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Abstract

We use the study of bilinear forms over a finite field to give a decom-
position of the linear codes similar to the one in [10] for generalized toric
codes. Such decomposition, called geometric decomposition of a linear
code and which can be obtained in a constructive way, allows to express
easily the dual of a linear code and gives a method to estimate the mini-
mum distance. The proofs for characteristic 2 are different, but they will
be developed parallel. This allows us to obtain a new paradigm to define
the family of linear codes. We also study this decomposition for Algebraic
Geometry Codes.

Generalized toric codes are an extension of Toric codes [2]. The metric
structure of generalized toric codes [10] gave rise to this work, which obtains a
similar structure for an arbitrary linear code. Moreover, we extend the main
results in [10] to arbitrary linear codes.

One can find an introduction to geometry over finite fields, and in particular
to bilinear forms, in [3]. We refer to [1] for the results over bilinear forms. Some
applications to self-dual and self-orthogonal codes of the geometry over finite
fields can be found in [7, 8, 9].

From now on, we will only consider the metric structure given by the bilinear
form B(z,y) = >, z;y;, which is used to define the dual code of a linear code
[6]. Here and subsequently, [y, will be the vector space over F, with the non-
degenerated symmetric bilinear form B whose associated matrix is the identity
matrix, we consider linear codes C C Fy.

Let H C Fj be a two-dimensional subvector space, it is said that H is a
hyperbolic plane if there exist z1, x2 such that they generate H and

B(xl,xl) =0
B(Ig,l‘g) :0
B(I’l,SUQ) =1
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hence, H is non-singular. Both ordered generators x1, xo are called geometric
generators or geometric basis of H, the matrix of B restricted to H in the

geometric basis is
01
10

Proposition 1. Let F, with characteristic different from 2. A two-dimensional
non-singular subspace of Fy which contains an isotropic vector is a hyperbolic
plane.

In this first result one can see that the study for characteristic 2 is different
from the other case. In particular, this result is not valid for characteristic 2 as
the next example shows.

Example 2. Let F, be a field of characteristic 2. Let 2 = (x1,22) € F2, 2 is an
isotropic vector if and only if 22 + x3 = 0, that is, if and only if (22/21)? = 1.
Hence, (1,1) is an isotropic vector, moreover, only the vectors generated by
(1,1) are isotropic, since we have the Frobenius isomorphism. Therefore, Fg
contains an isotropic vector but it is not a hyperbolic plane.

In the basis {(1,1),(0,1)} of F2 the associated matrix of B is

0 1
11
and we therefore say that ]Fi is an elliptic plane.

Namely, we say that a non-singular two-dimensional subvector space £ C Fy
is an elliptic plane if there exist x1, x5 which generate E and such that

B(Il,Il) :0
B(xg,CUQ) =1
B(;Cl,l‘g) =1

Both ordered generators z1, xo are called geometric generators or geomet-
ric basis of F, the matrix of B restricted to E in the geometric basis is

0 1
(11)
1 Geometric decompositions in characteristic dif-
ferent from 2

Firstly, we present B with characteristic different from 2 and then, in section 2,
with characteristic 2 since, as we have already said, its study is different.

One has that —1 is a square in the field F, if and only if ¢ =1 mod 4. A
non-zero vector x = (x1,xs) € Fg is an isotropic vector, if and only if 23 +x3 = 0,
that is, if and only if (x9/21)? = —1. If —1 is a square in the field, the previous
equation has at least one solution and therefore there are isotropic vectors. If
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—1 is not a square in [, there is no isotropic vector and therefore IFLQI is not a
hyperbolic plane (neither elliptic).

If the characteristic of F is not equal to 2, we say that Fy has a geometric
decomposition of type r, s if

FP'=Hyl---LH. 1Ll 1L,

where Hi, ..., H, are hyperbolic planes and L,..., L, are non isotropic one-
dimensional linear varieties. Each hyperbolic plane is generated by two geomet-
ric generators H; = (xg;_1, T2;), such that B(ze;—1,x2,—1) = 0, B(z2;,22;) = 0,
B(xg;-1,22;) =1, when i = 1,...,r. Each one-dimensional variety is generated
by L; = (x2,4i), when i = 1,...,s. One has that {zi,...,2,} is a basis of [}/
that we call basis of the geometric decomposition.
Let M be the matrix of B in this basis, then one has that MM"' = J,. g

0 1
10

= O
O =

€1

Es

where ¢; is either 1 or a fixed non-square element of F7.

