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Introduction

e In this talk, we study the integration of 2-dimensional linear
functional systems (e.g., PDEs in 2 variables).

e Normal forms for 1-dimensional linear functional systems with
coefficients in a skew field K (over K[0; «, 3], « injective) exist:

Smith and Jacobson normal forms.
e In this talk, we develop
“a normal normal form” for 2-dimensional linear systems.

e It is more intricate than Smith and Jacobson normal forms.

e We need to use “sophisticated algebraic tools” such as algebraic
analysis, pure modules, filtration by purity, ext},(ext,(M, D), D).
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Introduction

e The main idea is to integrate the system in “cascade”:

S¢(=Br,
Rn=0 < S"r=Av,
S'v=0,

S’v=0 O0-dimensional, S”7 =0 1-dimensional,

5S¢ =0 2-dimensional.
e In some particular cases, we can take A=0and B=0

= decouple the i*"-dimensional parts.
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Introduction

e How can we constructively find the O-dimensional, 1-dimensional
and 2-dimensional parts of a given linear functional system?

226 0,
010,60 =0.

e z; = 01 0 satisfies 0 z1 =0, i.e., z; = f(xy) : 1-dimensional.

Orzp =0,
81 Zy = 07

i.e., zZop = c is an arbitrary constant: O-dimensional.

e 2, = O 0 satisfies:

= hl=c = 0=cxx+ f(x1).

e 2-dimensional (underdetermined systems):
x1
0101+ 000 =0 = 01:—/ 320'2(X1,X2)dX1+¢(X2).
0
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e Let D be a noetherian noncommutative polynomial ring.
e Let R € D9*P be a g x p-matrix with coefficients in D.
e DX ={A=(\1 ... \g) | \i€D, i=1,...,q}.
eDI={n=(m ...ng)" |mi €D, i=1,....q}

e Let us consider the left (resp., right) D-homomorphism:

ptxa £, pixe pr R pa

A — AR, N — Ru.
e Let us consider the left D-module M = D'*P/(D'*9 R).
0 — kerp(.R) — D9 =&, plxp T, pp 0.
VAekerp(.R): Rn=( = A(=(AR)n=0.
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Duality & exth,(M, D)

0 D1><r R D1><q -R Dl><p m M 0

gld(D)=2 = kerp(.R)= D™ Ry, kerp(.Ry) =0,
i.e., the inhomogeneous linear system

Rn = ¢,
admits a set of left D-linearly independent compatibility conditions.

D= k[81,82], Az(k) = k[Xl,XQ][al,aQ], Bg(k) = k(xl,X2)[81,82].

Alban Quadrat Normal form for 2-d linear functional systems



0 D1><r Ry D1><q -R D1><p ﬂ' M 0

pa f pr
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Duality & exth,(M, D)

0 — D1><r -Re D1><q D1><p T, M—0

pi - pp & pm

kerp(R.) = Q D™
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Duality & exth,(M, D)

0 D1><r Ry Dl><q -R D1><p ™ M 0

pi K pr & pm

R>.
=

D’ D4

ext? (M, D) = cokerp(Ry.) = D"/(R, DY)
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Duality & exth,(M, D)

0 D1><r -Ro D1><q -R D1><p ﬂ' M 0

R.
—

DA ppr 2 pm

/
pr & ps Eo pr

kerp(R.) = R' D'

RyR=0 = imp(R)=RDP C kerp(R:.) = R' D"
= 3JR'eDP*P: R=R'R'

exth (M, D) = kerp(R,.)/imp(R.) = (R' DP')/(R DP)
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Duality & exth,(M, D)

0 D1><r Ry D1><q -R D1><p ﬂ' M 0

ps K pp QL pm

H l R

/
pr & ps Ko pe
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Duality & exth,(M, D)

0 D1><r R D1><q -R D1><p m M 0

pi K pp & pm
H lR”
pr P ps F- DF’ L p
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Duality & exth,(M, D)

O D1><r .R> Dl><q .R D1><p i M 0

pa B DP Q- pm
H lRII. J,Q”-
pr o pa R pr & pm

R' R" Q=RQ=0
= imp((R" Q).) = (R" Q) DP C kerp(R'.) = Q' D™
= 3 Ql/ c Dm><m/ - R Q _ Q/ Q”.
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Biduality & ext),(exti,(M, D), D)

