Suslin’s lemma for elimination

Thsen Yengui (1)

April 25, 2007

Abstract

The purpose of this paper is to study algorithmically an important lemma of Suslin which

turned out to be useful for eliminating variables and decisive in Suslin’s second solution of
Serre’s conjecture, that is, in his elementary proof that finitely generated projective modules over
K[X1,...,X,], K a principal domain, are free. This lemma says that for a commutative ring A, if
(v1(X), ..., v, (X)) = A[X] where v; is monic and n > 3, then there exist y1,...,7 € E,—1(A[X])
such that (Res(vi,eq.v1 %(va,...,vn)), ..., Res(vi, e1.7 *(va, ..., v,))) = A.
In fact, this lemma is the only nonconstructive step in Suslin’s elementary proof of Serre’s conjec-
ture. The problem with Suslin’s proof is that it does not give an explicit way to find the elementary
operations ~y; since it reasons modulo each maximal ideal of A. Of course this important for con-
crete applications in circuits, systems controls, signal processing, and other areas. We will give an
algorithm realizing Suslin’s lemma for any ring A. A detailed example of a unimodular completion
of a vector in Umg3(Z[X]) will be given.

In the particular case where the basic ring A contains an infinite field, we give a more precise
and simpler version of this lemma. As a matter of fact, using a new definition of the resultant, we
will give a simplified formulation of Suslin’s lemma. As application to our study of Suslin’s lemma,
we give two simple algorithms for unimodular completion (the Quillen-Suslin theorem). The first
one is over rings A containing an infinite field. This algorithm has been implemented with the
computer algebra system Maple. The second one is over any ring A and is partially implemented.
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1 Suslin’s lemma, general case

Our first motivation in this paragraph is to find an algorithm establishing a lemma of Suslin [16]
(Lemma 2.3) which played a central role in Suslin’s second solution of Serre’s conjecture, that is,
in his elementary proof that finitely generated projective modules over K[X7, ..., X,], K a principal
domain, are free. This lemma says that for a commutative ring A, if (v1(X),...,v,(X)) = A[X] where
v is monic and n > 3, then there exist finitely many 7; € E,,—1(A[X]), the subgroup of SL,,_1 (A[X])
generated by elementary matrices, such that (Res(vi, e1.7; *(va,...,v)), 1 <i < £) = A.

In fact, the lemma cited above is the only nonconstructive step in Suslin’s elementary proof of Serre’s
conjecture [16]. The problem with Suslin’s proof is that it does not give an explicit way to find
the elementary operations ; since it reasons modulo each maximal ideal of A (see [18] for a general
strategy for rereading constructively such proofs). Of course this is important for concrete applications
in circuits, systems controls [5, 6, 19], signal processing [12, 13], and other areas [8, 9].

Recall that for any ring B and n > 1, an n x n elementary matrix E; j(a) over B, where ¢ # j and
a € B, is the matrix with 1s on the diagonal, a on position (7, ) and Os elsewhere, that is, E; j(a) is
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the matrix corresponding to the elementary operation L; — L; +aL;. E,(B) will denote the subgroup
of SL,,(B) generated by elementary matrices.

Recall also that Um,(B) := {*(z1,...,2,) € B" such that (z1,...,2,) = B} is called the set of
unimodular vectors with n entries in B.

As usual, if P is a subset of B, we will denote by (P) the ideal of B generated by the elements of P.

Theorem 1 (Suslin’s lemma [16])
Let A be a commutative ring. If (vi(X),...,v,(X)) = A[X] where vy is monic and n > 2, then there
exist y1,...,% € En—1(A[X]) such that:
(Res(v, e1.91 *(va, ..., vn)), - .., Res(vy, e1.v¢ *(va, . . ., vn))) = A.
Here ey.x, where x is a column vector, stands for the first coordinate of x.

Proof For n = 2, let u;(X),u2(X) € A[X] such that vju; + vaug = 1. Since v; is monic, we have
Res(v1, voug) = Res(vy,v2) Res(v1, u2) and Res(v1, vauz) = Res(vy, viug + voug) = Res(vy, 1) = 1.

