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Abstract

Consider I C C[z1,...,Zm], a zero dimensional complete intersection
ideal, with I = (f1,..., fm). Assume that I has clusters of roots, each
cluster of radius at most € in the co-norm. We compute the “approxi-
mate radical” of I, i.e. an ideal which contains one root for each cluster,
corresponding to the center of gravity of the points in the cluster, up to
an error term asymptotically bounded by 2. The main bottleneck of our
method is the computation of the “matrix of traces”, a matrix with en-
tries which are trace functions of the roots of I with respect to some basis
of Clz1,...,zm]/I. We investigate how to compute a matrix of traces
from the Bezoutian of fi,..., fn and their Jacobian J. We use work by
Mourrain and Pan to reduce the Bezout matrix to a matrix of traces with
respect to a certain canonical basis of Clz1, ..., zm]/I.

1 Introduction

Let fi,...,fm € C[x] be polynomials in m variables x = [z1,...,2,] and
assume that they have finitely many roots forming the clusters C1, ..., Ck such
that each cluster C; has n; roots within a radius of ¢ in the oco-norm for ¢ =
E
1.,k Let n:=>"" n;
In [9, 10] a “global” method was devised to compute an approzimate radical

of I :=(f1,..., fm), denoted by v/T, i.e. a method that works simultaneously for
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all clusters and does not use any local information about the roots in the clusters,
only the coefficients of the system of polynomials defining /. It was shown that
the approximate radical has exactly one root for each cluster, corresponding to
the arithmetic mean of the cluster up to an error bounded by g2,

The method to compute v/T uses Gaussian elimination with complete pivot-
ing or singular value decomposition of the nxn matrix of traces R (see definition
in section 2). In [10] it is shown that a partial LU decomposition of R obtained
by k steps of the Gaussian elimination with complete pivoting will result in a U
matrix having almost vanishing entries of magnitude €2 in the last n — k rows.
Similarly, the last n — k singular values of R are of the order of magnitude of
2.

The computationally most expensive part of the method in [9, 10] is the
computation of the matrix of traces R. As pointed out, direct methods not
involving the computation of the multiplication matrices are preferred since R is
shown to be continuous with respect to root perturbations around multiplicities
while multiplication matrices are generally not. Methods for computing the
matrix of traces directly from the generating polynomials of I, without using
multiplication matrices, include [2, 4, 5, 7, 1, 6].

Here we investigate how to compute matrices of traces using Bezoutians.
Our approach is based on [13, 12]. The advantage of using Bezoutians for the
computation of the matrix of traces over the methods mentioned above is that
it is both conceptually and computationally simpler.

In the univariate case it is proved that the Bezoutian matrix of a univariate
polynomial f and its derivative f’ corresponds to a matrix of traces with respect
to the Horner basis of f (see subsection 4.1). Therefore, applying the method to
compute the approximate or exact radical from the matrix of traces provided by
the Bezoutian will give us an approximate or exact square-free factorization of
f. The question that naturally arises is how this method relates to computing
the square-free factor as W. We show here that the two algorithms are
computationally equivalent.

The generalization to the multivariate case is not quite as straightforward.
The goal would be to express the Bezout matrix of f1, ..., f;; and their Jacobian
J as a matrix of traces with respect to some basis, generalizing the univariate
case (see the definition of the Bezout matrix — sometimes also referred as the
Dixon matrix — in Definition 17). Unfortunately, the Bezout matrix cannot
directly be expressed as a matrix of traces. However, in [13] it is shown that a

reduced version of the Bezout matrix of fi,..., f;,, and J is equal to the matrix
of traces of f1,..., f,, with respect to the so called canonical basis, obtained
from the reduced Bezout matrix of fi,..., f;,, and 1. The required reduction

of the Bezout matrix involves reducing polynomials modulo I.

Now the question is how to find the reduced version of the Bezout ma-
trix above without further information on the structure of the quotient algebra
Clz1,- .., 2m]/I, e.g. without Grébner Bases or multiplication matrices. We can
adapt the results of [12] to get an algorithm which computes the required iden-
tities in the ideal in order to reduce the Bezout matrix, using only Bezoutians



of f1,..., fm and either one of the variables z;, for i = 1,...,m, or 1.

Combining these results gives an improvement to the approximate radical
algorithm by explicitly addressing the computation of the matrix of traces using
a well studied and conceptually simpler object such as the Bezoutian.

