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Abstract

It is shown that the discriminant of a discriminant has thmaareducible factors as the prod-
uct of seven polynomials which are defined as the GCD of themggors of an elimination ideal.
Under tame conditions of genericity, three of these polyiatsvare irreducible and generate the cor-
responding elimination ideal, while the four other are éqo@ne. Moreover the factors of two of
these polynomials are factors of multiplicity at least twdhee iterated discriminant and the factors
of two others of the seven polynomials have multiplicityesdt three.

The proof involves an extended use of the notion of generictd an algebraic variety and a
careful study of the singularities of the hypersurface aefiny a discriminant, which are interesting
by them selves.

1 Introduction

It has been remarked, for a rather long time, that the discarm of a discriminant has a natural factor-
ization of the shapePQ?R3. The first author remarked this for polynomials of degree Agmwriting

the paper [3] and studying Rozier's example in 1990 (seei@e6). He did not wrote anything on the
subject, having no idea for a general proof. This factoidrahas been stated as a general conjecture by
the second author ([6], see also [4, 5]); in this manuschiptgave an explicit description of the cubic
factor R by mean of a multivariate resultant.

Putting together the ideas of both authors, we were ableoweghe following theorem at the end of
1999: Given a generic polynomigf of total degreen in x,v, z, . . ., there exists a constaatand three
polynomialsP, Q, R, each defined by a multivariate resultant, such tiat, (disc,(f)) = cPQ?R3.
This result has not been published at that time, because ¢ttgooh of proof allows to get results when
the coefficients are not generic, and we wanted to includsethen generic results.

The present paper is devoted to these non generic resultsveAheorem is not included for two
reasons. First, it needs to introduce multivariate restdtavhich are difficult to use in the non generic
case, as they may be null because of irrelevant zeros atynfinerefore we have replaced the resultants
by elimination ideals and above theorem does not fit to thasi

The second reason is the recent paper [1], in which the marergkfollowing result is proved.

Theorem 1 (Bug — Mourrain) LetA be acommutative ring anfl € A[z, y] be a polynomial such that
deg,(f) = deg, ,,(f) = nanddeg,(disc,(f)) = n(n—1). Then we havdisc,(disc.(f)) = cPQ*R?
wherec € A is the coefficient af™ in f and P, Q, R € A are defined by multivariate resultants.
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Therefore, we have devoted this paper to the non generic wiiseut the degree restriction of
Busé—Mourrain Theorem, and we prove the following result.

Theorem 2 Let K be afield andf € K|[x,y,z,...]. There exist seven polynomiaQ, R, S, P>,
Q°°, R*> such that eithedisg, (disc,(f) = PQRSP>Q>*R* = 0 or the productPQRSP>* Q> R>
and the double discriminartisc, (disc,(f) have the same irreducible factors. These polynomials are
defined as the GCD of the generators of an elimination ideahddy tame conditions of genericity,
the polynomialsP, @), R are irreducible and generate a principal elimination ideathile the other
polynomials are equal to 1.

Moreover, the square (resp. the cube) of the irreducibleédigcof QQ° (resp. RR*°) divide

disg, (disc, (f).

The replacement of the resultants by elimination ideat®a|to take off the degree hypotheses of
Busé-Mourrain Theorem, but implies to lost a part of th@iinfation on the multiplicity of the factors.

These results allow a dramatic improvement of the compmutati the factors of the iterated dis-
criminant, as needed, for example, in Cylindrical Algebf2ecomposition (CAD) [2].

Three main ingredients are used in the proofs.

The first one consists in looking on the polynomials as finagldr series and comparing the order
at a point (as a series) of a polynomial and its discriminant.

The second one is a careful description of the various samijigls of the hypersurface defined by a
discriminant. As this study is interesting by itself, we yide it with more details than needed for the
main results of the paper.

The last ingredient is a systematic use of the Weil's notibra @eneric point of an irreducible
variety. Althought the word “generic” appears frequentiypapers of Computer Algebra or of Applied
Algebraic Geometry, the notion of a generic point of a varistrarely used in its precise meaning.
It is very powerful to avoid the problems set by the singtilesi when one try to show inclusions of
varieties. Therefore it is a touchstone to apply the restthe singularities of the discriminant to the
factorization of the double discriminant.

In all this paper,A will denote an integral ring, which is usually a polynomialg K |z, ...] over a
field or over the integers. We consider a polynomfiak f(z,y) = f(z,v,z,...) in Alz,y], and we
study the factorization of its double discriminant gigdisc, (f)).

We denote the partial derivatives fsuch asf,, f,, /7 f;/gy, fégy,

2!

2 Discriminant and Sylvester matrix

Let A be any ring andf € A[x] be a polynomial. Let us writ¢ asf = ag + a1 + - - - + apz™ with
a; € A. We definea;:=0 for ¢ < 0 andi > n.

The Sylvester matrix of and f,, is the(2n — 1) x (2n — 1) matrix .S such that the coefficierfi; ;
of thei-th row and thej-th column isa;_; for j < nand(i — j +n)a;—jn forj >n:

ao ay
a; Qo 2a2 al
S = a2 a1 ao 3CL3 20,2 aj

In fact we have reversed the usual order of the rows, in oalbate the coefficients of low degrees
at the beginning, but this does not change the sign of therdetant. Thus, the resultant gfand f., is

res,(f, fz) = det(S).



The discriminant disg( f) of f with respect tar is defined as res f, f.)/a,. Thus, it is equal, up
to the sign, to the determinant of the matfikin which a,, is replaced by 1 in the last row,

(O o0 ap, 0 --- 0 nan),

of S.

When deg(f) = 1, then the matrixS’ reduces tq1), and whenf is independent of, thenS’ is
the empty matrix (with no row and no column). In both casessetadisg(f) = 1.

When A is a polynomial ring, we need to compute the rankSoand .S’ when the indeterminates
of A are replaced by values in some field. This is the aim of thewioilg lemma, which, although not
new, is not very well known.

Lemma 1 Let be any homomorphism ¢f in some fieldK. We denote also by the extension ap
to an homomorphism of|[z] into K [x] or to a map from matrices ovet to matrices ovet. If ©(S)
is not the zero matrix, the rank of(S) is 2n — k — [ — 1 wherek is the degree inc of the GCD of
o(f1) = (f)., andy(f), andl is the smallest integer such thata,,_;) # 0.

The rank ofp(S’) is2n — k — 1 or 2n — k — 1 depending orp(a,,) = 0 or not (i.e.l > 0 or [l = 0).

Proof. We may suppose that(S) is not the zero matrix and thus thatf) # 0. Let F andF”’ be
the quotients ofo(f) andp(f.) by their GCD. Thus the degree &6fisn — k — [ and the one of” is at
mostn — k — [ — 1 (equality in characteristic 0).
The linear map
(A, B) — AF + BF'

whereA (resp.B) is a polynomial inK [z] of degree less tham — k — [ — 1 (resp. less than — k — [,
the degree of") is surjective onto the polynomials of degree less than- 2k — 2/ — 1 ; in fact, the
matrix of this application is the Sylvester matrix Bfand F’ and is invertible, because its determinant
is not zero, being the resultant 6fand F”, which are co-prime. Multiplying by the GCD qf(f) and
¢(f1) and by any power af up toz*+!, we see that the linear map

(A, B) = Ap(f) + Bo(fy)

(with A and B of respective degrees less thar 1 andn) contains in its image the product of the GCD
by any power ofx less thane?"—*~!~1. As this image may only contain multiples of the GCD, this
shows that the dimension of the image, i.e. the rank(df), is2n — k — [ — 1.

