next subsection.

Based on the equation (1.3), one can carry out the elementary energy estimates to obtain
the microscopic dissipation rate. The following two lemmas can be proved in the similar way
as in Section 6 of [13] but by considering the spatial derivatives only. For brevity, we omit
details. The point is to use Lemmas 3.1 and 3.2 to carefully estimate the nonlinear term
I'(u,u) in the following way

<F(u’ u)’ ’LL> = <F(uv ’LL), u2>

= (T'(ug,u1),u2) + (T(ug, ur), uz) + (F(u, u2), us). (3.3)
Lemma 3.3. There exists a constant C > 0 such that
1d
§$IIU(t)H2 + Mzl < Cllu@N[[u(®)]], (3.4)

for any t € [0, 7).
Lemma 3.4. There exists a constant C > 0 such that
1d o o
S Y oSu®IP A D 0%l < Cllu@][[u(b)]]z, (3.5)
0<|a|<N 0<|a|<N

for any t € [0,T].
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3.2 Energy estimates on the macroscopic part
In this subsection, we devote ourselves to obtain the macroscopic dissipation rate
> Vel
0<|a|<N
Equivalently, in terms of the macroscopic coefficients a, b and ¢ for vy = Pu, it suffices to

obtain the estimates on
> IVe(ab o).
0<|a|<N

This comes from the following lemma.

Lemma 3.5. For any a, 09Pu = POSu, and
105w + (|07 uz* = |05l

For any k, there exists a constant C' > 1 such that
1
5||V’“3§JU1H2 < 102 (a,b,0)|* < Cl|ogu ||

Now we focus on the macroscopic equations (2.7)-(2.11) and the conservation laws (2.13)-
(2.13) to estimate the higher order derivatives of the macroscopic coefficients (a,b,c) in L?
norm. For this purpose, we first give two lemmas without proofs. Roughly speaking, the
idea is just based on the fact that the velocity-coordinate projector is bounded uniformly in
t and x and the velocity polynomials can be absorbed by the global Maxwellian M which
exponentially decays in &.

The first lemma shows that among those terms on the right hand side of the macroscopic
equations (2.7)-(2.11), the coefficients of the separated part 7, the linear part ¢ and the
nonlinear part n can be bounded by the microscopic dissipation rate.

Lemma 3.6. It holds that

> ZH&O‘ [~ HD #D) 5 )]H2§C o, (3.6)

|a|<N—-1 1ij |a|<N-1

ORI ATCN NN NI Evel SR T 37)

lo|<N-1 ij la|<N
and

> S0 [n @000 || < CltwenP o2, (3.8)

la| <N ij

Remark 3.1. Since 7 is generated by ue, no differentiation is added on the right hand side of
(3.6). (3.7) is true because £ contains the first order derivatives V yus and the zero order term
—vug + Kuy. (3.8) follows from the careful analysis on the nonlinear term as in Lemmas 3.3
and 3.4.

The second lemma similarly shows that in the conservation laws (2.13)-(2.13), those terms
containing the microscopic part us can be also bounded by the microscopic dissipation rate.
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Lemma 3.7. It holds that

s [(lePevM ) (coeviw)][ < 3 fogual®

la|<N-1 0<|a|<N

Next we state the key estimates on the macroscopic dissipation rate in the following

theorem.

Theorem 3.1. There exists a constant C'3 > 0 such that

Y Z[ )+ T8 (u(t)) + I, (u(t)) + T2h (u(t))
|a|<N 1 =1
+ ) (V20 (a,b, o))
|| <N -1
<058 ST 08usl? + ([ [[u)]]2 } (3.9)

la|<N

for any t € [0,T], where I ;(u(t)), Igﬂ»(u(t)), 75 i(u(t)) and Igbl(u(t)) are the temporal

interactive energy functionals defined by

T2 (u(t) = (057, 0,0%a)

(3.10)

T8 (u(t) = = Y (0er? oi0en )y + 3 (007, 0,000, )

JF JF
42 <a;;f§2>, aiagbi> ,
75 (u(t) = (957, 0,05¢)
T8 (u(t)) = (205 a, O3bi) .

Proof. We can control the higher order derivatives of (a,b,c) as follows. In what follows, we

fix a constant € € (0, 1) to be determined later.

