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Abstract

We find and describe unexpected isomorphisms between two very different objects
associated to hypersurface singularities. One object is the Milnor algebra of a function,
while the other object associated to a singularity is the local ring of the flatness stratum of
the singular locus in a miniversal deformation, an invariant of the contact class of a defining
function. Such isomorphisms exist for unimodal hypersurface singularities. However, for
the moment it is badly understood, which principle causes these isomorphisms and how
far this observation generalises. Here we also provide an algorithmic approach for checking
algebra isomorphy.

0 Introduction

Let Xg € C™ be a germ of an isolated hypersurface singularity defined by an analytic
function f(z) = 0, f € C{z}. An imported topological invariant of the germ is the Mil-
nor number, which can be computed as the C-dimension of the so-called Milnor algebra
Q(f) = C{x}/(0f/0x), [Mil68]. The Milnor algebra carries a canonical structure of a C[T]-
algebra defined by the multiplication with f. A special version of the Mather-Yau theorem
states that the R-class (right-equivalence class) of the function f(z) with isolated critical
point is fully determined by the isomorphism class of Q(f) as C[T]-algebra [Mar85]. How-
ever, there is richer structure on the Milnor algebra connected with the relative Milnor algebra
associated to a universal unfolding F'(x, s) of the function f(z) and the associated Frobenius
manifold. A moduli space functions with respect to R-equivalence can be constructed from
it [Her02]. This will be not discussed here.

By computational experiments, we have found another occurrence of the Milnor algebra —
this time connected with the KC-class (the contact equivalence class) of f(z), i.e. with the
isomorphism-class of the germ Xy. Our observation concerns unimodal functions that are not
quasihomogeneous. Here we consider a miniversal deformation F': X — S of the singularity
Xo. It has a smooth base space of dimension 7, with 7 being the Tjurina number, i.e. the
C-dimension of the Tjurina algebra T'(f) := Q(f)/fQ(f). We consider the relative singular
locus Sing(X/S) of X over S and its flatness stratum F := Fg(Sing(X/S)) C S, which
depends only on X, up to isomorphism. The flatness stratum is computable for sufficiently
simple functions using a special algorithm [Mar(02]. Surprisingly, the local ring of the flatness
stratum of a unimodal singularity is isomorphic in all computed cases, either to the Milnor
algebra of the defining function (in case dim(F) = 0), or to the Milnor algebra of a nearby’
function with non-isolated critical point, otherwise.

The notion of a modular stratum was developed by Palamodov, [Pal78], in order to find a
moduli space for singularities. It coincides with the flatness stratum F = Fg(Sing(X/S))
[Mar03], which has been described for unimodal functions in [Mar06]. Only for some singu-
larities from the T-series the modular stratum has expected dimension 1 with smooth curves



and embedded fat points as primary components. The combinatorial pattern of its occurrence
was found and the phenomenon of a splitting singular locus along a 7-constant stratum was
discovered. Here we extend our observation that the modular stratum is the spectrum of the
Milnor algebra of an associated non-isolated limiting singularity.

The modular stratum is a fat point of multiplicity p isomorphic to SpecQ(f) in all other
(computed) cases of T-series singularities. The same holds for all 14 exceptional and non-
quasihomogeneous unimodal singularities. In the case of a quasihomogenous exceptional
singularity, the modular stratum is a smooth germ, hence corresponding to a trivial Milnor
algebra.

For completeness, we will first recall the basic results on modular strata and prove that they
are algebraic. Second, we collect and complete results on the modular strata of unimodal func-
tions, which are already found in [Mar06]. Subsequently, some of the non-trivial unexpected
isomorphisms are presented. A further example of higher modality is discussed in section 4.
Hypotheses towards a possible generalisation of these experimental results are formulated.
Finally an algorithmic approach is outlined, how to perform a check of algebra isomorphy
using a computer algebra system, knowing that there is no practical algorithm in general. All
computations were executed in the computer algebra system SINGULAR [GPS02].

1 Characterisations of a modular germ

The definition of modularity was introduced by Palamodov, cf. for instance [Pal78], and
was simultaneously discussed by Laudal for the case of formal power series under the name
‘prorepresentable substratum’. While this notion can be considered for any isolated singular-
ity with respect to several deformation functors or to deformations other objects, cf. [HMO5],
for simplicity we restrict ourselves mostly to the following case: a germ of an isolated com-
plex hypersurface singularity Xo = {f(z) = 0} € C", or an isolated complete intersection
singularity (ICIS).

A deformation of Xy is a flat morphism of germs F' : X — S with its special fibre isomorphic
to Xg. It is called wversal, if any other deformation of Xy can be induced via a morphism of
the base spaces up to isomorphism. It is called miniversal, if the dimension of the base
space is minimal. Miniversal deformations exists for isolated singularities and are unique up
to a non-canonical isomorphism. In case of a hypersurface, a miniversal deformation has
a smooth base space, i.e. the deformations are unobstructed. It can be represented as an
‘’embedded’ deformation F': X C C" x S — 5,5 =C", F(z,s) = f(z) +>_]_; SaMa, Where
{m1,...,m;} C C{z} induces a C-basis of the Tjurina algebra T'(f).

Obviously, a miniversal deformation has not the properties of a moduli space, because there
are always isomorphic fibres or even locally trivial subfamilies. Hence the inducing morphism
of another deformation is not unique. One can, however, look for subfamilies of a miniversal
deformation with this universal property.