2 Radical and the Matrix of Traces

Our main construction is based on the following results describing the elements
of the radical of an associative algebra A using traces of elements:

Theorem 1 (Dickson [8] pp.106-107). An element x of an associative algebra A
over a field F' of characteristic 0 is properly nilpotent if and only if Tr(zy) =0
for every y € A.

The above theorem can be applied to the special case of commutative alge-
bras which are quotients of polynomial rings. Consider the system of polynomial
equations

f(x)=0
where f = [f1,..., fm] and each f; is a polynomial in the variables x = [x1, ..., Z;].
Assume that the polynomials f1, ..., f,, have finitely many roots in C™, which

implies that the algebra A = C[x]/I is finite dimensional, where I is the ideal
generated by the polynomials in f. Denote the dimension of A over C by n and
let B = [by,...,b,] be a basis of A. By a slight abuse of notation we denote the
elements of the basis B which are in A and some fixed preimages of them in
Clz1,...,2m] both by by,...,b,. Let {z1,...,2,} C C™ be the set of common
roots of the polynomials in f, taken with the appropriate multiplicities which
can be read from the primary decomposition of I. We will use the multiplication
matrices M, of g € A with respect to the basis B, defined as the matrix of the
multiplication map
mg: A— A

[f] = [f9]
written in the basis B. Using the fact that

Rad(A) =VI/I C Cx]/I = A,
we can reword Theorem 1 in the following way:

Corollary 2. Let p € C[x| and p be the image of p in A. Using the above
notation, the following statements are equivalent:

(i) pe VI
(11) p € Rad(A)
(iii) Tr(Mp,;) =0 for all j=1,...,n.



We can now use the previous corollary to characterize the radical of A as
the nullspace of a matrix defined as follows:

Definition 3. The matrix of traces is the n X n symmetric matrix:

R = [TT(Mbibj )]n

i,7=1

where My, is the multiplication matriz of b;b; as an element in A in terms of
the basis B = [b1,...,by] and Tr indicates the trace of a matriz.

Corollary 4. An element
r = Z Ckbk
k=1

of the quotient ring A with basis B = [by,...,by,] is in the radical of A if and
only if [c1, ..., cn] is in the nullspace of the matriz of traces R.

We have the following result for the entries of the matrix of traces R ex-
pressed in terms of the roots of the polynomial system.

Proposition 5. The matriz of traces R of the system f with respect to B =

[b1,...,bn] can be expressed in terms of the common roots {z1,...,2,} of £ as
n n
R = Z bib] (Zs)]
s=1 i,j=1

where b;b;(zs) indicates the evaluation of the polynomial b;b; at the point z.

This implies that the matrix of traces is a continuous function of the roots,
even if the system has possible root multiplicities. We remark here that the
multiplication matrices are in general not continuous functions of the roots.

3 Approximate Case

In this section we will describe the results of [10]. In the rest of the paper we
will assume that the size of the clusters is a parameter €. More precisely, in
the following definition we formally explain the mathematical setting where our
results will hold.

Definition 6. Let z; = [2;1,...,2im] € C™ for i = 1,...,k, and consider
k clusters C1,...,Cy of size |C;| = n; such that Zle n; = n, each of radius
proportional to the parameter € in the co-norm around z1,...,Z:

Ci(e) ={[zi1 + s,1,18, -, Ziom + 05,1,m€], - -+, [Zi,1 + Jipni 1€, - - oy Ziym + Oing,mE]}

:{Zi + ding, ..., 2Zi + 51',”1.6},

(1)

where |8; ;| <1 foralli=1,...,k, j=1,...,n;, r=1,...,m.



We will need the following assumption throughout the paper:

Assumption 7. Denote by C[V ()] the coordinate ring of V (e) := J;_, Ci(e).
Throughout this paper we make the assumption that the basis B for C[V (g)] is
independent of € for sufficiently small values of €.

The following proposition gives asymptotic bounds for the entries of the
matrix obtained from a partial Gauss elimination with complete pivoting on
the matrix of traces R for the case where the n roots of the system correspond
to k clusters, each of them with n,; roots (i = 1,...,k) and radius proportional
to € in the max-norm.

Proposition 8. Let B = [by,...,b,] € Clz1,...,2,]|". Let {z1,...,2x} € C™
and the clusters C1,...,Cy around {z1,...,2z} be as in Definition 6.