A linear code C C Fy is said to be compatible with a geometric decomposition
of type J.s if there exists a basis {z1,...,2,} of Fy compatible with such
decomposition, in such a way that exists I C {1,...,n} such that {z; | i € I} is
a basis of the code. We prove that every linear code over a field of characteristic
different from 2 is compatible with a geometric decomposition with s < 4.

Theorem 3. Let characteristic of F, be different from 2. Any linear code
C C Fy is compatible with at least one geometric decomposition.

Proof (Sketch).

Let C =rad(C)LCy, whererad(C) = (x1, ..., 2;). We can compute z,...,z] €
C1 such that x;, 2} are the geometric generators of a hyperbolic plane and, more-
over, the hyperbolic planes H; = (z;,z}) are orthogonal to each other and to
Cs.

Since C; is non-singular we can get C' as a sum of hyperbolic planes and
a one or two-dimensional linear space W, which gives us 3 different geometric
decompositions (compatible with C) for Fy .

(a) " = Hyl -« LHy LLy LH] 1 LH, LW’ and
C= (1, BT 1, )5 Ty Ty T 1)

(b) B2 = Hy L -+ LHyp L Hypypy LH] L+ LH',, LW and
C= <LI}17 sy LY X401, IE2+1, o 7xm+17xlm,+1>
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(¢) F' = Hy L+ LHy L Ly LLy LH] L - LH,, W' and
C= (1, BT 1, T g5 Ty Ty Tk 1y Tng2) O

2 Geometric decompositions in characteristic 2

If the characteristic of I, is equal to 2, we say that Fy has a geometric decom-
position of type r, s, t if

FZ =H !l ---1H.1L;1l.---1Ls, witht=0
IFZ =Hl---1H 1Ll 1L, lFE, witht=1

where Hy, ..., H, are hyperbolic planes, L1, ..., L are isotropic one-dimensional
linear varieties and E is an elliptic plane. Each hyperbolic plane is generated
by two geometric generators H; = (x2;_1,x2;), such that B(xa;—1,x2,—1) = 0,
B(zgi,x2;) = 0, B(x2;—1,22;) = 1, when ¢ = 1,...,r. Each one-dimensional
variety is generated by L; = (xo,y;), such that B(xgy4i,Z2,+;) = 1 when
i =1,...,s and the elliptic plane is generated by two geometric generators £ =
(Tp—1,2p) if t =1, such that B(x,—1,2,-1) =0, B(zp,z,) =1, B(zp-1,2,) =
1. One has that {z1,...,2,} is a basis of [}’ that we call basis of the geometric
decomposition.
Let M be the matrix of B in this basis, then one has that MM"' = J,

0 1
1 0

Jr,s,O =

= O
O =

= O
O =
—= O
O =

Jr,s,l =

0 1
11

A linear code is said to be compatible with a geometric decomposition of
type J; s if there exists a basis {x1,...,2z,} of Fj compatible with such de-
composition, in such a way that exists I C {1,...,n} such that {z; |i € I} isa



Metric Structure of Linear Codes and Algebraic-Geometry Codes 5

basis of the code. We prove that every linear code over a field of characteristic
2 is compatible with a geometric decomposition with s < 4 and ¢ = 0 or, if the
code is self-dual, s =0 and t = 1.

Theorem 4. Let F, have characteristic 2. Any linear code C C Fy is compatible
with at least one geometric decomposition.

Proof (Sketch).

Let ¢ = rad(C)LCy, where rad(C) = (z1,...,2;). We consider two cases,
I =n/2 with n even and the rest of the cases. First, we prove the general case
(I #n/2) and, then, the case | = n/2 for n even.

One can compute z,...,z; € C; such that x;, z] are the geometric genera-
tors of a hyperbolic plane and, morevover, the hyperbolic planes H; = (z;, z})
are orthogonal to each other and to C;.

