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Abstract

We present a general method to compute sets of algebraic curves
with prescribed incidence relations and tropicalizations. It general-
izes the geometric constructions presented in Tabera, 2005 to the non
linear case.
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1 Introduction

One of the most interesting aspects of tropical geometry is the relation-
ship between results in algebraic and tropical geometry. A good example
is Mikhalkin’s correspondence Theorem [4], where the relation of Gromov-
Witten invariants in the plane is discussed or, less ambitious, the relation
between solutions of linear systems of equations and its application to prove
a constructive version of Pappus Theorem presented in [8]. In this paper, we
go further than [8] and extend the results there to the nonlinear case.

The main problem we are studying is the following: suppose given a finite
set of plane tropical curves and points. Suppose also that we have a set of
incidence relations between these objects of the form: Point a belongs to
curve C. In many cases, given a set of tropical objects realizing a set of
incidence conditions, it is not possible to compute a set of algebraic objects
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realizing the same incidence conditions. Hence, we want to detect the cases
that this is possible and compute such algebraic objects. Moreover, we are
interested in computing sufficient conditions for a set of algebraic objects that
determines if they will tropicalize correctly onto the tropical data and, what
is perhaps more important, to find families of incidence conditions such that,
for every tropical realization of the incidence conditions, there is at least one
algebraic realization that projects correctly.

The basic notions and notations are the following. Let K be an alge-
braically closed field provided with a non trivial rank one valuation v : K —
I @Q CT' € R. We denote by k the residual field of K under the valuation.
Our method works for every characteristic and residual characteristic, so we
will not restrict ourselves to the characteristic zero case. It is also assumed
that we have fixed a multiplicative subgroup I'" C K* which is isomorphic to
[' by the valuation map. The element ¢ represents the element of I'" whose
valuation is . Any element z of K* can be uniquely written as xt”, where
v(zg) = 0. We will denote the principal coefficient of an element z of K by
Pc(x) =Ty € k* and Pc(0) = 0. This notion depends on the concrete group
IV, but it is well defined once we fix the subgroup I'". We denote the principal
term of an element by Pt(x) = Zot?. In some cases, if we can identify k& with
a subfield of K compatible with the residual projection, we may think that
the principal term is an element of K. But, in general, the principal term
is just a notation, not an element of any field. If y is an element of K*,
Pt(xz) = Pt(y) if and only if v(x) = v(y) < v(z — y).

The tropicalization map is minus the valuation, T'(z) = —wv(x). The
tropical semiring T is the group I" with the operations of tropical addition “a+

b = max{a,b} and tropical product “ab” = a+b. Let f = “>", ;a;z"" =
max;er{a; + iz} € T[zy,...,z,] be a polynomial of support I, where z =
Tlyeo oy Ty &= 01,00y, 1 = 0121 + ... + i,2,. The set T(f) of zeroes of

f is the set of points in T" such that the maximum of the piecewise affine
function max;e;{a; + ix} is attained for at least two different indices. It is
known (Kapranov’s Theorem, [3]) that if f= > ier @iz’ is any polynomial
in K[z1,...,x,] such that T(@;) = a;, then T({f(z) = 0} N (K*)") is exactly
the set of zeroes of f. Moreover, if ¢ € T" is a point, let J C [ be the set
of indices where the value f(q) is attained and «; = Pc(a;). We define the

residual polynomial of f over ¢ as:

fq(wl, S Z ' = Pe(f(zit™®, .. ant™™)) € klay, . .., ]

e



Then, it happens that:

Theorem 1. f € Klzy,... ,QJQ] and (bl,...,gn) € (K*l” any point, then
there is a root (El,;..,En) of f such that Pt(c;) = Pt(b;), 1 < i < n, if
and only if b ziT(bl), . .T(bn))~is a zero of the tropical polynomial f and

(Pe(by), ..., Pe(by)) is a root of fi in (kK*)™.