If a,, # 0, the rank ofp(S’) is clearly the same. H,, = 0, the rank ofp(S’) could be2n —k —1—1
or 2n — k — [. The first principal subresultant coefficient of /) and ¢(f.) which is not O is the
determinant of a submatrix gf(.S”) of rank2n — 21 — 2k — 1. This matrix may consist in rows + 1
to2n — 2l —k—1landincolumnd ton — k — [ —1andnto2n — k — [ — 1. Extending it by adding
rows2n — 2l — kto2n — [ — 1 and2n — 1 and columns, — k — [ ton — 1 and2n — 1, we get a bloc
triangular matrix which is regular of raris — k& — . O

In preceding Lemma, the parametérand/ seems to be very different. In factis the multiplicity
of the infinity as a root off. This may be seen by the remark that the discriminanté efag + a1x +
-+ -+ ap2™ and its reverse polynomial, + a,—1z + - - - + apx™ may only differ by their sign. We will
use the more general well known fact :

Lemma2 If a,b,c,d are elements ofd suchad — be = +1, then f and (cx + d)”f(%) have
discriminants which differ only by their sign.

We may now close the case of characteristic 2 by followingltes



Proposition 1 Let A aring of characteristic 2 (i.e. aringinwhich+1=0). If f =ap+ajz+---+
anz", thendisc, (f) is the square of the resultant @f + asx + a42? + - - - anday + azz + azz? + - - -

It follows that in characteristic 2 the iterated discrimimedisc, (disc,(f)) is always 0 ifdeg, (f) >
2.

Proof. If we add inS’ the columnn + ¢ to the columni for = 1,...,n — 1, we do not change the
discriminant and get the matrix

aq aq
0 ag 0 a
S = 0 ag az 0 aq

There is only one non zero coefficient in the last row. Aftenoging last row and corresponding
column (the(n — 1)-th or the last one, depending on the parity:df we may reorder rows and column
in order to get a bloc diagonal matrix which has the Sylvestatrix of ag + asz + a4z? + --- and
a1 + azr + asxz® + - - - in both blocks. O

3 Geometry of Discriminant Hypersurface

Since the discriminant of a polynomial of degree lower thaa is trivial, we suppose, from now on that
deg,(f) > 2.

We need to study the discriminant from the point of view ofedligaic geometry. Therefore to recall
some basic notion of Algebraic Geometry.

3.1 Recall of basic notions and properties

From now on we suppose that the ridgs a multivariate polynomial rind<|[z, . ..] over a fieldK'.

All the notions and constructions we consider depend weakli(. Therefore, at any time, we may
replaceK by a finite extension or even by an extension of finite tranderoce degree. We may also
restrict it to the field finitely generated on the prime fieldthg coefficients of the polynomial under
consideration. N

We consider also an algebraically closed extensionf infinite degree of transcendence over
Typically, K is the fieldQ of the rational number ani is the fieldC of complexes.

The geometric spaces that we consider in this paper are defirez . This means that theoints
are the elements of the affine spaé’ for some integetV, which will implicitly be defined as the
number of variables of the polynomials which are studiedusTa point may be identified to a finite
sequencéc, 3,7, ...) of elements of’ which are called theoordinatesof the point. Analgebraic
variety or simply avariety is the set of the points whose coordinates are the commos péi@ given
set of polynomials. Arnypersurfaceas a variety defined by a single polynomiglif will be denoted as
the hypersurfacg = 0 or even the hypersurfagé An irreducible varietyis a variety which is defined
by a prime ideal.

The notion ofgeneric pointis widely used in applied algebraic geometry, usually asn@sym of
randomly chosen pointAs almost all points ik Yare generic this misuse is usually not important.
However we need the precise definition of generic point duoed by André Weil [7], and this is the
mean reason for which this recall is needed.

Definition 1 A point of the affine spac&™ is genericif its coordinates are algebraically independent
over K. A point on anirreduciblevariety is ageneric pointof this variety if the transcendence degree
of the field generated by its coordinates is equal to the d#&enof the variety.
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A point of a hypersurface defined Iyin K is singular if it is not a zero of all partial derivative
of f. A point which is not singular isegular Themultiplicity of a singular point is the smallest order
of differentiation for which the point is not a zero of sometigh derivative of f. (Note that, with this
definition, we consider as different the hypersurfaces défby f and f2, although they have the same
points.)

The following lemmas are classic. They are corollaries effitst one, which follows itself from the
isomorphism between the field generated by the coordindtegeneric point and the field of fractions
of the ring associated to the variety. We refer to the texkbaw algebraic geometry or to [7] for more
details

Lemma 3 Letp = (a,f,...) be a generic point of an irreducible variety defined by polynomials
with coefficients ink. If p belongs to a varietyV, also defined oveK’, thenV C .

Lemma 4 A generic point of an irreducible variety is regular.

Lemma5 LetI be an ideal ofK[z,y, z,...] andJ = I N K|z, ...]. For any generic pointy,...) of
any component of the variety defined.hythere existv and 3 such(«, 3,7, .. .) is a zero ofl.

We finish this subsection by a lemma which recalls the gesoattmeaning of the hypersurface
defined by the discriminant.

Lemma6 Let f € K[z,y,z,...] of degreen in . The point(53,~,...) is a zero ofdisc,(f) if and
only if either there exista such(«, 3,7, ...) is @ common zero of and f. or the degree inx of
f(x,B,7,...)is atmostn — 2.

In other words(g3,~,...) is a zero ofdisc,(f) if and only if f(z,3,7,...) has a multiple root,
possibly at infinity.

Proof.  This is very classical and is an immediate corollary of LenmimaThe rank ofp(S’) is not
maximal if and only ifk > 1 orl > 2. O

We examine now the various possibilities for the relatioetMeen the zeros of dig€f) and the
corresponding multiple roots of. For this purpose it may be useful to recall some basic fautks a
definitions of algebraic geometry.

The polynomialf € Klz,y, z,...] defines an hypersurface which is the set of pojnts3,,...)
such thatf («, 3,7, ...) = 0. Theorder of a polynomial (at the origin) is the degree of its homogerseo
part of lowest degree which is not null (i.e. its order as adiageries). If the origiro, 0,0, ... belongs
to the hypersurface defined l\(i.e. if £(0,0,0,...) = 0), then the origin is @aegular pointif the order
of fis 1; otherwise the origin is singular pointand itsmultiplicity is the the order of . If the origin is
a regular point, théangent hyperplanat the origin is the hypersurface defined by the homogeneants p
of degree 1 off. In the case of a singular point, of multiplicity, thetangent conés the hypersurface
defined by the homogeneous part of degree

3.2 Regular points of the discriminant

Proposition 2 Given a polynomialf € K{z,y,z,...] such thatdeg,(f) > 2 anddisc,(f) # 0, let
(a, B,7,...) be a point such that is a multiple root off(x, 3,~,...). Then(s,~,...) is a zero of
disc,(f), which is regular if and only if all the following conditiorege satisfied: the characteristic of
Kisnot 2;(«, 3,7, ...) is aregular point of the hypersurface definedfyy is a root of multiplicity 2
of f(z,[,7,...); ais the only multiple root of (z, 5,7, ..); deg,(f(z,8,7,...)) > deg,(f) — 1.