D1><p _Q) D1><m
T ‘R T Q"
D1><p’ i/} D1><m’

R// Q — Ql Q//
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Biduality & ext),(exti,(M, D), D)

D1><t S D1><p Q D1><m

T S T 'R T .Q//
pixt’ S’ pixp’ 'Q/; plxm’

kerp(.Q) = D***S, kerp(.Q)=DY*'S' S§"S=5R"
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Biduality & ext),(exti,(M, D), D)

Dlxu T D1><t S D1><p Q D1><m

T T T s T ‘R T .Q”

D1><u/ T D1><t’ S D1><p’ Q D1><m’

kerp(.S) = DY T, kerp(.S)=D™>"' T, T'T=TS"

RQ=0 = imp(.R)=DIR C kerp(.Q)=D'*tS
= IFeD™: R=FS.
RQ =0 = imp(.R)=D™IR C kerp(.Q') =D*'¢
= JF eD™': R=FS.
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Biduality & ext),(extl,(M, D), D)

o t(M)={meD|30#deD: dm=0} submodule of M.

D1><t/ pD1x(t'+u) s”
T )
D1><t’/ <D1><(q+u/) ( ';:_/, )) ,

t X u F
o« oo (7)),

M/t(M) = D*P/(DIXtS),

12

exth(exth (M, D), D)

1%

ext? (ext? (M, D), D)

e We have the following short exact sequences (gl(D) = 2):

0 — ext? (ext3 (M, D), D) - t(M) -5 extl (extl (M, D), D) — 0.
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Dimensions

e For D = k[Xl,Xg], k[&l,@g], Bg(k) = k(Xl,Xz)[al,ag] (k field):

dimp (ext? (ext? (M, D), D)) = 0,
dimp(ext}h(exth(M, D), D)) =1,
dimp(M/t(M)) = 2.

e For D = Ag(k) = k[Xl,Xg][al,az], A[81,82], where A = kﬂXl,Xg]]
or C{x1,x2} and k a field of characteristic O:

dimp(ext? (ext? (M, D), D)) = 2,
dimp(ext}(exth(M, D), D)) = 3,
dimp(M/t(M)) = 4.
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First main theorem

e Theorem: We have t(M) == DI*(t+t) j(DIx(t'+uta+d’) )

S’ A

b
v=| I A At e DX A e DU
O F, Y Y )

o T

Au /t’ s 1= , ,
ith _ B+ C e pt'tu)xt

is any representative of the residue class of (/] 07)7 in:

/ ! 5// / / / F/
M= D(t +u)><t/ << . ) ptxt +D(t +u)x(g+u") ( T ))

In particular, we can take Al = ¢ and A" = 0.

Alban Quadrat Normal form for 2-d linear functional systems



First main theorem

o If there exist B € Dt*t" and C € D(t'+u)x(a+u") gych that

Iy n S B C F’ 0. ()
= *
0 T T/ ’
then we can take A? = 0 and A” = 0 and get:

t(M) = exth(exth(M, D), D) @ ext?(exth(M, D), D).

o If D = k[x1,x2] or D = k[01, 0], then (%) is equivalent to

S// T
Iy ( T ) @l
row(( 0 )) = — (row(B) row(C)) / ,
F
e (2

where ® is denotes the Kronecker product (tensor product).
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Systemic interpretation

e Corollary: If we denote by V = (FT TT)7 € Dlatu)xt and F
is a left D-module, then t(M) = D**t/(D**(a+4) /) and

S"r— Alu =0,
Fo =0, Tr—Av=0,
=4
T6=0, F'v=0,
T'v =0,

d:kerr(U.) — kerg(V.)

-
( ) — 6=71—Bu,
v
5 tikerg(V.) — kerg(U.)
T 0+BS"6
0 — = .
v s"0

In particular, we can take A? =/, A> =0 and B = 0.



Example |

e We consider D = Q[01,02] and R = (02 01 02)7.