Suppose n > 3. We can without loss of generality suppose that all the v; for ¢ > 2 have degrees
< d = degw;. For the sake of simplicity, we write v; instead of v;.

Suslin’s proof: It consists in solving the problem modulo an arbitrary maximal ideal 9 using a unique
matrix Y € E,_1(A/M)[X] which transforms (v, ...,v,) into *(g,0...,0) where g is the ged of
V2, ...,y in (A/9)[X]. This matrix is given by a classical algorithm using elementary operations on
Y(vg,...,v,). One starts by choosing a minimum degree component, say vo, then the v;, 3 < i < n,
are replaced by their remainders modulo v2. By iterations, we obtain a column whose all components
are zero except the first one. The matrix y™* lifts as a matrix yon € E,_1(A[X]). It follows that
the first component wgy of yop *(ve,...,v,) is equal to the ged of v, ..., v, in (A/9M)[X]. Thus,
Res(vi, won) ¢ M.

A constructive proof (extracted from [18]): Let u1(X),...,u,(X) € A[X] such that viu;+- - -+vpu, =
1. Set w = vaug+- - +vpu, and V = *(vg,...,v,). We suppose that v; has degree d and for 2 < i < n,
the formal degree of v; is d; < d. This means that v; has no coefficient of degree > d; but one does
not guarantee that degv; = d; (it is not necessary to have a zero test inside A).

We proceed by induction on ming<;<,{d;}. To simplify, we always suppose that dy = mins<;<p{d;}.

For do = —1, v9 = 0 and by an elementary operation, we put w in the second coordinate. We have
Res(vi, w) = Res(v1,viu1 +w) = Res(v1,1) = 1 and we are done.
Now, suppose that we can find the desired elementary matrices for do = m — 1 and let show that we
can do the job for dy = m.
Let a be the coefficient of degree m of vy and consider the ring B = A/(a). In B, all the induction hy-
potheses are satisfied without changing the v; nor the w;. Thus, we can obtainI'y, ..., 'y € E,_1(B[X])
such that
(Res(vy,e1.I1V), ..., Res(vy,e1.TV)) = B.
It follows that, denoting by Y1, ..., Tk the matrices in E,,_1(A[X]) lifting respectively I'1,..., Tk, we
have
(Res(v1,e1.T1V), ..., Res(v1,e1. T V), a) = A.
Let b € A such that
ab =1 mod (Res(vy,e1.T1V),...,Res(vy,e1. T V)) = J
and consider the ring C = A/J. Note that in C, we have ab = 1.
It is worth pointing out that the case where the coefficient a of degree m of vs is a (not detected) zero
simply corresponds to J = A, that is, the ring C being trivial (no additional computations to do).
By an elementary operation, we replace vz by its remainder modulo v, say v4, and then we exchange
ve and —vj§. The new column V' obtained has as first coordinate a polynomial with formal degree
m — 1. The induction hypothesis applies and we obtain Aj,..., A, € E,_1(C[X]) such that

(Res(vi,e1.A1V"),...,Res(v1, e1.4,V’)) = C.
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Since V' is the image of V by a matrix in E,_1(C[X]) (this matrix is in fact the product of

two elementary matrices in Eo(C[X]) transforming *(ve,vs) into *(—v},v2)), we obtain matrices
Ay, ... A € E,_1(C[X]) such that

(Res(vi,e1.A1V), ..., Res(vy,e1.A,V)) = C.
The matrices A;j lift in E,,_1(A[X]) as, say Vyq,...,¥,.
Finally, we obtain

(Res(v1,e1.01V), ..., Res(v1,e1. 0, V)) + J = A,
the desired conclusion.
Od

Remark 2 It is easy to see that in Theorem 1, with the hypothesis degv; < d for 1 < ¢ < n, the
number ¢ of matrices v; in the group E,,_1(A[X]) is bounded by 2¢. Moreover, each ; is the product
of at most 2d elementary matrices. It is worth pointing out that, in [11], there is an alternative
constructive proof of this lemma using only ¢ = d + 1 matrices ;, each of them is the product of n —2
elementary matrices. This is substantially better than the general constructive proof we give in this
paper but requires the additional condition that A has at least d + 1 elements y1,...,yq4+1 such that
yi —y; € AX for all i # j (for example, if A contains an infinite field). Note that we will give in
Section 2 a more sophisticated and more uniform (does not depend on the u;’s) version of that lemma
in the particular case treated in [11].

