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SC for Boundary Problems

Symbolic Computation for Boundary problems?

Importance in applications

and Scientific Computing

Almost exclusively in numerical segment

Little support for boundary problems in Symbolic Computation

Symbolic Computation for differential equations is well established

Algebraic structures for manipulating and solving boundary problems:

Differential operators and boundary conditions (evaluations)

Integral operators (Green’s operators)

and algorithms
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The simplest boundary problem

Given f ∈ C∞[0, 1], find u ∈ C∞[0, 1] such that

u′′ = f ,
u(0) = u(1) = 0

Solution: Green’s operator G : C∞[0, 1]→ C∞[0, 1], f 7→ u
Green’s Operator G via Green’s Function g :

Gf (x) =

∫ 1

0

g(x , ξ) f (ξ) dξ g(x , ξ) =

{
(x − 1)ξ for x ≥ ξ

ξ(x − 1) for x ≤ ξ

Green’s operator as integro-differential operator:

G = xAx + xBx − Ax − Bx ,

A =
r x

0
u(ξ) dξ, B =

r 1

x
u(ξ) dξ, and x the multiplication operator,

x2Ax f = x2
r x

0
ξf (ξ) dξ
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Outline

Integro-differential algebras (“derivation + integral operator”):

Prototype models:

C∞[a, b] with usual ∂ and
r

: f 7→
r x

c
f (ξ) dξ c ∈ [a, b]

K [x ] with Q ≤ K usual ∂ and
r x

c
: xn 7→ xn+1−cn+1

n+1
c ∈ K

Construction of integro-differential operators via normal forms

Integro(-differential) Weyl algebra as skew polynomials

Algebraic properties

Localization

Fixing the integration constant gives integro-differential
operators over K [x ]
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What is an Integro-Differential Algebra?

Definition

(F , ∂,
r

) is an integro-differential algebra if (F , ∂) is a differential
algebra such that ∂

r
= 1 and the differential Baxter axiom

(
r

f ′)(
r

g ′) = (
r

f ′)g + f (
r

g ′)−
r

(fg)′

holds.

Consequences:

Baxter axiom (
r

f )(
r

g) =
r

(f
r

g) +
r

(g
r

f )

Evaluation e = 1−
r
∂ is multiplicative

From now, (F , ∂,
r

) over Q ≤ K and ordinary dimK Ker(∂) = 1
⇒ e : F → K character (prototype models e(f ) = f (c))

“Integration gives one evaluation for free”
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What are Integro-Differential Operators?

Definition

For an algebra F over a field K , we construct

F [∂,
r

] =

F [∂] u F [
r

] u F [e],

as the K -algebra of integro-differential operators.

Structure follows!

Construct summands as left F -submodules, B

Differential operators F [∂]:
∑

fi∂
i

Integral operators F [
r

]:
∑

fi
r

bi , bi ∈ B, K -basis of F
Boundary operators F [e]:

∑
fie∂

i

We have an action • : F [∂,
r

]×F → F given by:

∂ : F → F
r

: F → F e = 1−
r
◦ ∂
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Algebra Structure

Think of the prototype models F = C∞(R) or F = K [x ].

∂ • f = df
dx

r
• f =

w x

c
f (x) dx e • f = f (c)

Multiplication table (gives multiplication on normal forms):

gf = g • f ∂f = f ∂ + ∂ • f

e2 = e ∂
r

= 1

ef = (e • f ) e ∂e, e
r

= 0
r
f
r

= (
r
• f )

r
−

r
(
r
• f )

r
f ∂ = f −

r
(∂ • f )− (e • f ) e

r
f e = (

r
• f ) e

Subalgebras F [∂],F [
r

],F [e] ≤ F [∂,
r

], morover F [e] = (e)
Decomposition

F [∂,
r

] = F [∂] u F [
r

] u (e)
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An Integro-Weyl Algebra?

