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Sylvester’s Double Sums: the general case

CARLOS D’ ANDREA *, HooN HonG T, TERESA KRICK ¥,
AGNES SZANTO §

Abstract
In 1853 Sylvester introduced a family of double sum expressions for two fi-
nite sets of indeterminates and showed that some members of the family are
essentially the polynomial subresultants of the monic polynomials associated
with these sets. A question naturally arises: What are the other members
of the family? This paper provides a complete answer to this question. The
technique that we developed to answer the question turns out to be general
enough to charactise all members of the family, providing a uniform method.

1. Introduction

Let A and B be finite lists (ordered sets) of distinct indeterminates. In (4), Sylvester
introduced for each 0 < p < |A|,0 < ¢ < |B| the following double-sum expression in
A and B:

R(A',B") R(A\A', B\B’)
R(A", A\A") R(B', B\B')’

SyWPI(A,Bjz):= Y R(x,A)R(z,B)
A'CA,B'CB
|A'[=p, | B'|=q
where
RX,Y):= ][] @-v), R@Y):=][@-y.
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Let now f, g be univariate polynomials such that

[ o= Tlealt—a) = 2™ +apm12™ '+ ... +a
g9 = Ilgeslex—=0) = a"+baz" "+ ...+ b,
where m := |A| and n := |B|.
We want to give an expression for Sylv”?(A, B; z) in terms of ag, . . ., @1, by, - -, by_1.

Since this expression is polynomial in z and symmetric in the a’s and (§’s, we know
that for every pair (p,q), 0 < p <m, 0 < g < n, SylvP!(A, B;z) can be expressed
as a polynomial in  whose coefficients are rational functions in the a;’s and the b;’s.
In (4), the rational expression for Sylv”?(A, B;x) is determined for the following
values of (p, q) (see also (3)):

1. If 0 < d:=p+ q < min{m,n}, then

SylvP(A, B;z) = (—1)Pm=% <d> Sresq(f, 9),
p

where Sresy(f,g) is the d-th subresultant of the polynomials f and g, which
definition is recalled in Formula (3) next section (cf.(4, Art. 21) and also (3,
Theorem 0.1)).

2. f p+q=m < n, then

SylvP4(A, B; ) = (m> f(z),

p
(cf.(4, Art. 21) and also (3, Proposition 2.9 (i))). In fact, the d-th subresultant
is also well defined for d = m < n as Sres,,(f,g) = f. This implies that Case
(2) can be seen as a special case of Case (1).

3. If p4+q=m =n, then

sy, Bia) = (") s+ (M )t

(cf.(4, Art. 22) and also (3, Proposition 2.9 (ii))).
4. If m <p+qg<n—1, then SylvP"% (A, B;z) = 0 (cf. (4, Arts. 23 & 24)).

5. If m < p+q=n—1, then Sylv"%(A, B;z) is a “numerical multiplier” of f(z)
(cf. (4, Art. 25)), but the ratio is not established.

The techniques used for proving each of these cases in both (4) and (3) are dif-
ferent. In (2) we used a simple matrix formulation that allowed us to deal with
Cases (1) and (2). This note is a natural continuation of (2): we present a global
matrix formulation that extends our previous construction such that it not only
allows us to deal with all the known cases, but also to present in Theorem 2.10
below an explicit formula for Sylv”?(A, B; z) for all possible values of (p, ¢), i.e. for
0<p<m,0<g<n



C. D’Andrea, H. Hong, T. Krick, A. Szanto: Sylvester’s Double Sums 3

2. The global matrix formulation

As in (2), we define for a polynomial p(t), a finite list I' := (71,...,7,) of scalars
and a non-negative integer v the (non necessarily square) matrix of size v X w:

p(71) u P(Vu)
<p(t),F>v = : : v

YWlp(n) oo ()

For instance, under this notation,

(x —t,T)y = (Vi 'z — Y)1<icvi<i<us

and for v = u we have the following equality for the Vandermonde determinant V(I")
associated to I':

V() =17} Di<ig<ul = {1, T)al.