For a constructive proof of this Theorem we refer to [10].

2 Incidence structures

A very useful tool to deal with this problem is the notion of incidence config-
urations. It parametrizes a set of incidence conditions over the set of points
and curves, classifying different kind of algebraic restrictions.

Definition 1. An incidence structure is a triple G = (p, 8, 7), where p, B,
J are finite sets such that

pNB =0, TCpxDB

The elements in p are called points, those in B are curves (or blocks) and
the elements of J are called flags or incidence conditions.

This is the definition of incidence structure in the classical context of
finite geometries, see for example [2]. The usual approach is to interpret
blocks as lines of a finite geometry. We want to interpret them as curves,
but not as arbitrary curves. In the algebraic torus (K*)", a hypersurface
defined by a polynomial is invariant by multiplication of the polynomial by a
monomial. The support of a curve [ is the support of a defining polynomial
modulo translation by an integer vector in Z2. We denote by P/(Z?) the
finite subsets of Z? and ~ the equivalence relation a ~ b if there is a ¢ € Z?
such that a = b+ c. We suppose that we have the support map on the blocks
of a finite structure:

Sup : B — PH(Z?)) ~

that associates each curve with the support of a defining polynomial. Given
a support I C Z? we denote by §(I) the number of elements of I and its
convex hull in R?, A = cv(I), the Newton Polygon of the curve. Note that §
is invariant by translations, so it is well defined and A is well defined modulo
translations.



Every incidence structure G = (p,B,7J) is identifiable with a graph, the
Levi graph of the incidence structure. This is a bipartite graph whose ver-
tices are of colors p and B. Its edges are the elements of J. We will use,
indistinctly, either the given definition or its interpretation as a graph.

Definition 2. Let G = (p,B,T) be an incidence structure. Denote by ny,
ng the cardinals of p, B respectively. For each y € B, let 6, = 6(Sup(y)) be
the cardinal of the associated support. The algebraic (resp. tropical) support
of G is the space

Se=[[]®)?> x [T®)>", se=[]T>x []T>"

TEP yeDB TEP yeB

We identify the space (K*)%~! (resp. T%~!) with the space of algebraic
curves (resp. tropical curves) of support Sup(y) (for example, dehomogeniz-
ing the equation of the curve with respect to a fixed monomial of its support).
The dimension of S¢ is 2ny + > (0, — 1).

An algebraic realization (resp. tropical realization) of G is a point

(1, Tnyi Y15 -, Un,) € Sa (SE)

such that, for every edge (z;,y;) € J we have that x; € y;, identifying y,; with
the (tropical) plane curve it represents. The set of algebraic realizations of
G is the algebraic set Rg of Sg (resp. RE C SE).

So, the original problem could be stated as studying the comparison of
R and RL,. Tt is clear that T(Rg) C RL, but this is not a equality in general.
So, we are interested in determine when does the equality hold, T(Rg) = R,
This question could be approached using the notion of tropical basis (cf. [1]).
But we do not only want to determine T(Rg). Given z € RL,, we want to
determine if it is contained in T'(R¢) and, in the affirmative case, compute a
lift  in Rg. Furthermore, we are interested in how much of this information
can be derived from the graph structure of G'. A first result is the following:

Theorem 2. Let G be an incidence structure such that its graph is acyclic.
Then, Rg = RL, and, for all tropical realization of the graph, we can compute
an algebraic realization that projects onto the tropical one.