Definition 1.1. Let F' : X — S be a miniversal deformation of a complex germ Xg. A subgerm
M C S of the base space germ is called modular if the following universal property holds: If
@: T — M and < : T — S are morphisms such that the induced deformations o*(Fjyr) and
Y*(F') over T are isomorphic, then ¢ = 1.

The union of two modular sub germs inside a miniversal family is again modular. Hence,
a unique maximal modular subgerm exists. Its is called modular stratum of the singularity.
Note, that any two modular strata of a singularity are isomorphic by definition.



Example 1.2. If Xg is an isolated complete intersection singularity with a good C*-action,
i.e. defined by quasihomogeneous polynomials, then its modular stratum coincides with the
T-constant stratum and is smooth, cf. [Ale85].

Palamodov’s definition of modularity is difficult to handle. It made it challenging to find non-
trivial explicit examples. Even the knowledge of the basic characterisations of modularity in
terms of cotangent cohomology, which were already discussed by Palamodov and Laudal, did
lead to identify more examples.

Proposition 1.3. Given a miniversal deformation F' : X — S of an isolated singularity Xo,
the following conditions are equivalent for a subgerm of the base space M C S:

i) M is modular.

i) M is infinitesimally modular, i.e. injectivity of the relative Kodaira-Spencer map T°(S, Oxr)
— TY(X/S,0s)n holds.

i) M has the lifting property of vector fields of the special fibre: T°(X/S, Os)y —
T%(Xo,C)p is surjective.

Note, that 70 corresponds to the module of associated vector fields, while T describes all
infinitesimal deformations. It is given here by the (relative) Tjurina algebra T1(X/S) =
T(F) = C{x,s}/(F,0,F).

As a corollary the tangent space of the modular stratum inside the tangent space of S can be
identified in terms of the cotangent cohomology. The infinitesimal deformations are identified
with the tangent vectors to the base space by construction of a miniversal deformation, i.e.
T (Xo) = To(S).

Lemma 1.4. Take the Lie bracket in degree (0,1) of the tangent cohomology
[—, =] : T(Xo) x T"(Xo) — T"(Xo),
then an element t € T'(Xy) is tangent to M C S, iff the Lie bracket map [—,t] vanishes.

For a hypersurface singularity defined by a function fy, any element § € T%(Xy) is represented
by a derivation 0, € Der(C{z}), such that 65(fo) = hfo for some h € C{z}. A tangent vector
t € 7p(S) corresponds to an infinitesimal deformation f;(z) = fo(x) +eg(x), €2 = 0. The Lie
bracket [§, f;] is computed as class of 6,(g) — hg in T'(Xg) = T(f). Then ¢ is tangent to the
modular stratum iff any § is liftable to a derivation of Dercy)(C{e,z}/(f:)). Such a lift is

represented by & = &), + &8 with 6(f;) = (h + eh)f;. We can find such a lift by representing
[0,t] as zero-class in T'(f).

Example 1.5. For a quasihomogeneous singularity, the only non-trivial derivation in T%(Xg)
is the Euler derivation g = ) w;z;0/0x; induced from the weights w; of the coordinates.
0r(f) = f holds. Take a tangent vector t € 7y(S) corresponding to a quasihomogenous g(z),
then [0p,t] = class((degw(g) — 1)g(x)) € T(f) is zero iff deg,(g) = 1. Hence, the tangent
space to the modular stratum corresponds to the zero graded subspace with respect to the
associated grading of 7o(S) = T1(Xy).

All objects are belonging to the category of analytic germs. But an isolated singularity is
always algebraic, i.e. its defining equations can be chosen as polynomials. It is not ad hoc
clear whether the modular stratum is algebraic, too, and to our knowledge it has not been
investigated. Here, we add the proof for an ICIS.



Lemma 1.6. Let Xy be a germ of an isolated complete intersection singularity. Then its
modular stratum M (Xo) C C™ is an algebraic subgerm.

The proof uses the characterisation of modularity as flatness stratum of the Tjurina-module.
A more general result holds under weaker assumptions than ICIS, too, cf. [Mar03].

Proposition 1.7.

Let Xo C C™ be an isolated complete intersection singularity defined by p equations f € C{x}P
with miniversal deformation F : X — S. Then the modular space coincides with the flatness
stratum of the relative Tjurina module T*(X/S) = O% /(0F/9z)O% as Os-module.

Proof of the lemma: We may choose the defining equations f = (fi,..., fp) of the germ X
as polynomials by finite determination of isolated singularities. The affine variety defined by
these polynomials V' (f) C C™ has in general other singularities than the zero point. But, we
can choose the embedding (not necessary minimally) such that Sing(V(f)) is concentrated
at zero. This holds if and only if global and local Tjurina number are equal

dime (Cla)? /(fClz]?, 0 /0x)) = dimc(Clz}?/ (fC{x}?, O0f /0x)) = 7.

Consider the C[s, z]-module B := Cls, z|P/(FC|s,z]P,0F/0z). The module B is finite as
C[s]-module. Its flatness stratum over S at zero Fgo(B) C S, S := C™ = Spec(Cl[s]), is
a well defined by the fitting ideal of a representation of B as C[s]-module. The C{s,x}-
module T1(X/S,Og) is finite as C{s}-module. Consider the modules By := B/sB and
T (Xo) = TY(X/S, Og)|s=0, then the localisation at z = 0 of By and T"(Xy) have identical
module-structures which are both already given as C[z]/(x)*-modules: B, @) = T'(Xo),
hence the germ at zero F(B) ;) coincides with the flattening stratum of TY(X/S,Og).