For the rest of the paper d € N, 0 < d < m+n and d := m + n — d. We take
a new variable 7" and we denote by Uy(x,T) the following square matrix of size
m+n=d +d:

<1,B>d/ <T, A>d/ d’

Valw, ) = e = By e — £ AV |

where (T, Ay = (Toﬂ')aeA o<j<ar—1- Finally we denote by uq(z, T) its determinant,
that we develop in the powers of T":

ua(@,T) == |Ua(x,T)| = wao(x)T™ + - + tgm-1(2)T + uam(x) (1)

We are now ready to state our first result, that relates SylvP?P(A, B;x) to the
coefficient u,,(x):

THEOREM 2.1: Let 0 < d <m+n, 0 < p < m and define q := d — p. Following
Notation (1), we have that if 0 < g < n then

uap(z) = (1) PV(A) V(B) SyvP(A, B;x)

while otherwise uq,(x) = 0.

Proof: We perform a Laplace expansion of the determinant of the matrix Uy(z,T)
on the last d rows and we get the following expression:

ug(z,T) = > o(B\ B UA\ A, BUAT™ 4IV(B\ B'UA\ A)R(z, B')R(z, A)V(B U A"),
A'CAB CB
|[A"]+|B'|=d
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where, as in (2), “U” stands for list concatenation, “\” means list subtraction and,
for S C T finite lists, o (S,T) := (—1)’, j being the number of transpositions needed
to take 7' to S U (T'\5).

We write ug(z,T) in powers of T, with 0 < p < mand 0 < ¢g:=d—-—p <n
implying max{0,d — n} < p < min{d, m}:

min{d,m}
ug(z, T) = S 3 o(B\B'UA\ A’,BU A)R(z, B')R(z, A )V(B'uA)V(B\ B 'ua\ A | TP,
p=max{0,d—n} A" C AB'CB
|A’| =p, |B'| =q

We recall the elementary fact that transposing a block of j columns with an adjacent
block of i columns produces in the determinant a change of sign of order (—1)¥.
Hence, for |A'| = p and |B’| = g,

c(B\B UA\ A, BUA)=c(A\ A, A)(B\ B, B)(—1)4"mP),
and we have for max{0,d —n} < p < min{d, m}:
g p(x) = (=1)90m=P) > o(A\ A", A)o(B\ B, B)R(z, A)R(z, B)V(B' U A)V(B\ B'UA\ 4").
A'CA B CB
|[A'=p, |B'| =q
Now we apply repeatedly the elementary fact that
VIXUY)=V(X)VY)RY,X)

for any pair of finite lists X, Y

V(B UA)YV(B\B UA\A) = V(A)V(B)RA, B)YW(A\A)WB\B)RA\ A, B\B)
_ V(A\ A’ UA") V(B\ B'UB) o / ,
= RALA\A) R@E,B\B) A BIRANALBAE)

R(A’,B"YR(A\ A’,B\ B')
R(A’, A\ AR(B',B\ B")’

= o(A\ A", A)o(B\ B', B)V(A)V(B)

We finally obtain that

R(A’,B'YR(A\ A', B\ B
R(A’, A\ AYR(B',B\ B')

ugp(z) = (=11 PIV(A)V(B) Z R(z, A")R(z, B')
A'CAB CB
|A'| =p, |B'|=q

= (=1)2m=P)Y(A)V(B) Sylv?9(A, B; z).

O

In view of Theorem 2.1, in order to produce a rational expression for Sylv”?( A, B; x)
it is enough to give a rational expression for wu,,(x). To this aim we first observe
the following straightforward factorization formula for Uy(x,T) as a product of two
rectangular matrices of sizes (m +n) x (m+n+1) and (m +n + 1) X (m + n)
respectively.
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LEMMA 2.2:
d’ d+1
d | Iy 0
z -1 0 0 O . .
-1
Ud(ﬂl‘ T) — 0 v . ) 0 0 <17B>d’ <T7 A>d’ d ) (2)
’ d| 0 c. c. <1,B>d+1 <1,A>d+1 d+1
0O 0 0 z —1

For the rest of the paper, we assume without loss of generality that m < n. The
previous factorization of Uy(z,T') immediately yields

PROPOSITION 2.3 (ARTS. 23 & 24 (4)): Let m < n. If m < d < n — 1, then
ug(z,T) = 0.