Example 3 Take A = Z and V = (vj,v9,v3) = Y(2? + 22+ 2, 3, 222 + 11z — 3) € Ums(Z[z])
(taking u1 = —2x + 2, ug = —32%2 + 2 — 1, uz = x, we have ujv; + ugvy + uzvg = 1). It is worth
pointing out that the u;’s can be found by constructing a dynamical Grébner basis for (vy, va, v3) [17].

Following the algorithm given in the proof of Theorem 1 and keeping the same notations, one has to
E31(—2
perform a euclidean division of v3 by vy, so that (v1,v9,v3) 5132) Y(v1,v9,03 = To — 7), and then

passes to the ring (Z/3Z)[z]. This yields to £ =2, v = ( (1) i >, vo=1Is = ( é (1) ), and finally
(Res(v1, e1.71 ®(v2,v3)), Res(v1, e1.72 *(va,v3))) = (170, 9) = Z.

This example will be pursued in the next section where as a fruit of the computations above we will
obtain a free basis for the syzygy module Syz(v1, ve, v3).
2 Suslin’s lemma for rings containing an infinite field

Definition 4 Let A be a ring containing an infinite field K and let us fiz a sequence (y;)icn of pairwise
distinct elements in K. For instance if K = Q one can take y; = 1.

Let V = (vi,...,v,) € A[X]" be an n-tuple (n > 2) of polynomials such that vy is monic with degree
d. We define the resultant R(V') or R(vi,...,vn) of V with respect to X as the set

R(V) := {Resx (v1,va + yiv3 + - + 4y 2v,), 0 <i < (n—2)d} if n >3, and

R(V) := {Resx(vi,v2)} if n =2.
Theorem 5 (Suslin’s Lemma, particular case, new formulation)

Let A be a commutative ring containing an infinite field K and let us fix a sequence (y;)ien of pairwise
distinct elements in K. Let vy, ...,v, € A[X] such that vy is monic and n > 2. Then

1€ (ui,...,vn) & 1€ (R(vi,...,v)).
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Proof The implication “«<” is straightforward. Let us denote by 7; := Resx(vi,v2 + yjvg + -+ +
yf‘%n), 0<i<s=(n—2)d, where d = degwvi, and suppose that 1 € (v1,...,v,). To prove that
(ro,...,rs) = A it suffices to prove that for each maximal ideal 9t of A there exists 0 < i < s such that
r; ¢ 9. For this, let M be a maximal ideal of A and by way of contradiction suppose that 7, ..., 75 =0
in the residue field F := A /9. It is worth pointing out that, denoting w; = vy + y;v3 + -+ - + yf_%n,
Resx (v1,w;) = Resx (01, w;) since vy is monic.

This means that for each i there exists ¢; € F the algebraic closure of F such that 7(&;) = w;(&;) = 0.
But since degy v1 = d, v1 has at most d distinct roots and hence there exists at least one root among

the &; repeated n — 1 times. We can suppose that {g =& = -+ = §,_2 := £. Thus, we have:
Loy ...oyp? v2(€) 0
1oy oy ws€) | | 0O
1 Ypo ... y'3 vn(€) 0

Since the matrix above is a Vandermonde matrix, its determinant is equal to

H (yj - y1)7

0<i<j<n—2

which is invertible in A. Thus, 71(§) = 12(§) = --- = ,(§) = 0, in contradiction with the fact that
1e <’U1,...,Q}n>.
|

Remark 6 Note that our Theorem 5 is a generalization of Theorem 1 of [11] since this latter corre-
sponds to the particular case n = 3. The elementary operations performed are uniform in the sense
that they do not depend on the considered unimodular vector *(vy,...,v,). As can be seen in Algo-
rithm 2 given in the next section, this is promising for the problem of treating “globally” unimodular
matrices since as mentioned in [11], treating a unimodular matrix column by column produces an
explosion of the degree and gives a double-exponential complexity.