If these conditions are fulfilled, the tangent hyperplaneg e 0 at («, 3,7, . ..) and ofdisc,(f) =
Oat(s,~,...) are defined by the same linear polynomial.
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Proof. Remark first that the last condition means that there is naipteilroot at infinity. Thus this
condition becomes included in the preceding after the achahgariable which follows.

By extendingK to K («) and applying Lemma 2, we may suppose that= 0 and deg(f) =
deg,(f(x,3,7,...)). By alinear change of variables we may also supposeithafi = v = - - -

Recall that we have writtefi = ag + a1 ¢ + - - - + a,, x and that its discriminant is the determinant
of the matrix

ao ai
S’ a; Qo 2a2 al
- as a1 Qg 3as 2a9 aq

in which the last row has been divided by.

As « = 0 is a multiple root,ay anda; vanish at origin, which means that their order is at least 1.
When expanding the determinant 8f one may have a term of order 1 only if it contais, in the
second row, which implies that the element in the first rowisThus, the homogeneous part of degree
one of the discriminant is that @fag as D, whereD; is the minor ofS’ obtained by removing the two
first rows and the first and-th columns.

If one substitutezy anda; by 0 in the corresponding submatrix, one get a Sylvester matowg
that D, — resultant((f — ap — a1 x)/x),(f, — a1)/x)/ay,) belongs to the idealag, a;). Therefore
the substitution ofy, z,... by 0,0, ... in this expression shows th#;(0,0,...) = 0 if and only if
(ged(f(x,0,0,...), f1(x,0,0,...))/z is not constant, which means that eithés a root of multiplicity
at least 3 or that there is another multiple root.

Thus the origin is a regular point of digg) if and only if ap has order one an2las D, does not
vanishes at the origin. Sineg z + ap 2> + - - - has order at leag, the polynomialf has order 1 if and
only ag has. This shows the first assertion of the proposition. Tiisvs also the second part, since,
if the conditions are fulfilled, the homogeneous parts ofrdedl of f and disg(f) differ only by a
constant factor, the constant term2afy; D;. O

3.3 Cusp like points of the discriminant

Proposition 3 Given a polynomialf € K|[z,vy, z,...|] such thatdeg,(f) > 3 anddisc,(f) # 0, let
(o, 8,7, ...) be a point such thad is a root of f(z, 3,7, .. .) of multiplicity at least 3. Thefs,~,...)
is a singular zero oflisc,(f), which has multiplicity 2 if and only if all the following cditions are
satisfied:(«, 3,7, .. .) is a regular zero off; the characteristic is not 3; the roat of f(z, 3,~,...) has
multiplicity 3; f(x, 3,7, ...) has no other multiple rootjeq, (f(z, 3,7,...)) > deg,(f) — 1.

If these conditions are fulfilled, the equation of the tarigeme todisc,(f) at 3,~,...is, up to a
constant factor, the square of the equations of the tanggmeplane tof at («, 5,7, .. .).

Proof. Remark, as above, that the last condition means that theerizultiple root at infinity. Thus
this condition becomes included in the preceding one dfechange of variable which follows.

As above, we may change the variables in order that3,~,...) becomes the origin and that
deg, (f(2.0,0,...)) = deg,(f)

If « = 0is a root of multiplicity at least 3 of (x, 0,0, . ..), thenag, a; anday have an order at least
1 at the origin. Thus the two first rows 6f have an order at least 1 and the order of the discriminant is
at least 2. We have to look further on the Sylvester matrix

agp ai
al; Qo 2a2 aq
S/ = as ai; ag 3as 2as aq
az ag a1 ao 4a4 3a3 2a2 al



A term of order 2 in the expansion 6f should contair8as in third row, and also in fourth. Thus it
containsag in each of the two first lines. It follows that the homogenepad of degree of disc,(f) is
that of9a3a3 D3, whereDs is the determinant of the matrix obtained by removing the fst rows and
the first, secondp-th and(n + 1)-th columns ofS” and replacingyy, a; andas by zero. This matrix is a
Sylvester matrix, which shows thax; is the quotient by, of the resultant of f —ag —a1 = —ag 22) /2>
and(f. — a; — 2ag x) /2. ThusDs vanishes at the origin if and only if the quotient by of the GCD
of f(z,0,0,...andf.(z,0,0,... is not constant.

This complete the proof by looking when the homogeneousgfatégree 2 oflaZa3 D3 is null. 0

3.4 Crossing points of the discriminant

Proposition 4 Given a polynomialf € K{z,y,z,...] such thatdeg,(f) > 4 anddisc,(f) # 0, let
(a1, a9, 8,7,...) such thatv; and as are two distinct multiple roots of (z, 5,7, ...). Then(s3,~,...)
is a singular zero oflisc,(f), which has multiplicity 2 if and only if all the following cditions are
satisfied: (a1, 3,7, ...) and (a1, 3,7, . . .) are regular zeros off; the characteristic is not 2; the roots
oy and ae of f(x,3,7,...) have both the multiplicity 2;f(z, 3,7, ...) has no other multiple root;
deg,(f(z,6,7,...)) > deg,(f) — 1.

If these conditions are fulfilled, the equation of the tarigemme todisc,(f) at 3,7, ... is, up to
a constant factor, the product of the equations of the tahggperplanes tof at (a1,0,7,...) and

(Oég,ﬂ,’%. . )

Proof. Remark, as above, that the last condition means that thaensultiple root at infinity. Thus
this condition becomes included in the preceding one dftechange of variable which follows.

By extendingK to K (aq, az) and applying Lemma 2, we may suppose that= 0 andas becomes
the infinity. The other variables may also be linearly tratesi in order thad = 5 = v = ---. Thus
ag, a1, an—1 anda, have a positive order at the origin.

As above, we have to look on the expansion of the Sylvestaixmhbtt we have to consider also the
last rows. Thus we display separately the upper part andtherIpart of the matrix:

ao a
al Qg 20,2 aq
S =
- as a1 Qg 3az 2as aq
S — Gn Gp_1 Op—2 na, m—1ap-1 (n—2)ap_2
an Ap—1 nay (n—1)an—1
1 n

All the coefficients of first and last but one rows have positirders. Thus the order of the dis-
criminant is at least 2 and a term of order 2 in the expansioth@fdeterminant should involve only
coefficients of null order in the other rows. This means ttta¢, homogeneous part of order 2 of the
discriminant is that of the determinant of the matrix dedufrem S’ by substitutingag, a1, a,,—1 and
ay, by 0, except in first and last but one rows.

This matrix is block triangular with four blocks. The firsteis the sub matrix of the two first rows
and columns 1 and; its determinant i€ agas. The second one is the sub matrix of last and last but two
rows and columns — 1, and2n — 1; its determinant i€ a,,_s. The third one is the submatrix of the
last but one and last but three rows and columnrs?2, and2 n — 2; its determinant i€ a,,a,,—».

The last block consists in the remaining row and columnss thé Sylvester matrix off — ayp —
a1x — ap_12" " — ayx™)/z and(fL —a; — (n — 1) ap_12" 2 — na,a™ 1) /x. Thus its determinant,
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say D3, vanishes at the origin if and only if either the multiphciof «; or « is higher than 2 or if
f(x,0,0,...) has another multiple root.