Proof: The assumption implies max{d',d + 1} < n. Then the first n columns of
the matrix at the right of (2) have deficient rank since all n X n minors vanish. A
Binet-Cauchy expansion of uy4(z, T') therefore implies that ug(z,T") vanishes as well.

O

Our goal now is to provide a factorization like in (2), but with square matrices,
that allows to recover ug(x,T'). To this aim we recall that for 0 < k < m < n or
0 < k < m = n, the k-th subresultant of the polynomials f and g with indeterminate
coefficients is a well defined polynomial of degree k:

m+n—2k
Ay - c - (nk—1) " (2)
: . n—k
Sresi(f, g) = det 7 —— o kaC_LIZik_l) xm‘i(_:ﬁ)g(x) )
: : m—k
b, --- b1 g9(z)

with a, = b, = 0 for £ < 0.

Expanding the determinant by the last column gives an expression

Stese(f. 9) = Fi(e) f(x) + Gul(2)g(x) (4)

with deg F, <n—k —1and degG, <m —k — 1.
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THEOREM 2.4: Letm <n. If0 <d<morn—1<d<m-+n, then there exist
polynomials P(x) := Py+ -+ Pyz® and Q(x) := Qo+ - - - + Qu_12% 1 with P # 0,
k:=degP <danddeg@Q < d — 1 ifd # 0 such that we have the following matriz
identity:

d d+1
d Hd’ 0
x —1 0 n m 1 m+n 1
d 0 <1,B da’ <T, A>d’ 0 d’ _ Ud(I,T) * m+n
. . <1,B>d+1 1,A>d+1 €er | d+1 - 0 P |1
0 ... z -1
1 Qo ... Qg_1 Po ... ... Py

where ey, is defined as the vertical vector of size d + 1 with a single non-zero entry
1 in position k + 1 and Py s the leading coefficient of P.
Moreover, P(x) can be defined as

Sresq(f, 9) for 0<d<m or d=m<n
Pz) = f for m<d=n-1

Fop 1 f+TGy_19 for n<d<m+n ’

fg for d=m-+n

where Fy_1,Gg_1 are as in Identity (4) for k =d — 1.

REMARK 2.5: We note that P(x) = Fy_1 f+TGg_1g is the determinant of a matriz
similar to the matrixz (3) that defines Sresqy (f, g): we simply need to replace g(z) by
Tg(x) in the last column of the matriz (3).

Proof: To get the factorization stated in Theorem 2.4, we only need to look at the
product of the last row of the first matrix by the second matrix in the right side of
the equality. These are

Qo+ +Quaf" N+ (Po+--+Pf" = 0
(TQo+ +TQu-10” )+ (Py+ -+ Pua) = 0

for all 5 € B, a € A. Equivalently, it is enough to produce polynomials P(z) :=
Py+ -+ P and Q(z) := Qo + -+ + Qu_12¥ ! with P # 0, deg P < d and
deg@Q < d — 1 if d’ # 0 such that the following m + n equations are satisfied:

Q@)+ P()=0. VAcB 5
TQ(a) + Pla) =0, Ya e A.

For 0 <d<mifm<nand0<d< mif m=n, we define

{P(:ﬂ) = Sresq(f.g) = Fu(z)f(z) + Ga(x)g(x)
Q(z) = —Fy(x)f(z) — +Ga(z)g(x)
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where Fy, G4 are as in Identity (4) for k := d. Thus deg P = deg Sresy(f,g) = d and
deg, @ < max{deg(Fyf),deg(Gag)} < d — 1. We look at Condition (5):

{Q(ﬁ)+P(ﬁ) 7)Ga(B)g(B) = 0, VBEB
TQ(a)+ Pla) = —DNFi(a)f(a) = 0, VaeA.

(1
(1
For m < d =n — 1, we define

P(z):= f(z) and Q(x) == —f(a).

We have degP = m < d and deg@Q = m =m+n—d—1=d — 1 in this case.
Condition (5) is trivially satisfied.