Corollary 7 Let fi,..., fn € QI X] (n > 2) and suppose that f1 # 0. Then

1€<f17"')fn> And R(flaufn)#{o}

Corollary 8 Let A be a ring containing an infinite field K and let us fix a sequence (y;)ien of pairwise
distinct elements in K. If F = {f1,..., fu} € A[X] (n > 2) is such that fi is monic, then denoting
F' =R(f1,---, fn), each prime ideal of A containing F' is the intersection of a prime ideal of A[X]
containing F with A. In particular, we have:

F C(FYNACV(F)=(F)nA.

Proof Let p be a prime ideal of A containing F’. Modulo p, denoting w; = fa +yif3 + -+ y' 2 fu,
we have Resx (f1,w;) = 0 for all 0 < i < (n — 2)d. As in the proof of Theorem 5, this means that
there exists ¢ in the algebraic closure of the field of fractions F of A /p such that fi(§) = fo(§) = -+ =
fn(€) = 0. Thus, P := o (X —EF[X] N(A/p)[X]) is a prime ideal of A[X] containing F and lying
over p, where ¢ is the canonical surjection from A[X] to (A/p)[X].

For the second part of the claim, the non trivial fact is \/(F) N A = /(F’). For this, just write

VI(F)N A =n{P,P € Spec A[X] such that F C P} N A
=N{PNA,P € Spec A[X] such that F C P}

= N{p,p € Spec A such that F' C p} = m’
using the first claim. Here, for any ring B, Spec B denotes the set of prime ideals of B. O
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3 Application: a new and simple algorithm for the Quillen-Suslin
theorem

For any ring B, when we say that a matrix N € M, (B) (n > 3) is in SLy(B) we mean that it is of
the form

N 0 0
0 1
0 1

with N’ € SLy(B).

Lemma 9 (translation by the resultant, [14] Lemma 4.2 or [16] Lemma 2.1)
Let R be a commutative ring. Let f1, fo € R[X], b,d € R, and let r = Res(f1, f2) € R. Then there

exists B € SLa(R[X]) such that
Ji(0) N _ [ fi(b+rd)
5( i )= (i )

More precisely, if g1, 92 € R[X] are such that fi1 g1+ f2 g2 = r, denoting by s1, s2,t1,ta the polynomials
in R[X,Y, Z] such that

f1(X+YZ) ( )+Y81(X YZ),
[(X+YZ) = fo(X)+Ys2(X,Y, 2),
n(X+YZ)=qg(X)+Yt1(X,Y,Z
) = 92(X)

( );
92X +YZ)=ga(X) 4+ Yto(X,Y, 2)

9

and setting

Bii1=1+ 81((), T, d) gl(b) + tg(b, T, d) fz(b),
B2 = s1(b,r,d) g2(b) — ta(b, 7, d) f1(D),
Bg}l = Sg(b, r, d) gl(b) — tl(b, r, d) fQ(b),
3272 =1+ Sg(b, T, d) gz(b) + tl(b, T, d) fi (b),

Bi1 Bip )

one can take B =
< Bs1 Bop

Definition 10 We will say that a ring A is equipped with a unimodularity test if given ay,...,am € A,
there is an algorithm to determine whether 1 € (ai,...,an) and if it is, to compute by, ..., by, € A
such that 1 = a1by + - + ambm,.-

Examples of rings equipped with a unimodularity test are rings having a Grobner bases theory [3].

Algorithm 1: an algorithm for eliminating variables from unimodular polynomial vectors
with coefficients in a ring equipped with a unimodularity test and containing an infinite
field

Input: A column V = V(X) = Y(v1(X),...,v,(X)) € Um,(A[X]) such that v; is monic.

Output: A matrix B € SL,,(A[X]) such that BY = V(0).