This proves that the homogeneous part of degree 2 of @f3ds that of4 ag az a2, a,, D3, which
proves the result, since the equations of the tangent pkrteg origin are the linear part af, anda,,.
O

3.5 Projection of an ordinary singularity

Proposition 5 Given a polynomialf € K|[z,y, z,...] such thatdeg,(f) > 2 anddisc,(f) # 0, let
(o, B,7,...) be a singular zero of the hypersurface definedfbyrhen(s,~,...) is a singular zero of
disc,(f), which has multiplicity 2 if and only if all the following cditions are satisfied: the singular
point (o, 3,7, . ..) has multiplicity 2 and the equation of its tangent cone isaneguare; the rootv of
f(z,B,7,...) has the multiplicity 2;f(x, 5,7, ...) has no other multiple rootieg, (f(x, 3,7v,...)) >
deg,(f) — 1.

If these conditions are fulfilled, the equation of the tarigeme todisc,(f) at 3,~,...is, up to a
constant factordisc, (7'), whereT' is the equation of the tangent conefoét «, 3,7, . . ..

Proof. Asin the preceding propositions, we may supposétkaty = § = v = --- and thats,, does
not vanishes at the origin.

The hypothesis implies thus that the ordemgf(resp. a1) is at least 2 (resp. 1). A term of order
at most 2 in the expansion of the determinantSbthould contains eithetag as or a3 in the two first
rows. It is thus of order at least 2 and should conaig or 2a in the third row.

This shows that the order of digcf) is at least 2, i.e. disq f)is singular at the origin. Moreover
the homogeneous part of degree 2 of the determinafit of the same as the determinant of the matrix
deduced fromS’ by substitutingag anda; by 0 in all rows ofS” but the two first ones. This matrix is
block triangular with two blocks on the diagonal. The firsidK is

ap ai
aq 2a2 al .
a 3CL3 20,2

Since the tern3ag a1 as in its determinant has order at least 3, the homogeneousfi@egree 2 of this
determinant is that ofs (4ag as — a?). Itis null if eitheras (0,0, ...) = 0 i.e. « is a root of multiplicity
at least 3 off (x, 3,7,...) or 4ag az — a3 has an order higher than 2. Lkt be the homogeneous part
of degree 2 off; it is also the homogeneous part of degree 2f- a1 = + ag 2. This shows that
the homogeneous part of degree 24af, a, — a% is disc,(h2). If as does not vanishes at the origin,
disc,(hy) = 0 if and only if hy is the square of a linear polynomial.

The second block is obtained by removing the three first rawgsthe first,n-th and(n + 1)-th
columns fromS’ and substitutingzy anda; by 0. It is a Sylvester matrix whose determinant is the
quotient bya,, of the resultant of f — ag — ay ) /22 and(f. — a;)/x. It vanishes at the origin if and
only eithera is a root of f (z, 3,7, . . .) of multiplicity at least 3 or iff (z, 3,7, . . .) has another multiple
root. O

3.6 Projection of a cusp like singularity

Proposition 6 Given a polynomialf € K{z,y,z,...] such thatdeg,(f) > 2 anddisc,(f) # 0, let
(o, 8,7, ...) be asingular zero of multiplicity 2 of = 0, with the square of an hyperplane as a tangent
cone.

Then(s,,...) is a singular zero of multiplicity at least 3 of the hyperswé disc,(f) = 0. It
has multiplicity 3 if and only if all the following conditisnare satisfied: the characteristic is not 2;
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the roota of f(z,3,7,...) has the multiplicity 2;f(z,3,7,...) has no other multiple root than;
deg,(f(x,3,7,...)) > deg,(f) — 1; the order of D is 3, whereD is the result of the substitution of
by v in the Taylor series of2f f”, — f12) f/3/2 — [ [ /6 at (a, 3,7, .. .).

If these conditions are fulfilled, the equation of the tarigmme todisc,(f) at (5,~,...)is, uptoa
constant factor, the homogeneous parfobf degree 3 iz — a,y — 3,2 —7,...).

Proof.  As in the preceding propositions, we may suppose @hata. = g = v = --- and thata,,
does not vanishes at the origin.

The hypothesis implies that the ordersagfanda; at the origin are respectively at least 2 and 1. It
implies also (Proposition 5) that the orderdafy a; — a? is higher that 2.

If a2(0,0,...) = 0, then the order olagas is higher that 2, and the order of is therefore a least
2. Thus the coefficients in the two first rows $f have order at least 2, and the order of ¢ig9 is at
least 4, proving the result in that case.

Thus we may suppose that(0,0,...) # 0 and setc = 2a(0,0,...). The change of variable
r = X — ay/c changes in the polynomidl = Ag + A1 X + Ay X? 4 --- with Ag = (c®ag — a1 +
cazal — aza3)/cd + O(af), A1 = a1 (1 — 2az2/c) + O(a?}) and Ay has the same constant terf2 as
as. It follows that the order ofd, is at least 2 andi, has, up to the factar®, the same homogeneous
part of degree 3 a&a3(4apas — a3) — agza3, which is exactly the polynomiaD of the statement.

We have now to look on the Sylvester matfikassociated t@:

Ao A,
A1 AO 2A2 Al

S'=1 4, 4 A 345 24, Ay

Every term in the expansion of the determinanS6tontains, in the first two rows eitherdy A or
A% or ApA;. This shows that the order of the discriminant is at least 8rédver its homogeneous part
of degree 3 is the same as that of the determinant of the nutdnced frons’ by replacing4, and A,
except in the two first rows. This matrix is block triangul@he first block consists in the two first rows
and the first and-th columns and ha®Ay A5 as determinant. The determinant of the other block is the
quotient byA,, of the resultanf? of (F' — Ay — A1 X)/X and(F — A1 X)/X.

Thus the discriminant has order 3 if and only if the same is far 243 A; R. In this case, the
equations of its tangent cone is the homogeneous part oée&gofA,.

This proves the result, since the resultants and the diswimh are invariant by linear changes of
variables. O

3.7 Projection of a higher order singularity

Proposition 7 Given a polynomialf € K[z, z,...] such thatdeg,(f) > 3 anddisc,(f) # 0, if
(a, B,7,...)is asingular zero of multiplicity at least 3 of the hypersuwé defined by, then(3,~,...)
is a singular zero of multiplicity at least 6 on the hyperswd defined byiisc, (f).

Proof. As in the preceding propositions, we may supposehatoe = 3 =~v=---.
The hypothesis implies that the ordersugf a; anda, at the origin are respectively at least 3, 2 and
1.



Let us look again on the terms of low order in the expansiomefdeterminant of’:

agn aq
al; Qo 2a2 aq
S = as ai ag 3az 2a0 ai
as as ai ag 4ay 3az 2a0 aq

The product of the coefficients from the two first rows in a tefithe expansion of the determinant
of S’ is either2agas or agay or a%, which shows that the order of this determinant is at leastius
a term of order at most 5 should contain eitBeg, as or 2as in the third row. If it contains3as, the
coefficients in the two first rows am@anday; this implies that the coefficient in the fourth row has a
positive order, leading to an order higher than 5. If the tdoms not contaiBag in the third row, it may
have order 5 only if one has, in the third row; thus the coefficients of the three first rovedobg to
columns 1,n» andn + 1, which implies that the coefficient from the fourth row hasitiwe order and
proves that no term of the expansion has an order lower than 6. O

4 Factors of the double discriminant

In this section, we will define seven factors of the doublerilisinant which may be computed directly,
i.e. without computing the double discriminant. The maisuteof this section is that the product of
these factors and the double discriminant have the santigitde factors or are both null.