Let R be the matriz of traces associated to C1U---UCY and B (see Definition
3 and Proposition 5). Assume that there exist permutations of the rows and
columns of Ry := R|.—o such that the resulting matriz has rank k and is regular.
Then, after k steps of Gaussian elimination with complete pivoting on R we get
a partially row reduced matrixz Uy, such that its last n — k rows satisfy

- _ )0, if j <k .
Uilis = {Ci,j82 + hot.(e) €Cle]] ifj>k for i=k+1...m. 2)

The values of ¢; j € C depend on n, {z1,...,2}, {0s4} and B (we will give a
bound for ¢; ; in Proposition 9). Here h.o.t.(¢) denotes the higher order terms
in €. Moreover, the formal power series in (2) are convergent in a sufficiently
small neighborhood of € = 0.

The next proposition gives a bound for the coefficient ¢; ; of € in (2). It
also gives an idea of the magnitude of the threshold one can use to decide on
the numerical rank which would additionally indicate how small the size of the
clusters need to be for our method to work.

Proposition 9. Let B = [by,...,b,] € Clxy,...,xmn]". Let {z1,...,2;} € C™.
Let the clusters C1,...,Cy around {z1,...,2,} be as in (1) with |§; ;.| <1 for
alli =1,...0k, j =1,....,n;5, r = 1,...,m. Let R be the matriz of traces
associated to C1 U ---UCy and B.

b @

Let b’ be such that

Assume that the GECP applied to R also implies complete pivoting on R|__,,.
Then the bound for the coefficients c; ; of €% in the Uy matriz, obtained after k
steps of the GECP applied to the matriz of traces R, is given by

by

aTET(Zi)

b’ > max; .y {

il < o (0)?,

where o = 4(n — k)(k + 1)2m2.



The next Proposition shows that the k + 1-th singular value of R is asymp-
totically equal to 2.

Proposition 10. Let R be the matriz of traces associated to C1 U --- U Cy,

and B where the clusters C1,...,Cy around z1,...,z; € C™ are as in (1) and
B =1[by,...,by) € Clxy,...,xmn|". Let o1 > - - > o, be the singular values of
R. Then

Ops1 = Q? + ho.t.(e)

where

2n + 2nk — k2 — k
2

Q<4(n—k)>?*(k+ 1)2m2\/ (b")?

and b’ is defined in (3).

The above results show that we can use GECP or SVD to compute the
numerical rank k of the matrix of traces R. Once we have the estimation on
the number of clusters & we can define the approximate radical as follows:

Definition 11. Let B = [by,...,b,] € Clz1,...,xmn]" and the clusters Cy, . .., Cy
be as in Definition 6. Let R be the matrix of traces associated to C1U- - -UCY and
B. Denote by R the matriz obtained by applying the permutation on the rows
and columns of R resulting from the Gaussian elimination with complete pivot-
ing. By renaming the elements of B we can still assume that the columns of R
correspond to the basis vector B, but the rows will correspond to a permutation
O’(B) = [bg(l), ey bg(n)].

We define the vectors v, j € C(e)* fori=1,...m and j = 1,...k, as the
solutions of the following mk linear systems:

R(k)ViJ':I‘iJ‘ i:l,...,m jzl,...,k7 (4)

where the left hand sides are always the k X k principal submatriz of R, while
for any fixed i and j the right hand side of (4) is defined as

TT(:Cibij(l))
: e Ck. (5)

Tij o=

Tr(zibjbsr))

Note that one can compute the vectors r; ; the same way as the columns of the
matriz of traces. Then we define the following mk polynomials:

k
f@j = l‘ibj — <Z[Vi,j]sbs> 7 = 1,...,m, j: 1,...,k. (6)

s=1

We will call the approximate radical ideal of the clusters Cy U --- U Cy, the
ideal generated by

\/j::<fi7j : Z:Lam7.]:177k>



Finally, we prove that the common roots of the approximate radical ideal
correspond to the arithmetic mean of the clusters modulo €2.

Proposition 12. Let B = [by,...,b,], {z1,...,2x} and fori=1,... k

Ci ={lzi,1 +0i,1,18, - -5 Ziom + 0i,1,mE], -+ -,

co [z Ging 18, s Ziom + Oing mel}
be as in Definition 6. Let g; =[&s.1,---,&.m] for s=1,...k be defined as

s 65 i
fs,iZZZs,i'F%E i=1,...,m. (7)

Then El, . ,Ek satisfy modulo €* the defining equations {f; ;} of the approxi-
mate radical ideal of Cy U --- U Cy defined in Definition 11.