At this place we add some remarks concerning the flatness criterion:

e The support of T1(X/S, Og) is exactly the relative singular locus of the mapping germ
F:C'x 8 — CPx S over S. In case of a hypersurface, i.e. p =1, T*(X/S,Ogs)
coincides with the Og-algebra of the relative singular locus, that is the relative Tjurina-
algebra T'(F') = Oging(x/s)-

e The support of the flatness-stratum Fo, (Sing(X/S)) is the 7-constant stratum, because
TYHX/S,Og) is a finite Og-module.

e It follows from a non-trivial result, cf. [LR76], that the germ of the u-constant stratum
is irreducible. But the analogous statement for the 7-constant stratum does not hold,
see below. This phenomenon we have called splitting singular locus inside the T-constant
stratum.

e The possible reducibility of Fp4(Sing(X/S)) causes that a ’correct’ 7-constant stratum
of a deformation has to be considered in the category of deformations of multi-germs,
or one has to be aware that under 7-deformations a singular germ may split into a
multi-germ.

2 Computing the modular germs of unimodal singularities

Applying the algorithm for computing the flatness stratum, cf. [Mar02], we can compute
the modular stratum of not too complicated singularities. More precisely, the output of the



algorithm is the k-jet of the germ of the flatness stratum for some positive integer k. If the
modular stratum is a fat point we are done with some big number k. We can not prove or
even expect in general to end up with an algebraic representation. But, it does occur, as
visible in the examples given below.

The classification of singularities starts with the simple singularities, the ADE-singularities.
These are all quasihomogeneous, their modular strata are all trivial, i.e. simple points. Fol-
lowing the classification of functions by Arnol’d, [AGZV85], the next more complicated sin-
gularities are the unimodal ones. They are characterised by the fact, that in a neighbourhood
of the function only R-orbit families occur, which are depending at most on one parameter.
Recall their classification: We have the T-series singularities and 14 so called exceptional
unimodal singularities. We may restrict their representation to three variables up to stable
equivalence (i.e. adding squares of new variables). Any type is representing an one-parameter
p-constant family of R-equivalence classes. The exceptional ones, cf. table, are all semi-
quasihomogeneous. Thus, the p-constant family can be written as

f)\ = fo(l‘) + )\hf(x), A E C,

where fy is quasihomogeneous and hy¢(z) = det (2 a; ar ) is the Hesse form of fy. Such

a family splits into exactly two K-classes, one qua51homogeneous (A = 0) and one semi-
quasihomogeneous (A # 0, we call it of Hesse-type),and 7(f1) = p(f1) —1 holds. The modular
strata of the quasihomogeneous singularities are trivial (simple point), while the modular
strata of the semi-quasihomogeneous ones are fat points of multiplicity wu.

The singularities of the T-series are defined by the equations

1 1 1
Tpgr: 2P +y?+2"+Aeyz, —+-+-<1
p q T

1 1 1

For — 4+ — + — <1, A # 0, the singularity T, ,, is called hyperbolic and its K-class is inde-
p q T

pendent of A. Its Newton boundary has three maximal faces and the singularity is neither

quasihomogeneous nor semi-quasihomogeneous. We have 7(T), 4 ) = p(Tpq.r)—1 = p+q+r—2.

1 1
In exactly three cases we have — 4+ — + — = 1. These singularities are quasihomogeneous.
r

q
They are called the parabolic singularities Py, X9 and Jio in Arnold’s notation or elliptic
hypersurface singularities Eﬁ, F7 and Eg, in Saito’s paper [Sai74]:

E6:P8:T373732 :c3+y3+z3+)\xyz, )\375—33, T:u:&
E7:X9:T4’4723 x4+y4+z2+)\xyz, )\47&26, T:/L:9;

Fg = Jig = Tos2: 25+ 3+ 22+ Awyz, A8 #2433, 7 = = 10.

It is well known that their K-classes (here equal to the R-classes) are not determined by .
The K-equivalence induces a discrete equivalence relation on the A-line with the indicated
gaps. Its quotient is an affine line parametrised by the classical j-invariant of elliptic curves.
Other normal forms of the elliptic singularities exists, where the connection to elliptic curves
and the j-invariant can be seen more easily better seen:

E¢: x(x —y)(z —vy) — y2?,



Er: ay(x —y)(z —vy) — 22,

Eg: x(z—y?)(x —vy?) — 22,

4 (PA-v+1) .
and v € C - {07 1}, ] = ﬁm7 see [Sa174]
Note, that the families T 4 2(\) and T532(A) are not contained in a miniversal family. They
form a double covering of the 7-constant line in a miniversal deformation, which can be

demonstrated by substituting z +— z — (1/2)\zy:
1
Ayt e — ettt — Z)\Q:BQyz’

2+ 22 hayz o 2Py 22— ik2$2y27
i.e. these types are stable equivalent to functions of two variables. In all three cases the
K-equivalence relations on the v-lines are induced by an action of the permutation group Ss,
while on the A-lines the relations are induced by more complicated actions of finite groups.
In order to obtain simpler and unified formulae, we will not reduce the representation of the
flatness-strata of T-series functions of corank 2 of the Hesse form with respect to the double
covering map over the modular strata.
Some modular strata for the T-series are discussed as far as computed in [Mar06]. We recall
these results and will study their properties in more detail.
Obviously, the modular strata of the three parabolic (quasihomogeneous) function are smooth
curves. The modular strata of the hyperbolic singularities are more complicated. Some of
them are 1-dimensional, others are just fat points. The 1-dimensional modular strata are all
reducible. The regularity of the appearance of 1-dimensional components was already stated
in [Mar06].
A hyperbolic singularity of type T}, , is adjacent to another T-series singularity iff all three
parameters (p, ¢, ) are greater or equal to the parameters of the second. Hence any hyperbolic
singularity is adjacent to at least one parabolic singularity. Inspecting the list we find exactly
six types of hyperbolic singularities, which have the same Tjurina number as an adjacent
parabolic singularity: If two of the numbers (p, ¢, ) are the same as of the parabolic one, the
third had to differ by one. Such types are candidates for possessing a 1-dimensional modular
stratum.