In the remainder of the paper, we study the factorizationhefdouble discriminant. This is not
interesting if it is 0 or 1 or an element &f; thereforewe suppose that the characteristic &fis not
2, that f depends or, ..., thatdeg,(f) > 2 and thatdng(discx(f) > 2. In fact, if it is not the
case we have already seen that the double discriminant isearelt of K, and its factorization is
trivial. Moreover, by permuting the variables. .., we may suppose, without loss of generality that
deg,(f) > 0. To make the statements shorter, we collect these hypatheséat follows.

Hypothesis 1 The polynomialf belongs toK |z, y, z, . ..], whereK is a field of characteristic different
from two. This polynomial is such thdeg, (f) > 2, deg, (disc.(f) > 2 anddeg,(f) > 0.

To define the factors of the double discriminant, we need ttmm of GCD of an ideal which is
simply the GCD of any generator system of this ideal. Not¢ e GCD of an ideal is null if and only
if the ideal is the null ideal.

4.1 Root at infinity of the discriminant

Let d = deg,(disc,(f)) and by, bs—1 be the coefficients of andy?~! in disc,(f). We setS =
ged(bg, bg—1), which is well defined, as we have supposed that 2.

Lemma 7 The polynomialS is never null and any irreducible factor ¢f dividesdisc, (disc,(f)).
Proof. Asb; # 0we haveS # 0. At a zero ofS, we have > 2 when applying Lemma 1 to Sylvester

matrix of disG,(f). It follows that the variety disgdisc,(f)) = 0 contains the variety = 0.
|
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4.2 Critical values of the double projection

Let I; be the ideal ofK[z,y, 2, .. .| generated byf, f;, f;). We setP = ged(I; N K[z, .. .]).
As we have to take into account the values “at infinity” forwe introduce also the ide&f® gener-
ated by(ay, a,—1, day,/0y) and the polynomiaP> = gcd(I{° N K|z, .. .]).

Lemma 8 If PP> # 0, any irreducible factor ofP P> divides the polynomiatlisc, (disc,(f)). If
P P> = 0 thendisc,(disc,(f)) = 0.

Proof. Let(v,...) be a generic zero of some irreducible factoFbfBy lemma 5, there exist and
gs.t.(«,f,7,...)is acommon zero of the elementsof

If (o, B,7,...)is singular onf = 0 then Proposition 5 applied tband then to disq f) shows that
(7,...) is a singular zero of digg¢disc,(f)). If (o, 3,7,...) is non singular, then Proposition 2 shows
that disg (f);, = 0. As we have also dig¢f) = 0 at this point, it follows that, in any casgy, .. .) is a
zero of the hypersurface defined by ditisc,(f)). Lemma 3 implies thus that every irreducible factor
of P divides disg(disc,(f)).

Similarly, if (v,...) is a generic zero of some irreducible factor B%°, there existss such that
B,7,...is a common zero of the elements F. As a, anda,_; are null at this point, we have
discy(f) = 0 at this point.

Let us homogeniz¢ with respect ta, i.e let us consider the polynomig{x,t) = numefsubgz =
x/t, f)). We have disdg(1,t)) = disc,(f) by Lemma 2. The term independent frarm dg(1,t) /0y
is Da,, /Jy. Thus, the above proof applied §01, ) instead off and witha = 0, shows that~,...) isa
zero of disg(disc,(f)), and therefore that every irreducible factor/e¥ divides the double resultant.

Finally, if PP> = 0, the above proof applies by taking fof,...) a generic point of the whole
affine space (the algebraic variety defined by the null patyiat). This shows that the whole space is
included in the variety defined by digdisc,(f)), i.e. that this polynomial is identically null. O

Remarks. We haveP = 0 when f = 0 has a singular locus of codimension 1. This is especially the
case when the polynomiglis reducible.

Usually (and generically, as it will be shown below),n K|z, ...] is a principal ideal and there is
no need of computing a GCD for computifiy However, if f = ay + ¢(z + by + ¢) for some univariate
polynomialy(u) € K[u, z,...] anda,b,c € K|z, ...], the ideall; N K|z, .. .] containsa and disg,(y).
Generally, these elements are relatively prime, Bnd 1.

Similarly, P*° is usually equal to one. However,df,_; = 0, it has the same irreducible factors as
disg,(an). If a,, is independent frony anda,,—; depends fromy, thenP> = a,,; this is especially the
case whery is homogeneous with respectitpy and some other variables.

4.3 One triple root of f

Let I3 be the ideal ofK[xz,y, 2,...] generated by f, f., f.). We setR = ged(I3 N K]z,...]) if
deg,(f) > 3, andR = 1 for smaller degrees.

For the case where the triple root is at infinity, we define &S0 the ideal generated hy,, a,,—1
anda,_ and we seR™> = gcd(I5° N K|z,...]). If n < 3 we setR>* = 1.

Lemma 9 If RR*> # 0, the cube of any irreducible factor ¢iR>° dividesdisc,(disc,(f)). If RR™ =
0 thendisc, (disc,(f)) = 0.

Proof.  An irreducible factorR; of RR>° defines a hypersurface which is an irreducible component
of the variety defined by the intersection wifli[z, . ..] of either I3 or I$°. Therefore if(v,...) is
a generic zero of?;, then, by Lemma 5, either there existand 5 s.t. (a,3,7,...) is @a common
zero of the elements afs or there exists? s.t. (3,7,...) iIs a common zero o, a,_1,a,—2. In
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both cases, Propositions 3 and 6 show that either, issc, (f)) = 0 or (v,...) is a singular zero of
disc, (disc,(f)) of multiplicity at least three. It follows that the varietysd, (disc,(f)) = 0 contains the
variety RR>° = 0, even in the case wheri@R> is identically null.

If RR>® # 0, then(~,...) is a regular zero of a factaR; of RR*° (Lemma 4) and is not a zero
of the other factors oRRR* # 0 (Lemma 3). If the multiplicity ofR; as a factor of disg{disc,(f))
would be lower than three, then the multiplicity ©f,...) as a point of the hypersurface defined by
disc, (disc,(f)) would thus be also lower than three, contradicting abovertisa. This finishes the
proof. O

Remarks. Generally/s N K|z, .. .] is a principal ideal andk may be computed without computing
a GCD. We will show that this is always the case with a very taoralition of genericity.

On the other handR®° is usually equal to 1. However, if,_1 = 0, the polynomialR> has the
same irreducible factors as the resultanggfinda,,_» with respect tq,.

4.4 Two double roots of f

Intuitively, the ideall, corresponding to the,~,... such thatf(z,3,7,...) has two double roots
should be generated bf(z, vy, z,...), fi(z,y,2,...), f(z1,9,2,...), fo(x1,9,2,...). However, we
have to exclude the case where the two roots are equal, whddne in the following way.

Let us introduce two new variableg,andb. Let ¢ andr be the quotient and the remainder of the
Euclidean division off by (z% + az + b)? w.r.t. . The remainder is a polynomial inz of degree at
most 3, whose coefficients, ¢1, co andcs are polynomials iru, b, y, z, ... Let Iy = (¢, ¢1, o, c3) be
the ideal generated by these coefficients @e ged(l> N K|z, .. .]).