4 Matrix of Traces and the Bezoutian

The bottleneck of the computation of the approximate radical ideal using the
method presented above is the computation of the matrix of traces. In this
section we study how to obtain trace matrices using Bezoutians. First we discuss
the univariate case as a motivation, after which we will describe the general
multivariate case.

4.1 Univariate Case

In this section we will follow the work of Mourrain and Pan [13]. We start by
defining the univariate Bezout matrix.

Definition 13. Let f, g € C[z] be two univariate polynomials such that degg <
deg f = d, and let y be a new variable. Then the Bezoutian Oy 4 of f and g is
the polynomial

O (2y) f@)g(y) — fy)g(z) _ Z

Gijxiyj .
r—y

0<i,j<d—1

The Bezout Matriz By 4 of f and g is the d x d matriz
[Br.glis = 0ij-

We will need the following definition:

Definition 14. The Horner basis for the polynomial f = f(x) = ap + a1z +
o4 aqx? is the set {Hy 1, ..., Ho} with

Hi(x):ai+1+"'+ad1'd7i71 fori=0,...,d—1.

Note that in terms of the Horner polynomials, we have that

d—1
Opa(zy) = > a'Hi(y).
=0



The following theorem connects the Bezoutian of f and its derivative f/ with
the matrix of traces of f with respect to the Horner basis.

Theorem 15.

By, g = [Tr(H;: Hy)J{ 7L,

where [TT(HiHj)}i;iO is the matriz of traces of f in the Horner basis.

Theorem 15 implies that using Dickson’s Lemma one can compute the square-
free factor of f by simply computing the kernel of By ¢. It’s natural to ask how
our method based on Dickson’s lemma relates to computing the square-free
factor of f via computing W The following proposition shows that com-
puting f/ged(f, f') to get the square-free factor using the Bezout matrix is

computationally equivalent to using Dickson’s Lemma.
Proposition 16. The smallest degree polynomial of the form Z?;(Jl riH;(x)
such that [ro,...,rq_1)7 is in the kernel of By ¢, is equal to f/ged(f, ).

4.2 Multivariate Case

For the multivariate case we will first define the multivariate analogue of the
Bezout matrix (also referred to as Dixon matrix in the literature). The papers
[3] and [11] are good references for the Bezout (Dixon) matrix described below.

Definition 17. Let

f.= [fl,...,fm] GC[$17--~7xm]m

and consider an additional polynomial fo € Clzy,...,xm]. We use the notation
X = [xla'”vxmL Yy = [y17~--aym] and
X1 = [ml,...,xm},Xg = [y1,$2,...,:rm],...,Xm = [yhyg,...,ym].

The Bezoutian of the system [fo, f1,..., fal, denoted by By,, is a polynomial
in the variables x and 'y defined as follows:

fy DDA i) — fi(Xa)
T1— % Tn—1 — Yn—1
f f2(X1) — f2(X2) f2(Xn_1) = fa(Xn)
2(X1)
B, (x,y) = det Ty Trn1— Yn—1 ®
Fn(X1) fn(X;) :fn(X2) fn(Xn_l)i— Fu(X0)
1 Y1 Tn_1 Yn—1

The Bezout matrix of the system [fo, f1,..., fu[, denoted by By,, is the coeffi-
cient matriz of the Bezoutian, i.e. if we write

Br(xy)= Y, Capxy’
a€FE, BeEER’



where E and E' are subsets of N™ and co 3 € C, then the Bezout matriz of
[fo. f1-.., fm] is the |E'| x |E| matriz

Bfo = (Cﬁya)ﬁeE') o€l "

Our goal is to compute a matrix of traces for the system f = [f1,..., fi]
from the Bezout matrix B; of the system [J, f1,..., fi] analogously to the
univariate case, where J is the Jacobian of fi,..., f,,. As we mentioned in the
introduction, in general the Bezout matrix B is not a matrix of traces, which
can be easily seen by comparing sizes. However, to obtain a matrix of traces of
f one can define a reduced version of the Bezoutian and the Bezout matrix as
follows.