Proposition 2.1. The following six ’exceptional’ hyperbolic singularities are adjacent to a
parabolic singularity of same Tjurina number and have a T-constant line in their miniver-
sal deformation:

Ty33 = I,

Tya3, Ts542 — Xy,

Ts33, 1642, Trz2 — Jio-

Indeed a 7-constant line is given by f; = fo + tg, where g stands for the missing monomial of
the associated parabolic singularity.

Example 2.2. f; := 2* + 9% + 23 + 2yz + t23 is a 7-constant deformation of Ty33 with
generic fibre type Ps. The modular deformation f; fits into the A-line of Ps(\) at infinity:
fi ~x Pe(t™1/3) for t # 0, i.e. we get a threefold covering of the A-line, A # 0, by the t-line,
t # 0. We may think of a compactification of the modular A-line of Ps at infinity with a point
corresponding to the T} 3 3-singularity.



Example 2.3. The same holds for T 43 and T5 42 with respect to Xg. But, this causes two
different compactifications of the same modular family over the punctured disc Xo(1/)),
A > N, at the special point zero to a modular family over the disc. We obtain a first example
of the failure of separation property for a ’hypothetical’ moduli space of function with respect
to K-equivalence that could be constructed by gluing representatives of modular germs. In
all three cases the support of the modular stratum is the indicated 7-constant line, but it has
a non-reduced structure generated by an embedded fat point at zero. Equations are given
below.

The situation is more complicated for the three types associated with Jig9. While the above
observation holds similar for 7732, we find new phenomena for the types 7542 and 7§ 3 3.
The modular stratum of the first has another line component and the second even has three
line components.

Example 2.4. T§ 42 is adjacent to Jig as well as to Xo9. While one line component has simple
type Jio, the other line is a modular family defined by the equation z + y* + 22 4+ zyz +
2txh + t22*. Here, the fibre at t # 0 has a singularity of type Xg. Hence it is not 7-constant
as deformation of germs (with zero-section). Why is it modular? The affine hypersurface
V(f:) has another singularity at point (—¢,0,0) of type A;. The Tjurina numbers of both
singularities add to 10 and the A;-point approaches zero as t goes to zero, i.e. f; is T-constant
as deformation of multi-germs. We call such a modular deformation a 7-constant splitting
line. The singular point of the special fibre splits into two singularities under the deformation.
The two line components form the reduced modular stratum, which is completed again by a
fat point at zero.

Example 2.5. T§ 33 is adjacent to Jig as well as to Pg. First we find two 7-constant lines of
identical simple type similar to example 2.2 and caused by the additional symmetry of two
equal parameters:

2 4y + 23 +ayz +ty? and, resp. 2® 4+ 3 4 23 4 ayz 4 22
The third line is a splitting line with generic singularity Ps at zero and Ay at (—t,0,0)
20 43+ 23+ ayz + 3tad + 3%t 4 323,

The question arises, which of the T-series singularities have one splitting line and which
have more than one line component in their modular stratum. What shape has the modular
stratum of the other T-series singularities? The following was shown in [Mar06].

Proposition 2.6. Any of the siz ’exceptional’ hyperbolic singularities given above is heading an
exceptional sub-series of T 4., whose modular strata contain a splitting line.

Comments:
e The six exceptional sub-series are
Tk’373, k>1= 4, Tk74’2, k>1= 5, T4,47k, k>1= 3,

Tk’372, k>1= 7, T@jkjg, k>1= 4, T6,3,ka k>1=3.



e The families over the splitting lines with index k are given by (up to the obvious per-
mutation of variables)

foi=aP +yl 4+ zyz + 2 (x + )L

e The fibre singularities over ¢t # 0 are a singularity of the associated parabolic type and
one singularity of type Ag_4_1.

e We find three cases with two splitting lines of same type due to the symmetry of pa-
rameters, all associated to Jig:

Te62, 1663 1633

of splitting types Jig + A2, Jo + Az and Pg + As respectively, and Ty 4 4 has three lines
of identical type Xg + Aj.

e We have two types that have splitting lines to different parabolic types:
T6.42 has two lines of types X9+ A; and, resp. Jyo,

T6,3,3 has one lines of type Fs + Az and two lines of type Jio.

These are cases of multi-component modular strata of the exceptional sub-series.

e The modular strata of these singularities have besides the lines another embedded pri-
mary component (a fat point). The only exception is the highly symmetric singularity
Ty 4,4, whose modular stratum is the transversal crossing of three lines.

All other computed examples of modular strata of T-series singularities, not belonging to the
above six exceptional sub-series, are fat points. We cannot prove this in general, but the clear
combinatorial pattern of the occurrence of positive dimensional modular strata is a strong
indication that the exceptional sub-series together with the parabolic singularities are the
only unimodal singularities with a 1-dimensional modular stratum.