Let alsoZ3° be the ideal generated lay;, a,,—1, f, 1 andQ> = ged(IS° N K|z, .. .]).

If deg, (f) < 4we setQ = Q> = 1.

Lemma 10 If QQ> # 0, then the square of any irreducible factor@t)oo dividesdisc, (disc,(f)). If
QQ> = 0 thendisc, (disc,(f)) = 0.

Proof.  Anirreducible factorQ; of QQ°° defines an hypersurface which is an irreducible component
of the intersection withK [z, . . .] of either I, or I5°. Therefore, if(v,...) is a generic zero of);, then,
by Lemma 3, either there exist «; andj s.t. («, a1, 3,7, ...) is a common zero of; or there exist
(o, B,7,...) s.t. (v, B,7,...) is acommon zero of$°. This means that the polynomidlz, 3,7, ...)
has two multiple roots, one of them being possibly at infinityfollows by Propositions 4 and 5 that
(v,...) is a zero of disg(disc,(f)) whose multiplicity at least two if this polynomial is not iakécally
null.

If QQ> = 0, this shows that that dig¢disc,(f)) = 0 (Lemma 3). IfQQ> # 0, this shows that the
square of any irreducible factor 6fQ*° divides disg(disc,(f)), by the same argument as in the proof
of Lemma 9. O

Remarks. We will see below thaf, N K[z, . . .] is generically a principal ideal, and theref@pemay
usually be computed without GCD computation.

On the other hand)* is usually equal to 1. However, if,_; = 0, it has the same irreducible
factors as the resultant, with respecit®f a,, and dis¢(f — a,z™).
4.5 The factorization

We may now state the main result of this paper for the non genase.

Theorem 3 If deg,(f) > 1, deg,(disc.(f) > 1 and the characteristic of is not 2, then the polyno-
mialsdisc, (disc, (f)) and PQRSP>*Q> R are either both 0 or have the same irreducible factors. In
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the latter case, the irreducible factors @) and RR*>° have respectively a multiplicity of, at least, 2
or 3 in the factorization otlisc, (disc,(f)).
When the above hypotheses are not satisfied, disep(disc,(f)) is 0 or 1.

Proof. The last assertion results immediately from Propositiondlthe definition of the discriminant
of a polynomial of degree lower than two.

According to the preceding results, it remains only to shioat if the double discriminant is identi-
cally null thenPQRSP>*Q>*R> = 0, and that if disg(disc,(f)) # 0, then it has no other irreducible
factors than those dPQ RSP Q> R*>.

To deal with both cases together, we consider a ppint. .) which is either a generic point of the
whole space or a generic point of some irreducible factor,(aof the double discriminant. Several
cases may occur, that we list now.

The first case is whefry,...) is a common zero of the ided} generated by, andb,;_;, the
coefficients of the highest powers gin disc.(f). As we have supposed that dédisc.(f)) > 1, this
case may only occur if the double discriminant is not nullisttyy, . . .) is the generic point ofr, which
is therefore a factor of (Lemma 3).

If we are not in this case, there iss.t. (5,7, ...) is a zero of disg(f), and thus some, possibly
at infinity, s.t. « is a multiple root off(x,3,~,...). If a is not unique, ther{~,...) is a zero of
ILbNK[z,..]orI* N K[z,...], by the definition of these ideals. As,...) is a generic point of the
whole space or of an hypersurface, it follows from Lemma 3 tvee of these ideal is either null or
contained in the principal ideal generated®@ythis implies thatQQ° is either null or is a multiple of
G.

If «is arootoff(x,3,,...) of multiplicity higher than two, then the same argument shthat
eitherRR*° = 0 or GG divides RR*°.

If «is the unique multiple root of (x, 3,7, . . .) and has multiplicity two, then Proposition 2 implies
that either(a, 3,7, . ..) is a singular point of the hypersurface definedsbgr the tangent hyperplanes
of f and disg(f) have the same equation. Asv,... is a common zero of dis¢f) and dis¢(f);,
this equation is thus independent franandy. This shows that in both casés, 3,~, .. .) isa common
zero of the generators df (or I7° if « is at infinity). Thus, by the same argument as abadve&> is
either null or a multiple of7. O

It may be useful for the reader to reread the last argumerti®proof in the following way : The
variety disg (disc,(f)) = 0 is a union of irreducible hypersurfaces which is containethe union of
the varieties of some ideals ; each of these irreducible fsypiaces should thus be contained in some
irreducible (hypersurface) component of one of the idekttés is this fact which allows to replace ideals
by their GCD.

Remark. In this proof, we have used the fact that, when the varietynatleaal contains a hypersur-
face, then the GCD of this ideal is a multiple of the (squaefrequation of the hypersurface.

5 Generic situation

The aim of this section is to prove that, under tame condstimingenericity, the product of polynomials
SPP>(QQ>)?(RR>)3 divides disg(disc,(f)) and that those of these factors which are not constant
are irreducible and distinct. In fact, we have giglisc,(f)) = PQRSP>Q>R> for some kinds of
generic polynomials. However, the notion of genericity elggs on the support of the polynomial. Itis
therefore out of the scope of the paper to explicit, for aBgible supports the conditions of genericity
which induce this equality.

Usually, a generic polynomial is defined as a polynomial vehosefficients are distinct indetermi-
nates. This implies to define tlsaipportof the polynomial, which is the set of the monomials with a
non-zero coefficient. Therefore, for most authors a gerpignomial is a polynomial of a given total

13



degreen (the support is the set of monomials of degree at mdsir a homogeneous polynomial of
degreen (the support is the set of monomials of degrgeln most applications, these restricted defini-
tions of a generic polynomial are convenient, because tbpepties which are studied behave well by
specializing to zero some of the coefficients.

Here, things are more complicated, because the doubleirdisent depends on degisq(f)),
which itself depends strongly on the supportfof It follows that we have to deal with generic poly-
nomials of any support.

Moreover, for most of our results, we do not need that allfatehts are generic, but only some of
them. This is the motivation of the definition which follows.

Definition 2 Let A = K|z,...]. A generic supporbf a polynomialf € A[x,y] is a subset of the
monomialsz’y’ of f whose coefficients (i) have the shap#; ; + g; j whereg; ; € AandU; ; is an
indeterminate which does not occurs elsewherg.in

It may be noted that the usual notionggneric polynomiatorrespond to the case where the set of
all monomials (the support of the polynomial) is a generigpsart and ally; are null.

We have also to recall that theeight (also calledcodimensiop of a prime idealJ is the maximal
length of strictly ascending chaifig c Py C --- C P, = J.

The following lemma is the key tool for the proofs involvingganeric support

Lemma 11 Let go,v1 + g1,...,vx + gx be polynomials inK|vy,..., v, x,y,...] such thatg; €
Klz,y,...] fori = 0,1 andg; € Klv1,...,v—1,2,y,...] fori > 1. The ideal generated by
v+ g1,V + gr In K(vi, ... vg)[z,y,...] is prime of heightt and defines a variety which is

not contained in the hypersurface definedgpyif gg # 0).