Step 1: For 0 <i < s = (n — 2)d, where d = degy v1, set w; = vo + yv3 + - + Y~ 20p, compute
r; := Resx(v1,w;) and find ag,...,as € A such that agrg+ -+ + asrs = 1 (here we use Theorem 5

and the fact that A is equipped with a unimodularity test).
For 0 < i < s, compute f;,g; € A[X] such that f;u; + g;w; = r; (use Cramer’s rule).

Step 2: Set
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bs+1 = O)
bs := asrs X,
bs—1:=bs + as_ 115 1X,

bo := b1 + aproX = X (this follows from the fact that X = >"7 ;a7 X).
Step 3: For 1 <i <s+1, find B; € SL,(A[X]) such that B;V(b;—1) = V(b;).

In more details, let ; be the matrix corresponding to the elementary operation Ly — Lo+ " =3 yf 2Lj,
that is,

Vi i= Ban(yl2) - - Eas(yi).

For 3 <j < mn,set F;; := Uj(b’ 1)= Zj(b') = wlbim)=vi(b) ¢ A[X], so that one obtains

bi—1— ;i X

vj(bi—1) — vj(b;) = ari X Fi j = 0 X Fj j fi(bi—1)vi(bi—1) + i X Fj j gi(bi—1)w;(bi—1)

= 0, v1(bi—1) + 7 j wi(bi—1),

with

oij = XFj fi(bi—1), 7 = ;X Fjjgi(bi—1) € A[X].

Let I'; € E,(A[X]) be the matrix corresponding to the elementary operations:
Lj — Lj — Ui,le - TiijQ, 3 < j < n, that is

n
= 1 Ejn(=0ij) Eja(=7i)).
=3

Set
Bio :=T;v; € E,(A[X]),

so that we have
v1(bi—1)
w;(bi—1)
Bi72V(b7j_1) = v3(bi)

Following Lemma 9, set
si1(X,Y, Z) = w0l ¢ A[X)Y, 7],
si0(X,Y, Z) = X2 -wilX) ¢ A[XY, 7],
tia(X,Y, 2) = LEREDEAE) ¢ Alx Y, 7],
tio(X,Y, Z) = 95X D00 ¢ A[XY, 7],

Ciigi=1+si1(bi—1,7i, —; X) fi(bi—1) + ti,z(bzel,n, X)w;(bi—1) € A[X],
Cin2 = si1(bi—1,7i, —; X) gi(bi—1) — ti2(bi—1, 75, — ) 1(bi—1) € A[X],
Cion = Si2(bi—1,7i, —0; X) fi(bi—1) — ti1(bi—1, 75, —0 X) w;(bi—1) € A[X],
Cigo =14 si2(bi—1,ri,—0; X) gi(bi—1) + ti1(bi—1, Tz, —a; X)vi(bi—1) € A[X],

Ci1n Ciip
c = Gitt Ciz ) cor oarx)).
( Ci2n Cioo ) 2(A[X])

Note that

Set
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with
Vit = Eas(—yi) - Ban(—y!'?).

Set

B; = Bi,l Bz‘,2 S SLn(A[X]),
so that BzV(bZ_1> = V(bl)

Step 4: B:= By ---B;.

Proposition 11 (complexity bounds, 1)

Keeping the notations of Algorithm 1, if 6 = max{deguv;}, then the matriz B is the product of at
most (n — 2)§ + 1 matrices in SLa(A[X]) and 4[(n — 2)6 + 1] (n — 2) = O(n?§) elementary matrices
in My, (A[X]). Moreover, deg B is bounded by né®*¥) and the sequential complexity of this algorithm
amounts to O(n*d) arithmetic operations in A on elements of degree bounded by ndO®).

Proof
In Step 1: degw; < 6, degr; < 62, deg(ayr;) < 6O0) deg f; < 69 and degg; < 6.

In Step 3: degb; < 6°%),
In Step 4: degB; < §O(k),
In Step 5: deg G < nd©O®),

It is immediate that B; 2 € E,(A[X]) is the product of 3(n — 2) elementary matrices in M, (A[X]),
while B; 1 is the product of one matrix in SLo(A[X]) by n — 2 elementary matrices. Thus, B is the
product of [(n — 2)d + 1](4(n — 2) + 1) matrices, among them, 4[(n — 2)d + 1] (n — 2) are elementary
and (n —2)d + 1 in SLy(A[X]).