Proof. (Sketch). We may suppose that G is connected. Let xy be any vertex
of G and z( be any lift to the algebraic space of xy. Then, we lift the rest
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of the vertices of GG inductively. If y is an adjacent vertex to an element x
representing a curve that has already been lifted to an algebraic curve z, then
we have to lift a point y € x to the curve z. This is done by Theorem 1. In
the case where x is a point, we have to compute a curve y of given support
passing through Z. The coordinate vector (a;) of y is in the hypersurface
defined by Y., a;z"' 2. The coordinates of a curve y passing through

iel
and projecting onto y can be computed as a lift of (a;) to the hypersurface
defined by >, ; a;x7' 75 O

This Theorem allows, for example, to construct a lift of two curves with
a prescribed non stable intersection point. Take the two curves C7, C5 and
a non stable intersection point p. The way to proceed is lifting C, then
lifting p belonging to C and, finally, compute a lift of Cy passing through
p. That is, this Theorem does not need the, natural but restrictive, notion
of stability in order to achieve the result. It is also remarkable that it works
for every realization of the incidence conditions. The backdraw is that it
is not able to work with more than one intersection point. As long as two
curves (1, Cy are not both lines, there is a cycle in the incidence graph
[c1,p1, €2, P2, c1], with Py, P, two different intersection points. For the case of
working with more than one intersection point, we propose to work with the
more meaningful notion of stable intersection. Given two tropical curves,
there is always a well defined finite set of intersection points that can be
continuously translated as both curves are perturbed. We refer to [5] for
a definition of stable intersection of curves and to [11] for a study of its
relationship with the intersection of algebraic curves. Analogously, given a
support I, and d(I) — 1 points, there is always a well defined curve of support
I passing through the set of points that can be continuously perturbed as we
perturb the set of points. When dealing with these notions of stability, it is
better to work with tropical constructions instead of just incidence relations.

Definition 3. A geometric construction is an abstract procedure consisting
in:

e Input elements: two finite subsets pg, By such that po N By = 0 and a
support map
Sup : By — PHZ?)/ ~

The set of incidence relations is the empty set J = ().

e Steps of the construction, a finite sequence of different steps:



— Given a support [ with (/) = n and n — 1 points {q1,...,¢_1}
we add a new curve C' of support I to B, we also add new oriented
incidence conditions ¢; — C', 1 <i<n — 1.

— Given two curves C, Cy of support I;, [5 and Newton Polygons
Ay, Ay respectively, we add M = M(A(L),A(l)) new points
qi,---,qum- We add the oriented incidence conditions C; — g¢;,
Co —q;, 1 <i< M.

e Output: an incidence graph G provided with an orientation.

An algebraic (resp. tropical) realization of a geometric construction € is an
algebraic (resp. tropical) realization of its associated graph G such that:

e If x € B is a curve and it is not an input element, let I be its support
and let {y1,...,¥ys)—1} be the direct predecessors of . Then, z is the
unique curve (resp. the stable curve) of support I that passes through
the points {y1,...,Ysr)-1}-

e If x € p and it is not an input point, let y;, yo be the direct predeces-
sors of z and let {z1,...,z,} be the common direct successors of 1,
and . Then, the algebraic curves ¥, yo intersect exactly in the finite
set of points {z1,...,z,} where the points are counted with multiplic-
ities (resp. the intersection of the tropical curves y;, y2 need not be
finite, but their stable intersection is the set {xy,...,z,} counted with
multiplicities).

The idea of a geometric construction associated to an incidence structure
G is that of an algorithm that provides a way to compute realizations of GG
starting from the input elements. Moreover, the construction provides an
orientation on the graph G and it is clear that G does not have oriented
cycles. This allows to reason by induction on the depth of the constructions.
Being the input elements precisely the elements of depth 0.

This notion of geometric construction behaves well with tropicalization.
It provides a natural way to compute a lift of a tropical realization of a
construction. Next Theorem provides sufficient conditions for a tropical re-
alization to be lifted to the algebraic case.

