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Abstract. In this talk, we will present an algorithm that computes the local
algebra of the roots of a zero-dimensional polynomial equations system, whose
cost is polynomial in the number of variables, in the evaluation cost of the
equations and in the Bézout number of the input system.

Let K be a field of characteristic zero, and let f1, . . . , fs, g be polynomials in
K[x1, . . . , xn] such that the system f1 = · · · = fs = 0 with g 6= 0 has a finite
set of solutions over the algebraic closure K̄ of K. We give an algorithm that
computes the roots of the system together with the structure of their multiplicities.
More precisely, our purpose is to compute the primary decomposition of the zero-
dimensional ideal (f1, . . . , fs) : g∞, where for any ideal J in K[x1, . . . , xn], J : g∞

denotes the saturation of J with respect to g, that is, the ideal {f | ∃m ≥ 0, gmf ∈
J }.

Main Result. For any root p = (p1, . . . , pn) ∈ K̄n of (f1, . . . , fs) : g∞, let K̄[[x1−
p1, . . . , xn − pn]] denote the ring of formal series in x1 − p1, . . . , xn − pn over the
algebraic closure K̄ of K. The local algebra of p as a root of (f1, . . . , fs) : g∞ is the
K̄-algebra

Dp = K̄[[x1 − p1, . . . , xn − pn]]/((f1, . . . , fs) : g∞)p,

where for any ideal J in K[x1, . . . , xn], the notation Jp stands for the ideal J
extended to K̄[[x1 − p1, . . . , xn − pn]]. The multiplicity µp of the root p is the
dimension of the K̄-algebra Dp. The matrices of the morphism of multiplication by
the variables in some basis of Dp allow all computations in Dp. Here we propose
a new algorithm for computing such matrices. The improvement of the exponents
involved in the complexity is still in progress.

Theorem 1 ([2]). Let K be a field of characteristic zero and let f1, . . . , fs, g be

polynomials in K[x1, . . . , xn] of degree at most d, given by straight-line programs of

size at most L. Let us assume that the system f1 = · · · = fs with g 6= 0 has only

a finite set of solutions over the algebraic closure K̄ of K. The roots of the system

together with the matrices of multiplication by the variables with respect to a basis

of their local algebra can be computed with a number of arithmetic operations in K
which is polynomial in n, L and dn. We give a probabilistic algorithm performing

these computations. Its probability of returning the correct result relies on choices

of elements in K. Choices for which the result is not correct are enclosed in strict

algebraic subsets.

Related Works. By now, there are several known algorithms for computing the
primary decomposition of an ideal; a detailed bibliography will be available in the
full text [2]. Most of these algorithms use Gröbner or standard bases (see [7, Chapter
4]), reducing the general problem to primary decomposition of zero-dimensional
ideals. In all these algorithms, polynomials are represented by vectors of their
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coefficients in the canonical monomial basis, and a primary decomposition I =
Q1∩· · ·∩Qs of an ideal I is given by a set of generators of Qj for each j ∈ {1, . . . , s}.

Instead of expanding a polynomial in the monomial basis, alternative suitable
data structures can be used in order to represent it as the function that computes
its values at any given points. We often refer to these methods as evaluation

techniques. We recall the algorithm of [12], and the similar ideas of [1], that already
take advantage of the evaluation property of the input system. Given a system
f1 = · · · = fs = 0 together with an isolated root p, the algorithm of [12] computes
the matrices of multiplication by the variables in the local algebra Dp by the use of
duality between polynomials and formal series in differential operators. But these
algorithms remains related to the latter approach since their cost still depends on
the number of monomials obtained by derivation of the monomials of f1, . . . , fs.

We propose here an algorithm for the primary decomposition of a zero-dimensional
ideal by evaluation techniques, that does not involve the monomials appearing in
the equations anymore. This algorithm relies on the computation of Hermite and
Smith forms of matrices with entries in the formal series ring K[[x1]].

In a first section, we explain quickly how we reduce our problem to the compu-
tation of the local algebra at the origin of the intersection of a reduced curve and
an hypersurface. Then, we introduce a localized module of the previous curve, and
we give an algorithm for computing a basis of this module. Finally, we explain how
the end of the algorithm boils down to a Smith form computation.