As in the case of the 14 exceptional semi-quasihomogeneous singularities, the fat points have
multiplicity p = p(f), the Milnor number of the singularity. It was already demonstrated that
even the Hilbert function of the fat point coincides with the Hilbert function of the Milnor
algebra of the singularity, cf. [Mar06].

3 New explicit results on modular strata

A careful inspection of the cases of many computation produced further results about the
modular strata of unimodal functions. While the picture is complete for all 14 exceptional
functions, the new propositions for the T-series singularities has been checked for all functions
of Milnor number smaller than 45.

It is be seen from the examples that a general proof fails, because of the complexity of the
occurring equations. We list our results, but discuss only some examples in full detail.

Proposition 3.1. All 14 exceptional semi-quasihomogeneous unimodal singularities fulfil: The
local ring of their modular stratum is isomorphic to their Milnor algebra.



Below we will discuss in detail the non-trivial isomorphisms for three singularities.

Proposition 3.2. All modular strata of hyperbolic singularities belonging to an exceptional sub-
series are isomorphic as long as they have one line component only. The local rings of their
modular strata are isomorphic to the Milnor algebra of the non-isolated ’limiting singularity’
given by the equation foo := xP + y? + xyz, i.e. omitting the varying monomial’.

This is a consequence of 3.4, provided the proposition can be proved for all values of the
parameters.

Proposition 3.3. The local algebra of a modular stratum is isomorphic to the Milnor algebra of
a non-isolated singularity for the five T-series singularities of the exceptional sub-series with
2 or 8 line-components:

Q(zyz) for Tyaa, and Ts33
Q(z® +ayz) for Touo and Tgpo,
Q(:c?’ +a:yz) fOT’ T6,6,3-

Again this follows from the equations below, see example 3.5.

Proposition 3.4. The equations of the modular stratum of a hyperbolic T-series singularity of
corank 8 are given by the formulae in example 3.5.

We check this result for all singularities of Milnor number smaller than 45 by computation.
Common formulae have been derived in terms of the parameters (p, q,r). The cases 2 < p <
q < r include three of the six exceptional sub-series. The vanishing of one special coefficient
results in some special cases the occurrence of a splitting line. Similar formulae exist for
T-series singularities of corank 2, i.e. of type with an z?-term. Here, we omit these equations.

Example 3.5 (T-series). Let X be the germ of a hypersurface defined by f = 2P 4+y942"+zyz
with p > 3, ¢ > 3, r > 3. Then

F=f+ tyxP~ . dp_1x + 1ty + ulyq_l ceeUg—1Y T+ viz2" ez

defines a miniversal deformation X — S of Xy, with Og = C{¢t, u, v}.
We obtained the following polynomials generating the ideal Ij; C Og of the modular stratum
M C S in all computed cases (p+ ¢+ r < 46).

IM = (fg,...,fp,gg,‘..,gqfl,hg,...,hrfl,
-1
U1v1 — Pp(p7q>r)P(pa Q7T)2t]1)
tlvl - Pq(Qa r7p)P<p7q7T)2u(f_17
tiur — Pr(r,p, q)P(p, g, 7)*0i ),

9

where
fii=ti— Pi(p,q,r)th,  gi:=u;— Pq,r,p)ul,  hi:i=v; — Pi(r,p,q)vi,
: . L P(p—k+1y4,
and with coefficients Pi(p, ¢,7) := H’“’ilp((;q,r)i ) and P(p,q,r) = pgr(1— L -1 - 1) A

coefficients P,(p, q,r) is zero if and only if % + % + % =1 for some 1 < k < p. This is the

9



case exactly when T}, ,, belongs to an exceptional sub-series 133k, T4 4k, T63k. For Tyg4a,
Ts,6,3 and Tg 3.3 more than one of the coefficients P,(p,q,r), Py(q,7,q), Pr(r,p,q) is zero and
we obtain Oy to be isomorphic to Q(zyz) for Ty 4.4, and to Q(x3 + wyz) for T3 3 and Tg6 3.
Only one coefficient P,(r,q,p) vanishes for all other singularities of an exceptional sub-series.
In this case all local algebras Oy are isomorphic to Q(z® +y3 4+ 2yz), or to Q(z* + y* + zy2),
or to Q(2% + y® + zyz) respectively. If the singularity is not from an exceptional sub-series,
none of the coefficients vanish, and the local algebra of the modular stratum is isomorphic to
the Milnor algebra Q(f) of the function itself. The isomorphisms are induced by a diagonal
change of variables
t1 = aty,uy = Bug, vy Y1

In the next example we shall take a closer look at three singularities from the 14 exceptional
semi-quasihomogeneous cases. The isomorphisms between the local rings of their modular
strata and the Milnor algebras of the defining functions are listed, which turn out to be rather
complicated. They are all computed with the algorithm presented in section 5.

Example 3.6 (Wia, S11 and Z11). We start with f = 2% +4° +22y3 and choose (by1,...,b1) :=
(1,z, 2%, y, zy, 2%y, y?, 2y?, xy>, y*) as representatives of a C-basis of the Tjurina algebra T(f).
Now, F' = f 4 s1b1 + ... + s11b11 € C{z,y} ® Og defines a miniversal deformation X — S of
Xo.