O
r4+y?—1
Example 12 Now, let V= | —2+93? —2zy | € Ums(Q[x,y)).
T — y3 + 2

Algorithm 1 has been implemented using the Computer Algebra System Maple 8. The code of our
algorithm (UnimodElimination) gives a matrix B € SL3(Q[z,y]) eliminating one variable. In this
example, BY = V(0,y).

> Vi=matrix([[x+y~2-1], [-x+y~2-2*xxy], [x-y~3+2]1]1);
> B:=UnimodElimination(V,x);

B := matrix([[1+27/151*%x-56/151*x*y-24/151*x*y~2-8/151%y~3*x,
-35/151%x-4/151*x*y~2-14/151*xxy, -62/151%x-8/151*x*y~2-28/151*x*y],
[2/151*%x*xy+56/151*%y~3*%x+16/151*y " 4*x+136/151*x*y~2-27/151%x,
1+84/151*x*y+8/151*y " 3*x+32/151%x*y~2+35/151*x,
152/151*x*y+16/151*%y~3*x+64/151*x*y~2+62/151*x] ,
[-56/151%x*y-8/161%y~3%x-24/151%x*y~2+27/151*x, -35/151%x-4/151*x*y~2-14/151%x*y,
1-62/151%x-8/151*x*y~2-28/151*x*y]])

> VV:=expandvector (multiply(B,V));

VV := matrix([[-1+y~2], [y~2], [2-y~311)
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Algorithm 2: an algorithm for the Quillen-Suslin theorem: case of K[X7,..., X;] where K
is an infinite field

Let us fix an infinite sequence of pairwise distinct elements (y;) in K and use the notation X =
(X1,..., Xg).

Input: One column V = V(X) = (v (X),...,v,(X)) € Um,(K[X]) such maxj<;<,{degv;} = d
(here by degree we mean total degree), where d > 2.

Output: A matrix G in SL,(K[X]) such that GV = *(1,0,...,0).

For j from k to 1 perform steps 1 and 2:
Step 1: Make a linear change of variables so that v becomes monic at X;.

Step 2 Perform Algorithm 2 with A = K[X;,...,X;_1] and X = X;. Output the new V.

Proposition 13 (complexity bounds, 2)
Keeping the notations of Algorithm 2, we have:

1. The matriz B obtained after the first iteration (that is, after eliminating Xy ) is the product of
at most (n — 2)d + 1 matrices in SLo(A[X]) and 4[(n — 2)d + 1] (n — 2) = O(n?d) elementary
matrices in M, (A[X]). Moreover,

deg B < nd®®)

and the sequential complexity of this algorithm amounts to nidO**) field operations in K.

2. The final matriz G obtained after k iterations is the product of at most k[(n — 2)d + 1] matrices
in SLa(A[X]) and 4k [(n — 2)d + 1](n — 2) = O(kn%d) elementary matrices in M, (A[X]).
Moreover,

deg G < knd®®)

and the sequential complezity of this algorithm amounts to ntdO*?) field operations in K.

Example 14 (Example 12 continued)

VU1 :U+y2 —1
Let V= v | =| —o+9?—-2vy | € Un3(Q[z,y]).
V3 :B—y3—|—2

Recall that the syzygy module of (v1,ve,vs) is

]3><1

Syz(v1,v2,v3) := { “(wi, w2, w3) € Qla,y such that wjvy + wevy + wyvy = 0}.