1. Reducing the Problem: the Kronecker Solver

Even if it means replacing f1, . . . , fs with linear combinations of f1, . . . , fs, we
can assume that for i ∈ {1, . . . , n − 1}, the ideal (f1, . . . , fi) : g∞ is radical and
fi+1 is a non zero divisor in K[x1, . . . , xn]/(f1, . . . , fi) : g∞ (see [9, Section 6], [8,
Section 3.5] or [11, Lemmas 1 and 2]). In particular, these assumptions imply that
I = (f1, . . . , fn−1) : g∞ is an unmixed radical one dimensional ideal. From now on,
we let f denote the polynomial fn. Since f is a non zero divisor in K[x1, . . . , xn]/I,
the ideal I + (f) is zero dimensional. Let p be a root of (I + (f)) : g∞. The local
algebra of p as a root of (I + (f)) : g∞ is exactly the one of p as a root of I + (f).
Now, if s > n, we can also assume that s = n + 1 without loss of generality; if
the matrices of multiplication by x1, . . . , xn in the latter algebra are known, we
easily deduce those in Dp by linear algebra computations in the algebraic extension
K(p) = K(p1, . . . , pn) of K. Afterwards, we assume that s = n.

After an affine change of variables, the following statements hold with a high
probability (see for instance [8] or [3][Proposition 4.3]):

• the ideal I is in general Noether position, that is, I ∩ K[x1] = (0) and
x2, . . . , xn are generally integral over K[x1] modulo I, that is for i ∈
{2, . . . , n}, there exists qi ∈ K[x1, xi] ∩ I such that the degree of qi is
equal to its degree in xi;

• x2 is primitive for I, that is, the powers of x2 generate the K(x1)-vector
space K(x1)[x2, . . . , xn]/I ′, where I ′ stands for the ideal I extended to
K(x1)[x2, . . . , xn];

• x1 separates the roots of I + (f), that is, if p = (p1, . . . , pn) and p′ =
(p′1, . . . , p

′
n) are two distinct roots of I + (f) in K̄n, then p1 6= p′1.

Under these assumptions, it can be proved that there exists a unique sequence of
polynomials q, w3, . . . , wn ∈ K[x1, x2] such that q is monic in x2, that for all j ∈
{3, . . . , n}, degx2

(wj) < degx2
(q) and that I ′ = (q, (∂q/∂x2)x3−w3, . . . , (∂q/∂x2)xn−

wn). The sequence q, w3, . . . , wn is called a Kronecker representation of I (see [6]
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or [3, Section 3] for further details). Let us recall from [3, Corollary 3.4] the only
properties of the Kronecker representation that will be used afterwards:

I ∩ K[x1, x2] = (q) and ∀j ∈ {3, . . . , n},
∂q

∂x2
xj − wj ∈ I.

Moreover, we can assume that the total degree of q is equal to its degree in x2

(see [3, Corollary 3.4 and Proposition 4.3]).
The Kronecker solver of [6] computes the Kronecker representation of I and

the set of roots of (I + (f)) : g∞ with a polynomial cost in the aforementioned
quantities. We proved in [3] that it even computes the multiplicities of the roots
of (I + (f)) : g∞ with the same cost. From now on, we focus on the computation
of one local algebra Dp. Even if it means replacing K with an algebraic extension
of K, we can assume that the root p is the origin 0 = (0, . . . , 0); we focus on the
computation of D0.

As a conclusion, our problem is now to compute the local algebra of the origin
as an isolated root of I +(f), where I is a one dimensional radical ideal in Noether
position given by its Kronecker representation, and where x1 separates the roots of
I + (f).

2. A Localized Module of the Curve

We use the latter assumptions to define a localized module of the curve. Let
K[[x1]] be the ring of formal power series in x1 over K, and let I0 denote the ideal
I extended to K[[x1]][x2, . . . , xn]. We set

B0 = K[[x1]][x2, . . . , xn]/I0.