Theorem 3. Let {Cy,...,Cp.p1,...,pm} be the input elements of a geo-
metric construction €, curve C; of support I;, point p; € T?. Take N =



2m 4+ Y0 (0(L;) — 1) and let {F1y o fasDls - D} be a set of lifts of a
concrete tropical instance of the input, f; =3 e, E’&kyl)xkyl, P = (b1, 15).
Then, we present an algorithm that takes such a construction and computes
a constructible set & C (k*)N, not always empty, such that if the vector

(Pc(d%k,l)% sy Pc(a?k,l))u Pc(fl;%), S pc(ggl)) e (k)

of principal coefficients lies in &, then the algebraic construction is well de-
fined and the result projects onto the tropical construction.

Proof. (Sketch). The construction of the set & is provided. First, we define
an auxiliary set 7. This set is defined adding the residual restrictions that
ensure that each step of the construction is compatible with tropicalization.

Let
<:“Za Pyl 1 <i<n,
(keI

= (b],03),1<j<m

be the tropical input elements. Take a generic lift of the input

Z 6ék75)xkyl, 1<i<n,
(ke

M' = (gjtibga%tibé)al S] S m

where Pt(&“('kyl)) = aék ) £ . Pt(b)) = it~ b and Vy = {a k) 7 '} is a set
of indeterminates over k. These indeterminates will describe 6 Perform the
construction with this data as follows.

First, T' = (k) = {z € ko, # 0,60 # 0,1 <i < n,1 <j <m}
and V = V. We are going to redefine 7" and V inductively at each step of
the construction. Suppose computed the constructible set T C (k*)% and a
set of K variables V' for the construction up to a construction step. Define
T after the step as follows: For the case of the computation of the curve
C' of support I passing through §(I) — 1 points, we have to solve a system
of linear equations. The coefficients of C' are rational functions h;(s)/gi(s)
of the variables V. In [8], sufficient conditions in the variables V' for the
system being compatible with tropicalization are provided. We add 6(1) — 1
new variables s1,...,85;_1 to V and we consider T' C (k*)X9~1. We add the



conditions h;, g; # 0 to the definition of T" and the equations s; — h;(s)/gi(s).
We follow the construction with C among our available objects.

Suppose now that our construction step consists in the (stable) inter-
section of two curves f, g of support Iy, I, respectively. This stable inter-
section can be determined using the techniques presented in [11]. That is,
there are three resultants R, (z) = Resy(f, J), Ey(y) = Res,(f, ), R.(z) =

Res, (f(zy*,v),g(2y* y)) (where a is an appropriate natural number and
zy® = x) such that they correspond with the tropical resultants in the generic
case. If ¢, are the variables of V_corresponding with the principal coefficients
of f, g, we add the conditions h(t,) # 0 for the resultants being compatible
as in [11]. There are M = M(A;, A,) stable intersection points b = (b, b).
We add 2M new variables 3{, sg, 1 <5< M toV. Consider T contained in
(k*)5+2M For each tropical point b;, let s7', ..., s™* be the algebraic points
projecting onto b;. We take the following equalities:

n n

(Ry)y = H(ZB - S{T)a (Ey)bf = H(y - Sgr)a

r=1 r=1
" n
(Rz)“b{(bg)—a” = H(Z —s77(s9)7%).

r=1
We identify in this way the coefficients of the resultants Em, }NQy, R, with the
symmetric functions in the variables (s, s5") and we add them to the defini-
tion of T'. In this way, we ensure that there is a bijection between the roots
of the resultants and the variables s/. We also add the residual conditions
of the curves over the intersection points f(s],s3) = 0, Gy (s],s3) = 0, and
the conditions of the points being in the torus sjsy # 0. We continue the
construction with the points (s}t=%1, s?t7%). After the whole construction,
we have defined a constructible set T' that characterizes the possible principal
coefficient of every element in the construction. Let & be the projection of
the set defined by T into the space of variables V;. The constructible set &
is the set of valid principal coefficients of the input elements. n

In this Theorem, it is not claimed that there is always a possible lift, as
Theorem 2 does. It is possible that the constructible set G is empty. In this
case, the Theorem does not yield to any conclusion. A sufficient condition
for G being non empty for every instance of the construction is the notion
of admissibility. This is a generalization of the notion of admissibility of [§].
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Definition 4. Let € be a geometric construction. Let G be its incidence
graph with the orientation induced by the construction. We call the con-
struction admissible if, for every two nodes A, B of GG, there is at most one
oriented path from A to B. We will denote the case where there are at least
two paths from A to B by A = B.