Recall also that since ®(vy,ve,v3) € Umg(Q[z,y]), Syz(v1,ve,vs) is a projective Q[x, y]-module which
is free of rank 2 by the Quillen-Suslin theorem [15, 16]. A generating set for Syz(v;,ve,vs) can be
obtained using Grobner bases techniques (see for example [3, 7]). For this, let us open a Singular
Session (for more details see [7]):

> ring B=0, (x,y),dp;

> ideal I=x+y2-1,-x+y2-2xy,x-y3+2;
> module N=syz(I);

> N;

N[1]=2y3*gen(1)+2xy*gen(1)+2y2xgen(3) +y2+*gen(2) -y2*gen (1) +2x*gen(3)
+x*xgen(2) -x*gen (1) -2*gen(3) -gen(2) -4*gen (1)

N[2]=4xy2*gen (1) -14y3*gen (1) +4xy*gen (3) +2xy*gen (2) -12xy*gen (1)
-14y2*gen(3)-7y2*gen(2) +7y2*gen (1) -10x*gen (3) -bx*gen (2) +bx*gen (1)
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-2y*gen(2)+12*gen(3)+11*gen(2)+24*gen (1)

N[3]=8x2y*gen(1)-98y3*gen(1)+8x2*gen(3) +4x2*gen (2) -4x2*gen (1)
-98xy*gen(1)-98y2*gen (3) -49y2+*gen (2) +53y2*gen (1) -98x*gen (3) -53x*gen (2)
+25x*gen (1) +4y*gen (3) -12y*gen (2) +8y*gen (1) +94*xgen (3) +61xgen (2) +188*gen (1)

One can read that Syz(vi,ve,v3) = (U1, ug, u3) with

w =2+ 2y —y? -2 —4, 92+ -1, 2% +22 - 2),

up = (day? — 14y3 — 120y + Ty? + bz + 24, 22y — Ty? — 52 — 2y + 11, 4oy — 14y? — 102 + 12),
uz = (8z2y — 98y3 — 42? — 98zy + 53y + 25z + 8y + 188, 422 — 49y? — 53z — 12y + 61,

82?2 — 98y? + 4y + 94).

But this is not a minimal set of generators for Syz(vy,va, v3) !

In order to obtain such a minimal generating set one has to compute a free basis for Syz(vy, ve, v3).
We have implemented Algorithm 2 using the Computer Algebra System Maple 8. It computes a
matrix G € SL3(Q[z, y]) such that GV = *(1,0,0).

G := matrix([[-1+60/151*x*y~3+540/151*x*y~2+62/151*x*y-108/151*x+2*y~2-128/151*x*y"5
-272/151%x*y~4-32/151%x%y"6,
-40/151%x*y~2+266/151*x*y+140/151%x-72/161*x*y~4-172/151*x*y~3+3-2%y~2-16/151*x*y"5,
248/151%x-48/151*x*y~2+484/151*x*y-144/151*x*y~4-312/151*x*y~3-32/151*x*y~5] ,
[-y~2+64/161*x*y~5+144/151%x*y~4+2/161*x*y~3-190/151%x*y~2+27/151%x~-2/151*x*y
+16/151*x*xy~6,
36/151*%x*xy~4+90/151*x*y~3+38/151*x*xy~2-1-35/151*%x-84/151*x*y+y~2+8/151*x*y~5,
60/151%x*y~2+72/151*x*y~4+164/151*x*y~3-152/151*x*y-62/151*x+16/151*x*y"5],
[2-190/151*x*xy~3-344/151*%x*y~2-172/1651*x*y+135/151*%x-y~3+64/151*x*y~6+160/151*x*y"5
+26/151*x*y~4+16/151%x*y"7,
=76/151%x*xy~2-210/151*x*y-175/151%x+36/151*x*y~5+98/151*x*y~4+54/151*x*y~3-2+y~3
+8/151%x*y"6,
-310/151*x-152/151*x*y~2-388/151*x*y+92/151*x*y~3+72/151*x*y~5+180/151*x*y~4
+16/151xx*xy~6+11])

Thus, denoting by

362y + 90zy3 + 38zy® — 151 — 35z — 84zy + 151y% + Sxy/°

—151y% + 64xy® + 144xy* + 2zy> — 190xy® 4 272 — 2y + 16xy°
€1 = ,
60zy? + T2xy* + 1642y — 1527y — 627 + 1629°

and

—76zy? — 2102y — 1752 + 362y° + 98xy* + 5dxy® — 302 + 151y3 + Sxyf

( 302 — 190xy> — 344xy? — 172zy + 1352 — 151y3 + 64295 + 160xy® + 26zy* + 162y” )
€2 = )
—310x — 152zy? — 388xy + 922> + 72zxy° + 180xy* + 162y + 151