The ideal Iy C Og of the maximal modular subgerm M C S, computed with SINGULAR is
gives by the following completely interreduced generators:

30445 , , 4240139 ,

4 J— —
51 7392 515 + 1597280°1°
3 2696 5
2 48125 1°%
11699 5
PV Er el
Lo 304y
10 48125 1%
L5295l s 592717 5 5 119567878049 4
S 78— S1S8 S —_— S
9 625 7000 ! 8421875 °1°2 5187875000000 12’
L 1304 232 1411481 4
o8 5775°1°2 7 18528125 1%
618 , . 1024869 4
ST — ——=818S2+ =————-57S
7 1925172 " 37056250 1%
L 6,3 2 20 5, 531, 31001023
S So — ————————— 85 S
6 25°1 7 8027 3125 i 200002~ 5390000000 172’
L 25063327841 gs2,
207515000000000 "+
2 9 o 114057 232 6306416817 2
S5 — ——5 4 —s155 — 2y — _— ¢
25 16712 7 539000 °! 83006000000 *
6, ., 1227 16557777 4
S — — S99 — ———————— 818
4 77152 T 67375 %12 7 9593937500 71 7%
25,9 9 4 021, 49325643
S — =S — — — 81 — —81S8 —————— 878
3 571 16 625 1 400012 " 1078000000 17%

644553838881 5 o
S1S
41503000000000 172
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O)r is a zero-dimensional local algebra of embedding dimension 2. A minimal embedding is
defined by the two polynomials printed in bold. The mapping

2668050_  11759762521878525_,
2051993” ~ 25638801731506361 "

_ 2134440 | 1386 _
S9 — T
2051993 6089

defines an isomorphism between this local algebra and the Milnor algebra of f.
Note that this mapping induces an isomorphism Oy /(317) — T'(f), too. Hence, the maximal
modular subgerm in the truncated miniversal deformation (omitting the deformation of the
monomial 1) is isomorphic to the singular locus of X;. This holds for all our examples —
the isomorphism to the Milnor algebra of f, or of f., respectively induces an isomorphism

Oum/(E:) = T(f), or On/(57) = T(feo) respectively.
We give the isomorphism for Z1; and Si1:

S1

name: S11
e S — .2 2 4 3
quation: f=vz+ezr+a*+a°2

deformation: F = f + s12%2 + 502y + s32® + 5422 + s52 + sgry + s7y + s + s9x + s10

: feme | o 365272112 | 355273112.19-163

isomorphism: Sy +— — 56537672 313533673 2
N 3135575115
§9 F— — T 91593575 )
- 395373113~ | 311547311313 -2 3°537311341.307-587-32677569187 -2
33 = 109 3673 210234674 X 228237677 y
_ 39547311 71-1759-516147191239 - 39547311331-228056040704207922

227237677 230237677
name: Z11
equation: f=a3y+ay*+¢°

deformation: F = f+ 31y4 + Sme?’ + 33y3 + —|—S4xy2 + 35y2 + Sgxy + 37y38:1;2 + Sgx + S10
2283374114f _229327411423.53.4405133 -2

isomorphism: 3§y +— — 53097 353090 Y
_— _2203%75113173-58797 2233§73113f
S2 — 2 1 X 3
522399 2399
2187311359.569-49081-52566671-113887106221771273 ——
+ 325723997271 Y
+ 2187311341.13677187-109919494930768288379 —2
3-5523996271 Y

We list the relevant equations of the modular strata of all 14 unimodal exceptional singular-
ities below. The last monomial of the normal form induces in Q(f) the Hesse form of the
quasihomogeneous leading form fy. The representatives of a C-basis of T'(f) b1,...,b, are
given in the second column, which are used to fix a miniversal deformation F' = f + ), s;b;.
The equations in column three describe the modular stratum in the base of this deforma-
tion. Note, that we omit equations of the form s; + O(s?), because we may eliminate the
variables occurring linearly in these equations. A minimal embedding with the remaining
variables is given by the listed equations in the last column. In the miniversal deformation
these remaining variables s; correspond to the monomials printed in bold.
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Normal form