It is easy to see that if the construction consists in just one step, then
it can always be lifted. If the input elements are lifted to generic algebraic
elements, each step is well defined and it is compatible with tropicalization
(cf. [8], [11]). The idea of admissibility is that, inductively for each step, we
may consider that the input elements of the step are generic. But, in order to
apply induction, we need to prove that the output of a single step is generic.

Theorem 4. Let I be a support, § = 6(I). Let P = {p1,...,ps_1} be a
set of tropical points. Let C' be the stable tropical curve of support I passing
through P. If the principal coefficients of the lifts p; of p; range over a dense
constructible set of k**=2. Then, the possible principal of C' dehomogenized
with respect to a monomial ig contains a dense constructible subset of k9~1.
That is, if the principal coefficients of the points p; are generic, so they are
the principal coefficients of C'.

Proof. (Sketch). Write p; = (b}, b5), C = “>_, aga'y’”. Then, C is the
curve defined by the stable solution of:

T ALY 1< IS N

(i,9)el

and the lifts of C' verify the relations

S By =0,1<1< N

(i,9)el
Take the equations

fi= Y GyalyltenTht 1 <1< N
(i,9)el

Which correspond to a (tropical) translation of the problem to the point 0.
We dehomogenize this equation imposing &;,;, = 1. The conditions on the
principal terms are:

fi=> (BB, 1<I<N
Jy
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Where J; C I are the monomials such that —a;; — i} — jb} is minimized.
Write a = {Oé”|(z,j) # (iO,jO)}v b = {ﬁ%?? f_l}v fr = {62177 3—1}_
Each f; is affine in the set of variables «, and the coefficients of these affine
equations are monomials in {1, B2} We saturate each f; with respect to
the coordinate hyperplanes (eliminate redundant ). We still denote the
saturated polynomials by f;. Thus, we have a system of equations in 30 — 3
unknowns. The solutions are rational functions of the variables 3, 3,. Hence
we have the rational variety defined as the image of:

k.25—2

k36—3

(Br1,B2) (517 B2, Cramef(ﬁh 52))

It is clear that this is a birational map between the space k2°~2 and its image.
Let Z be the ideal of the image. Z is a prime ideal that contains (fi, ..., fs_1)
in kla, 01, B2]. By construction, the field of rational functions of the variety

is
L = Frac (—kwl’zﬂQ’a]> = k(B1, B2)

In particular, 3y, B35 is a transcendence basis of £ C I and the dimension of
L is 20 — 2.

For each fi, if the variable 3! does not appear in f;, then 3} is an element
of IL which is algebraic over k(a, 8!). Analogously, if 8, does not appear in
fi, then B! is algebraic over k(c, 3). If both variables appear in f;, then just
choose ﬁ; algebraic over k(a,ﬁé_j). In this way, we define a set a U {ﬁé_j,
1 <1 <9 — 1} which is a transcendence basis of L and « is algebraically
independent over k. This means that:

TNkl] =T Nk, B =0 (1)

Turn back to the original problem. Suppose that the possible coefficients
belong to a dense definable set F'(3;,32) # 0. Without loss of generality,
we may suppose that F' contains as factors every variable (3;; and every
pseudodeterminant associated to the system. The fact that the image set is
dense is equivalent to claim that the system

{fi=0,....fs-1=0,F(p) # 0,G(a) # 0}

has a solution whenever F' and G are nonzero polynomials. If this system
does not have any solution, then f; = 0 — F(5)G(«) = 0, this means that
F(B)G(a) € T and, as it is prime, F(3) € Z or G(«) € T which contradicts
the equation (1). O
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Theorem 5. Suppose given two tropical curves Cy, Cy with support Iy and I,
respectively. Let qu,...,qn be the intersection points counted with multiplic-
ities. N = M(Aq,Ag). Let Cy, Cy be two lifts of the curves whose principal
coefficients are gemeric. Choose q one stable intersection point. Then, the
principal coefficients of ¢ are generic.