For n < d < m+ n, we observe that 0 < d’ — 1 < m — 1. Thus Sresy_1(f,g) is
well defined and we define

{@(az) = —Stesu_1(f.9) = —Fu1(2)f(z) — Ga(0)g(x)
P(z) = Fur(2)f(z) + TGu(2)g(x)

where Fyy_1, Gy are as in Identity (4) for k := d’—1. Thus deg Q = deg Sresy_1(f, g) =
d' —1 and deg, P < max{deg(Fy_1f),deg(Gy_19)} < max{m+n—(d'—1)—1,n+

—(d'—=1) =1} =d. Also P # 0 since the leading terms can not cancel each other.
We look again at Condition (5):

{ QB)+PB) = (T-1)Gea(B)g(B) = 0, VieB
TQ(a)+Pla) = (1-T)Fy_1(a)f(a) = 0, VaeA

For d = m + n, since d = 0 in this case, we define P(z) = f(z)g(z), which is of
degree d, to satisfy Condition (5). O

Theorem 2.4 immediately implies that ug(x,T") can be computed as the determi-
nant of two square matrices for the values of d < m and n — 1 < d. Our next goal
is to compute P, in each case, as well as the determinants of these square matrices.
To this aim, for 0 <d <m <nor 0<d<m=n, we set Ag(f,g) for the leading
coefficient of Sresy(f,g), i.e. Agx(f,g) is the k-th scalar subresultant of f,g.

For k = m = n, we define for the coherence of the next results

Am(f? g) =

LEMMA 2.6: Let m < n. Following the notations of Theorem 2.4, we have

degP=d and P,=A4f, 9) for 0<d<m<nord<m=n,
degP=m and Pr,=1 for m<d=n-1,

degP=d and P,=(-1)""Ay(f,g)(T —1) for m<n<d<m+n,
degP=d and P.=1 for d=m+n.
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Proof: The first two cases and the last case are straightforward from the definition
of Pk

For m < n < d < m + n, we have that P(z) = Fy_1(x)f(z) + TGg_1(x)g(z).
Thus deg, P = max{deg,(Fy_1f),deg,(Gy_19)} since the leading terms can not
cancel each other. A direct computation on the matrix in (3) that defines Sresy(f, g)
shows that —since for kK :=d —1 <m,n—k > 1 and m — k > 1 hold— then
deg, F, = n—k—1=d—m and deg, G, = m —k —1 = d — n. Therefore
deg, P=max{m+n—(d —1)—1,n+m—(d —1)—1} =d.

Finally, since f and g are monic, the leading coefficient of Fy(x) equals

(=) ) T AL (f g) = (1) Aw(f, 9)

and the leading coefficient of G (z) equals

(=D)AL (fL9) = (1) Aa(f. 9).

Therefore Py = (—1)* Ay (f,9)(T — 1). O
LEMMA 2.7:
d d+1
Iy 0 d
r —1 0
det 0 i =P+ + Pu? = P(z).
o ... o -1
QO Qd/,1 PO Pd 1

Proof: Because of the block triangular structure, this determinant equals

d+1
r —1 0
det ¢
0 r —1
PO Pd 1

We can permute the first d-block with the last row and expand the determinant by
this new first row. We get

(=) (Po(—=1)* = Pra(—1)* + - -+ (—1)"Pz?) .
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LEMMA 2.8: Let m <n. Then

By [T 0a 0]« _
T, Byaa [ (L Aags [0a | as1
C(“1IV(A)V(B) Au(f, ) T 4T — 1) for 0<d<m,
) ()R (AW(B)(T - 1)™ for m<d=n-—1,
) COTVAVB) Aalfg) (T -1 for n<d<m+n,
( V(A)V(B)Res(f,9) for d=m+n.

Proof: First, let us recall (2, Lemma 2):

(x —t, A | &
<g(t)’ A>m—kz m—k 7

Sresi(f, 9)V(A) = det

which implies that its leading coefficient satisfies

<1,A>k k
(9(8), Apmp | m—r

Ak(f,9)V(A) = det (6)

To simplify the notation of the proof, we will denote the matrix on the left side of
the claim of the Lemma by Mj.