FEstimates on b. Applying 0 with || < N — 1 to the macroscopic equation (2.12) satisfied
by b; for each j = 1,2, 3, multiplying it by 02b; and then integrating it over R3, we have

V2076511 + 11007 b511*

- <at S o007 -3 00072 — 20,0077 | og

7 i
+ Z <8j8;3“ [41(2) + "1(2)] ,8§‘bj> — Z <8¢8§} [51(32') I
7 i3
~2(0;08 [? + 0] 020,

)

ng)} ,agbj>
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Integrating by parts yields

V20265117 + 11905 b511*

__Z<Zaja -3 a8 —2aag§),agb>

i#j i#£]
<Z 9,007 =3 0,007 — 20,0072, agatbj>
i#] i#]
— Z <aa [ )} 9,0% > 3 <a;* [egj.) + nﬁ)} ,aia;bj>
i#£]
<aa [z( g‘”] 0,0%b; > (3.14)

The five terms on the right hand of (3.14) can be estimated as follows. The first term is
just éltIg ;(t), where Igé’j (t) defined by (3.11) is the interactive energy functional between

the microscopic part ug and the macroscopic part b. From the conservation laws (2.14), the
second term is bounded by

2
logauty | + - |3 djoni? - 3" a0er D — 20,067
iz i#]
05050+ 5¢) + B2V, - (6,VM, “2>H2
R e et
< e [rajasm,c)u? " \ o9, <§§NM )]
e ZHV o [7.75. 77|
The sum of the final three terms is bounded by
€ V.00, +{ o2 |6 +nf? )]H2
i#]
og [1) + )|+ [los [ + n?]]
< €||V.0%b, 2 + o [ ,eﬁj),n?),nfj)W.

Putting all estimates into (3.14) and taking summation for « over |a| < N — 1 and j over
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j €41,2,3}, we have

Z Eij + > V.05

|a| N— lo|<N-—1
<ce Y [nvxas(a,b,c)n%]asvx-@@é\/ﬁwm
|a\<N 1
1Sy S w2
lo|]<N—1 ij
—0—* Z Z‘aa[i ? 2]’ E)’ ZJ}H
la|]<N—1 ij

By Lemmas 3.6 and 3.7, the above inequality implies

d 3
D DI ;10D DN\

|a|<N-1j=1 |a|<N-1

<Ce > V02 (ab,0))?
|a|<N-1

+€ > l0guz|® + [[w@)PTu®N; 5 - (3.15)

la] <N

FEstimates on c. For any a with |a| < N —1 and each i = 1,2, 3, it follows from (2.11) that
0;0%¢c||* = (9:;0%¢, 0;0%c)
= — (002, a0zc) + (02 | (¥ + 0] 0,00¢)
_ d o ~(3) a a~(3) 9 aa
-—= <a , 900 > <ax 73 9,00 8tc>
+ <ag [65 ) a3 >] ,6¢8§c> . (3.16)

The three terms on the right hand side of (3.16) can be estimated as follows. The first term

is just —%ICC”( (t)), where Z ;(u(t)) defined by (3.12) is the interactive energy functional

between the microscopic part ug and the macroscopic part c. By the conservation laws (2.15),
the second term is bounded by

- <6¢8§‘f§3), agatc>

1
< ellosdel + \

O

1 fe 1 fe 2
I RATHEEA (Ie/2evM,us )

]
o

-

< Cel|8oV, b||2—|—06’80‘ <|g|5\ﬁu2>H E‘aa

The third term is bounded by

|02l + i oz e
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Plugging all the above estimates into (3.16) and taking summation for a over |a] < N — 1
and i over i € {1,2,3}, we have

3
LI DD E- IO R D A A

la|]<N—1i=1 la|<N—1
<Ce Y VeGPt Y o (lePevhm)|
la] <N—1 la]<N—1

87;8?77@(3)“2 + ‘

2,2 2

which together with Lemmas 3.6 and 3.7 implies

3
% o ST+ Y VL0%e?

la|<N—1 i=1 la|<N-1

o [0}

<Ce Y [[V.05 (b, o)

la|<N-1

+% { > l0gua|? + [[U(t)]]Q[[U(t)]]i}- (3.17)

lo|<N

FEstimates on a. For any a with |a| < N — 1 and each i = 1,2, 3, it follows from (2.8) that
10;0%a)* = (0;0%a, 2;0%a)
= (oo - opor + 02 |1V + 0] 0,00a)
__a
dt
+(80b;, 8;0%Bsa) + <a;;f§1>, 8¢8§8¢(L>