Let us integrate the following linear system of PDEs (torsion):

036 =0,
010,60 =0.

e Denoting R, = (01— 02), we have the long exact sequence:

0— DB pr2 Rp ™ pm_o.
e We can easily compute the different matrices

=(0, 0)",R"=08,, Q=0, Q =0,
S=1,8=1,T=0,T =0, F =R, S" =R,

N ext? (ext% (M, D), D) = D/(1, 02),
exth(exth (M, D), D) = D/(D 8,).
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Example |

e Hence, we obtain the matrix

9, —Al
u=1| o & |,
0 o

where A" =1+ (B + Ci1) 9o + Ci2 01, where B, Ci1, Cio € D,

a2 aQT*UZO,
02920,
) & drv =0, (%)
9100 =0,

(?1’1,'10,

where 0 =7 and v = Or 7.

e We first integrate the last two PDEs to get v = ¢, where ¢ is an
arbitrary constant, and then the inhomogeneous PDE 0, 7 = c,

0=1=cxa+ f(x1),

where f is an arbitrary smooth function.
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Example I

e Let us consider D = Q[01, 02] and the matrix:

0 Obh—01 Oh—0
o -0 20

e Denoting R, = (01 — 01 ), we have the exact sequence:

0—pD-px2 Rop ™m0

Alban Quadrat Normal form for 2-d linear functional systems



Example I

e We can easily compute the different matrices:

1
10 -1
Q=| -1 |, 5:( ) T=0,

01 1
1
1 0
Rl: 1 _82 ) Ql:O) 5/: /27 Tl:O?
0 -0
R — 0 =01 Jo—0h g 0 Oh—01
-1 1 2 ’ —1 1 ’

0 0— 01

F=| o -a |, F=R.
O —01
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Example I

e Hence, we get the following modules:
exth(exth(M, D), D) = D1*2 /(D'*2 §"),
ext? (exth (M, D), D) = DY*2 /(DY*3 R'),
t(M) o D1><2/(D1><3 F)./
M/t(M) = D*3/(D*2 S).

e In particular, we have:

dimp (extf(extp (M, D), D)) =0,
dimp(exth(exth(M, D), D)) = 1
dimp(M/t(M)) = 2.
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Example I

e Hence, we get the following matrix
0 -0 -AL —AL

-1 1 —AL AL

u=1| o 0 1 0
0 0 1 -0
0 0 0 -0

where A%, AL AL and A, are defined by
AL A 10 0 &-0 PO
Axn Ay 0 1 -1 1 0 -0
for all B € D?*? and all C € D3*3,

0 -1 1 )
B=—h, C= = Al=0.
-1 0 0

= t(M) = exth(extp(M, D), D) @ ext? (exth (M, D), D).



Example I

022 — 0172 =0,
026 — 0102 =0, —T1+ 7 =0,
001 —010,=0, <& vy =0,

0101 — 0160, =0, vy — Orvp =0,
—01 vy =0,

T =T,

O — 0172 =0,
& vy =0,

O1v2 =0,

Or vy = 0.

Hence, 71 = 7 = f(x1 + x2), v1 = 0 and vy = ¢, where f is an
arbitrary smooth function and ¢ an arbitrary constant.
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Example I

e Finally, the integration of the sub-system of Rn =0

D20y — 0162 =0,
001 — 010> =0,
3191—8192:0,

corresponding to t(M), gives the following general solution

0\ [ m 0\ f(xa + x2)
<62>_<7'1)_'_<C>_<f(Xl-f—Xg)—‘y-C>7

where f (resp., ¢) is an arbitrary smooth function (resp., constant).
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Second main theorem

e Theorem: We have M == D1x(p+t+t)) j(pIx(t+t'+utatu’) py

S -G -G

0 S A
p=10 T -A [,

o o F

o o T

with (Gh Gb) =(l;, —B)+SJ+KUc Dt><(t+t’)’

is any representative of the residue class of ([ — B) in
Q= DfX(tﬂ’)/ (5 ppx(t+t') o ptx(t'+utqtu’) U) .
In particular, we can take:
Al=1l,, A =0, B=0, C=0, Gi=1l, G =0.
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Second main theorem

o If there exist J € DP*(t+t) and K e DI +uta+u’) gch that
(lp —B)+SJ+KU=0, (%)
then we can take G = 0 and G” = 0 and get:
M= t(M)d M/t(M).

