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Cm Moti vation
-

Flow in heterogeneous media has many applications, for example
® oll recovery,

® carthquake prediction,

® underground disposal of nuclear waste.
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Cm Moti vation
-

Flow in heterogeneous media has many applications, for example
® oil recovery,

® earthquake prediction,

® underground disposal of nuclear waste.

) This suggests a natural nonoverlapping domain decomposition.
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Cm Somerecentwork
-

® Y. Maday and F. Magoules. Multilevel optimized Schwarz methods
without overlap for highly heterogeneous media. Research report at
Laboratoire Jacques-Louis Lions, 2005.

® Y. Maday and F. Magoules. Improved ad hoc interface conditions for
Schwarz solution procedure tuned to highly heterogeneous media.
Applied Mathematical Modelling, 30(8):731-743, 2006.
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Cm The model problem
E

We consider a simple diffusion problem with a discontinuous coef cient

r ( (X)ru)=f onR?

. L (P)
u is bounded at in nity :

(X) = 1 (X)= 2
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Cm A general Schwarziteration

-

The solution to problem (P) satis es the matching conditions

u(© ;y) = u(0";y); 1%(0 Y) = 2%(0+;Y)3
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Cm A general Schwarziteration

-

The solution to problem (P) satis es the matching conditions

u(© ;y) = u(0";y); 1%(0 Y) = 2%(0+;Y)3

Consider a general Schwarz iteration of the form

( r (ruf*) = f on 1=(1 ;0) R;
12+S ut = L, 2+5 U atx=0

(
r (orup*t) = f on ,=(0;1) R;
2@@"‘52 Ugﬂ = 1@@"‘ S, uf atx=0:

® u = approximate solution in subdomain ;, at iteration n.

® S are linear boundary operators acting in y only
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Cm Fourier analysis

-

Fourier transform in y:
VA 1

P0GV = 006K = p=  u(y)e V¥dy
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Cm Fourier analysis

-

Fourier transform in y:
T
FyluGay)l = 06 k) = p=  u(xye Y <dy
1

Fourier symbols for the transmission operators S;:

Fy[Siu(x;y)1 = i(k)a(x;k); fori= 1;2:
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Cm Fourier analysis

-

Fourier transform in y:
T
FyluGay)l = 06 k) = p=  u(xye Y <dy
1

Fourier symbols for the transmission operators S;:
Fy[Siu(x; y)1 = i(k)a(x;k); fori= 1,2

Convergence factor of the Schwarz iteration in Fourier space:

o™t (0; k) _ (1 k(2 ajk))
o' *(0;k) (1+ aki( 2+ 25kj)

(k; 1; 2) =
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Cm Fourier analysis

-

Fourier transform in y:
T
FyluGay)l = 06 k) = p=  u(xye Y ¥dy
1

Fourier symbols for the transmission operators S;:
Fy[Siu(x; y)1 = i(k)a(x;k); fori= 1,2

Convergence factor of the Schwarz iteration in Fourier space:

(ki 1o )= o7 (0;k) _ (1 odkp( 2 ki)
A o' *(0;Kk) (14 4kp)( 2+ 2jkj)

Optimal choice of operators:

k) = ki P (k) = ki J
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Cm Optimized Schwarz methods
-

Find the “best” transmission conditions from a class of local operators C,

min max k: 1;
1; 22C klkkz( ! 2)
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Cm Optimized Schwarz methods
-

Find the “best” transmission conditions from a class of local operators C,

min max (K; 1;
1; 22C k1 Kk k» ( ! 2)
Equioscillation principle: often, the solution of this min-max problem is

characterized by equioscillation of the convergence factor at the local
maxima, e.g.

1 parameter 2 parameters
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€= Optimized Robin conditions (v. 1)
-

1(k)= 2(k)=p2R



€= Optimized Robin conditions (v. 1)
E

Convergence factor:

1(k)= 2(k)=p2R

(P aki)p  2ki) |
(p+ ki) (p+ 2jkj)

(kip) =
Uniform minimization of the convergence factor:

min - max - (kip) (My)
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€= Optimized Robin conditions (v. 1)
E

Convergence factor:

1(k)= 2(k)=p2R

(P aJk))(p  2kj)

KiP) = (ov 1R+ k) -

Uniform minimization of the convergence factor:

min - max - (k;p) : (M1)

We will state our result in terms of

_ max( 1; 2). K = k2.
" min( 13 2)" 0 kq
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€= Optimized Robin conditions (v. 1)
E

Theorem 1. Solution of the min-max problem (M1). Let

(+12+( 1) Z¥6 +1

f():= 2

® tk, f( ),thenone minimizerof (M1)isp = ¥ 1 2K1Ko. This minimizer p
IS unique when

(k1; p) p%; P

Otherwise, the minimum is also attained for any P chosen in some closed interval
containing P .