+(02 |4+ 0] 0i02a). (3.18)

[<8§bi, 8;0%a) + <agf§”, aiagaﬂ

Similarly as before, we estimates the four terms on the right hand side of (3.18) as follows.
The first term is —%[Igf’i(u(t)) + Zg ;(u(t))], where Zg ;(u(t)) defined by (3.10) is the inter-
active energy functional between the microscopic part ue and the macroscopic part a while
Igbl(u(t)) defined by (3.13) is the one between only the macroscopic parts a and b. From the
conservation laws (2.13), the second and third terms are bounded by

— (020,01, 020,0) — (020,71, 0 0ha)

1 1
——<%@m2%vf<m%meﬁ>—<%@ﬁ%2%vﬁ<m%¢MwQ>
< clagoni? + < |

€

0V, (JePevVE o)+ lapar)|

The final term is bounded by

)| 0:0%a|? + % ) a° [eglkng”] H2
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Plugging all the above estimates into (3.18) and taking summation for a over |a] < N — 1
and 7 over i € {1,2,3}, we have

DS S [z + T+ Y 9.l

\a|<N 1i=1 lo|<N—1
<e Y |Wm3§(a7b)”2+% > forva- (i)
la|<N-1 la|<N—1
o+ S S oe [0
la|<N—1 i=1 © lal<N—1 =1

which by Lemmas 3.6 and 3.7 implies

Y Z[ A CIO) R S e &

|a|<N 1i=1 || <N-1

<e Y [Va02(a,0)|?

la|<N—1

+% > l0gue]® + [[w@)PTu(? § - (3.19)

la|<N

Finally we add up the inequalities (3.15), (3.17) and (3.19) to obtain

Y Z[ )) + Th () + T s(ult)) + Zah (u(t))]
‘O¢|<N 1::=1
+ Z 9202 (a,b,0)|1
lo]<N-1
<Ce Y |[Va0(ab)|?
lo|<N-1
+E3 S ozl + (P[] | (3.20)
o] <N

We choose € € (0,1) such that Ce = . Then (3.20) leads to (3.9). Hence this completes the
proof of the lemma.

O

Remark 3.2. If the analysis is made on the linearized Navier-Stokes equations (2.16)-(2.18)
and the local macroscopic conservation laws (2.13)-(2.15), then an energy inequality similar to
(3.9) can be obtained with the energy functional in (3.9) replaced by the sum of the interactive
energy functional and the macroscopic energy functional

> 192 (a+3e,b,0)]7,
ol <N

which has been considered in the elementary energy estimates (3.4) and (3.5). In fact, by

writing (2.16)-(2.18) in the skew symmetrization, the standard energy estimates from [26]
can apply.
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3.3 Proof of global existence

In this subsection we are in a position to prove Proposition 3.2.

Proof of Proposition 3.2.  Multiplying (3.4) and (3.5) by M > 0 suitably large to be
determined later, taking summation for them and then adding it to (3.9), we have

9 ear(u(t)) + XsD(u(t)) < O{[fu(t)] + [0, (3:21)
where
)\3 = mln{M)\ - 03, 1}
and
Exr(ult)) = %Hu(tm? +aI(1), (322)
)= > Z[ )+ Th () + I5 s(u(®) + e (u(e)| . (3:23)
|| <N-11i=1
= 3 18wl + Y V.0, b o)l (3:24)
la|<N lo]<N-—1

Notice that by Lemma 3.5, D(u(t)) is equivalent with the dissipation rate [[u(t)]]2, i.e., there
exists a constant C' > 1 such that

Zlu@®} < D(u(t) < Cllu@)]]y.
Next, we claim that there exists a constant C' > 0 such that

I(t) < Cllu()]]”.

In fact, by the definitions (3.10)-(3.13) of Z¢ ;(u(?)), Ifm-(u(t)), 7 i(u(t)) and Igf’i(u(t)), we
have

< Y Z[I )]+ |Z0 s (w(®))] + 175 i (u()] + 128 (ult))]

la|<N-1i=1
~(1)~2 +(2) +(3)
T |:ri Ty z] ) T
|| <N—-117,j=1

+C Y IVudg(ab P+ O Y (gl

o] <N -1 o] <N -1

<C D 5ulP+C D (103w |
la|<N—1 la|<N

< Cllu(®)))*.