Proof. The proof mimics Theorem 4. Let

fl o« E aileyzzw f2 T E bjleyjzn

(i1,i2)€lr (41,92)€l2

be the tropical polynomials defining the curves and let

fl — Z ai:L‘ilin ﬁ: Z ijjlyjz

(i1,92)€ (J1,92)€l2

be the lifts of the curves. We may suppose that these lifts are dehomogenized
with respect to one monomial. Let g;, g2 be the residual polynomials over

the point q.
g1 =) aua'y? go =Y falty”
J1 J2

and let (71,72) be the principal coefficients of ¢. In order to ensure that
the root exists, (a, ) must not be a zero of some residual polynomials ob-
tained by resultants as described in [11]. Denote the product of all these
conditions by F'(«, ) # 0. Saturate the polynomials gy, g2 with respect to
the coordinate hyperplanes. Let «ag, (g be two variables corresponding to a
monomial, not the monomial of dehomogenization, in g, g» respectively. Let
a={a; |i#0}, B={B; | # 0} be the rest of the variables. The values of
o, Bp are a rational expression of the values of o, 3, 7. Consider the rational
variety given by the image of

k51+52—2 . N k51+52

(Oé,ﬁ,’}/) - (a75777a0760)

The variety defined by this parametrization is an irreducible variety of di-
mension §; + d2 — 2 (recall that we have dehomogenized both polynomials,
so there are two variables «;, (; that do not appear). Let L be the field
of rational functions of the variety. It is clear that ~;,7, are algebraically
independent over k. It is also clear that 7, v, are algebraic over a, 3, ag, (o
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(the equations of the algebraic relation can be computed using resultants).
And hence «, 3, ag, By are also algebraically independent over k. Now the
proof goes as in Theorem 4. O

Now, we present the main Theorem.

Theorem 6. Let € be an admissible geometric construction. Then, for ev-
ery tropical instance of the construction, the set G defined in Theorem 3 is
nonempty and dense in (k*)N. Moreover, for every element X of the con-
struction, its values, as the input elements belong to & contains a dense open
subset of its support space.

Proof. (Sketch). The Theorem is proved by induction in the depth of the
construction. If the construction is of depth 0, then there is nothing to prove,
because the set of steps is empty and & = (k*)" which is dense and the values
of each element are dense in their respective space of configurations. Suppose
the Theorem proved for constructions of depth smaller or equal to ¢. Let €
be any construction of depth ¢ 4+ 1. For each element X of depth i + 1, let
Y1,...,Y, be the elements needed to define X. By induction hypothesis,
every element Y; contains a dense open set in its space of configurations. As
the construction is admissible, the set of elements recursively needed to define
Y; is a disjoint set from the elements recursively needed to define Y}, if ¢ # j,
because if both elements had a common predecessor, there would be a double
path A = X. Hence, the coefficients Y7, ... Y, are completely independent.
That is, the possible tuples (Y7, ..., Y,,) are precisely the product of possible
values of the coefficients. By Theorems 4 and 5, as the elements Y; are
generic, so it is X. That is, the possible values of X contains a dense open
set of its support space. The conditions imposed by the definition of X to the
auxiliary set 7" in Theorem 3 are a set of inequalities in the tuples (Y,...,Y})
that are verified on an open set. Furthermore, the restrictions in the elements
Y; impose other restrictions to the elements that have been used to define
the Y. Again, these restrictions are verified on an open set. Il
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