® ik, < f( ), then there are two minimizers given by the two positive roots of
p*+ 1 2k + K5)  kiko( 1+ 2)% PP+ (1 2Kika)*:
Both of these two values yield equioscillation, i.e. (K1;p ) = (K2;p ).
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€= Optimized Robin conditions (v. 1)
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0 20 40 60 80 100 0 20 40 60 80 100
k k
kr =100, m= 150 kr =100, m= 200
1 : : 1
0.8} ] 0.8}
L o ——m— T
i .=
_ 067 06y ,*
— — ] 4
= = ,
0.4} 0.4} R
v
\
0.2 - 02},
{
Y
0 o4

0 20 40 60 80 100 0 20 40 60 80 100
K K

Optimized Schwarz Methods for Problems with Discontinuous Coef cients — p.11/28



€= Optimized Robin conditions (v. 2)
E

Recall the optimal symbols are
k) = odkis Pk = ki
This suggests a different scaling in the Robin conditions,

1(K) = 2p; o(k) = 1p; forp2 R:
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€= Optimized Robin conditions (v. 2)
E

Recall the optimal symbols are
Pk = ki SPU(K) = ajkj;
This suggests a different scaling in the Robin conditions,
1(K) = 2p; o(k) = 1p; forp2 R:

Convergence factor:

CE .
(p+ k)(p+ k=)

Uniform minimization of the convergence factor:

(k;p) =

min  max (k;p) (M>)

2R ki k ks
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€= Optimized Robin conditions (v. 2)
E

Theorem 2. Solution of the min-max problem (M>).

The optimization problem (M 2) has a unique minimizer, given by

R
P Kika:

This value always gives the equioscillation (K1;p ) = (ko;p ).
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Cm Optimized Robin conditions
-

Comparison of optimized convergence factors for version 1 and 2:
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Cm Asymptotic performance
=

Theorem 3. When k, = 7, and as h! O (keeping 1 and » constant), we nd the
asymptotic expansions:

® Optimized Robin conditions, v. 1

kih 2

P—y o X107 o)

., Max_ | (kKip)=1 2

® Optimized Robin conditions, v. 2

2 z
max_j (Gp)i=1 ST KTy o)

K1
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€= Optimized two-sidedRobin conditions

-

We now consider two-sided Robin conditions, with two free parameters

1(k) = 2p; 2(k) = 10, forp;gq2 R:
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©= Optimized two-sidedRobin conditions

-

We now consider two-sided Robin conditions, with two free parameters
1(k) = 2p; 2(k) = 10, forp;gq2 R:

Convergence factor:

(P K)(g k)

WPD= (o S =1

Uniform minimization of the convergence factor:

o (k;p;q) (M3)
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©= Optimized two-sidedRobin conditions
L

Let = —.
2
Theorem 4. Solution of the min-max problem (M 3).

® \When 1, the unique minimizing pair (P ; g ) of problem (M 3) is the unique
solution to the system of equations

P g = kikz; (E1)
. A ¢ — .
J (kipig)=1(C pa;p:q)i; (E2)
satisfyingky < p < Q.
» \When 1, the unique minimizing pair (P ; d ) of (M 3) is the solution of the

above equations (E1)-(E») satisfyingky < g < p instead.

The optimized convergence factor always has the equioscillation property at the
frequencies K1, k> and ke = 7 pq
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©= Optimized two-sidedRobin conditions

-

Computing p reduces to nding the unique real root of the quartic

(b+ k)(p+ k) Kike P2 (0 k)(ke P+  Kikp)?

in the interval (kq; ¥ kiko) if 1, or in the interval (p Ki; ko ko) if 1.

|

Optimized Schwarz Methods for Problems with Discontinuous Coef cients — p.18/28



©= Optimized two-sidedRobin conditions

-

Computing p reduces to nding the unique real root of the quartic

(b+ k)(p+ k) Kike P2 (0 k)(ke P+  Kikp)?

in the interval (kq; ¥ kiko) if 1, or in the interval (p Ki; ko ko) if 1.