Proof.  To prove that the ideal generated by thet g; is prime of heightk, it suffices to prove that
it is true for the ideall generated by the same polynomials in the riig, . .., vx, 2, v, . . .|, because
K(vi,...,00)[z,y,...] = ST K[v1, ..., vp, 2,9, . ..], With S = K[vy,...,vx] \ {0}

The ideall is prime as being the inverse image of the prime ideal 0 by dradmorphism from
Klvy,...,vg,x,y,...|]into K[z,y,...] obtained by substituting thg by the—g; as far as possible. As
I is generated by elements, its height is at mast It is k becaus® C (v +¢g1) C (v1+g1,v2+g2) C
(v1 + g1,v2 + g2,v3 + g3) IS @ sequence of prime ideals.

Now, gy belongs clearly not to the inverse image of zero by this hoorpinism. Therefore it does
not belongs td nor to S~ I; As the ideall is prime, this implies the last assertion. O

Proposition 8 Under Hypothesis 1, if the characteristic &fis 0 and {1, z, y, 2, zy, y*} is a generic
support off, then the ideall; of Section 4.2 is primel; N K|z,...] is a principal ideal, thus gener-
ated byP, which is not a constant. Moreover,disc,(disc,(f)) is not null, thenP does not divides
QRSP>®Q>*R™.

Proof.  Recall that/; is generated by, f;, f,. The constant terms of these polynomials are respec-
tively Up o, U1,0 andUp 1, and Lemma 11 applies withy = Uy 1, v2 = Uy o andvs = Upo. Thusly is
prime of height 3.

The ideall; N K|z,...] is thus also prime. To prove that it is principal and not getest by a
constant, it suffices to show that its height is one. Thus we @ prove that the dimensions Hf and
LN K]|z,...] are equal. This will be the case if the implicit functionsdrem applies at a generic point,
i.e. if the Jacobian matrix of, /., f; w.r.t. z,y has rank 2 at a generic point of the varietylpf This
Jacobian matrix contains the minor , ,

x2 Ty
< é/y fZ/IIQ > 9
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whose determinan ,:’C/Qf;g — :’c/j, is a polynomial of degree two iti,,,, which is not null at a generic
point of I1, as the coefficient o/, initis —1 (Lemma 11).

We prove now that a generic point of the hypersurféte- 0 does not belongs to the other factors.
Thus, letl’ = (o, 8,7, . . .) be a generic zero df,. By above proof{~, ...) is a generic zero aP.

As the coefficient:,, of z™ in f does not depends dn o, U; o andUy ; (because: = deg,(f) > 2),
Lemma 11 shows that is not a zero ofi,, and is therefore not a zero °Q>° R*>°.

The polynomialf”? which appears in the definition @§ (Section 4.3) is not null (as havirgj/s o
as a constant term) and does not depend8@ U o andUy ;. Therefore Lemma 11 shows thiatis
not a zero ofl3 and P does not divides) (Lemma 11).

Similarly the coefficient, which appears in the definition @§ (Section 4.4) does not depends on
Uo,0, U1,0 andUy 1, but hadl; o as a constant term. Thiisis not a zero of ; and P does not divides).

To show thatP does not divides, it suffices to show thdt is not a zero of the coefficient; of the
highest power of; in disc,(f). For this, one may remark that the coefficiemt@nd therefore disq f)
are polynomials iny, Uo.o + Up 1y + Up 2y* andUy o + Uy 1. It follows thatUy o, Uy o andUp ; do not
appear irb; andI is not a zero ob,, by Lemma 11. O

Proposition 9 Under Hypothesis 1, if the characteristic &f is 0 and {1, z, 2%, 23,y, vy, 2%y} is a
generic support off, then the idealls of Section 4.3 is primels N K|z, ...] is a principal ideal, thus
generated by?, which is not a constant. Moreoverdisc, (disc,(f)) is not null, thenk does not divides
PQSP>®Q>R>™.

Proof. The proof is very similar as that of Proposition 8, and we itletay their differences.

As I3 is generated by, f,, f/,, the constant terms of its generators &g, U1o andUs . There-
fore I3 andlz N K|z, ...] are prime.

The Jacobian matrix of the generators/gtontains the minor

(% %)
g, )

whose determinant at a zero bfis f, f.5. Itis not null at a generic zero df, as containing the term
Uo,1U3,0.

As 23 belongs to the generic support pfwe have deg(f) > 3 andUp o, U1 0, Uz o do not appear
in a,,, which implies thatR? does not divideg®>* Q> R>°.

The polynomial? does not divides” nor @ becausef, and the coefficient; of the definition of
I, do not depend front/y o, Ui o, U2 o and are not null, having respectivelyy ; andUs o as constant
terms.

The coefficients:; and therefore disq /) are polynomials iry, Uyo + Uo.1y, U10 + Ui 1y, Uz o +
Us,1y, with no other occurrences 6% o, U1 0, Uz, 9. Therefore the coefficierdy; of the highest power of
y in disc,(f) does nor depends dn o, U 0, Uz 0. O

Proposition 10 Under Hypothesis 1, if1, z, 2%, 23, 2%, y, zy, 2%y, 23y} is a generic support of and
the characteristic of{ is 0, then the ideal; of Section 4.4 is primdy N K[z, ...] is a principal ideal,
thus generated bg), which is not a constant. Moreover,dfsc, (disc,(f)) is not null, then?) does not
dividesPRSP>*Q>* R*.

Proof. It results from the definition of the Euclidean division thatr i < 4, the part of the generator
¢; of Iy which is independent from andb is the coefficient;; of = in f. Also, the coefficient of in c3
and the coefficients df in ¢y (viewed as polynomials in andb) are both—a4. Moreover all the other
terms of ther; are of degree at least two inandb.
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It results that Lemma 11 applied with = U;_; o shows thatl; andl; N K[z, ...] are prime.
The Jacobian matrix of the generators/gtontains the minor

Oco /0y  Ocy/da  Dcy/Ob
Oco /Oy  Oco/Da  Dco/Ob
Ocg /0y Ocg/Oa  Ocs/Ob

It results from above property of the coefficientsaofndb in the ¢; that the determinant of this minor
contains the terrﬁ]0,1U4,02 and that thd/i, 0 do not appear in it foi = 0,. .., 3. Thus this minor is not
null at a generic zero af,.

As z* belongs to the generic support ff we have deg(f) > 4 andUy 0, U0, Uz0,Us do not
appear im,,, which implies that; does not divideg?>*°Q>° R*°.

The polynomial@) does not divides® becausql’/ is not null, does not depend frobh, o ,U1,0 ,Us0
Uz o and had/ ; as a constant terms. It does not divillebecause, under our hypothes@sand R are
both irreducible and we have already shown tRatoes not divide)).

The coefficients:; and therefore disg f) are polynomials iry, Uy o + Uo.1y, U1,0 + U1,1y, Uz0 +
Us,1y,Us o + Us 1y, with no other occurrences 6f o, U1,0, Ua,0, Us o. Therefore the coefficiertt; of
the highest power af in disc, (f) does nor depends di, o, Ui o, Uz,0, U3 0. O

Proposition 11 If f is monic as a polynomial i, then P> Q> R> = 1.

If {2, 2"~ 1 2™y}, (resp{a™, "1 272}, {1,z, 2™, 2" 1}) is a generic support of, then P>
(resp. R*°, Q) is the polynomiall.

On the other hand, ifleg,(a,) = 0 and deg,(a,-1) > 0, then P> = a,. If deg,(a,) =
deg,(an-1) = 0, thenP*> = ged(ay, an—1). (Note that this occurs ifleg, (f) = deg, , (f)).