From now on, we specialize to F = K [x ]

Leibniz rule: [∂, x ] = 1 Baxter rule: [x , `] = `2

Definition

The skew polynomial ring A[ξ;σ, δ] consists of the elements
a0 + a1ξ + · · ·+ anξ

n with a0, . . . , an ∈ A. Addition is termwise,
multiplication via ξa = σ(a) ξ + δ(a). We use A[ξ; δ] ≡ A[ξ; 1, δ].

A = K [x ], ξ = ∂ A = K [x ], ξ = `

∂x = x∂ + 1
}
δ(x) , `x = x` + (−`2)

}
δ(x) /

A = K [∂], ξ = x A = K [`], ξ = x

x∂ = ∂x + (−1)
}
δ(∂) , x` = `x + `2

}
δ(`) ,

“Operators as coefficients”
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An Integro-Weyl Algebra

Definition

We write A1(`) for the integro Weyl algebra K [`][x ; δ] with
δ(`) = `2. Analogously, we denote the differential Weyl algebra
K [∂][x ; δ] with δ(∂) = −1 by A1(∂).

Similarities/Differences between A1(`) and A1(∂):

Both are Noetherian integral domains, but only A1(∂) is simple

While A1(∂) acts canonically on K [x ], what is ` • 1?

Unlike in A1(∂), there is a natural grading in A1(`)

Similar to A1(∂), also A1(`) has K -bases (`ix j) and (x j`i)

But A1(`) additionally has the mid basis (xm, xm`xn)

−→ K [x ][
r

] ∼= A1(`).
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Going Integro-Differential

Up to now, only integro or differential Weyl algebra.

Also combined algebra representable as skew polynomial ring.

Construct appropriate coefficient ring with operators ∂ and `.

Combined algebra is “almost” K [x ][∂,
r

]. What’s missing?

Integral operators from localization?
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Coefficient Ring

Choose coefficient ring A and derivation δ for A[x ; δ] such that:

∂, ` ∈ A Derivation δ

∂` = 1 ∂x − x∂ = 1 and x`− `x = `2

Definition

“Constant coefficient integro-differential operators”

K〈∂, `〉 = K〈D, L〉/(DL− 1)

with derivation δ(∂) = −1 and δ(`) = `2.

Zero divisors: ∂ (1− `∂) = ∂ − ∂`∂ = ∂ − ∂ = 0

Jacobson ’50, Gerritzen ’00

Right inverses in rings, approach based on representation theory
K〈∂, `〉 is not Noetherian!
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Normal Forms

K -basis of K〈∂, `〉: `i∂j

(Normal forms modulo Gröbner basis DL− 1)

Define

e = 1− `∂ and eij = `ie∂j

Another K -basis of K〈∂, `〉: ∂j , `i , eij

K -vector space generated by eij is the evaluation ideal (e):

`eij = ei+1,j and ∂eij = ei−1,j , ∂e0j = 0

Decomposition

K〈∂, `〉 = K [∂] u K [`]`u (e)

differential subrings (with, without unit), δ-ideal
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Ideal Structure

Proposition

Every nonzero ideal in K〈∂, `〉 contains the evaluation ideal (e).
Moreover, (e) is the only proper δ-ideal.

By our construction, ` is a right inverse of ∂.
Making it also a left inverse: e = 1− `∂ = 0
Laurent polynomials K [∂, ∂−1]: Making ∂ invertible in K [∂]

Proposition

The map with ∂ + (e) 7→ ∂ and ` + (e) 7→ ∂−1

ϕ : K〈∂, `〉/(e)→ K [∂, ∂−1]

is a differential isomorphism.

Ideals in K〈∂, `〉 correspond to ideals in K [∂, ∂−1], which is a PID.
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Integro-Differential Weyl algebra

Definition

The integro-differential Weyl algebra is the skew polynomial ring

K〈∂, `〉[x ; δ]

denoted by A1(∂, `).