Then, we have:

§
Rn=0<&n=(Q —-JN)| 7 7U<T>O,V£€f’".
v

v
e if D is a commutative ring, then (%) is equivalent to:

ST @ lypy )

row((ly — B))=—(row(J) row(K)) ( I ® U

e Example: D = k[xi1, x2] or k[01, 02], where k is a field.



Systemic interpretation

e Corollary: We have the following equivalence:

S¢C—-Git—Gv=0,

St — Aty =0,
Rn=0 <« Tr—Av=0,

F'v=0,

T'v=0.

In particular, we can take:

A=, A=0, B=0 C=0G'=1I, G =0o.
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Systemic interpretation

o If F is a left D-module, then we have:

kery:(P.) =, kery:(R.)

¢
T

T — nzg_J< )7
v

v

1

kerr(R.) Z— kerz(P.)
(I, + BS")S )

C IP+J< 5//5
no— | 7= .

(. +BS")S
s"Ss

v
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Example Il (continued)

[%m—&m+%m—&%=&
Oom — 01— O3 — 013 =0,
Orm—01m—201m3 =0,

Cl—C3—GlulTl—G1u272—G1b11)1—G1b21)2:0,
C2+C3*Gzthl*Gghsz*nglUl*szzUz:O,

O — 0112 =0,
< —T1+ 1 =0,
U]_:O,

U1—62U2:0,

\—(91’(}2:0.
o We can take:
b R I I S S S S
Gyy =1, G = Gy = Gy = Gy = Gy = Gp.= Gy = 0.



Example Il (continued)

e If we consider the matrices

0 0 0O
0 -1 100
J=10 2 00 |, K= )
0 0 00O
0 -1 01

then (G* G’)=(l; —B)+SJ+KU=0 and:
M = exth(exth(M, D), D) @ ext? (ext? (M, D), D) & M/t(M).

’

G—-G=0, G =G, _

C1 = Gs,
GQ+G=0, G2 =—G3

§2:_C3a
Orm— 0172 =0, T = T2,

T = f(Xl +X2),
-1+ 1 =0, =2 Ohm—01mm=0, <

Ty = f(Xl —I—XQ),
’U1:0, 1)1:07

U1:0,
v —Ovn =0, O o =0,

Uy = C.
—(91 Uy = 0, (91 Uy = O,
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Example Il (continued)

e A general solution of the following linear PD system

O — 01+ 02m3 — 0113 =0,
Oom — 01— O3 — 013 =0,
O1m1 — O01mp —201m3 =0,

f(xy + x
m G 0 0 00 (o +x2)
_ f(x1 + x2)
IS 2 = —(3 + 0 2 00 0
73 (3 0 -1 01 c

@3
= —-G+2fa+x) |,
G—f(x1+x)+c

where (3 (resp., f) is an arbitrary smooth function of R? (resp., R)
and c an arbitrary real constant.
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A few more results

e The left D-module M/t(M) is torsion-free. Since gl(D) = 2:
@ M/t(M) is either purely torsion-free,
@ or purely projective, i.e., stably free,

@ or free.

e If D is a commutative polynomial ring with coefficients in a field
k, then projective modules are free (Quillen-Suslin theorem).

o If D = Ay(k) or By(k), k a field of characteristic 0, then
projective modules of rank at least 2 are free (Stafford theorem).

e Corollary: If M/t(M) is a projective left D-module, namely, there
exist X € DP*t and Y € D**¥ such that SX 4+ Y T = I, then:

T—Bwv

Rn=0 & n=(X Q)< ¢

>, VEe Fm
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Example Il (continued)

e We have M = D13 /(D1*2 S) = D1x3 Q, where:

S_10—1 0 .
—011’_1

e S admits a right-inverse X, i.e., $ X = b, defined by:

0 O
X = 1 1
-1 0

e B=—h, 7= (f(x1,%) f(x,%)", 7=(0 <), we get:

0 0 1 f(x1, x2) £
n=1 1 1 -1 f(xi,x2) +c | =| 2f(x,x)+c—¢
-1 0 1 1S *f(Xl,XQ)JFf
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