If a,_1 = 0 and {z", 2™y, 2"y} (resp. {z", 2" 2, 2"y}, {1, z, 2%, 2™, 2"y}) is a generic support
of f, thenP°, (resp. R*°, Q) is irreducible and non constant.

Proof. The first assertion is immediate.

The definition of/° and73° and Lemma 11 show that these ideals are prime of height tiiiaes
their intersection withK|[z,...] are prime of height at least two, which implies that their G&i2
constant. The same argument applie§twith height three replaced by height four.

If deg, (a,) = 0, both assertions result immediately from the definitior6f.

Finally the hypotheses of genericity imply that the ideAts, I5° and I3° are prime and that the
Jacobian matrix of the projection eliminatipdresp.x andy) does not vanishes at a generic zero of the
ideal. O

Proposition 12 Lete; = deg,(a;) for i = 0,...,n andd = deg,(disc,(f)). Suppose that the char-
acteristic of K does not dividen(n — 1), thatd = (n — 1)(eg + €,) = (n — 1)(e1 + e,—1) and
that none term of the expansion of the determinant of theimatrhas a degree higher thad. If
{yeo—t ayer x"~lyen-1} is a generic support of, thenS = 1.

Above hypotheses are generically satisfied if the suppgftooinsists in all monomials of degree
in x,y or in all monomials of degrees in z andeg in y.

On the other hand, there exists polynomials for whick 1.

Proof. The last assertion will be proved in next section.

The second assertion is almost immediate: In the second atse have the degree, in y and
the result follows that every term of the expansion of theedrinant of the matrixS’ consists in a
product of2(n — 1) coefficientsa;. In the first case, is it a classical exercise to show thatamy in the
expansion of5” has the degree(n — 1) in n.
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Let u; ; be the coefficient of/’ in a;, whenz'y’ does not belong to the generic support under
consideration. Letalsgl, = nf — zf. = ap—12""' + 2a,_22" "% + - - - + nag. We have disg(z) =
res.(f.., f2)/n"~ . Looking at the Sylvester matrix of this resultant, it apsethat the expansion of this
determinant contains the tern@a,,_1)" ! andn?"1(aga,)"!. It follows that the coefficienb,
of disc.(f) is equal to(Uy,—1 ¢, ,U1e,/n)" ! + - -, where the dots replace a polynomial independent
from Uy .,—1 and of degree lower than—1in U,,_1, e,—1. Similarly, the coefficienb,_; has the shape
(n—1)n"tup tug 2Up c,—1+- - -, where the dots are independent froigy,—1. Thus this coefficient
is linear inU .,—1 With a leading term involving variables which do not appesthe leading term of
bg. This implies clearly that the GCD 6f; andb;_; is a constant. O

6 Examples

In this section, we provide first examples showing that edi¢heofactorsP, 2, R may be equal to one.

Then we describe an example coming from a challenging pmobleQuantifier Elimination, show-
ing that the direct computation of the factors of the doulderiminant may be a dramatic improvement
of the computation time.

This example shows also that GCD computations may be needsairipute the factor®, @, S.
This implies that these factors may not always be computedddsivariate resultants.

In fact all our examples are specializations of the genewnimpolynomial of degree fouf =
zt + pax® + q2? + yx + 5. As f is monic inz, we haveP*Q>*R>* = 1 for f as well for any
specialization of it. The first discriminant diggf) = —27y* + - - -. It follow that S is constant for any
specialization off.

We consider first simple specializations of this polynomial

e For the polynomialf itself we haveP = s and the factors) and R are irreducible. we have
disc, (disc,(f)) = —256 PQ? R3. Thus the situation generic in this case.

o If fo =2t +qa?+yz+s, wehaveP = s, Q = ¢*> —4s andR = ¢*+ 125, but disg, (disc,(f)) =
—21633PQ? RS, showing the double discriminant need not to be equal, up torstant, to
PQ*R3.

o If fp =a2*+qz?+yx+1, we haveP = 1, providing an example where the factBiis a constant.

e Similarly, we haveQ) = 1 for the polynomialfy = z* + 2uz? + yx + u?> + 1 andR = 1 for
fr = x* + 6uz?® + yr — 3u? + 1.

Several years ago a problem of quantifier elimination, cgnfiom a stability study in numerical
analysis, was submitted to us by a PhD student named Ronen@rl999. We were unable to solve
it with Cylindrical Algebraic Decomposition (CAD), but wealte been able to solve it with an ad-hoc
method. Despite the progress of the algorithms and the pofvilre computers, it is yet a unsolved
challenge to solve it by an automatic method.

After some reductions, this problem reduces to eliminagegtintifiers in the formula.

A(a,b,c,d)Vr (p >0 AN c+e>0 A e(a—1)>0)

wherep = (z + ¢)(z® — u) + (z — d)(bx + av).

To solve this problem by CAD, one has first to eliminateto compute the discriminant dis@),
and then to eliminate the variablesb, ¢, d one after the other, in any order. The second step consists in
computing and factoring the second discriminant withe eesfo one of these variables.

As p is monic inz, we have alway$>*Q>*R>® = 1.

17



o disg,(disg,(p)) = 25684 PQ?R3, with S = v andP = (¢ + d)(d®> — ). In this case,P is
not only reducible, but it has been obtained by a GCD comjautathe ideall; N K [b, ¢, d, u, v]
being not principal. the factos is the cube of a polynomial which is a factor of multiplicit 1
of the second discriminant. On the other hafidand R are irreducible and are obtained without
GCD computation.

The second discriminant has 1046 terms whose coefficiemtsumato 18 decimal digits, whil®,
@, R andS have 35 terms together with coefficients not larger than 1Z8@ direct computation
of P, @, R andS needs around 0.2 second while computing and factoring thkldaliscriminant
needs around 12 seconds.

e disg,(disg(p)) = —256 PQ?R3. HereS = 1 and P, Q and R generate their elimination ideal
(no need of GCD computation), bitis again reducible (it has three factors).

The second discriminant has 2199 terms whose coefficiemtsumato 22 decimal digits, whil®,

@, R andS have 54 terms together whose coefficients have no more thadécimal digits. The
direct computation of?, @, R andS also needs around 0.2 second while the double discriminant
is computed in 7 seconds and factored in more than 9min.

e disc,(disc.(p)) = —409653PQ*R3. HereS = 27u and P, Q and R generate their elimination
ideal (no need of GCD computation), bbtis again reducible (it has two factors).

The second discriminant has 2461 terms whose coefficients Uqato 25 decimal digits, while
P, Q, R andS have 54 terms together whose coefficients have no more them decimal digits.
The direct computation aP, @, R andS needs around 0.2 second while the double discriminant
is computed in 9 seconds and factored in more than 15min.

7 Conclusion

The examples show that the direct computation of the factag dramatically improve the computation
of the hypersurface defined by the double discriminant.

They also show that the multiplicity of these factors in tlmilole discriminant may not easily be
predicted. Therefore it seems difficult to get a better tethdn Theorem 3, which is true for any
polynomial. Even for the generic polynomials of a given suppgeneral results seems very difficult.

On the other hand, in all the examples we have encounteredjaible discriminant is a multiple
of SPP>(QQ>)?(RR>)3. This is reasonable to conjecture that it is always trbet we do not know
how to prove it.
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