Incase 0 < d <morn <d< m+n, deg P(x) = d by Lemma 2.6 and e; :=
(0,...,0,1)". Therefore

M| =L B AL A o
<1,B>d <1,A>d d
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For d < m, we have that d > n > m > d holds and therefore row operations yield

<1, B>d/ <T, A)d/ d’
0 <1 - T, A>d d

|Mg| =

(1,B), (T, A), n
= 0 (Tg(t), A)p—q | m—a sinceV 3 € B,g(f) =0
0 <1 — T, A)d d

= V(BT (1~ T)%det <9(g:‘:

Jm—d | m—d
)d

= V(B)T" (1= T)(=1)""DV(A) Au(f.g) by (6)
= (=1 IY(A) V(B) Ag(f, 9) T T — 1)
= (=1)™V(A)V(B) Aulf,9) T T — 1)%

In case d > n, we have that d < m < d holds and therefore row operations yield

0 <T— 1,A>d/ d

0 <T— ]-7A>d’ d’

<1,A>d/ d

= (=) V(B)(T — 1) det (g(t), AYg_p | d—n

= (=) V(A)V(B) Aw(f,9) (T — 1)*.

In case m < d =n—1, degP = m and e, is the vertical vector with a single
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non-zero entry 1 in position m + 1. Sinced+1=n,d =m+1and n > m + 1,

1

_ (1, B)mir [ (T, A)my1 [ 0 | mta
Mal = At T A e o
n m 1
— 0 <T_17A>m+1 —€q | m+1
= det <]-7B>n <17A>n €y n

1

= (=1 det(1, B), det[ (T — 1, A) i1 | —€q | m+1

= — (=)™ det(1, B),, det(1, A),, (T — 1)™
= (=)D V(B (T — 1)™.

Finally the case d = m + n is straightforward since

|My| =V(BUA)=V(A)V(B)Res(f,g).

O

We are ready now to compute ug(z,T') for all values of d, 0 < d < m + n, and to
deduce Sylv??(A, B; x) for all possible values of p and q.

THEOREM 2.9: Let m <n. Then

1)V (A) V(B) Sresq(f, ) T™ 4T — 1)@

DV(A)V(B) (Fy—1(x)f(x) + TG 1 (2)g(x)) (T

(_
0
ug(z, T) = (=D)7V(A)V(B) f(z) (T - 1)™
(_
1%

(A)V(B) Res(f, 9) f () g(x)

for

for
for
— 1)"l’*1 for

for

0<d<mord=m<n

m<d<n-—1
m<d=n-—1
n<d<m+n
d=m+n

where o = (d'—1)n+d, and Fy_1,Gy_1 are defined as in Identity (4) for k .= d —1.

Proof: If m < d < n —1 then by Proposition 2.3 we have that ug(x,T) = 0. For the
other cases of 0 < d < m + n, we apply Theorem 2.4 and Lemma 2.7. We get

1

ug(z, T) - P, = P(x) - det

<T’ A>d’

0

d/

<1> B>d’
<1> B>d+1

<17 A>d+1

€4

d+1




C. D’Andrea, H. Hong, T. Krick, A. Szanto: Sylvester’s Double Sums 12

Now for each of the following cases we also apply Lemmas 2.6 and 2.8:
For 0 <d <mord=mif m <n, P(x) = Sresy(f,g) and P, = Ay(f, g), therefore
1
Aa(f.9)
= (=1)V(A)V(B)Sresq(f, g) T™ T — 1)

ug(x,T)

(Sresa(f, 9)(=1)"™ V(A) V(B) Au(f,9) T" T —1)7)

For m < d =n — 1 we have that P(z) = f(x) and P, = 1, then
ua(z, T) = f(@) (=)™ VAV (B)(T - 1)™,

and to get the sign (—1)7 as in the claim, we note that in this case m = d — 1 and
thus m(d — 1) +d = (d' — 1)n+d (mod 2).