Theorem 5. When ky = m»and as h approaches 0, the asymptotic performance of the
optimized two-sided Robin conditions is

r __
neay= L AC+D) Ky .
. rrl!ax:h (k;p;q)=— ( 1) hz + O(h):

|

Optimized Schwarz Methods for Problems with Discontinuous Coef cients — p.18/28



€= Optimized 2nd order conditions
-

We can also consider transmission conditions that are second order in the
tangential direction

@ + @ n+l _ @ @ n.
1@ 2 P q—@,2 u; = = 2@ + 2P q—@,2 us ;
2—@+ 1 P q@ un+1 = 1_@+ 1P q@ UE:

& @2 ° & @3

The corresponding symbols in Fourier space are

1(k) = o(p+ ak?);  2(k) = a1(p+ dk?):

|

Optimized Schwarz Methods for Problems with Discontinuous Coef cients — p.19/28



€= Optimized 2nd order conditions
-

We can also consider transmission conditions that are second order in the
tangential direction

@ @ n+1 @ @ n
— 4+ S u = — + —_— u-,
L & 2 P CI@,2 1 2 & 2 P q@2 2
@ @ n+1 @ @ n
— + — U = — + —  Uy:
& 1 P CI@,2 2 I & 1 P q@2 1
The corresponding symbols in Fourier space are
1(k) = 2(p+ ak?);  2(k) = 1(p+ ok®):
This leads to the min-max problem
2 2
min max (p+ K k) ; (M 4)

P;g2R ki k k> (p+ C|k2+ k)(p+qk2+ k:)
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€= Optimized 2nd order conditions
-

Conjecture 1. Solution of the min-max problem (My).
The min-max problem (M 4) has a unique solution, givela]by the equioscillation of the

convergence factor at the frequencies K1, Ko and k¢ = g. This gives the formulas
)= pllkat 1 .
- VM J - VM 1-
2(ky + k2) 2(ky + k2)(kikz)3

When K> = + and h tends to O, we nd the asymptotic performance

max_ (kipiq)=1 P2 or 41 K hi + O(h?):
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Comparison of cornvergencefactors

[
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€= Asymptoticsfor strong heterogeneity

-

Let us now consider the case when h is small but held xed, and is large

_ max( 1; 2) S>> 1

min( 1; 2)

The asymptotics become
® Optimized Robin conditions, v. 1

r !

. . kih h z
' = — + I
. rrllax:hj kip)y=1 2 O
® Optimized Robin conditions, v. 2
r 1 1
koY= 1 1
o, ax_ (K;p )i K O
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Asymptotics for strong heterogeneity

Optimized two-sided Robin conditions

N~

R | h
, Max Jkpiay=—- 0 —

Optimized second order conditions

I

| =
| =

o Max_ 1 (kp )=
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-

Numerical experiments

r (. (x)ru(x))

u

1
0

on = (0; )3
on @ :

The domain is divided into two symmetric subdomains and a nite volume
discretization is used. For h = ==
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Numerical experiments

-

Here, we take = 10and vary the grid size h. The table shows the
number of iterations to reach a tolerance of 10 °.

h | Opt. Robinv.1 | Opt. Robinv.2 | Opt. 2-sided Robin
= 24 24 12
100 30 26 12
- 54 42 14
" 62 48 14
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Numerical experiments

-

Now, letus x h = z55 and vary the heterogeneity ratio

Opt. Robin v.1 | Opt. Robin v.2 | Opt. 2-sided Robin
10t 62 48 14
107 72 16 10
10° 180 10 8
10t 204 8 6
10° 202 6 6
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Conclusions

We completely solved the min-max problem for
optimized one-sided Robin conditions (2 versions),
optimized two-sided Robin conditions.
For one-sided Robin conditions, we showed that the second version

leads to much better performance, particularly when the jump in the
diffusion coef cient is large.

For two-sided Robin conditions, we obtain an optimal asymptotic
performance of = O(1= ), independent of h.

For almost all optimized transmission conditions we considered, the
convergence is improved as we increase the jump in the diffusion
coef cient.
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Work In progress

Design of an ef cient coarse space correction when using many
subdomains.

Optimized conditions for the advection-diffusion equation in 2D,
r (. (X)rux)) +a(x) rux)+cxju(x) = f(x);

with discontinuous coef cients..
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