Since C; is non-singular we can consider C’ as a sum of hyperbolic planes and
a one or two-dimensional linear space W, which gives us 3 different geometric
decompositions (compatible with C) for Fy.

(a) F! = HyL--- LH,, LL, LH{ L --- LH}, LW’ and

C= <.’1717 <o X1 T4, m;.t,_la s awm7xf/m?$m+1>
(b) B = Hy L.+ LH, | Hypyy LH{L--- LH!, LW and
C= (1, BT, T g5 T 15 Thp1)
() F = HyL--- LHy 1Ly 1Ly L H{1 - LH',, LW and
C= <.’1717 o Ty T4, m;.t,_la e axm7m;n»$m+17xm+2>
Let I = n/2 with n even, that is, C is self-dual. We can compute 2, ... ,w’n/2

in C; such that x;,z} are geometric generators of an hyperbolic plane for ¢ =
1,...,n/2 — 1 and xn/2,$;/2 are geometric generators of an elliptic plane.
Furthermore, the hyperbolic planes H; = (x;, ;) and the elliptic plane F =
(T /25 x;l/2> are orthogonal to each other.

Hence, we have the following geometric decomposition of Fy

(d) F? = HyL--- LH,;,_, L E and
C=(21,...,2n/2) O

3 Dual code and minimum distance of a linear
code

Since we have proved that a linear code is compatible with a geometric decom-
position for arbitrary characteristic, from now on, we will work over an arbitrary
characteristic. When the characteristic is different from 2, we set t = 0 because
we do not consider hyperbolic planes in the geometric decomposition.

In this section we extend the results in [10], the computation of the dual
code and the minimum distance of generalized toric codes to linear codes.

Let {x1,...,2,} be a geometric basis of a geometric decomposition of type
r,s,t. Let ¢ € {1,...,n}, we define i’ as
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e i+ 1if z; is the first generator of a hyperbolic plane H
e i — 1if z; is the second generator of a hyperbolic plane H
e i if x; generates a linear space L

e i+ 1if z; is the first generator of an elliptic plane E

We do not need to define i’ when x; is the second geometric generator of a
hyperbolic plane because we will only consider geometric decompositions with
at most one elliptic plane E and where only the first generator of F belongs to
the code. In the case where both geometric generators of the hyperbolic plane
FE belong to the code we may consider two orthonormal generators of linear
subspaces L.

For I C {1,...,n} wedefine I' = {i’ | i € I} and I+ = {1,...,n}\I’. In this
way we can compute the dual code of a linear code using the following result

Proposition 5. Let C be a linear code with geometric decomposition of type
7, s,t given by the basis {z1,...,x,} of Fy. Let I C {1,...,n} such that C =
(z; | i €I). Then the dual code C is C*+ = (z; | i € I'*).

Proof. From the matrix J,;; of the bilinear form B in the geometric basis it
follows that (z;)* = (z; | j # i'). Therefore,

Ch={z; |j¢I) = (w:|iel)

O
In this way, we have in one matrix both a linear code and its dual code. Let C
be a linear code with a geometric decomposition of type r, s, ¢ given by the basis
{w1,...,2n} of Fy and I C {1,...,n} such that C = (z; | i € I). Furthermore,
let M be the n x n-matrix whose rows are the elements of the basis {z1,...,z,},
therefore one has that MM"' = J,. ;.. Let M(I) be the k x n-matrix consisting
of the k rows with ¢ € I, then M(I) is a generator matrix of C. In the same
way, M (I+) is a control matrix of C.
The following result extends for arbitrary linear codes [5, Proposition 2.1]
and proposition [10, Proposition 8] of generalized toric codes. Furthermore, we
prove that both ways of computing the minimum distance are equivalent.