For n < d < m+ n we have that P(z) = Fy_1(2)f(x) + TGy -1(z)g(x) and P, =
(1) Ay (f,g)(T —1). We conclude

(Fa—1(2)f(2) + TGy—1(x)g(x)) (=1)""V(A) V(B) Aw(f,9) (T — 1)*

wilet) = (DT~ 1)8a(T.9)
= ()" VA V(B) (Fya () f(2) + TG (2)g(w)) (T — 1)
The last case, d = m + n, is straightforward. O

THEOREM 2.10: Let m < n,0<p<m,0<qg<nandd:=p+q. Then

(*1)p(m7d) (Z) Sresq(f,9) for 0<d<m or d=m<n,
0 for m<d<n-—1,

SylvP9(A, B; z) = (—1)(m+a)(p+1) (’;j)f(m) for m<d=n-1,
(*1)0(@:;)&/71(1)}”(1) - (f::;)Gdul(x)g(x)) for n<d<m+n-—1,
Res(f, 9)f(z)g(z) for d=m+n,

where o :=q(m —p)+n(d—m)+d+n—q—1, and Fy_y and Gy_, are defined
as in Identity (4) for k:=d — 1.

Proof: We apply Theorems 2.1 and 2.9. By Theorem 2.1 we have that
ua(w, T) = (=1)1"PV(A) V(B) Syv"I(A, B;x). (7)

For 0 <d:=p+4+q<m<norfor0<d<m=n, we have by Theorem 2.9
d
ug(z,T) = tqgp(x)T™ P = (=1)*V(A) V(B) Sresq(f, g) T" 4T — 1),
p=0

which implies that

d
-D

wpla) = 0 0e(, 0 Vv siesso
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Cherefore, using (7),
p.q . _ dm-+p—q(m—p) d
Sylv™4(A, B; x) (—1) » Sresq(f, 9)

— (1)) (i) Sresq(f, )

since

dm+p—q(m—p) =pm+p+qp=p(m—d)+p(d+1+q) =p(m—d)+p(p+1) (mod 2).

For m < d <n—1, Sylv"(A, B; x) = 0 since uq(x,T) = 0.
Form<d:=p+qg=n—1,

ug(x,T) =Y ugp(x)T™ P = (=)D V(A)V(B)(T — 1) f(z)

which implies that

m

Ugp(z,T) = <—1><"”"+"<p

)V(A)V(B)f(:c)-

Therefore, using (7), we get
Sy (4, Bi) = (1) (M) f(a),
p

since

(d—=1n+qg—qgm—p)=mp+q-—1)+q—gm+qgp=(m+q)(p+1) (mod?2).

Form<n<d:=p+qg<m+n,

ug(@, T) = D" ugp(@)T™ P = (~1)" =+ V(B) (Fy_y (2) f(2) + TGy (2)g()) (T — 1),
p=d—n

which implies that for d — n > p, i.e. d > p + n, we have ug,(z) = 0, while for
d—nm<p<mord—n<p<m,

Ud,p(ﬂf) _ (_l)n(dfm)+d((_1)n*qfl(:ln:;)Fd,il(gj)f(a;) + (_l)nfq (md_/;i I)Gdlil(l')g(fr)) V(A) V(B)
= (yremmtana (PN e @@ - (1T Yo @aet@) vy vis)
m—p B m—p—1 B

Therefore, by (7), for n < d < m+mn — 1 we have

SylvP9(A, B;z) = (_1)q(mfp)+n(d7m)+d+nfq71 ((f’; : 11)) Fy_qi(z)f(x) — ((i/ :;) Gy —1(z)g(x)),
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d-1\ ([ d-1\ (d-1
m—-p—1) \d-m+p) \n—-gq)

Finally for d = m + n, i.e. p =m,q = n we have

since

uq(z,T) = V(A) V(B) Syv™" (A, B;x) = V(A) V(B) Res(f, 9) f (x)g(x)
which implies the claim. O
Finally we show how Theorem 2.10 implies Case (4) of the introduction:

COROLLARY 2.11 (ART. 22 (4) AND PROPOSITION 2.9(11)(3)): Ford =m =n

we have . .
sy i) = (" )+ (ot
q p
Proof: We apply Theorem 2.10 for d = m = n. In this case

Sresar—1(f, ) = Sresp1(f, 9) = 9(x) = f(2).

Therefore F,,_1 = —1 and G,,_1 = 1. We also have 2m —d —1 = m — 1 and
m—p=d—p=gqwhilen—¢=p. Finally pm—q¢+1)+1=pp+1)+1=1
(mod 2).
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