It is well known that the algebra K̄[x1, . . . , xn]/(I+(f)) is isomorphic to the direct
product of all the Dp when p covers the set of roots of I + (f) in K̄n (see [4,
Theorem 2.13] for instance). Since the only root of I + (f) in K̄n whose first
coordinate is 0 is the origin, the K̄-algebra K̄ ⊗ B0/(f) is isomorphic to D0, as we
illustrate with the following example: let Q be the rational number field, let I be
the ideal of Q[x1, x2] generated by q = (x2

1 + (x2 − 1)2 − 1) and let f = x2 − x2
1;

then I + (f) = (x2
1(x1 − 1)(x1 + 1), x2 − x2

1), and the C-algebra C[x1, x2]/I + (f)
is isomorphic to D(0,0) × D(1,1) × D(−1,1); localizing in x1 = 0 allows us to remove
the two points (1, 1), (−1, 1) since (x1 − 1) and (x1 + 1) are invertible in Q[[x1]].

Now, since I is radical unmixed in general Noether position, B0 is a K[[x1]]-
module of finite type. We express B0 as a submodule of an easily computable free
module L0; this will allow us to do all the forthcoming computations in a given
basis of L0. Let Disc(q) ∈ K[[x1]] denote the discriminant of q with respect to
x2, that is, the resultant of q and ∂q/∂x2 with respect to x2. Since the ideal I is
radical, the polynomial q is square free, so that Disc(q) 6= 0. Let m0 denote the
valuation of Disc(q) in x1, that is, the largest integer such that xm0

1 divides Disc(q).
Let δ be the degree of q when seen as a polynomial in x2 in K[[x1]][x2]. Let us
remark that since the total degree of q is equal to δ, m0 is at most δ(δ− 1). We set

L0 = K[[x1]]
1

xm0

1

⊕ K[[x1]]
x2

xm0

1

⊕ · · · ⊕ K[[x1]]
xδ−1

2

xm0

1

.

Since I is in Noether position, x3, . . . , xn belong to the integral closure of K[[x1]]
in K(x1)[x2]/(q). Then B0 is a submodule of L0 by a classical result about integral
closures (see [4, Proposition 13.14] for instance).

All computations will now be done in the canonical basis 1/xm0

1 , . . . , xδ−1
2 /xm0

1

of L0. In short, we will say that we compute coordinates in L0 when we compute
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coordinates in the latter basis. The polynomials w3, . . . , wn of the Kronecker repre-
sentation of I and the algebra structure of B0 allow us to compute the coordinates
of all monomials in the variables x2, . . . , xn in L0.

Since q is the monic generator of I0 ∩ K[[x1]][x2], the K[[x1]]-module

M0 = K[[x1]] ⊕ K[[x1]]x2 ⊕ · · · ⊕ K[[x1]]x
δ−1
2

is a K[[x1]]-submodule of B0. We will compute B0 by adding to M0 all the mono-
mials in x3, . . . , xn seen as elements of L0.

A first idea is to take advantage of the algebra structure of B0 as the following
algorithm does:

• initialize M with M0,
• compute a basis e1, . . . , eδ of M′ = M + K[[x1]]x3 + · · · + K[[x1]]xn;
• while M 6= M′, replace M with M′, and replace e1, . . . , eδ with a basis of

M′ = M +
∑

1≤k,ℓ≤δ K[[x1]]ekeℓ.

It is quite easy to see that if M0 ⊂ M1 ⊂ · · · ⊂ Mγ ⊂ L0 is a chain of submodules of
L0 beginning with M0, where the inclusions are strict, then its length γ is at most
m0δ. Therefore the number of crossings through the while loop is at most m0δ,
and this algorithm computes at most (n − 2) + m0δ

3 sums of type M + K[[x1]]v,
where M is a submodule of L0 and v belongs to L0.

This algorithm can be improved by adding variables one by one: by computing

the algebras B
(2)
0 = B0 ∩ K[[x1]][x2], B

(3)
0 = B0 ∩ K[[x1]][x2, x3], . . ., B

(n)
0 = B0 ∩

K[[x1]][x2, . . . , xn] successively, we can reduce the number of vectors to add to
M0 so that it belongs to O(nm0δ). This alternative algorithm relies on the good
properties of the lexicographic ordering and on methods inspired by [5].