Skew polynomial construction works over arbitrary rings
Normal forms as before but deg fg ≤ deg f + deg g

K〈∂, `〉 is not Noetherian ⇒ A1(∂, `) is not Noetherian

(e) is a non-trivial δ-ideal in K〈∂, `〉 ⇒

Proposition

A1(∂, `) is not simple.
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Decomposition

Decomposition of coefficient ring

K〈∂, `〉 = K [∂] u K [`]`u (e)

gives

A1(∂, `) = A1(∂) u A1(`)`u (e)

where (e) is the evaluation ideal in A1(∂, `):

(e) ⊂ A1(∂, `)
= skew polynomials with coefficients in (e) ⊂ K〈∂, `〉

Regensburger,Rosenkranz,Middeke (†,?) AADIOS’09, Montreal 15 / 18



Decomposition

Decomposition of coefficient ring

K〈∂, `〉 = K [∂] u K [`]`u (e)

gives

A1(∂, `) = A1(∂) u A1(`)`u (e)

where (e) is the evaluation ideal in A1(∂, `):

(e) ⊂ A1(∂, `)
= skew polynomials with coefficients in (e) ⊂ K〈∂, `〉

Regensburger,Rosenkranz,Middeke (†,?) AADIOS’09, Montreal 15 / 18



Decomposition

Decomposition of coefficient ring

K〈∂, `〉 = K [∂] u K [`]`u (e)

gives

A1(∂, `) = A1(∂) u A1(`)`u (e)

where (e) is the evaluation ideal in A1(∂, `):

(e) ⊂ A1(∂, `)
= skew polynomials with coefficients in (e) ⊂ K〈∂, `〉

Regensburger,Rosenkranz,Middeke (†,?) AADIOS’09, Montreal 15 / 18



Decomposition

Decomposition of coefficient ring

K〈∂, `〉 = K [∂] u K [`]`u (e)

gives

A1(∂, `) = A1(∂) u A1(`)`u (e)

where (e) is the evaluation ideal in A1(∂, `):

(e) ⊂ A1(∂, `)
= skew polynomials with coefficients in (e) ⊂ K〈∂, `〉

Regensburger,Rosenkranz,Middeke (†,?) AADIOS’09, Montreal 15 / 18



Decomposition

Decomposition of coefficient ring

K〈∂, `〉 = K [∂] u K [`]`u (e)

gives

A1(∂, `) = A1(∂) u A1(`)`u (e)

where (e) is the evaluation ideal in A1(∂, `):

(e) ⊂ A1(∂, `)
= skew polynomials with coefficients in (e) ⊂ K〈∂, `〉

Regensburger,Rosenkranz,Middeke (†,?) AADIOS’09, Montreal 15 / 18



Localization versus Evaluation

Integro-differential Weyl algebra

A1(∂, `)

` is some right inverse of ∂

no action on K [x ]

↙
` should also be a left inverse
(two-sided inverse)

↘
` should be an integral with
integration constant c ∈ K
(evaluation x 7→ c)

Localization:

A1(∂, `)/(e) ∼= K [∂, ∂−1][x ; δ]

no action on K [x ]

Integro-differential operators

K [x ][∂,
r

]

acts on K [x ]
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Back to Integro-Differential Operators

Want to fix the integration constant c ∈ K meaning e • x = c in K [x ]

Theorem

If
r

is an integral operator for the standard derivation ∂ on K [x ], then

A1(∂, `)/(e x − c e) ∼= K [x ][∂,
r

]

with c = e • x ∈ K as the constant of integration.
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Conclusion and Outlook

Constructed integro-differential operators as skew polynomials.

Integro-differential Weyl algebra: rich structure, first steps.

Useful for algorithmic treatment.

Extension to more evaluations → boundary problems.

From ordinary to partial differential equations.

“A Skew Polynomial Approach to Integro-Differential Operators”

Thank you.
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