Thus we can choose M > 0 suitably large so that M A — C5 > 0, hence A3 > 0 and there is a
constant C' > 1 such that

%[[U(t)]]2 < En(u(t) < Cllu®)]]*. (3.25)
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In terms of the equivalent energy functional £y (u(t)) and dissipation rate D(u(t)), (3.21)
becomes

9 Ear(u(t) + XsDu(t)) < C {Ens(ult) " + Enr(u(t) } Dlu(r),

which after using the Gronwall’s inequality, yields the Lyapunov-type inequality

< Ear(u(t) + 2D(u(t)) < CE(u(t)D(u(t)). (3.26)

Integrating (3.26) over [0,¢] with 0 < ¢ < T and using (3.25) and the assumption (3.1), we
have

Ex(ut)) + (Ns/2 — C2) /0 D(u(s))ds < CE(u(0)).

Thus if we can choose d2 > 0 such that C'62 = \3/4, then (3.2) follows. This completes the
proof of Proposition 3.2.

Remark 3.3. The above proof also shows that —L is positive in the sense that for the unique
solution u(t,z,&) to the nonlinear Boltzmann equation (1.3) with [[u(t)]] being sufficiently
small, it holds that

= S (L8, 00 > Mal[u(B)]2 + Co- 2T (u(t)),

dt
la|<N

for any t >0, where Ay > 0 and Cy > 0 are some constants.

4 Uniform stability

In this section, we are concerned with the uniform stability of the unique solution obtained
in Theorem 1.1. For this purpose, to the end it is assumed that there exist solutions u =
u(t,z, &), v =o(t,x, &) to the Boltzmann equation (1.3) corresponding to given data ug(x, &),
vo(z, ) with

max{[[u(0)]], [[v(0)]]} < o1, (4.1)

where 61 € (0, dp) is to be determined later. Since §; < &g, both uw and v satisfy the inequality
(1.6), i.e.

[[u(®)]]* + Ao/0 [[u(s)]]5ds < Col[u(0)])?, (4.2)
t
[w(®)]* + Ao/o [[o(s)]]7ds < Col[v(0)]]?, (4.3)

for any ¢t > 0. To prove the uniform-in-time stability estimate (1.7), we set
w(t,x, &) =u(t,z,§) —v(t,x,§).
Then w = w(t, z, &) satisfies
Ow + & - Veow = Lw + I'(w, u) + (v, w). (4.4)

First we give a remark about the equation (4.4).
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Remark 4.1. Due to the analysis as in Section 2, a*(t,x), b*(t,x) and ¢“(t,z) which are
coefficients of the macroscopic part w1 = Pw satisfy the same macroscopic equations (2.7)-
(2.11) with the nonlinear term n = T'(u,u) replaced by T'(w,u) + T'(v,w). Furthermore, since

(W, T(w,u) + T(v,w)) =0, V¢ eN,

one can also obtain the local macroscopic conservation laws (2.13)-(2.15) for a™(t,z), b*(t, )

and c*(t, z) with ug replaced by wy = {I — P}w.

Next, similar to Lemmas 3.3 and 3.4, we have the following lemma about the estimates

on the microscopic dissipation rate of w.
Lemma 4.1. For any e € (0,1) and any t > 0, it holds that
1d fe} 2 le' 2
e Ol IR S
la|<N la]<N
C
< Celfw®ly + — {{u@]* + [v@N} @]
C
+ = {{u®I + (@I} Tw®O),
where the constant C > 0 s independent of € and t.

Proof. From (4.4), one has

1d
2 dt
By symmetry, it suffices to consider the estimates on I'(w, u).

When |a| =0, as in (3.3), we write

(T(w,u),ws) = (T'(w1,u1), ws) + (I'(wi,u2), ws)
+<F(w2, ul),w2> + <F(’LU2,’LL2), ’LU2>.

By using Lemmas 3.1 and 3.2, one can estimate each term as follows:

(C(wi,u1), wz) < O (@, 0%, ) [[[[(a®, 0%, ) || Lo [Jw2 |
< O[[Va(a®, 0%, )| gy lwr |[[wzlly

C
< ellwall? + IVt |2 g o

(C(wi, u2), w2) < C\lVI/QU2||Lgo(Lg)||(aw,bw,cw)IIHWHV

< CHvl/vauzlng(H;)HUHHII’wzllu

C
< ellwa |} + ;HVWV:::WH%g(H;)leHQ,

(D(wa, u1),wa) < C||(a®,b", )| oo w212

C
< ellwall2 + Z Va2 gy I 2

1oz w(®)* + Mogwsl? < (92T (w, u) + (v, w)], O ws).