Definition 18. Let £ = [f1,..., fm] € Clz1,...,z,]™ and assume that the
factor algebra A(x) := C[x]/I has dimension n over C, where I is the ideal
generated by the polynomials in £. For some fy € C[x] let By, (x,y) be the
Bezoutian of the system fo, f1,..., fm. Let B =[b1,...,b,] and B' = [b},...b]]
be bases for A(x) and A(y), respectively. Then we can uniquely write

Br(xy)= > BewbV(y)+F(x,y)
beB,b'eB’

where F(x,y) € I(x) ® I(y) and By € C. We define the reduced Bezoutian
B, with respect to the bases B and B’ as

Bjoi= > Bowb(x)V(y)

beB, b B’

and the reduced Bezout matrix By, with respect to the bases B and B’ to be the
n X n matrix

Efo = (5b7b’)beB,b’eB/ :

In [13] the following expression was given for the reduced Bezout matrix B ;
of the system [J, f1,..., fm] in terms of a matrix of traces of f1,..., fm:

Theorem 19. Let f, A(x), A(y) and the bases B, B" be as in Definition 18.
Let J be the Jacobian of f1,..., fm, and consider the reduced Bezout matriz B 5
with respect to the bases B and B'. Then

By = [TT(Wiwj)]:‘L,jﬂ

where the basis [wi, ... ,w,] of A(x) is defined from the the reduced Bezoutian
B of the system [1, f1,..., fm] with respect to the bases B and B’ as follows:

Bi(x,y) = Z w;i (%) (y)-

beB’



Using Theorem 19 and the results in Sections 2 and 3 one can define the
approximate radical of an ideal with clusters in terms of the numerical kernel of
the reduced Bezout matrix of [J, f1, ..., fm] using the basis [w1, . . ., w,] obtained
from %B;.

The question that remains is how to compute the reduced Bezout matrix
without computing Grébner Bases or multiplication matrices for the ideal I.

In order to compute the reduced Bezout matrix Efo of the system [fo, ..., fm]
with respect to some bases B = [b1, ..., b,] of A(x) and B’ = [b],...,b,] of A(y),
it is sufficient to find expressions of the form

x¢ = Z cpb(x) + F(x), for all « € E and
beB

y? = Z eyt (y) + G(y), for all B € E’
bEB

where F,G € I, ¢y, cpy € C and E and E’ were defined in Definition 17. Define
Vi=(x%acE) and W:=(y’|3ecFE).

Assuming that b, € V and b, € W for i = 1,...,n, the task is to find enough
linear combinations of the monomials corresponding to the rows and the columns
of the Bezout matrices which belong to the ideal I.

In [12], it was shown that the computation of the Bezoutians %B,, of the
system [z;, f1,..., fm], for i = 1,...,m, as well as the Bezoutian B; of the
system [1, f1,..., fim], gives sufficient information of the structure of I in order
to find the reduced Bezout matrix By, for any fy, € C[x]. Here we describe a
summary of the method in [12].

First notice that

z;B1— By, € [(x) and y;B1—B,, €Il(y) i=1...,m.

The initial step of the method in [12] is to obtain ideal elements which are
in V and W from z;%8; — ‘B, and y;8, — B,,.

In order to obtain additional ideal elements, the paper proposes the following
steps to be repeated iteratively until no new elements of the ideal are found.

Saturation step: Finds new ideal elements by multiplying the already com-
puted ideal elements by the variables x; for all i =1,... m.

Column reduction step: Finds new bases for the vector spaces V and W
such that the new basis for V' contains previously computed elements in
I(x) NV, and also that the Bezout matrix B;, written in terms of these
new bases, has a lower block triangular structure. By writing the matrices
B, in terms of the new bases for V and W, one can obtain new elements
inI(x)NV.

Diagonalization step: After the column reduction step one can transform B;
into a block diagonal form which, by repeating the same transformation
on the matrices B, , can possibly reveal new ideal elements.

10



Row reduction step: Same as the column reduction step, with the roles of x
and y interchanged.

Using the above algorithm we can prove the following theorem:

Theorem 20. Let fo, f1,..., fn be as above. Assume that upon termination, the
algorithm outlined above computes new bases [v1, ..., vig|]| for V and (w1, ..., wg|]
for W such that for some r and r’

Vrgt,.. v €1(X)NV and  wergq,. . wig € Ily) NI

Then r = 1" =n and the n x n principal submatriz of By,, written in the bases
[V1,...,vp)] and [wy,. .., wg], is equal to the reduced Bezout matriz By, with
respect to the bases B = [v1,...,v,] of A(x) and B’ = [wy,...,w,] and A(y).
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