(€1, €2) is a free basis for Syz(vi, ve,v3). A minimal parametrization of the set £ of all inverses of V is

E = {U = (u1,uz,u3) € Qlz,y] 3 such that UV = 1} = {e + ave1 + fea, o, B € Q[z, 9]},

—40xy? + 266y + 1402 — 722xy* — 1722y + 453 — 302y — 16xy°

—151 + 60zy> + 540xy? + 62zy — 108z + 302y — 128zy® — 272xy* — 32xy°
where ¢y =
248z — 48xy? + 484xy — 144xy* — 31221° — 3279°
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Algorithm 3: an algorithm for eliminating variables from unimodular polynomial vectors
with coefficients in a ring, general case

Input: A column V = V(X) = Y(v1(X),...,v,(X)) € Um,(A[X]) such that v; is monic.

Output: A matrix B € SL,,(A[X]) such that BY = V(0).

Step 1: Find 7o, ...,7s € E,_1(A[X]) such that denoting w; = e1.7; *(va, ..., v,) and 7; = Res(vy, w;),
we can find ag,...,as € A such that agrg + -+ + asrs = 1 (here we use the algorithm given in the
proof of Theorem 1).

For 0 < i < s, compute f;,g; € A[X] such that f;u1 + g;w; = r; (use Cramer’s rule).

Step 2: Perform steps 2-4 of Algorithm 1 doing the necessary small changes.

Example 15 (Example 3 continued)

Take A =Z and V = (22 + 22 + 2, 3, 222 + 11z — 3) € Ums(Z[z]).

A generating set for Syz(v1, va, v3) can be obtained by computing a dynamical Grébner basis for the
ideal (v1,v2,v3) (see [1, 17]). A dynamical computation gives

3 0 —2X3 —11X2% —18X
Syz(vi,va,v3) = (| —X?—-2X-2 |, -2X?2-11X+3 |, 7X3+14X?24+14X |,
0 3 X3 +2X2 492X
—21 —6X —4X3 -36X%2-71X +21
14421X |, 14X3 4+ 77X2%2 - 21X ).
3X 2X3 +11X2-3X +14

But of course as mentioned above this is not a minimal generating set for Syz(vi,ve,vs) as it is a
rank 2 free Z[zr]-module (by the Quillen-Suslin theorem [15, 16]). Following Algorithm 3 and doing
the computations by hands (assisted by the computer algebra system Maple 8) we get a matrix
G € SL3(Z[x]) such that

GV =

> V:=matrix (3,1, [x"2+2*x+2,3,2*%x"2+11%x-3] ) ;
> G :=matrix([[2+29142*x"2+340*x+4788*x~3, —-25686*x"2-2394*x"3-272*x-1,
-6192%x"2-2394%x"~3-44%*x] ,

[-3-43713*%x"2-510%x-7182*x"3, 38529%x~2+3591*x~3+408*x+2,

9288*x72+3591*x"3+66*x], [12+204092*x~2+2975%x+33516%x"3,
-179851%x"2-16758*x"3-2429%x~7, -43393*x"2-16758*x"3-434*x+1]1])

> det(G);

> F:=expandvector (multiply(G,V));

F := matrix([[1], [0], [011)
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Thus,
—3 — 4371322 — 510z — 7182z 12 + 20409222 + 2975z + 3351623
(| 3852922 + 359123 + 408z +2 |, | —17985122 — 1675823 — 24292 — 7 |)
028822 + 359123 + 66z —4339322 — 1675823 — 434z + 1

is a free basis for Syz(vy, ve, v3).

> inverse(G);

matrix ([[x"2+2xx+2, 5586%x~3+14465*x"2+146%x+1, 1197*x"3+3096%x~2+22*x] ,
(3, 2, o],
[2*x"2+11*x-3, 11172%x"3+68032%x72+999*x+2, 2394%x~3+14571*x"2+170*x+1]])

The matrix G~! is a completion of V into an invertible matrix as V is the first column of G~'.
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