Now, coordinates in L0 belong to K[[x1]], so that we have to work with truncated
series. If M is a submodule of L0 of rank δ, Hermite normal forms permit to define a
basis of M whose coordinates belong to K[x1], that we call normal lower triangular

basis. This basis is uniquely determined by M. Moreover, if M0 is a submodule of M,
the degrees of the coordinates of the elements of this basis of M in L0 are bounded
by m0. For any element v of L0, the computation of the normal lower triangular
basis of M + K[[x1]]v is just a Hermite form computation. If M contains M0, we
can prove that this computation can be done with O(δ3) arithmetic operations in

the ring K[[x1]]/(xm0δ+1
1 ). The cost of this step is polynomial in the quantities

announced in Theorem 1 since δ is bounded by dn.

3. Intersection

At this stage, we have computed the normal lower triangular basis ε1, . . . , εδ

of the K[[x1]]-module B0. We have to calculate the matrices Mx1
, . . . , Mxn

of
the morphisms of multiplication by x1, . . . , xn in B0/(f), where f is a non zero
divisor in B0. As a straightforward consequence of existence and uniqueness of
the Smith form of matrices whose entries are in the principal ideal domain K[[x1]]
(see [10][Chapter 3, 7] for instance), there exist two bases e1, . . . , eδ and e′1, . . . , e

′
δ

of the K[[x1]]-module B0 and some unique integers ν1 ≤ · · · ≤ νδ such that for all
k ∈ {1, . . . , δ}, fek = xνk

1 e′k. Then e′1, x1e
′
1, . . . , x

ν1−1
1 e′1, e

′
2, . . . , x

ν2−1
1 e′2, . . . , e

′
δ, . . .,

xνδ−1
1 e′δ is a basis of B0/(f).
If we discard the truncation of series, it is now easy to compute the matrices of

multiplication by x1, . . . , xn in this basis of B0/(f). First, we compute the Smith
form of the matrix of multiplication by f in the basis ε1, . . . , εδ of the K[[x1]]-
module B0, together with the basis e′1, . . . , e

′
δ. Then for i ∈ {2, . . . , n}, we calculate

the matrix of multiplication by xi in the basis e′1, . . . , e
′
δ of B0, that is some elements

mk,ℓ(x1) ∈ K[[x1]], 1 ≤ k, ℓ ≤ δ such that xie
′
ℓ =

∑δ
k=1 mk,ℓ(x1)e

′
k. For ℓ ∈

{1, . . . , δ} and s ∈ {0, . . . , νℓ}, we obtain the coordinates of xi(x
s
1e

′
ℓ) in the previous
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basis of B0/(f) as the coefficients in K of
∑δ

k=1(x
s
1mk,ℓ(x1) mod xνk

1 )e′k. The
matrix Mx1

follows directly from the shape of the latter basis of B0/(f).
Let us now recall that µ0 denotes the multiplicity of 0 as a root of I + (f), and

that we know it since it can be computed by the Kronecker solver. By definition,

the dimension of B0/(f) is µ0, and so
∑δ

k=1 νk = µ0. Assume that we know the
coordinates of xi, e

′
1, . . . , e

′
δ in L0 to precision µ0 + m0 + 1. Then we can compute

the entries of the matrices Mxi
to precision µ0 +1, which is enough for the matrices

of xi in the latter basis of B0/(f). The question is now to give an algorithm for the
computation of the Smith form of a square matrix with entries in K[[x1]], together
with the post-multiplier, that is, the matrix whose k-th column is the vector of
coordinates of e′k in L0 to a given precision. As for the Hermite forms, this is not
immediate. The algorithm presented in [13] can be adapted to answer this question,
as detailed in [2]. In particular, we prove that in our case, the computation of the
needed Smith form with the wanted precision can be done with O(δ3) arithmetic

operations in K[[x1]]/(xµ0+m0+1
1 ). Here again, all the computations can be done

with a polynomial cost in the quantities of Theorem 1.

4. Final Comments

The efficiency of the algorithm presented in this paper can be improved. In the
first section, the computation of the roots in K̄n as a vector of coordinates from
the outpout of the Kronecker algorithm requires a factorization of a polynomial
in K[x1]. This can be avoided by dynamic evaluation techniques. In the second
section, we can replace the module B0 with a module which only takes in account
the irreducible analytic components of the curve that pass trough the origin. These
improvements can be found in [2].
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