Equations of Modular Stratum

FEys :1:3+y7+22+xy5 y ,xy3, 5% + 608%82 + 2940001541L + 6235 3?52 +
5,4 3 1339797 i 327864052 5g96§57§ i
YyLYyny, 1141430598 "1 ?329299213140034 59
22,02, Ty 2597 1536401419351
Y LY, 533624932064451 7110542081
v 1 s, %z?? S 1:’53%423?09045 7
3 3 2 g y,7 35 % 5157%73 133853137532171 L6 4
Eq3 H+Y + 27ty YLxy“,y, 85 — 1605152 — 1651 1t osmeo0Sl T
5 04 0. 1324866803129 sT + Bi583001 548081 500293 o8
yLYyLY,xy, 31570739%883 2728184795136000000 S15
2 . 1 shsy 1 22778878397
3 5 2 § y7, y,4y ~5—s 1 3%)602160 o 1150221604490240 Toson 7
FEiy r°+ay’ + 27 +ay yo.xy*sy°,y°, 32 + 515154 + T3 151 — 19598405152 —
4 0B 0B 2 16047261 56— PR r804843% 8 $Pgo+
?/2’ YLy, Ty, 1267266560 °1 ~ 14450719403592908800 °1 °1 2
y axy,%%l 26003281
3 5 2 I .03 .3 .2 727093 . .3 20939 4 5728952745569 5
Zn Yy +y°+ 2t +ay Y5LXYT YT, 2y | $182F 1547405152 10395 480;865787200 2
2 . x2 21| $3+ s15 gl 330175075861
. — - 3/5’ Y y, ik 17 405 32 27 2 3213544900800 52 -
Zig | Py+axy*+z22+xy |y xy,y y, s185 + 7181 — 55152+ S5i00 51 T
" T 23086009519 6
v ’Qy e 00880000 "1 sika7 5 2311958449 6
3 6 2 5 y75x ’964:1 I ,.3 S§+271§182 Z 5610 §1 — 6212000 %1
Z13 | Py +y’+z2+xy §>f3,><.‘>’2 yzxy 8% 15138182+ 82’619 ;
Y ,agy YT TY, | 8182 — 5896803152 + 29110
y7x ’x?]‘
1 5 2 2.3 42 .3 .3 .2 4 30445 2.2 | 1240139 3.2
Wio x4y’ + 2+ x%y y2,x2y Y2, Ty, Sé_ T390 5155 t 1897280 5152
Yy 755 Y, 2y, Sg — 481258182
y7x ’x71
1 1 2 § 5 .22 4.3 T67 22 _ 730357 -6
Wis zrt+xy +2°+y y éx 2y ,2y Y2, s§+sl 9—|€;239058182 132300 51
Y=,y 72‘T Y, 5182 — 819081
zy,y, 7, x, 1
3 1 2 3 2 .3 954 TA007328 4
Quo | =7 +y" +yz" +xy x2z,xy ¥z, | s+ 735 3253 4952+ 1897810425 52
y-,xy, y7x71 3183 4751327
971 2 3 43015222 4
Qu | z°+yz+u2"+2 z2,xy,xz 2 53_151"’ 40 5153~ 5600 51+ 172480000 ©1°
2z xz2,2,y, 2,1 | S189 — 553332,
s2 4 Bg2g, _ 9514 | T75383300 5
. . . - S % 2251 3 875 51 26950000
Q12 2ty +yz+ay XSZ,X}; 7}2’ X2 $1— 26888382+ 320527
y,ry,y-, 8183_ 85152,
3 29 4
Y, Y, T, 1 83 + 10089353 — 15005
S | a2t + yzz + a2’ + 232 x2z,x2y,2x3,:vz s% — szf ;— 283%83 — %gggégéslsg,
z, 2y, Y, x°,x,1 | S350 — 2313132,
2, 4 1 457 513482 _3
2 2 3 5 T .2 .2 S% T 3181 ha 7565}5111 ?s’) 1 1819125 71%
Sie | Ty+y‘z+axz+2 7%, X2%, yz°, 55 — 35182 — 23133+3 57,
3 .2 1.3, 4729 217334189 .5
RN L2 $382 — ST T 71 03134 + 223587000 517
rz,2,Y,, 1 82+ 8183—m 1
Uio a3 + y3 + 24+ inZ2 3, yz2, xzz, 82 + 3203%33,
2 2, 9 2
2 Y2, T2, 2, 83+ @5152,
3 024
Y, Y, T, 1 81 — T45 S15253
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4 Further examples and questions

We have calculated modular strata for singularities of higher modality, too. The results raise
hope that our observation generalises. We give one example of a singularity of modality
greater two.

Example 4.1. We consider the hypersurface singularity given by the semi-quasihomogeneous
singularity of Hesse type f = 20 4+ 3 + 2%y%. A miniversal deformation is defined by

[ = s14 s0x+ s3x? + s42° + s5xt + ser® + 5720 + sgz” + sox® + S10Y
+s110y + 51227y + s137°%y + s1aty + s152°y + s162% + s1727y

The maximal modular subgerm M in the base this deformation is given by the ideal

JM:(Sl + 0(82),

ss + 0O(s%),
2 _ 9 A . 29342801 6 . _ 9963 8 _ 831341932017399 (10
9 256 51759 ~ 335104000 °17°9 ~ 343146496 17 — 3283872972800000 17>
2
sio + O(s%),
O 2
S16 + (S )a
9 67372 7
S17 —  10603951759)-

The local ring Oy = O17/J)y is again isomorphic to Q(f) via

af 0,
(p:OM - C{x7y}/(37£737£)7
Si7 /= 4@,

59— asby + azr* + asx’y + as2® + agr'y + ara®,

with coefficients
a1 = 84/ 17943573032
1 = 1269497754275
4o — 2201952 17943573032
2 = 84215 1269497754275
. — 153984 17943573032 1291937258304
3 = 84215 \/ 1269497754275 ' 1269497754275’

9220238621242928785663198981632

g = 1007265342568292675484765625
a __ 25742505984143872 17943573032 + 3073412873747642928554399660544
5 = 158687219284375 1269497754275 1007265342568292675484765625) ’
a __ 547510092328050056695293440974819328 17943573032
6 = 377724503463109753306787109375 1269497754275
a __ 547510092328050056695293440974819328 17943573032
T = 1133173510389329259920361328125 1269497754275 °

In all the examples we have considered a function f defining an isolated hypersurface sin-
gularity Xp, and relate its modular stratum to the Milnor algebra of f. If we take another
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K-equivalent function f’, the isomorphism-class of the modular stratum does not change by
definition. While u(f) is an invariant of K-class, this is in general not true for the isomorphism-
class of the Milnor algebra [BY90].

Nevertheless, for singularities with 7 = 4 — 1 we have the following lemma.

Lemma 4.2. Let be f an analytic function with isolated critical point with (f) = p(f) — 1,
then its Milnor algebra is K-invariant.

Proof. We have a decomposition of Q(f) as a vector space Q(f) = T(f) @ C - f. Look at the
exact sequence

0— Amn(f) — Q(f) —I— Q(f) = T(f) = 0.