(4.6)
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and

(T'(w2, uz), wa)
< C'||U2||Lgo(L‘§)||w2||3 + C||V1/2U2|!Lgo(Lg)||w2||\|w2\|u

C C
< ellwall? + CIVaualZa g sl + 212V a2 g s

Notice that all terms on the right hand side of the above four inequalities can be bounded in
the same way as in (4.5). Hence, the case of |a| =0 in (4.5) is proved.
When 0 < |a| < N, we write

(09T (w, u), O5wa) = Y CH{T (05w, ), O3ws). (4.7)
18]<of

From Lemma 3.2, for each 3 it holds that
(L(87w, 8Fu), Ogws) < C/ 207 wl|[|05 Pull|[v"/ 20 ws||dx
R3
+C/ 07wl |20 Pull||v" 2O ws||da. (4.8)
R3

Without loss of generality, one can suppose || < |«|/2. Then the first and second terms of
(4.8) are respectively bounded by
1207wl e L2>H5a*ﬁqulaaw2Hu

< €| wally + *H@a ul? |12V, 0wl T

< elogus 2 + %[[u(tmwu)n%
and
uafw||Lgo(Lg)||aa*ﬂuu w1l
< gl + 108 P ulIVL00wl sy
< elogus? + %{u(tnﬁnw@m?

Thus the right hand side of (4.7) can be also bounded in the same way as in (4.5). Hence,
the case of 0 < |a| < N in (4.5) is proved. By putting all estimates into (4.6), we get (4.5).

This completes the proof of the lemma.
O

Moreover, similar to Theorem 3.1, the macroscopic dissipation rate of w is given in the
following lemma.

Lemma 4.2. There exists a constant C5 > 0 such that for any t > 0,

2%I(w(t)) + ) IVL05(a®, b7, ¢
la]<N-1
<Cs Y 08wal® + Cs {[[u®]2 + [[o®)]]2} [[w(t)]]*. (4.9)

0<|a|<N
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Proof. Recall Remark 4.1. To prove (4.9), it suffices to consider the estimates on the nonlinear

term n = I'(w, u) + I'(v,w). Similar to (3.8), it holds that

oD, 2@ 2P| < o (o + (0]} Tw o],

> 3 o [+ "m0 5

|| <N i)
where (9, ﬁgl), m(z) , ﬁg), ﬂz(»?’) are the coefficients of 7 with respect to the basis {ey},> ;. Then
(4.9) follows from almost the same proof of (3.9). The details are omitted for brevity. This

completes the proof of the lemma.
O

Finally we use the method of equivalent functionals to prove the uniform-in-time stability

estimate (1.7).
Similar to obtain (3.21), Lemmas 4.1 and 4.2 yield

Proof of Theorem 1.2.

2 e, (w(®)) + AsD(aw(t))

dt
< OelfuZ + < ([l + (@)} (o)

o+ [w®NZ} @], (4.10)

+< {1

for e € (0,1) to be determined later, where M; > M is fixed large enough such that

A5 = min{Ml)\ — Cy, 1} > 0,

and Eny, (w(t)), D(w(t)) defined by (3.22), (3.23) and (3.24) are the equivalent energy func-
tional [[w(t)]]? and the dissipation rate [[w(#)]]2 corresponding to w. In terms of &y, (w(t))
and D(w(t)), (4.10) gives the following Lyapunov-type inequality

e (w(t)) + {)\5 CCe— 06;051 }D(w(t))

dt
N7} € (w(t)),

< S {2 (4.11)

where (4.1), (4.2) and (4.3) have been used. Then one can fix some € € (0,1) and d; € (0, dp)

small enough such that
CCy63

A=A —Ce— ——>0.
€

By the Gronwall’s inequality and (4.1)-(4.3), (4.11) implies that there exists a constant Cg > 1

such that
ng +)\6/ D dS <065M1( ( ))

for t > 0. Using the original energy functional and dissipation rate, (1.7) with w = v — v

followg. This completes the proof of Theorem 1.2
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