Theorem 6. Let C be a linear code with geometric decomposition of type r,s,t
given by the basis {x1,...,xn} of Fy and I C {1,...,n} such that C = (z; | i €
I). Let M be the nxn-matriz such that MM = .s,t» Where a generator matriz
of C is M(I) and M(1,J) is the submatriz of M corresponding to the rows of I
and columns of J, i.e. M(I,J) = (m; ;)ier,jeJ-

(a) Let d be the lowest positive integer such that for all set J C {1,...,n} with
#J =n—d+1 exists some K C J with #K = k such that det M (I, K) #
0. Then the minimum distance of C is d.
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(b) Let d be the largest positive integer such that for all J C {1,...,n} with
#J =d—1 exits D C I+ with #D = d—1 such that det(D, J) # 0. Then

the minimum distance of C is d.

Furthermore, both previous ways of computing the minimum distance are
equivalent.

4 Orthogonal Group and Linear Codes

In this section we develop another application of the geometric structure of
linear codes, namely, its relation with the orthogonal group.

The geometric decomposition of a linear code given by theorems 3 and 4
allows us to compute a generator matrix and control matrix of a linear code
using subsets of rows of a matrix whose product by its transpose matrix is
equal to J, s ¢ with (s,t) € {0,1,2,3,4} x {0}U{0} x {1} and 2r = n—s—2t, we
only consider r, s, t in this subset. Reciprocally, any subset of rows of a matrix
of this type can be considered as a generator matrix of a linear code. Therefore,
we have a new description of the linear code and its dual in terms of a new
family of matrices. We also show the relationship between this new form of
defining the linear codes and the orthogonal group.

For a bilinear form B : Fj — Fy the orthogonal group is the group of
linear transformations L : Fy — Fy, which verify B(L(z), L(y)) = B(z,y) for all
z,y € Fy, with operation composition of linear transformations. The identity
element is the linear transformation L(r) = z, for all = € Fy.

The orthogonal group of the bilinear form B whose associated matrix is the
identity matrix it is denoted by O(n) and it is isomorphic to the n-sized square
matrices, M, xn, whose product by its transpose is equal to the identity matrix.
That is,

On) ={Ac Myx, | AA" = Id}

The group operation of O(n) is the product of matrices and its identity
element is the identity matrix Id.

There is a bijective correspondence between the matrices of the orthogonal
group, O(n), and the matrices of M, s+ = {M € My,x, | MM" = J, 5 +}. Such
bijective correspondence is given by any matrix T’ € M, ¢ 4: for every N € O(n)
we consider ¢(N) = TN, hence for each M € M, s, ¢~ 1 (M) = T7IN. It
is obvious that ¢ gives a bijective correspondence of sets between O(n) and
M, s+ but it is not an isomorphism of groups since the product of two matrices
My, My € M, 4+ does not verify (M;My)(M; M)t = J, 5+.

Although we do not have an isomorphism of groups between O(n) and
M, s+, we can represent the orthogonal group in a way that it acts over M, , ;.
For r,s,t fixed, we consider the group consisting of the set of matrices O €
M ser, such that OJ,. 5 ;O = J, 5 4, with the multiplication of matrices, that is
OJ = {O € Mnxn | OJns,tOt = Jr,s,t}-

Proposition 7. Let J = J, ; fized, then O; is a group with the multiplication
of matrices isomorphic to the orthogonal group O(n).

rys,t
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Proof (Sketch).

Let 01702 S OJ, then (OlOg)J(Olog)t = O1OQJO§O§ = Oleﬁ = J,
hence O; is a group whose identity element is the identity matrix.

Since J and the identity matrix Id are matrices of the bilinear form B on
different bases, there exists an invertible matrix 7" such that 77! = J.

For O € Oy let $(0) = T~1OT, then ¢ gives the isomorphism between both
groups U

Therefore, one has that the orthogonal group has the same cardinality as
M, s+ and moreover O(n) acts over it, because MN € M, ;, and OM € M, 4,
with N € O(n) and O € Oy, ,. That is, the orthogonal group in its two
isomorphic versions which we have presented acts over the set of matrices of
M € M, ¢, O(n) on the right and Oy, , on the left.

This new paradigm of the set of linear codes developed in this work, together
with the action of the orthogonal group, opens a new way of study where one can
use group theory to solve, or at least in principle reformulate, classic problems
of group theory.

Finally we study the geometric decomposition of the algebraic geometry
codes [4].
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