Then Ann(f) has C-dimension p — 1 and equals the maximal ideal mgs) = mp(s @ C - f of
Q(f)-

The multiplication induces

(g+c f)- (g +¢ - F)=gd +((9(0) +cg'(0) - f) (1)
with ¢,¢ € C and g,¢' € T(f). Assume f' ~ f, then u(f') = p(f) and 7(f") = 7(f) hold.

Moreover, we have an isomorphism ¢ : T'(f) = T(f'). Thus Q(f) and Q(f’) are isomorphic
as vector spaces via

T(fHeC-f — T(f)eC-f,
gte f = olg+ef.
Because of (1) this linear isomorphism is indeed an algebra homomorphism. O

Due to the last lemma we can speak of the Milnor algebra of a hypersurface singularity in
the case 7 = u — 1. Hence we can state the following conjecture, motivated by our examples.

Hypothesis 4.3. Consider a hypersurface singularity f with 7 = p— 1. Then the local ring of
the modular stratum Oy (yy is of Milnor type, i.e. there exists a germ of an analytic function
I such that Q(f') = Op. If f has an Artinian modular stratum, then the local ring of the
modular stratum is isomorphic to the Milnor algebra of f itself.

We found the modular strata to be of Milnor type in all computed examples. So one could
ask more generally: For which singularities is the modular stratum of Milnor type?

5 Finding isomorphisms between local rings

In order to test the conjecture on above examples we have to look for isomorphisms between
local rings of modular strata and algebras of Milnor type. We have used computer algebra
and a direct approach, to find isomorphisms between algebraic local rings at least. This yields
a method to check if two Artinian local rings are isomorphic.

Assume A := Clz],)/Ia and B := Clx](,)/Ip are isomorphic local rings. We want to
find any isomorphism between them. Our idea is quiet simple. Choose a finite set M =
{fi,..., fr} € Clz1,...2z,] and make an ansatz as follows: We want to decide for which
choice of aq1,...an € C

2 (C[xla .. 'xn](xl,...,xn) - C[‘Tla cee xn](zl,“.,mn)

xTr; Z aijfj
J

14



defines an automorphism such that ¢(I4) C Ig. To answer this question we consider R :=
Claii, ..., apy) and

¢ :Clrr, - oz, ey — BlT1, - 2ol 2
Ty Zaijfj.
J
We choose some generators a1, ..., a; for I4 and a local term ordering > on R[z](,). Next

we compute the reduced normal forms a; := NF- (¢(a;), Gg) of a; with respect to a standard
basis Gp of IpR[7],). Note that the a; are in general elements of R[[x]]. Consider the
ideal J C R, generated by the coefficients of the @;. Any p € C"" defines an evaluation
homomorphism

ep: R—C, a—p.

Remark 5.1. e, 0 ¢ defines an automorphism ¢ : C[X|x) — C[X]x) with ¢(I4) C Ip if and
only if p € V(J)\ V(det(Z2|,—0)).

Proof. First note that e, o ¢ defines indeed an automorphism C[X]x) — C[X]x) iff p ¢

V(det(%\xzo)). The key observation is: ep(a;) is a reduced normal form for e,(a;) with
respect to Gg. Hence all coefficients of a; have to be mapped to zero by e, in order to have
(ep o @)(a;) € Ip. Thus, all coefficients must belong to kere, = m,,. O

The reduced normal forms in general are infinite series. Nevertheless, J is generated by a
finite set of their coefficients. Hence we have to compute only finitely many terms, until we
find either an isomorphism, or get V(J) C V(det(%\mzo)).

Assuming A = B, we choose M := M, to be the set of monomials of degree less than [. We
increase [ until V(J) ¢ V(det( %uzo)), then we will find in fact an isomorphism ¢ : A — B.
If A and B are not isomorphic, this process might never stop. But if it stops we may check
for a surjection in the other direction. If we are successful this implies that A = B and our
surjection are in fact isomorphisms.

For Artinian algebras A and B we first check that their C-dimensions coincide. The we can
choose M as the representatives of a C-basis of B. If the algorithm lead to a homomorphism
¢ : A — B this will be a surjective homomorphism of vector spaces of same dimension. Thus,
© is injective, too. If the algorithm does not succeed in finding a surjective homomorphism,
then A and B can not be isomorphic.

Of course we do not provide a complete solution for isomorphy testing between local algebras.
Even for Artinian algebras of high C-dimension we will not be able to check their isomorphy
in acceptable time. Nevertheless, for all our examples we found the nontrivial isomorphisms
using this algorithm.
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Algorithm 1 findSurjection(l4, I, M)

Input:
o [4=(a1,...,ax) ideal in C{z1,...,2,}
o Ip=(b1,...,b) ideal in C{z1,...,2,}
o M ={f1,....fr} CC{xy,...,xn}

Output: ¢ : C{X} = C{X} such that p(l4) C Ip or ¢ =nil
R = (C[Oéll, PN ,Oém«]
. C{X} — R{X}
T T = Y aif
Gp < standardBasis(by, ..., b;)
J «— (0)
repeat
Je—=J+1
for i =1to k do
a; — NF<;(4(ai), GB)
J «— J + (coefficients of a;)
end for
if det(22],9) ¢ J then
choose p € V(J)
C{X} — C{Xx}

v T = ik
if p(fa) C Ip then
return ¢
end if
end if

until det(%2],—0) € J
return nil

Algorithm 2 isomorphic(14, Ip, 1)

¢ «findSurjection(l4, I5, M;)
¥ « findSurjection(Ip, L4, M)
if 9 #nil and ¢ # nil then
return ¢
else
return nil // no isomorphism up to degree !
end if
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